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NPEAUCJIOBHE K REBATOMY H3JAHHUIO

JleBsiToe M3faHue NAHHOrO yyeGHMKA OTJHYaeTCA OT ero BOCbMOTO
H3JaHUA. DTO H3JaHHUE IIOJIHOCTHIO COOTBETCTBYET MPOrpamMMe MO Ma-
TeMaTHKe I/ BTy30B, paccuutanHo# Ha 400 — 450 wacos.

B yueGHuK BKJioueHH aBe HoBble raaBbl XX um X XI.

Fnasa XX «dneMeHTH TeOpuM BepOATHOCTEH H MaTeMaTHYecKoii
CTaTHCTHKH» CONEPKHUT MaTepHasl, NPeLyCMOTPEHHEIH COOTBETCTBYIOMLH M
pasnenoM obsisaTesnbHoil mporpammel mo Marematnke MBCCO CCCP.

FnaBa XXI «Marpuupl. MarpuyHasi 3anmuMch CHCTeM M pelleHHM
CHCTEM JIMHeHHBIX auppepeHIMANBHEIX YyPaBHEHHH» TaKXKe COJEepPXKHUT
Matepuall, NpelycMOTpeHHBI 06si3atesbHOR nporpammoi. Ho, xpome
TOTO, B 3TOH TIJaBe ofpaileHo GOoJbllIoe BHHMaHHe Ha MaTpPHYHYIO
3amich CHCTeM JIMHeHHBIX fupdepeHuHaNbHEX ypaBHEHUH U pereHnH
cHcTeM JIMHEHHBIX AU(depeHnHaNbHbIX YpaBHEHHUH.

Hcnonb3opaHa MaTpuyHasi 32mKCh MOCTELOBATENbHBIX MPUOJIHKEH-
HBIX peIIeHHH CHCTeMbl JIUHEHHBIX nu(depeHIMalbHBIX YpaBHEHHH
¢ mepemMeHHbIMH KoddduuueHTamu. DTOT Marepuaj HeOGXOAUMO MoMe-
CTUTb B Kypce nuddepeHnHasbHoro ¥ HHTETPaJbHOTO HCUYHCJIEHH S
JUIS BTY30B NOTOMY, YTO B Hacrosillee BpeMs BO MHOTHX KHUrax o
3JIeKTPOTEXHUKE, paJHOTEeXHUKEe, aBTOMATHKE HCCJIEJOBaHHE peleHHiH
cucreM AuddepeHIMaNbHEIX YPaBHEHHUH MPOU3BOAUTCS C HCIOJb30Ba-
HYeM anmnapara TEOpPUH MaTpHIL.

Hanucausr HoBble §§ 26, 27, 28 ri. XVI. 3nech paccMoTpeH MeTox
NOC/IE/I0BATE/IBHEIX IPHOMHKEHHUIT PelieHu st Au(pepeHLHalbHbIX YpaB-
HEHHH, JIOKa3blBaeTCsi TeopeMa O CYIIECTBOBAHMM PelleHus auddepet-
LHaJbHOrO YypaBHeHHS H TeopeMa eaMHCTBeHHOCcTH. OOpaineHo BHH-
MaHHe Ha CTPOTOCTb H3JIOKEHHS Bcell rIJyaBbl 0 audepeHIaIbHbIX
YpaBHEHHSIX.

IMaparpad 31 ra. XIII «Ilorsatue o teopuu ycrofiuuBoctH Jlsamy-
HOBa» 3HAYUTEJNbHO pacmiupeH. B 3TOM H3JaHUH OH Has3blBaeTCs TaK:
«[Tonarue o Teopun ycroiuuBoctd JIsinyHoBa. [ToBenenne tpaekropuit
AvddepeHanbHOTO0 YpaBHEHHUS B OKPECTHOCTH 0COG0# TOUKH». 31ech
napaJjJejJbHO ¢ PacCMOTPEHHEM YCTOHYMBOCTH peIleHHH, chcteM aud-
(GepeHnMaNbHBIX  YPAaBHEHHH pPacCMOTPEHO MOBENEHHE TPaeKTOPHH
BOJIM3H 0coGOM TOYKH Ha (asoBoH MJIOCKOCTH. DTO HEOGXOLMMO GHLJIO
chenaTb IMOTOMY, 4YTO MpPH M3YYEHHH COOTBETCTBYIOIUX BONPOCOB
B Kypcax 3JIEKTPOTeXHHMKH, PafMOTEXHUKH, aBTOMATHKM STUMHU MOHHA-
THAMH HeOGXOJUMO CBOGOAHO NOJIb30BAThCH. 3aHOBO HANHMCAHBI HEKO-
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TOpEIe Maparpagrl C U3JIOKEHUEM TeOpHHM KOMmJeKcHBX yuces. Cyuie-
cTenHo pacminper § 2 ra. XI, rae panmo nokasartenbcTBO CYILECTBO-
BaHHsI ONPeJeIEHHOTO HHTErpasia OT HempepriBHo#t (ynkuuy. Hanucau
nonosuuTenpubiit § 11 ra. X1 «MuTerpuposanue xommiaekcHol GyHK-
UMH JeficTBUTeNbHOA nepeMeHHoi». Hanucannr mosbie §§ 24 u 25
ra. XVI, nocssinieHHBEle PARAM C KOMIVIEKCHBIMH YJleHaMd U CTENeH-
HEIM psilaM ¢ KoMIIeKcHo# nepemenHoii. Hanucan noswit § 12 rar. XV1I,
nocBsimeHHsli psgaM Pypbe B KOMIJEKCHOH ¢opme. PacmupeHo us-
JioxKeHue Borpoca o6 unrerpane ®@ypoe. OcBenienb NOHATUS, HCTIOMb-
3yeMmble B CleNua/bHON NPUKJIAJHOH JHTepaType (CNeKTp, cNeKTpalb-
nas ¢ynkuus). Hanucans Hoeie § 15 «Psig Dypoe no oproreHabHOR
cucreMe ¢yHxuuiy 1 § 16 «[lonAtHe 0 JMHEHHOM (GYHKUHOHAJILHOM
NpPOCTPAHCTBE. AHAJIOTUS MEXKAY pasyioxkeHHeM (QYHKIUi B psan @ypee
H pasjioxkeHueM BekTopoB» B rii. XVII. 3Otor MaTepman u3J0XKEH
TakUM 00pasoM, 4TOGHl CTYJAEHTH M HHXKeHepbl MOTJIH NMOHHMAaTb Ma-
Tepuas APYrHX AWCUMIUIHH, ONMHMpAIOMUiCS Ha STOT MaTeMaTHYeCKHH
amnmapar.

B rnmaBe XIX manucan HoBuil § 20 «Ilesnpra-pyHKuUUS U ee
u3obpaxeHuer.

B ranase VIII nomemen § 19 «Ilonyuyenve ¢ysKIAM Ha OCHOBa-
HHH 3KCNEPUMEHTANbHBIX NaHHBIX 0 METOLY HaUMEeHBIIHX KBaJApaTOB».
Cojnep:kanueM storo naparpada panee spasjock Ilpunoxenue I, no-
MeliaBiueecs B KOHIlE IepBOTO TOMAa 3TOTO y4eGHHKA.

B rmase VII paust § 10 «Murepnonauuonnas ¢popmyna Heioronan
u § 11 «Yucnennoe nudpdpepenuuposanner. ConepaHueM 3THX Napa-
rpadoB panee siBnsisioch Ilpunoxenne I1.

ITpoussesensl HeKoTopele JomosiHeHus B raasax V, VII, IX,
X1I, XI1II.

IFnasa XIII «luddepenunanphble ypaBHEHHSA» LEIHKOM NepeHe-
ceHa BO BTOPOH TOM.

Asmop

Hacrosimee (13-€) wu3janmue He OTJAMYAETCA OT NpeAbLAyIIEro
(1978 r.).



NMPEJAUCJIOBME K MATOMY H3JAHHIO

B nAToM M3jaHHM MOJMHOCTBIO COXpaHeH Ge3 M3MEHEHHH BeCh TEKCT
YeTBEPTOTO M3/IaHMsi, HO 3TOT MaTepHa/ pasjiesieH Ha JBa ToMa (L
YHOGCTBAa HCNOJIB30BAHHS HACTOSILErO M NMpPENbIAYIUMX H3aHHH yueo-
HHKa HyMepauMs rJaB TOXe OCTaBjieHa Ge3 M3MeHeHHs).

Copepkanue Bcero yueGHHKa onpefensieTcs HPOrpaMMaMH Kypca
MaTeMaTHKH /s BTy30B, paccuutanHeiMu Ha 300 — 450 yacos. Yyet-
HUK NpelHasHayaercs A/ U3yuyeHHs Kypca MaTeMaTHKH KakK B CTa-
[HOHAPHBIX, TaK U B 320YHBIX BTy3aX. JTO YUHTHIBAJOCh HNPH H3JIO-
JKEHUH MaTepHaJsa; B YaCTHOCTH, C 3TOH LeJIbIO B yyeGHHKe pa3obpaHo
MHOTO IIPUMEpPOB, HJIIOCTPUPYIOMHX H3JIOXKEHHBIH TeopeTHYeCKHH
Marepuas M JAOMHX 06pasiubl pelieHus 3ajad.

TlepBoiii TOM COAEPXKHUT MaTepHal, COOTBETCTBYIOMUH IMporpamme
I-ro Kypca Bry3a, 3a uckJoueHueM raaebl XI1II «duddepennuans-
Hble ypaBHeHHs», KOTOpasi, KaK MpaBUJIO, NMPOXOJAMUTCH Ha 2-M Kypce.
Ho Tax Kax B HEKOTOPHIX BTY3aX NpedBapuUTe/bHble CBeIeHHS O Jud-
(epeHUHANBHEIX ypaBHEHUAX, HeOOXOAHMEIE JJIA MOCJAEYIOIUX JAHUC-
HUIVIMH, JaloTcd Ha 1-M Kypce, TO yactb 31oit raBel (§§ 1—28) u
nomMeiieHa B NMEPBOM TOMe.

OrmernM, 4YTO MaTepuas, COAEpKalIUHACA B NMpPOrpaMMe BTY30B,
pacCuHTaHHBI Ha YMCJIO yacoB mopsifika 300, MOYTH NOJHOCTHIO CO-
JiePKHUTCA B IePBOM TOMe (HO B HeM COJAEPXKMUTCH U MarepHaJs, BhIXO-
JASIMMH 32 paMKH 3TOH NpPOTPaMMEl).

Bropoit tom—koHnen rimaBe XIII (§§ 29 —34), raasm XIV —
XTIX — conepkuT MaTepuaJ, COOTBETCTBYIOIIMH pOrpaMme 2-ro Kypca
BTYy3a.

Ilepsule gBe raaebl nmepsoro toma — «Hucno. Ilepemennas. Oynk-
ous» u «[Ipenen. HenpepeiBHocTh ¢yHKuMil» HamucaHbl B Ipejenax
BO3MOXKHOTO Kpartko. Hekoropele Bonpochl, 06bIUHO H3JIaraeMbie B 3THX
rnaeax, 6es ymepba JAJd Jeja IepeHeceHbl B TPEThI0 H MOCAELYIO-
mHe IJaBbl. JTO JaJ0 BO3MOXKHOCTH paHbIle NepeiiTH K OCHOBHOMY
NOHATHIO AH(depeHInaNbHOT0 HCYUCJIEHHST — IPOU3BOJHON, 4ero Tpe-
OyloT JpyrHe JIUCHMIVIMHBL BTY30BCKOTO Kypca (Ies1eco06pasHOCTh
TaKOrO pAcMoOJIOXKEeHHs MaTepuasa MOATBEPIKIAeTcsi ONBITOM PaBoThl).

B cBA34 ¢ BK/IOWEHHEM BO BTY30BCKYIO NIPOTPaMMy MO BbicIIed
MaTeMaTHKe BONDOCOB, HEOOXOAMMBIX [JIsi oGecrieueHHst KypcoM mare-
MaTuKH BTY30BCKHX JHCUHMIIMH, CBA3AHHBIX C aBTOMATUKOH H BHIYHC-
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JINTEJILHOH TEXHUKOH, B YueOHHKE TNOJAPOGHO H3JIOKEHBl COOTBETCT-
BYIOIIHE DPa3/essl:

«Yucnennoe HMHTErpUPOBaHHE JuddepeHNHanbHEIX ypaBHEHHH H
cucTeM auddepeHInabHbX YpaBHEHUH» *), «Murerpupopannue CUCTEM
JHHeHHEIX ju(depeHuanbHbIX ypaBHeruily, «[JousTHe 0 TeOpHH YCTOM-
upBocTH JlsnyhoBa», «Onepatop lamuasrona», «Murerpan @ypbe»
H T A

B raage XVIII paccmoTpeHEl OCHOBHBIE ypaBHeHHs MaTeMaTHye-
CKOH (PU3MKH.

O6paweHo GoJbioe BHUMaHHE Ha BHIICHEHHE Xapakrepa (H3H-
YECKHX SBJIEHHH, MPUBOASLIMX K YPAaBHEHMAM pAa3JHYHLIX THOOB H
COOTBETCTBYIOMMM KpaeBhiM 3ajjauaM. DoJibiioe BHHMaHHe YHeJNeHO
YHCJIEHHBIM MeTojaM pelleHus auddepeHnnalbHEX YPaBHEHHH B yacT-
HBEIX TPOU3BOJHBIX.

B rnmaBe XI1X wusmaranoTcfi OCHOBHBIE INOHATUS OIE€PAIIHOHHOTO
HCUHCJIEHHS U ONepalHOHHHIA MeTOJ pelleHus JupdepeHnrasbHbIX
ypaBHeHH#l. D10 Tpefyercs A MHOTHX TNOCJEAYIOWHUX MUCLHUIJIKH,
U OCOGEHHO 3/1eKTPOTEXHHUECKHX.

B yueGHHK BKJO4eHO OOJIBIIOE KOJUYECTBO 3aJay H NPHMEPOB
IJis yIpaxKHeHu#l, MHOTHE U3 KOTOPBIX HJIIOCTPHPYIOT CBfA3b Mare-
MATHKH C JAPYTUMH AUCLHUIJIHHAMH.

Sajaud ¥ TpuUMepHl CNelnHasnbHO NMOJOGPAHbI M0 KAXKAOMY pasueny
Kypca, YTO CNOCOGCTBYET YCBOEGHHMIO M3JlaraeMoro MarepHana. T10
0OCTOSITE/ILCTBO TaK:Ke Je/aeT KHUT'Y YLOOHOH AJIS CaMOCTOSITEBHOIO
H3y4yeHHUs Kypca MaTeMaTHKH, B YaCTHOCTH /ISl CTYJEHTOB-3a0YHHKOB.

Asmop

IllecToe u3naHHe OTJIHYAETCA OT MSATOrO TOJBKO T€M, YTO B KOHIE
1-ro TOMa JaHO NPHJIOXKEHHE, Te HU3JIOKEH BaXKHBIH IJISl HHXKEHEepOB
poripoc «[lonyueHne ¢QYHKIMM Ha OCHOBAHMH SKCIEPHUMEHTAJbHBIX
JAHHBIX TI0 METONYy HaWMeHBbIIHX KBaJpaToB».

CengpMOe H3jaHMe OTJHYaeTcs OT IIEeCTOTO TOJMBKO TeM, 4To B
xoHe 1-ro TomMa RaHO npuJokeHue «HHTeprnoNALHOHHAs (opmya
Heutorona. YUnciennoe audgepeHiypoBaHuey.

*) O6LHO H3JIaraevble YHCJEHHbIE METOA aHA/IH3a TaKe H3JIOMEHH B JaH-
HOM yueGHHKE.



FTABA XIII
AN PSEPEHLMAJIBHBIE YPABHEHHUSA

§ 1. MNocranoska 3ajgayu. YpasHeHHE JBIKEHHS TeJa
Npd CONPOTHBJECHHH CPElbl, MPOMOPEUOHANBHOM CKOPOCTH.
YpasHeHue uenHoH JHHHH

IMycre ¢yHkuua y=f(x) orpaxkaer KOJHUYECTBEHHYIO CTOPOHY
HeKoToporo fsJjeHus. Yacro, paccmarpuBasi 310 sBJEeHHE, MBI He
MOXKEM HEeNoCPeJCTBeHHO YCTAHOBHTb XapaKTep 3aBUCUMOCTH Y OT X,
a MOXXeM YCTaHOBHUTb 3aBHCHMOCTb MEX]Y BEJHYUHAMH X ¥ y H INPO-
M3BOJHBIMM OT y mo x:y', y", ..., Y™, T. e. Hanucatb nud e pe u-
HHaJbHOE ypaBHeHHE, -

V3 mosryueHHOH 3aBHCHMOCTH MeXJAYy MepeMeHHBIMH X, y H MpO-
H3BOJHBIMH, Tpebyercss yCTaHOBUTb HENOCpPEeACTBEHHYIO 3aBHCHMOCTb ¥
OT X, T. €. HaHTH y=[(x) MJM, KaK TOBOPST, IPOHUHTETrPHUpO-
BaTh AUpbepeHUHANbHOE YPaBHEHHUE,

Paccmotpum fBa mpumepa.

IMpumep 1. C nexoropoit BbICOTH cOpoOLIeHO Temo, Macca Kortoporo m. Tpe-
6yeTcA YCTAHOBHTb, MO KAKOMY 3aKOHY OyNeT H3MEHSATBCS CKOPOCTb U MafeHHA
3TOr0 TeJsa, €/l Ha Hero, Kpome CHJIBI TAMECTH, [EHCTBYeT TOPMOSAIlAs CHia
CONPOTHBJIEHHST BO3/yXa, NPONOPIHOHAJIbHAS CKOPOCTH (¢ KovpdHuimeHTOM npomop-
LHOHAJIBHOCTH k), T.e Tpebyercd Hafitu v={ (¢).

Pemenne. ITo BTopoMy 3akony HeioToHa

do
m dt—F’

dv
TAe — eCTb YCKOpeHHe JBHIKYLIErocs Tela (npousBogHas OT CKOPOCTH MO Bpe-

MeHu), a F—cuaa, feficTByiollasi Ha TeJO B HalpaBJeHHH [BHXKeHHs. DTa cuna
CKJIaJBIBA€TCSL M3 JABYX: CHJbl THXECTH mg W CHJbl COMPOTHBJIEHHS BO3AyXa—kv
(Mbl GepeM ee C MMHYCOM, TaK KaK OHa HampasJjeHa B CTOPOHY, IpPOTHBONOJOKHYIO
HampasJieHnio cKopoctH). Mrak,

dv
mE-:mg—kv. (l)

Mgl MONy4YHsiM COOTHOIUGHME, CBSI3bIBAIOICE HEH3BECTHYIO (GYHKLMIO U M ee IPOH3-
do
BOAHYIO _:i_f_’ T.€e. AHpPepeHnUaNbHOEe ypaBHEHHE OTHOCHTEJb-
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HO HeHU3BeCTHON GYHKUHUYU v. (D10 ypaBnenue ABHKenus] HEKOTOPLIX THIIOB

napamiotos.) PemnTs auddepeHlHaNbHOe ypaBHeHHe —3TO 3HAUHT HAHTH TaKylo

oyukuuio v=/ (f), KoTopas TOXJCCTBEHHO YHOBJ/IETBOPSeT NaHHOMY Au(depeHLH-

aabHOMY ypaBHeHuio. Takux QYHKUHMA MMeeTcsl GECKOHEUHOE MHOMKECTBO.
YyraTeslb JIETKO HPOBEPHT, Y4TO BCAKas QYHKUMS BHAA

k
v=Ce T {18 @

yaosaeTsopsier ypasHennio (1), xakoBo 6u HM 6buIo moctosinnoe uncao C. Kakas
Xe H3 3THX OYHKUHME JAacT MCKOMYIO 3aBHCHMOCTb U OT f? [ljasi Toro 4tofnl ee
HafTH, HCMOJb3yeM NONOJHHTENIbHOE YCIOBHE: PH
AY T cOpacbiBaHMH Tesla eMy Oblla NpHEaHa Haualjb-
Hasi CKOpPOCTh Uy (KOTOPasi, B 4acTHOCTH, MOXET
6niThb paBHOH HYJIO); MBI IIpelnoJjaraeM 3Ty Ha-
uaJbHYI0 CKOpOCTh HM3BecTHOM. Ho Torma mckomas
¢ byHkuus v=f (f) xo/MKHaA ObITb TaKOBa, YTOGHI
M npu t=0 (B HauaJe IBHXKEHHS) BBIIOJHSIIOCH
ycaoBue v=10g- [ToacraBasa (=0, v=yvy B dop-

myay (2), Haiizem

H My v0=C+ﬂ—;e—g, oTKylla C=vu—n—;§.
78 Takum oGpasoM, mnoctosunas C Hafiena.
CaenosaTesbHO, MCKOMasi 3aBHCHMOCTb U OT ¢

TaKoBa:
kt

0 &z ( mg) “m o mg
v=[y——=)e - 2/
Prc. 250 ok % @

H3 atoit dopmyabl ciaexyer, uto nmpu A0OCTaTOUHO GOJIBIIHX ¢ CKOPOCTh ¥ MAJo 3a-
BHCHT OT 0.

3ametuM, uTO ecau k=0 (T.e. CONPOTHBJEHHE BO3LyXa OTCYTCTBYET HJIH OHO
CTOJb MaJO, YTO MBI MOXKEM HM npeHefpeub), TO MBI 1I0JYyYaeM H3BECTHbIH W3
¢u3nKn pesyabraT *):

v=v,-+gt. )

drta QysKuus ynopjaeTBopsieT AuddepeniuanbHomy ypasnenuio (1) m HauasbHOMY
yCI0BHIO U=y, npu £=0

ITpumep 2. I'u6kast opHopojnHas HHUTb IOABeIIeRa 3a JBa KoHua. Haiitn
ypaBHeHHe KpPHUBOH, MO KOTOPOM pacmoJIONKHTCS HHTb NMOJ JEHCTBHEM COGCTBEHHOrO
geca (TaK pacnojiaralorcst nojpelleHHble KaHaThl, NMPOBOAA, UEMH).

Pewenuwue. Ilycts M, (0, b)—nanGosee Hu3Kas Touka HUTH, M —ee mnpo-
H3BOJbHAs Touka (puc. 250). Paccmotpum uactb HutH MM, Dta yacTh HaxXo-
JUTCS B DaBHOBCCHH IIOJ NEHCTBHEM TpeX CHJI:

1) nataxenue T, JelicTBylOllee MO KacaTeJbHOH B Touke M u cocTaBisiomiee
¢ ocelo Ox yroa @;

2) natskenne H B Touke Mg, neHCTBYIOLICe T'OPHU30HTAJLIO;

3) Bec HMTH s, HaNpaBJEHHBIH BEPTHKAIbHO BIM3, FAe s— AMHA ayra MeM,
‘VTJIII}ie}IHblﬁ YZieJdbHBI BeC HHUTH.

*) ®opmyna (2 ) Moxer OnTb moiyueHa u3 (2) ¢ MOMOWIBIO IpeJeJbHOrO
nepexoja:

kt
i mg “m f?_'lg )
}i‘_"}o (Uo——k—) e M4 A =vp+gt.
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Pasnaras matsxenue T Ha FOpPH30HTAJAbHYIO H BepPTHKAJbHYIO COCTaBJSIONINE,
[OJIyYHM YpaBHEHIIEe PaBHOBECHS:

Tcoso=H, Tsingp=ys.
Jlenst uJeHB! BTOPOrO0 paBEHCTBA Ha COCTABJSIOLIME YJIEHBI NEPBOrO, MOJyuHM

tgq>=—1%—s. 3

IMonoxuM Temepb, UYTO YpaBHeHHe HCKOMOH KPHBOH MOXHO 3alHCaTh B BHIE
g="F(x). 3pecb f(x)—HensBecTHass QYHKUHS, KOTOPYIO HaJJeKHUT HaiTH. 3ame-
THM, 4TO g

t =f X =—y-
g CP f ( ) dx .

CaenoBaTesIbHO;
L 4
T “

H
rje yepe3 @ 0GO3HAYEHO OTHOIIEHHE —— ,

TMponuddepenuupyem obe yacTi paBeHcTBa (4) MO X3
d?y 1 ds
rraararr ©
Ho, kak mseecto (cM. § 1 ra. VI),

ds dy\ 2
&=V 1+ (%) -
ITopcraBasis 3HaueHue Z—j B ypasHeHue (5), noayunm AuddepeHunanbHoe ypass

HEHHe HCKOMOH KpHBOIi:
d’y 1 1/'_ dy\ 2 6
rraamiral e (a) ‘ ©

OHO BbIpaKaeT CBA3b MeXAYy NEPBOH H BTOPOH NPOH3BOAHEIMH OT HEH3BECTHOR
dbyukiun y.

He ocranapnuBasich Ha MeTolax pelleHHs ypaBHEHHWil, yKaXeM, 4To BCAKAs
¢byukuusa Buga

y=ach (£4Ci)+G Q)

YAOBJIETBOPSIeT ypaBHeHUIO (6) mpu JMIOGHIX 3HayeHHsX MOcTosHHBIX C; u C,, B ueM
MOXKHO JIErKO YGeIHTbCSl, MOACTaBHB IIePBYIO H BTOPYIO NPOM3BOIHBE yKa3aHHOI
¢ynxuun B ypaBuenne (6). YkaxeM Hajee Ge3 JOKA3aTeNbCTBA, UTO STHMHM (yHK-
uusMu (npy pasianuasix C; u Cp) HCUCPNLIBAIOTCS BCE BO3MOMKHBIE DCIIEHHS ypaB-
Henus (6). dTo Gyner mokasaHo B § 18,

I'paduky Bcex mONyuyeHHBIX TakuM 006pasoM (YHKIMH HasHIBAIOTCS yennoimu
AURUAMLU.

BrisicHuM Temepb, Kak Hafo Moxo6paTh mocrosHHbe Cy # Cs, 4TOGH MOMYUHTH
VMEHHO Ty LENHYIO0 JHHHIO, Hu3was Touka M Koropo#t umeeT KoopauHathl (0, b).
Tax kak npu x=0 TOUKAa LENHOH JIMHHM 3aHWMAaeT HauHH3LIEe NOJOKEHHE, TO

o d
B 9TOM TOYKE KacaTe/ibHasi rOPH30OHTaJNbHA, T. €. __!/=0 Kpome TOro, IO YCJIOBHIO,

dx
B 9TOH TOYKe OpIHHATA paBHa b, T. e. y=b.
W3 ypasuenns (7) Haxonum

y =sh (%Jrcl) .
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Togcrasass cofa x=0, noayuum 0=sh C;. CaegoBareabno, C;=0.
Ecan opAuHaTa TOuKH Mg ecTs b, 10 y=> npu x=0.

M3 ypapuenust (7), momaras x=0 u C;=0, noayuaem b=%(1+1)+cz,
oTkyAa Cy=>b—a. OKOHYATENBHO HAXOLUM
y=ach (x/a)-}b—a.

Vpapmenue (7) NPHHMMAET OCOGEHHO TWPOCTOf BHN, €CAM OpAMHATY TOUKH M,
B3ATh PaBHON 4HCHy @. Torja ypaBHEHHe LENHOH JHHHH Oyner

y=ach (x/a).

§ 2. Onpepenenus

Onpenenenue . JupgepenyuaroHoin ypasrenuem Ha3pBaeTcs
ypaBHeHHE, CBfA3HIBaiollee HE3aBUCHMYIO IEDEMEHHYIO X, HCKOMYIO
¢yuknno y=f(x) u ee mpouspomueie y', y", ..., y=.

CHuMBO/IMUECKH [Au(pQepeHIHalbHOe YPaBHEHHE MOXKHO HanucaThb
TaK:

F,uy, vy, 4, ..., y2)=0

Flew @, 21 )

ol G @ dam

HJIN

Ecnu uckomas o¢yHKuus y=f(x) ectb ¢yHkuua ofAHOH Hesa-
BHCHMOH NepeMeHHOH, To Ju(depeHnMaNbHOE YpaBHEeHHe HasbiBaeTcs
ob6bikHOBeHHoiM. B HacTosmle#r rjaBe Mbl GyaeM 3aHMMAaTbCA TOJBKO
OGLIKHOBEHHBIMH AU depeHIHaJbHEIME YPaBHEHHSIMH *).

Onpenenenue 2. [Topadkon puddepeHUNANLHOTO ypaBHEHHUS
Ha3bIBAeTCS1 NOPAJOK HaMWBBICIIEHl TNpPOM3BOAHOMN, BXOASUIEH B ypas-
HEHHe.

Tak, Hanpumep, ypaBHeHHE

y —2xy*+5=0

€CTb YpaBHE€HHE€ IEepPBOro Inopsajika.

*) Hapsiny ¢ OGBIKHOBeHHHIMH IH(QepeHHaTbHEIME YPABHEHHSIMH B MaTeMa-
THYECKOM aHaJH3e H3yyaloTcsd TaKXXe YpaBHEHHS B UYacTHbIX NPOU3BOAHBIX. Juch-
eperyuanrvrbLe  YpasHenuem 8 HACMHBIX NPOU3BOOHbIX HA3BIBAETCS COOTHOLIEHUE
MeXAy HEW3BeCTHOH (yHKIMEH 2, 3aBHCAIEH OT JBYX HJIH HECKONbKUX NepeMeH-

HHIX X, Y, ..., STHMH HepPeMEeHHBIMH X, Y, ... W YACTHBIMM NPOHSBOAHLIMH OT 2:
gz 02 022 S
ox’ Oy’ Ox e

JdnddepeHunanbupiM  ypaBHEHHEM B YacTHBHIX MPOH3BOAHBIX C HEH3BECTHOMN

o 0z 0z
dynxuueii z(x, y) sBAdeTCH, HaNpHMep, ypaBHEHHe x(ﬂzya—y,
Jlerko npoBepuTh, UTO STOMY YDPaBHEHHIO YAOBJETBOPsieT (yHKUHMS z= x2y2
(1 elle MHOXeCTBO ApYTHX ¢yHKUHIL).
BVIHaCTOﬂHI,EM Kypce YpaBHEHHSAM B YaCTHBIX TPOHM3BOJHBIX NOCBsLieHa
ra. XVIIL
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¥YpaeneHue
y'+ky —by—sinx=0

€CTb ypaBHEHHE BTOPOro MHopsjKa U T. I.

YpapHenne, pacCMOTPEHHOE B NpebiayiieM naparpacde B npumepe 1,
ABJISIeTCS] YPaBHEHHEM MepBOrO MOpAJNKa, a B puMepe 2 — ypaBHeHIIeM
BTOPOTO MOpsAIKa.

Onpepnenenue 3. Pewetuem unu unmezparom puddepesnuans-
HOTO YypaBHeHMS HaselBaeTcsi BcAKasd ¢yHKiusa y= f(x), Kotopas,
OyAyYH MOJCTaBJeHA B ypaBHEHUe, NPEBpAIlaeT €ro B TOXKAECTBO.

2
MMpumep 1. Ilycts Mu MMeeM ypaBHeHue g;%—l-yzo.

Dyuxuna y=sinx; y=2cosx, y=3sin x—coSx u BooOwe GYHKIHH BHAa
g=Cysinx, y=~C,cosx num y=~Cysinx-+C,cos x ABAAIOTCH peLieHHAMH A2H-
HOTO ypaBHeHHs NPH J060M Bribope MOCTOSHHBIX C; M Cy; B 3TOM JIETKO yOeHThECS,
TIOJCTaBUB yKasaHHble GYHKUHH B ypaBHEHHeE.

ITpumep 2. PaccmoTpuM ypaBHeHue y'x—x%2—y=0.

Ero peweHnsiMu 6yayT Bce PyHKOUM BHJa y= x%-}Cx, rae C— nio6asi NoCTosH-
nas. IlefictBurenbHo, auddepenunpys oyHkuuio y=x2-Cx, HaxoguM y’' =2x-+C.
[ToncraBnss BEpaXkeHHs y H Yy’ B HCXOJHOE YpaBHEHNe, NOJYYaeM TOMJIECTBO
@2x+C)x—x2—x2—Cx=0.

Kaxpoe u3 ypaBHeHHil, pacCMOTPEHHBIX B mpuMepax 1 um 2, umeer 6ecuHcJeH-
HOE MHOJXKECTBO pelleHHH.

§ 3. MuddepenunanbHsie ypaBHeHHS NEPBOrO MOPSAKA
(oOmue NOHATHS)

1. Juddepenunanproe ypaBHeHHe NMePBOT O MNOPsAKA UMEET BUA
F(x, y, y)=0. (1)

Ecau 3T0 ypaBHeHHE MOXKHO pa3peuiuTb OTHOCHTEJBbHO Y, TO €ro
MOXHO 3alHcaTh B BHAE

y=7i, y). (1)

B 3tOM cayyae Mbl roBOpPHM, uTO AH((EpEHIMAJbHOE YpaBHEHHE
pa3pelieHo OTHOCHTENbHO NPOU3BOAHOM. [/l TAKOTO ypaBHEHHs crpa-
BEJJIMBA CJIEAyIOllas TeopeMma, KOTOpas Ha3hIBAETCSl TEOPEMOH O Cylile-
CTBOBAaHHHU H €IMHCTBEHHOCTH pelleHHs Audxbe peHIIHaILHOTO YPaBHEH S,

Teopema. Ecau 6 ypasrenuu

y'=Ix v
Pynxyus f(x, y) u ee wacmuas npoussodnas -% no y wenpepuiensl
6 nexomopoul obracmu D na naockocmu Oxy, codepacawseti Hexomopijo
Mo4KY (Xo; Yo), MO Cywjecmeyem eOUHCMBEHHOE pewierue 9Imoeo ypas-
Henus

y=9 ),

ydosaemeopaiowjee YcroBUI0 Y=Y, npu X =X,.
Ota Teopema Gymer nokasana B § 27 ra. XVI.
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TeoveTpruecKuii cMBIC/ TeopeMbl 3aK.ioyaeTcss B TOM, UTO CYIle-
CTBYEeT W NPHTOM €JIMHCTBeHHass QyHKuHMS y= @ (x), rpapuK KOTOPOH
IPOXOAIT 4Yepe3 TOUKY (X, Y,).

M3 TonpKO 4TO BBICKA3aHHOH TeopeMbl BHITEKaeT, 4YTO YypaBHe-
Hie (1') uMmeeT GeckOHeuHoe UYHCJO DAa3/NHYHBIX pelneHH# (HalpuMep,
petreHue, rpaduk KOTOPOro NMPOXOAMT 4epe3 TOUKY (X, Y,); Apyroe
peiuenue, rpa@uK KOTOPOTO MPOXOJUT Yepe3 TOUKY (X, Y,) U T. A.,
€Cc/iM TOJIBKO 3TH TOYKH JiexxaT B obnactu D).

¥YcnoBre, 4TO NpH X =X, QYHKIHA Yy JNOKHA DPaBHATHCA 3alaH-
HOMY YHCJTYy Y,, Has3blBaeTCs Ha4aibHolm ycroeuem. OHO yacTo 3ami-
chiBaeTca B BUAE

Yls=x,= Yo-

Onpenenenue 1. O6uun pewenuen nuddepeHnnansHOro ypas-
HeHUs NepBOro Nopsjxa HasbiBaeTcsd QYHKIUA

y=9o(x, C), @

KOTOpasi 3aBHCUT OT OIHOH NPOH3BOJIbHON mNoctosiHHOH C M yHOBIe-
TBOPSieT CJeIYIOUM YCJIOBHAM:

a) oHa ynosJsieropsier nuddepeHnHaibHOMY YPaBHEHHUIO IPH JI0G0M
KOHK PETHOM 3HaueHUH nocTosiHHol C;

6) KakoBO Gbl HH Obli0 HayaJbHOE YCJOBHE Y=y, OPU X=X,
T. €. Yly=x,==Yo MOXKHO HaliTH TakKoe 3HaueHue C=C,, uTo QyHKLHUSA
y=¢(x, C,) yIOoBreTBOpsieT JaHHOMY HauaJbHOMY YycJoBHio. [Ipu
3TOM TIpefmnoJaraercs, 4YTO 3HAYeHHA X, H Y, IPHHALJIeRAT K TOH
06/1aCTH M3MeHeHHs HepeMeHHBIX X M Y, B KOTOPOH BHINOJIHSIOTCH
YCJIOBHSI TEOPeMbl CYILeCTBOBAaHHSA M €JMHCTBEHHOCTH pelIeHHS.

2. B mpouecce pasbickanug obuiero peuienus nuddepeHaabHOTO
YPaBHEHHS Mbl HEPeJKO NPHUXOAHM K COOTHOIUEHHIO BHJA

@ (x, y, C)=0, 29

HE pa3peilleHHOMY OTHOCHUTENBHO Y. PaspelinB 3To COOTHOLIEHHE OTHO-
CUTENbHO Y, MojyuaeMm ofmee peinenue. ORHAKO BBIPA3HTh Y U3 COOT-
HoiueHusi (2') B 3jeMeHTapHbIX (PYHKUMAX HE BCerja OKasbiBaercs
BO3MOXKHBIM; B TaKHMX CJIy4yasix oOlliee pelieHHe OCTaBJseTcsl B HesiB-
HoMm Bupe. PaseHcrBo Buma @ (x, y, C)=0, HesiBHO 3apnatouiee obuiee
peluenye, HasbiBaeTcs obuwum unmeeparom AuddepeHnansbHOrO ypas-
HeHu4.

Onpenenenne 2. Yacmnom pewenuem HasblBaeTcs JioGas
byukuua y =@ (x, C,), Koropas ImoJyyaercsd M3 oOUIero peuieHus
y=¢(x, C), ecim B Toc/TeHeM MNPOU3BOMBLHONH mocTosiHHON C mnpu-
natb onpenenenHoe sHauenne C=C,. Coornomenue @ (x, y, C;)=0
Ha3bIBAeTCS B 3TOM CJIy4ae 4aCMHbLM UHMESPasoM YDPaBHEHUS.

IIpumep 1. Jdusa ypaBHeHHs mepBOro nopsixa

dy__ ¥
%

dx



§ 3] VPABHEHNS TEPBOIO IOPSAAKA 19

. o c
obmuM pelerem GyzeT ceMeiicTBO GyHKI y=—; 5TO MOXHO NPOBEPHTE MPO-

cToli MOACTAHOBKOH B ypaBHEHHE.

HaiiieM yacTHOe pellieHHe, YZOBJETBOPSIOLIEE CIEAYIOMEMY HAUaIbHOMY yCJIO-
gui0: yo=1 npH Xo=2. IlojcTaBiaAs 3TH 3HaueHHs Xo U ¥y B popmyay y=C/x,
noayuum 1=C/2, um C=2. CresioBaTelbHO, HCKOMBIM YaCTHEIM pellieHHeM GyAeT
dyuxnua y=2/x.

C TOUKH 3pEHHsl TEOMETPHYECKOil OOWHH HHTErpaJs mnpex
cTapJser coboil ceMefHCTBO K PHUBBE X HAa KOODAHHATHON IMJIOCKO-
cTH, 3aBHCsIIee OT OJAHOH NpOMSBOJBHOA moctosiHHO# C (MM, Kak

=—14] 0=

c=—1|f c=1

c=V{1|C=—t
C=%C=—t

Puc. 251,

TOBOPSAT, OT OfHOro mapamerpa C). DTH KpHBHE HA3HIBAIOTCA UHMIe-
2parbHeIMU Kpuebimu [auHoro nuddepenuansEoro ypasHenus. Hac -
HOMY HHTerpajny COOTBETCTBYeT OJHAa KpPHBas 3TOr0 ceMeHCTBa,
NPoOXoJsllas yepe3 HEKOTOPYIO 33aJaHHYIO TOYKY MJIOCKOCTH.

Tak, B nocjienHeM npumepe cOWMi HHTErpas reoMeTpHYecKH HM30-
Gpaxaerca cemeiicTBoM runepGoi y = C/x, a yacTHbI{l HHTerpas, onpe-
JleNieHHBIl YKa3aHHbIM Ha4yaJbHEIM YCJIOBMEM, l3o0paaerca OXHOH
M3 3THX runep6oJ, npoxopsuiell uepes Touky M, (2; 1). Ha puc. 251
n306paKeHsl KpHBble CeMeHCTBa, COOTBETCTBYIOLIHE HEKOTOPHIM 3Ha-
yenusaM napamerpa: C=1/2, C=1, C=2, C=—1 u 1. 1.

UToOnl caenarb paccyxieHus 0ojiee HarJasiHLIMI, MbB OyIeM
B JasibHellleM HasbiBaTh pelleHHEeM ypaBHEHHSH He TOJBKO
bynxuno y=q(x; C,), YyIOBIETBOPSAIOWYI) ypPaBHEHUIO, HO U COOT-
BETCTBYICULYIO HHTEeTpaJbHYIO KPHBYI0. B cBA3u ¢ 3TuM MH
6y/aeM rOBOPUTb, HaNpUMep, 0 pelIeHH H, NpoXosAlleM yepes
TOUKY (Xo; Yo)-
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d
3ameuaHue. YpaBHeHHe Ei:_% HE MMeeT pellleHus, MpoXo-

JAWEro yepes TOUKYy, Jexamyro Ha ocu Oy (cm. puc. 251), Tak Kak
npasas 4acTh ypaBHeHMs npu x =0 He onpesesieHa H, CJIEJOBATENbHO,
He sBJIseTcsl HenpephBHOMH.

PewuTh MJIM, KaK 4YaCTO TOBOPAT, NPOUHTErPUPOBATH
nuddepeHInanbHoe ypaBHEeHHe — 3HAYHT:

a) HaiiTH ero ofliee peleHye UM oOWKUH HHTerpan (ecau Hadalsb-
Hble YCJOBUSA HE 3aJlaHbl) HJIH

©) HafiTH TO YacTHOe pelileHHe YPaBHEHHS, KOTOPOe YAOBJIETBOpSET
3aaHHBIM HAYaJbHBIM YCJOBHAM (€CJH TaKOBBIE HMEIOTCS).

Puc. 252.

3. laguM reomeTpuuecKyi0 HHTepHpeTauuio AuddepeHuaibHOro
YPABHEHUA NEPBOTO MOPSJKaA.

[fycte nano nuddepeHuuansHoe ypaBHEHHE, pa3pelieHHOe OTHOCH-
TE/ILHO TIPOH3BOJHOM :

B —F(x, v, (1)

H averb y =@ (x, C) ecth oflnee pelneHHe JAaHHOTO ypaBHEHHHA. DTO
ofliee pelUeHHe OmpejessieT CeMeHCTBO HHTerpasibHBIX KpHBBIX Ha
mockocth Oxy.
¥ pasuenue (1") mas Kaxno# Tc:iqxu M c¢ KoopiauHaTaMH X H y
Y

onpeeAeT 3HaueHHe NMPOU3BOAHOM —-, T. e. YIVIOBOH KO3(pduuueHt

KacaTeJIbHOH K HHTETrpalbHOM KPHBOi, NPOXOAALLeH yepe3 3Ty TOUKY.
Takum obpasom, auddepennuansnoe ypasnenue (1°) paer cosokym-

HOCTb HalpaBJeHUH MJHM, KaK TOBOPAT, ONPEAENISeT noie Hanpasae-
Huti Ha miockoctH Oxy.
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CrenoBarenblo, ¢ reoMeTpHYecKOfl TOYKH 3peHns 3ajaya WHTErpH-
poBaHMsa Au(depenHaNbHOr0 ypaBHeHHS] 3aKJIOUaeTcsi B HaXOmje-
HUM KpPHBBIX, HamnpaBjeHHe KacaTeJNbHBIX K KOTOPHIM COBHNAJaeT C
HanpaB/IeHHeM [0/l B COOTBETCTBYIOUIHX TOYKaX.

s pupdepenuumansgoro ypasHeHHs (1) reomerpuyeckoe MeCTo
TOYEK, B KOTOPBIX BBHIMOJIHAETCS COOTHOLIEHHE j—i:kzconst, Hasbl-
BaeTcs u30KAUHOU AanHOro nuddepeHLHa]bHOIO YpaBHEHHA.

[Ips pasnuuHBLIX 3HAYEHMSX K NOJyyaeM PpasJHYHBIE H3OKJIHHEL
YpaBHeHHE H30KJHHE, COOTBETCTBYIOIIeH 3HaueHHIO k, Gyner, oye-
cupHo, f(x, y)=~k. Tloctpous
ceMeliCTBO HM30KJ/HH, MOXKHO LpH-
OJIIXKEHHO IOCTPOHTbL CeMeHCTBO
HHTErpasbHbIX KPHBLIX. [oBOpPAT,
yTO, 3Has M30KJHHBI, MOKHO
KayeCTBEHHO ONpeAeJUTb pacilo-
JIOXKeHHE HHTerpasibHbIX KPUBHIX
Ha MJOCKOCTH.

Ha puc. 252 usoGpaxeno mo-
Jle HamnpaBJeHHil, onpejensemoe
nuddepeHa bHbIM YpaBHEHHEM

dy__ Y
dx x
Nsoxsmunamu nannoro mudde- Puc. 253.
PEHIMAIbHOTO ypABHEHHS SBJSsI-
wTea — y/x =k, unn y=—kx. ro cevefictBo npambx. Onu mo-

CTpPOeHbl Ha puc. 252.
4. PaccMoTpuM Takylo 3aznauy.
Ilycte maHO cemeHcCTBO (YHKIMH, 3aBHCsAlEe OT OAHOro mnapa-

merpa C:
y=9(, C), @

npuueM uyepe3 KaXKAyld TOYKY MUIOCKOCTH (MJIH HEKOTOpO# o¢baacTH
Ha IJIOCKOCTH) IPOXOAMT TOJBKO OJHa KpHBasfi H3 3TOrO CeMeicTBa.
It kakoro auddepeHna bHOIO ypaBHEHHUS 9TO CeMeHCTBO (PyHK-
it ABaseTcs OCIUM HHTErpasoM?
W3 coornomenus (2), muddepenuupysa no x, HaiijgeMm

Y — i (x, O). 3)

Tak Kak yepe3 KaxJAylo TOYKY IJIOCKOCTH NPOXOAHT TOJbKO OJHa
KpHBas ceMefiCTBa, TO MJIfl KaXAOH Napel Yuces X H y onpejeasercs
enuHcTBeHHOe 3HaueHHe C u3 ypaBHenus (2). IloxcraBass 3To 3va-

“ d
yenne C B cooTHolIeHHe (3), HalixeM Ef}’ Kak OQYHKLMIO OT X H Y.
Oto M paer Ham auddepeHnyansHoe ypaBHEHHE, KOTOPOMY YJIOBJET-
BOpseT BCAKasA (QyHKIMsA u3 ceMmeilicTBa (2).



29 JUPPEPEHLIMANDHBIE YPABHEHUSA [TJ1. XIIT

d

CrnepoBaTenbHo, YTOObl YCTAHOBUTH CBSI3b MeXAY X, Y H d—i , T. €.
yToGs Hamucath JauddepeHunanbHoe ypaBHeHHe, OOUHE HHTerpas
KoToporo onpejensiercd gopmyJoi (2), Hy>KHO HCKJMounTh C U3 COOT-
Homenu#l (2) u (3).

INMpumep 2. Haiitu nuddepenupaspHoe ypaBHeHue ceMelictBa NapaGolt
g=Cx* (puc. 253).

JuddepeHuupysa no x ypaBHEHHEe CeMEHCTBa, HaHIeM

dy
e 2
I Cx.
IMoacrasaas ciona 3HaueHHe
C=y/x?

H3 ypaBHeHHs1 ceMeficTBa, nosydaem pauddepeHIHalbHOe ypaBHEHHe JAHHOIO Cce-
MeiicTBa:
dy 2y

dx~ x°

1o muddepeHuuanrHOe ypaBHEHHe MMeeT cMblcsa mpH x #% 0, T. e. B J060#
ofslacTy, He ComepiKauieli ToueK Ha ocu Oy.

§ 4. YpaBHeHus c pa3jejeHHbIMM H Pa3JeSIOLIUMHACS NMepeMEeHHBIMH.
3agauya 0 pacnajge pagus

Paccmorpum puddepennmanpHoe ypaBHeHHe BHa

Y, () Fa (9), (1)

rje npasas yacTb eCTb Npou3BeneHHe (YHKLMH, 3aBHCSEH TOJbKO
OT x, Ha (yHKIMIO, 3aBUCAILYI0 TONBKO OT y. IIpeoGpasyem ero cie-
AyiloiiuM obpasoM (npepnonaras, uto f,(y) 5=0):

1 ,
mdy=fi(x)dx. (1)

Cuutas y m3BectHoll ¢yHKumel oT x, paBeHcTBo (1’) MoxHO pac-
CMaTpHBaTh KaK paBeHCTBO IBYX audepeHuuanoB, a HeolpeaeneH-
Hble HHTErpajibl OT HHX GyAYT OTJIHYAaThCH MOCTOSIHHBIM CJIAraeMbIM.
Hurerpupys neByio yacTb no y, a npasyilo 1O X, HaijneMm

(= rmartc. (")

Mpl nonyunnu COOTHOLIEHHE, CBASHIBAIOUIEE DEIIEHHE Y, HE3aBHCHMYIO
NepeMeHHYI0 X W NpPOM3BOJBbHYI NoCcTostHHY0 C, T. €. NOJIyuuau
ofuuit uHTerpan ypasHenus (1).

1. Jdudpdepennuansuoe ypasuenue tuma (1')

M (x) dx+N (y) dy=0 2
Ha3blBAlOT ypPaBHEHMEM C pas3desenHoimu nepemernuimu. OOCmui
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HHTErpaJ €ro 1no AoKa3aHHOMY €CTb

{M@xyax+ [N @ day=cC.

Mpumep 1. Jlano ypaBHeHue c pasfieJieHHBIMH NepeMeHHBIMH X dxy dy=0,
I/IHTerpgxpyx, nojayunM  o6IMi. MHTErpaJs: v

X
T—l_%-:Cl' Tax xak JeBas yacTb NoOCHEN-

HEro paBeHCTBA HeOTpHIlaTeJbHA, TO H NpaBas
yacTh ToXe HeoTpuuateabHa. OGosHauns 2Cy
yepes C2, 6yseM umets x2-4-y*=C?% 3to — C
ypaBHeHHe cemeficTBa KOHIIEHTPHUECKHX OKPYXK-
HOcTelt (puc. 254) ¢ IEHTPOM B Hauaje KoOp-
IuHat u pajuycom C. 0 )

2. YpaBHEHHE BHJA
M, (x) Ny (9) dx+ M, (x) N, () dy:g
©)

Has3blBaeTcsl ypaBHEHUEM C pa30easrouil-
mucs nepemerroiny. OHO MOXKeT OBITh Puc. 254,
NPUBENEHO ¥) K YyPaBHEHHIO C pasje-

Je¢HHBIMH ~[epeMeHHbIMH NyTeM JeJeHHs oGeuxX ero yacted Ha Bbl-
paxenue N, (y) M, (x):

M () N1(v) M, () N, (y)d —0
M) M o) & TN ) My (9 Y= s
Hiau
My (x) N, (v) =0
My P () =0
T. €. K ypaBHeHuio Buaa (2).
Mpumep 2. HaHo ypaBHeHue Z—i:—-%. PasjensieM nepeMeHHble: %:
= -—de. HHTerpupys, HaxoauM @=—S%+C,— T. e. In|lyl=—In|x|+4

+In|C|**) uau In|y|=In] C/x|; orciona nosyuaem obumee pemenne: y=C/x.
pumep 3. Hano ypasnenne (1-4-x)ydx+(1—y)xdy=0. Pasgenss ne-

“+xdx+1’y‘—ydy=o, (%-{-1) dx—}-g—l——l) dy=0. Hn-

DEMEHHbIE, HAXOIHM — 7
Terpupys, noayuaem In|x|4x-+In|y|—y=C, wm In|xy |4 x—y=C; nocaen-
Hee COOTHOLUEHHe €CTb OOM{MH HMHTerpaj J2HHOTO YpaBHEHHS.

[MMpumep 4. VYcraHoBJAEHO, YTO CKOPOCTh pacnaja pajusi NpPsIMO NPONOP-
IIHOHAJIbHA ero KOJIHYECTBY B KaXKIblll JaHHBIE MoMeHT. OnpelesuTb 3a2KOH H3Me-
HeHHsSI MacChl pajJisi B 3aBHCHMOCTA OT BpeMeHH, ecad npu £=0 Macca pajus
Oblya my.

*) D11 npeoGpa3oBaHHs 3aKOHHO NMPOM3BOAUTH TOJbKO B TOH 06JacTH, I'ie HH
Ny (y), uu M, (x) He oGpamaioTca B HYJIb.

*%) Mmes B Bujy AaJfbHelilune MpeoOpa3oBaHusI, MBI 0503HAUNIH NPCH3BOJBHYIO
nocrosgHHyio uepes In|C|, yro nonmyctHMo, Tak XKak In[C| (npu C # 0) nMoxKeT
NPHHEMATh JII060e 3HayeHHe 0T — ® J0 -+ <o,
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Cxopocth pacnana onpefiesieTcs caeRynomum obpasom. ITycts B MoMeHT ¢ Grisla
macca m, B MoMmeHT ¢--Af—macca m--Am. 3a Bpema Af pacnasnace Macca Am.
N

Am
OrHou:eHHe —— ecTh CpejHAs CKopocTb pacnaja. [Ipegenr 5Toro OTHOLIEHHS NPH

At
At —0

mh j Am_dm

At »0 At —Ft—.
7y ectb cxopocme pacnada pagusi B MomeHT £.. Ilo

o, YCJIOBHIO 33Jaun
gl ¢ dm

Puc. 255. = km 4

rae k—xkosh¢uuuenT nponopuuoHaapHocTH (B > 0). Mbl cTaBUM 3HaK MuHYC IO-
TOMY, 4YTO IIPH YBeJWYEHHH BpDEMeHH Macca pajus YyObIBaeT H, CJEACBaTEJbHO,
dm o
dt ’

Vpasuerue (4) ecTb ypaBHEHHe C pasje]sIOWMUCA MepeMCHHBIME. Pasfensem
nepeMeHHbe:

dm
T kdt.
Pewasi ypasueHue, noayuuM Inm=—kt--InC, otkyna In % =— ki,
m=_Ce=Ft, )

Tak kak npu ¢=0 macca panus Geuta mg, 10 C HOIKHO YLOBJIETBOPATh COOTHO-
wenuwio my =Ce™* ®==C. TToncTapass 310 3Havenne C B PABEHCTBO (5), mosyuum
HCKOMYIO 3aBHCHMOCTG (pHC. 255) Macchl pajusi Kak (QyHKUMIO BPEMEHH;

m=mge=kt, ©)
Kosdpuunent k onpefenserca u3 Hab/l0neHuit cjaeiyouum obpasom. [lyets 3a

BpeMsl fy pacnajaeTcs o.% NepBoHauandbHOIl Macchl pagusi. CileJOBaTeNbHO, BHIMOJ-
HAGTCA COOTHOLUIEHHE

[e] -
(1105 ) ma=mee™ e,
OTKyza )
[e 4
— kto=ln (1——T66‘),
W%

1 o
k=—t—oln (‘—W).

Takum o6pas3oM GblI0 ompeneieHo, 4to s papus k=0,000436 (egunvuua usme-
penusi Bpemenn—rof), [ToxcraBiass 310 3Hauenue k B dopmyay (6), mosyuum

m= moe-o,oooalsct.

Haiinem mepmox mosmypacmaga pajms, T. €. IPOMEXKYTOK BpEeMEHH, 32 KOTOPHIi
pacnajaercs NMOJOBHHA NMEPBOHAYAJbHOI -Macchl pajus. IIOACTaB/ss B NOCHERHION

m -
dopMyTy BMeCTO m 3HaueHHe -%'l, MOy UM ——23=moe 0,000438T ' gygyna
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—0,000436T =—In2, uaun
In2

T=3 -000436

=1590 jer.

3damernM, uTO K YypaBHelmi0 Buia (4) NPHBOAAT M ApYrue 3ajaud QUHKH H
KHUMUH.

3ameuanune 1. Ilycrs dyskuus f,(y), BXoadilas B ypaBHe-
Hue (1), mmeer Kopenb y=»>b, T.e. f,(b)=0. Torma, oueBuaHo,
¢yHKnus y=> ecrb pemeHde ypasHeHus (1), B ueMm Jerko yGe-
JIWTCS HENMOCPeICTBeHHOH MNoAcTaHoBKOH. Pemenne y=>0 moxer U He
nonyuuTecss u3 opmyasl (1”). Mel 6ynem NpoBOAMTH aHANH3 3TOrO
cjayyasi, HO OTMETHM, 4YTO Ha INpAMOH y=> MOXeT HapyMHUTHCA
yCJIOBHE €IMHCTBEHHOCTH.

ITpusenem npumep. Ypapuenue y’' =2}y umeer ofinee pemenue
y=(x+c)® u pewenue y=0, Koropoe He mnosayyaercd M3 OGUIErO
pewenus. Ha mnpsamoli y=0 napymaerca yc/loBHe eJHHCTBEHHOCTH.

3ameuanue 2. Ilpocrefimum auddepeHIHaNbHBIM YpaBHEHHEM

d
C pa3jie/leHHEIMH TepeMeHHBIMH fABJfieTcs ypaBHeHHe BHIA d—)y—c =f(x),

umn dy = f (x) dx. Ero oGwuii uHTErpan umeer BUJ Y = S f(x)dx+C.
PenrenneM ypaBHeHHH 3TOro BHAa Mbl 3aHMMaJjuch B rjaase X.

§ 5. OnHopoHbIE ypaBHEHHS] NEPBOro NMOPsAKa

Onpenenenue 1. ®yukuusa f(x, y) HasbBaeTCsA 00HOPOOHOL
QyHKyued n-20 usmeperus OTHOCHTEJLHO NEPEMEHHBIX X H Y, €cliu
npu JMoGoM A CIpaBefMBO TOXKIECTBO

f()"x’ Ly):}\,nf (xr !/)

Mpumep 1. Oyukuus f(x, y)= f/x“—{-y?’—om{oponnaa ¢$yHK1IUS Mepsoro
uamepenusi, Tak kak f(Ax, Ay)= ?/ x4 (Ay)3 =2 l/ BB =M\ (x, v).

Mpumep 2. f(xy)=xy—y? ecTb onHOpOAHASA JYHKIUS BTOPOro H3MEpPEHHS,
TaK Kak (Ax) (Ay) — (Ay)2 =A% (xy—y?).
x2—y?

Mpumep 3. f(x, y)= ecTb OXHOpOAHaA (QYHKIHS HYJNEBOro H3Me-

(M2 —(y)? _ x2—y?
peHusa, TaK Kak (7\,)6) (}\’y) = Y
[ (Ax, hy)=Aof (x, y).

Onpeneaenue 2. YpaBHEHHe NepBOro mopsika

Y —fx; ) )

, T. e f(x, M)=f(x, y), unm

Has3bIBaeTCsl 0OHOPOOHbIM OTHOCHTENIBHO ¥ U y, ecan GyHKuusA f(x, y)
€CTb OAHOPOAHAA (QYHKLHS HYJEBOTO M3MEPEHHs! OTHOCHTENBLHO X H .
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Pemenue oxHopogHoro ypasHenusa I[lo ycJoBuwo
f(Ax, Ay)=[(x, y). Tlonoxus B 3TOM TOXZectBe A= l/x, mONyYuM

Fee ) =1 (1, £),

T. €. OfHOpojHAsf (YHKUUA HYJEBOrO H3MEPEHHS 3aBUCHT TOJBKO
OT OTHOMLIEHHS apryMeHTOB.
YpaBHenue (1) B 3TOM ciyyae HmpuMeT BHJ

=1L %) ()
CnenaeM HOJCTAaHOBKY
u=%—, T. €. Y= UxX.
Torma OyzeM uMerb
% =u- %‘; x.

INoncraBnsia 310 BhIpaXKeHue NPou3BofHON B ypaBHenue (1°), monyyum
du
u—l—X'a"-:f(l, u).

310 — ypaBHeHHE C pasAeNAIUMUCA IEePEMEHHBIMH
du du dx
X'E——-f(l, u)—u, HJIH W—T.

Huterpupys, Halizem
du dx
S Fad, wy—u —x—+c'
lloacraBassi mocie HHTEPUPOBAHUS BMECTO # OTHOLIEHUE y/x,

nosNyyuM HHTerpan ypasHeHus (1°).

ITpumep 4. [daHo ypaBHeHHe
dy __xy
dx 2 —yt

CnpaBa CTOWT OjHOpOIHAsi (DYHKUUS HYJEBOrO H3MEPEHUsi; CJAEJOBATENbHO,
HMEEM OJHOpOjHOe ypaBHenue. [lejiaeM saMeHy y/x=u; Toraa

_ dy du
y=ux, FraRLaRdrrL
du u du ud
L i ey i i vl

Pasgensis nepemenHbie, 6ygeM HMeTb

1—u?)d dx 1 1 dx
.(_?l_‘.‘_=_;_ , ( ) du



§6] YPABHEHMUS, NMPUBOASIUHUECS K OAHOPOJHbLIM 27
OTCIONA, MHTETPHPYS, HAXORHUM
1 1
—W—]nlulzlnlxl—l—ln]C], HIIH -—W=ln] uxC|.
IMoacTaBisia u=y/x, NOJY4YHM OGWIHH HHTErPak HCXOLHOTO ypaBHEHHs

x2
2y?

-—

=In|Cy].

TMonyunts y Xak siBHYI0 QYHKIMIO OT X, 3aNHCAHHYIO G NOMOMBIO SJEMEHTAPHEIX
¢yukumll, B JaHHOM CHydae HeBO3MOXHO. BmpoueM, 3jech /Merko BHIPasHTb X
gepes y:

x=yV =2In|Cy].
3aMeyaHnue. YpaBHeHHE BHJA
M(x, y)dx+N (x, y)dy=0
GyZeT OZHOPOIHLIM B TOM M TOJMBKO B TOM caydae, Korna M (x, y) u
N (x, y) ABAAIOTCA OJHOPOAHBLIMM (PYHKIMSMH OJHOTO H TOrO XKe
u3MepenHsi. D10 BhITeKaeT M3 TOrO, YTO OTHOLIEHME ABYX OXHOPOZ-

HbIX (YHKIMI OHOTO M TOTO K€ H3MEpEHHs SBJSETCH OJHOPOAHOH
¢yHKuMe# HyJeBOrO M3MepeHHus.

INpumep 5. Ypasuenus
(2x+3y) dx+(x—2y) dy=0, (x*-4y?) dx—2xydy=0

ABJAIOTCS OAHOPOAHBIMH,

§ 6. YpaBueHus, npuBoAsHecs K OXHOPOAHBIM

K OJHOPOAHBIM YypaBHEHHAM IPHBOAATCA YpaBHECHHS BHIA

_c{y_= ax-+byg-t-c (1)
dx ~ ax+bytci’

Ecmu c¢;=c=0, T0 ypaBuenue (l) ecTb, OYEBHIHO, OXHOPOAHOE.
Iycts Temeps ¢ U ¢; (MM ONHO U3 HUX) OTMAYHH OT Hyad. Cnae-
JlaeM 3aMeHy IepeMeHHBIX

x=x,+h, y=y,+k ®
Toraa
dy _ dys
dx = dxg’

d
TNoncrasnss B ypaBHeHue (1) BeIpaXKeHUs X, Yy U '&%’ 6yZeM HMeThb

Ey_l-_:‘_ axi+bygy+ah+-bk4-c (3)
dxy @y tbiyrtahtbik e’
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TloxGepem A u k TaK, 4TOGH BBEINOJHSAJACH PaBEHCTBA

ah+bk+c=0, }

4
ah+bk4c, =0, )
T. €. ompenenuM h u Rk Kak pemreHusi cucreMsl yparHenuit (4). [lpu
STOM YCJIOBUH ypaBHeHHe (3) CTAaHOBHUTCS OJHOPOIHBIM:

dyy __ontby
dxy  aixi by

Pemns 370 ypaBHeHHe U Nepeiififi CHOBa K X M y 10 dopmyaiam (2),
NOJIyuuM pemienyie ypaBreHus (1).
Cucrema (4) He uMeeT pelLIeHHs, €CJH

a b
—0,
ai by
ay by
T. €. ab,=a,b. Ho B atom cayuae —z;—=~51—=?», T. e. a;=A>\a,

b,=Ab u, cnenoBatespHo, ypaBHeHue (1) MoxHO npeobpasoBarhb
K BHIY
dy _ _(axtby)tc ©)
dx A (ax+by)+-cy
Torpa noactanoBKOH
z=ax-+by (6)

ypaBHEHHE NPUBOJUTCA K YPABHEHMIO C Da3JeJsAlOMUMHCA TepeMeH-
HBIMH.
JeficTBHTENBHO,

dz dy
= atb 5o

OTKyJa
dy ldz a
H=TaH b Q)
[oacrasassi B ypaBHenue (5) Beipaxenus (6) u (7), mosyunm
ldz a__ z4c

a 3T0 ecTb ypaBHeHHe C pasJieNIAOMMMHCS NepeMeHHLIMH.
[IpuemM, npHMeHeHHHI!I K WHTerpHpoBaHHIO ypaBHenus (1), mpume-
HsieTcAd M K MHTerPUPOBAHUIO ypaBHEHHSA

@—f( ax+by+c )
de ' \ayx+byy+ei)’

rae f—xakas yrogHo HenpepbiBHas (QYHKIHA.
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INMpumep 1. Hano ypaBHeHue

dy__x+y—3
dx™ x-—-y—1°"

YroGet mpeoGpasoBaTh €r0 B OZHOPOJAHOE yPaBHEHHE, JeNaeM 3aMexy x=x;-}h,

y=y+*k. Toraa
dyy _ x3tyi+h+£—3

dxl xl-—yl-{-h-—-—k—l *

Pewas cucteMy JBYyX ypaBHEHHH
h+k—3=0, h—k—1=0,

HAXOMM

h=2, k=1.
B peaysbTaTe NMOJY4aeM O,1HOPOJIHOE ypaBHEHHE

dyq =x1+yi

dey x1—ys’
KOTOpOe peluaeM MOACTAHOBKOH

Y |
xl—u'
TOrja
= ux !/__1__ +x _d_u_
Y= uxy, dx, =u ldxl'
du 1+4u
T dx; 1—u’

H Mbl NOJIy4aeM ypaBHEHHE C pasJC/aTIOUMMHICA NepeMEHHBIMU

i L
Ydx, T 1—u’

Paspensem nepeMeHHbie:

Huterpupysd, Haxcaum
1
arctg u—z In(t4+u*)=In{x|+1n|C]|,
arctgu=1In|Cx; V 1+ 2|,
HAH
Cx; V‘erarctg u

[Moacrasass cioaa y}c—l BMECTO u, MOJIy4HM
1
Y
—— arctg___
2 2
c Vx1+y1=e o,

Hakoren, nepexosiss X NepeMeHHHIM X M y, OKOHYATEJBHO noJsyyaem

te 41
CYG—2FFG—TF=c "2,
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Ilpumep 2, Ypapuenne
yr= 2x+y_l
4x+2y+5

YKe HeJIb35 PEINTh MOACTaHOBKOH x=x;+h, y=yi-+k, Tak xak B 3TOM CiIyuae

CuCTeMa ypaBHeHHi, CIyXKallas JJsi onpejeseHHs h u k, Hepaspemuma (SAer

ONpeJesuTeN b

21
40| B8 KOS((UIHMEHTOB TIPH NEPEMEHHEIX paBeH Hymo) .

2ro YpaBHEHHE MOXHO CBECTH K YDaBHEHHIO C paszensaiolmuMucs NepeMEHHLEIMHA

3aMeHon
2x-ty=az,
Torza y'=2'—2, u ypaBHeHWe NPHBOJHMTCH K BULY
r_g_2=1
7 —2=5 T
HIH
2,_52—{—9
T 2245

Pewast ero, naiinem
2 7
5 z—}—%ln |524+9|=x+C.

Tak xak 2=2x-}y, To Mb NONYYHM OKOHYATENbHO pelleHHE HCXOJHOrO ypaBHe-
HHS B BHJe

2 7
2 (2x4g) ok In[ 10845y +9 |=x4C,
WIH
10y —5x+471n| 10x4+5y+9|=Cy,

T. €. B BHAe HesABHOH (YHKLHH Yy OT X,

§ 7. JluneiiHbie ypaBHeHHMS NepBOro Hopsaaxa

Onpenenenne, JuHelduoim ypasHeruem nepsozo nopsadka Ha-
3blBaercsl ypaBHEHHE, JHHEHHOe OTHOCHTENBbHO HEH3BECTHOH (PYHKIHMH
n ee mpoussogHofi. OHO HMeeT BHJ

YrP()y=Q ), (1)

rie P(x) u Q (x)—s3apmaHHble HenpepblBHble (YHKIUH OT X (MM
[IOCTOSIHHEIE).

Pemenue nuuelinoro ypasuenusa (l). byzem wucxkars
pewentie ypaBHeHusa (1) B Buae npousBeleHHA ABYX QYHKIUA OT X:

y=u()o . @

Onuy u3 3THMX (QYHKUUE MOXKHO B3SITb NPOU3BOJIbHOH, Apyras
OlpejesuTCd Ha OCHOBaHHU ypaBHenusa (1).
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Huddepennupys obe wactu pasenctsa (2), HaXOIUM

dy dv du
lld"—x—!—va}.

zl;é ==
IMoxcraBnsis mosyyenHoe BhIpaxkeHHe NPOM3BOAHOM % B ypaBHe-
Hie (1), Gyzem mmern
dv , du
u o+ otPuv= Q,
NJIH
du du
”(EIC+PU>+UZ;2=Q' &)
BeiGepeM GyHKOHMIO U Takofl, YTOGH!
du
d_)—f + Pu= 0. (4)

Pasgenas nepemeHusie B 3ToM jauddepeHnrHasbHOM YpPaBHEHHH OTHO-
CHTEeNbHO (YHKUUH U, HAXOOUM

o Pdr.

v
Huterpupys, monyyaem
—In|Ci|+1In|o|=—F Pdx,
uan
v= Cle‘f Par

Tak xax Ham JOCTaTOYHO KaKOro-HHGYAb OTJIMYHOTO OT HYJs petue-
Hus ypaBHeHus (4), To 3a QyHKUHUIO U (X) BO3bMEM

v —e P, (5)

rae Sde——KaKaﬂ-Hmy)lb nepBoo6pasnas. OueBnpno, uro v (x)=%0.
IoxcraBnsisi mafinennoe 3HaueHue v(X) B ypaBHenue (3), moJy-

d
yuM (qubmaﬂ, 4TO ‘% 4-Py= 0)

0(x) 2= Q (),

HJH
du __Q(x)
dx — ou(y)’
OTKyaa
_(e®
u= S 000 dx+4C.

ToncraBass u u 0 B ¢OpMysTy (2), OKOHYATENHHO MOJYYaEM
y=o( || FHlar+c],
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HJIH

y=v(x)58((;))dx+Cv(x). ()

3ameuaHue. OueBugHO, YTO BBIpAXKEHHE (6) He Hu3MeHurcH,
€C/IM BMECTO (YHKLMM U (X), ONpPEJENeHHOH paBeHCTBOM (5), wmuI

BO3bMEM KaKyl-HUGYAb GysKIHmio v, (x) = Cu (x). JeficTBuTeNbHO,
noxctasassa B (6) v, (x) BMecTo v (x), NONYYHM

y=év(x)S§U—(()2)dx+CEv(x).

B nepeom cnaraemom C CcOKpamlaioTcsi; BO BTOPOM CJIaraeMoM Mpo-
usBeneHne CC ecTh MpPOM3BOJIbHAS NOCTOSHHAs, KOTOPYIO O0O3HaUyaeM
onHoit GykBoit C, U cHOBa NMpUXOAMM K BhipaxeHuio (6). Ecim o6o-

3HAYUM SQ(X) dx =@ (x), To BbIpaxkenue (6) npumer BUJ
y =" (x) @ (x)+Cu(x). (6"

Ouepuano, 4To 3TO— OGWK HHTerpas, Tak Kak C MoxHO mojpo6parh
TaK, 4TO OyleT YAOBJIETBOPSThCA HAyalbHOE YCJIOBHE Y=y, NpH
X=X,

3unayenne C onpenensercs U3 ypaBHEHHs

Yo="0(Xo) @ (%) + Co (x,).

I pumep. Pewnts ypaBuenue

2
Y =G

Pemenune. [TonaraeM y=uv, TOraa

dy_
a—x—u E;C+E;cv'
dy

TloncTaB/sis BHPAKEHHE —= B MCXOJHOE ypaBHEHHe, 6yneM HUMeTb

dv | du
E;C+EC x+1 uv= (V+l) )

dv 3
u(;,; ) )-}-v = (x+1)°% %)
pil v BHEHHUe d——U~———2——v——0 e dv__2dx
JIST ONpENeNeHust OMyuHM ypa & ETe=0 e TE

otkyaa Injvj=2In|x+1|, nm v=(x-1). Tloacrasasis Bbpaxenne GynKuun
v B ypaBHeHue (7), MOJNyyaeM JJa ONpeNeseHHs « ypasHenne (x--1)3 j;lc:
1)2
= (x-+1)% wm %:x—i—l, OTKyna u=(f——;—)—-}—0.
CienoBaTesibHO, OGWIME HHTErpas 3aJaHHOTO YpaBHEHHS GyJeT MMeTb BHA

=(_’“;_1)4+C(x+1)2.
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TMosyuennoe cemefictBo sBJsieTcs 0 G UMM peineHueM. KakoBo Gbl HH GELIO
HayaJbHOE YCJOBHE (Xo; Yo), THE Xy 7~ —1, Bcerna MoXHO Tak momo6parb C, 4TOGHI
COOTBETCTBYIOIlee YaCTHOE pelleHHe YNOBJETBOPSIO 3aJaHHOMY HayadbHOMY yCJO-
puto. Hanpumep, uacTHoe peleHme, YHOBJIETBOPAIOUIEE YCJOBHIO Yo =3 npu X =0,

. 04 1)*
Haiijercs CaeayiomuM 06pasoM: 3=(——%)——'—C(O+1)2, C =5/2. CaepoBaTteibHO,

x-+1
HCKOMOE 4acTHOE pelleHHE TaKOBO: y—( ‘ )t —|—2 (x-+1)2. Onnaxko, ecau Ha-

YaJIbHOE yCJIoBHE (Xp; Yo) BHIOpPATh TakK, qTo xo=—1, TO MBI He HajiieM 4aCTHOrO
pelueHHsl, YNOBJETBOPSIOMIETO 3TOMY YCJIOBHIO. DTO OGBACHSETCS TeM, YTO IpH

xo=—1 ¢ynxuus P.(")=—x T paspeiBHa M, CJEOBATeJbHO, YCJOBHA TEOPEMbI
CYLIECTBOBaHHSI PELIEHHs He COOJIONEHHI.

3aMeuyaHue. B npuiokeHHX yacTo BCTpeYaloTCs JHHEHHBIE
ypaBHEHUsI C NMOCTOSIHHBIMH KO3(duuueHtamu

d
Z4ay=b, ®)
rae @ U b—IocTosiHHbIE,

Ero MOXHO pemuTb M C NMOMOLLbIO MOJACTAHOBKH (2) MMM NyTeM
pasjesieHusi NepeMEHHbIX:

1
= (—ay +b) dx, ay+b—dx ——In|—ay+b|=x4C,,
In|—ay+b|=—(ax+C*), rge C*=aC;,
_ay+b:e—(ax+c*)’ y:__;_e—(ax+c*)+_§_’
HJIH OKOHYaTeJbHO
y——:Ce“”‘-l—%

1 *
( rae oGosnayeno —— e=¢* = C) . D10 U ecTb ofllee peuieHue ypas-
Hennd (8).

§ 8. ¥YpaBnenne Bepnyiiu

PaccmoTpuM ypaBHeHHe BHJa *)
d '
2 4-P(x) y=Q (x) 4™, (1)

rie P(x) u Q (x)—HenpephBHbE QYHKIMHK OT X (HJIM TOCTOSIHHBIE),
ans*0u ns=1 (B NIPOTUBHOM cJiyyae MNOJYYUJOCH OBl JHMHEHHOE
ypaBHeHHE). D10 YypaBHeHHe, HA3biBaeMoe ypasueHuem bBepryrau,
NPUBOANTCA K JIMHEHHOMY CJEeAYIOIUM IpeoOpa3oBaHUEM.

*) K 2TOMY ypaBHeHHIO NPUBOJHT 3ajaua O JBHIKEHHM Teja, €CJHH CONpOTHB-
JenHe cpenbl F 3aBHCHT OT CKOPOCTH Tak: F=A\u--Aqu?. YpaBHeHHE JABHKEHHS

dv dv A A
6 kg . n 1., 2
YIeT Torga m VT, Aju—Ay v, uan dt+ v o,

2 H, C. IucKkyHOB, T. 2
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Pa3jenuB BCe Ui€HH YDaBHEHHS Ha y", NOAYYHM

d
Y APy =Q,

CrenaeMm, Aajee, 3aMeHy
2= y"‘n-l-l‘
Torna

dz -ndy
L=(n+hy" .

[MoacraBassa 3TM 3HaueHus B ypaBHeHue (2),

HO€e YypaBHeHHe

@

6yneM UMeThb JIHHEH-

g)-i+(—n+l)Pz=(—n+l) Q.

Haifins ero ofuiuit MHTerpas M MNOACTAaBHB BMECTO 2 BhIpaXKeHHE
y~"*l, nony4yuM OOWHMH HHTerpasn ypaBHeHHs DepHyJuid.

[Mpumep. Pewnts ypaBHeHue
dy
a—x-{—xy_xaya.

Pewenune. Pasfemus Bce ujeHbl Ha y°, MOJIy4UM
Y7 g =20

Beegem HoBylo QyHKumMio 2=y~2; Torna Z—i:—Zy"’Z——z
HUsl B ypaBHeuue (4), HOJNYUHM JiMHeHHOe ypaBHeHHE
dz . 3
a—2xz——2x .

Hafizem ero o6muit uxTerpas:

dz dv , du
2=uyv, Ic_uﬁ;e—{—ﬁi V.

dz
IMoacraeasiem B ypaBHenue (5) BHIpaXeHHT 2 M vk

dv | du 3
ua;+a- v —2xup = —2x3,

una
dv du
u (a—2xv) +U EE’-—-—2X3.
anpaBHHBaeM HYJIO BbIpaxeHwe, CTosiliee B CKOGKaX:
dv

dv
E-x—2xv—0, —v-=2x dx,

Injv|=x2, v=e*%
Jlns onpeneeHust & TOJyHaeM ypaBHeHHe

ex? % =—2x3,

Pasgensem nepememnre:

®

@

. IoacraBnsas 3TH 3Haue-

©)

dy=—2e=**3dx, yu=-2 S e~*¥%3 dx - C.
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Huterpapys no yactsam, Haiizem
u=x%-%¥Le=x*1C, z=uv=1x2}1}Ce*?,
CrepoBaTe/IbHO, OGUIMH HHTErpasl NAHHOTO YPAaBHEHHS €CThb

y2=x241+4Ce®*, nm y=

Vetritces

3amMeuanue. AHaJOTMYHO TOMYy, KaK 3TO JeAajoch AJsl JIH-
HefiHBIX ypaBHeHH#, MOXHO NOKa3aTh, YTO pelleHHe ypaBHeHHs DBep-
HYJIIH MOXHO HCKaTb B BHJE NPOU3BENEHHS ABYX (YHKUHME:

y=uFov (),

rae v(x)—Kakas-a1m6o GyHKuUMS, OTJAHYHAS OT HYJAS H YAOBJETBO-
psouias ypapsenuno v -+ Pv=0.

§ 9. YpaBHenue B noaHsix aucdepeHynanax

Onpepenenune. YpaBHeHue
M(x, y)dx+N (x, y) dy=0 (1)

Ha3bIBAETCSl YpasHeHuem 6 noauuix Ougepenyuarax, ecmu M (x, y)
u N (x, y)—HenpepriBHBIe, AuddepeHIUpyeMble QYHKIUU, IS KOTO-
PBIX BLINOJIHSIETCH COOTHOLIEHHE

oM ON
=5 @

N o
npHyeMm %leﬁ u a(.)‘—x HenpepbBHBI B HEKOTOPOH OGJIacTH.

NHTerpupoBaHUuEe YpaBHEeHU ! BNOJAHBX Auddepen-
nuanmax. Joxkakem, uro ecnu JeBas uyacTb ypaBHeHus (1) ectb
NoJIHbI AuddepeHnual, TO BHIIOJHAETCH ycaoBue (2), U 06paTHO —
NpH BBLIMOJHEHHH ycJoBUA (2) JeBas yacTb ypaBHeHH# (1) ectb moa-
Hblfl nuddepenunan HekoTopoi QyHKIMH u (¥, y), T. €. ypaBHeHue (1)
uMeeT BHJ

du(x, y)=0, 3)

H, CJIeJlOBaTeNbHO, ero obmuii uHTEerpan ectb 4 (x, y) =_C.
IMpepnosoxxum cHawasna, 4To0 JeBast yacTh ypaBHenus (1) ecTs
noJHb auddepeHnnas HekoTopol (yHKuuu u(x, y), T. €.

0
M (%, y)dx 4N (x, y) dy=du="35 dx+ 3> dy;

TOraa
7]
M=%, N=3. “4)

2¢
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Jluddepenuupysi I[epBOe COOTHOIIeHHe no y, a BTOpoe—IMo X,
noAy4iM
M _ &u N _ ou
0y  0xoy’ 0x dyox
[Ipexnonaras HEMpPepLIBHOCTb BTODPBIX MPOM3BOAHBIX, OyaAeM HMETH
oM _ 9N
oy~ ox”

T. e. paBeHCTBO (2) ABJAETcs HEOOG X0 XM MBIM ycJOBHEM AJs TOrO,
yToGHl JieBas uacThb ypaBHeHus (1) Gbia moJHBIM guddepeHIHaIoM
nexotopoil dyukuuu u (x, y). [lokaxem, 4ro 3ro ycioBHe fABAsAETCA
W 10CTAaTOYHBIM, T. € YTO NPHU BHIIOJHEHHH paBeHcTBa (2) JeBas
yactb ypaBHenus (1) ectb mosHbEIH AuddepeHnnan HekoTOpoi DYyHK-
want u(x, y).
X
U3 cooTHomeHu %=M (x, y) HaxomUM U = S M (x, y)dc+o (y),
X,
rae x,—abcuucca JoGod TOYKU U3 00JacTH cymeéTBOBaHHﬂ peleHus.
[1py MHTerpupPOBAaHHU IO X Mbl CUHTAEM Y MOCTOSHHBIM U MO3TOMY
UpPON3BOJIbHASL TOCTOSIHHAS MHTETPHPOBAHHS MOXET 3aBHCEThb OT Y.
TMonoepem ¢yHkUMO @ (y) Tak, 4TOGH BBINOJHAJOCH BTOpPOE M3 COOT-
Howenuit (4). dasa sroro npopuddepenuupyem *) o6e yactTu mnocnen-
Here paBeHCTBa 10 y M pes3yJabrat npupasHseM N (x, y):

X
ou oM
= a—ydx+cp'(y)=N(x,y);
Xo
oM _oN coN
— — ’ —
HO TaK KaK —-=5, TO MOXKeM Hamucarh S =55 Ax+o (y)=N, 1.e.

Xo
N, y) 549 (=N (x, y), nm
N(x, 1) —N (x0, 1) +9" () =N (x, y).
CaepoBaTesbHO,
9’ (y) =N (%o, 1),
HJH
Yy

¢ W)= N (x, y)dy+Cy.

Yo

X

*) Wurerpan SM (x, y) dx saBucur or y. Ias Toro yroGhl HafTU NPOU3BOA-

Xo
HYI0 OT 3TOrO HHTEerpasia mno y, HyxXHO nponnq)q)epeﬂunpoaa'rb Mo ¥ NOABLIHTErpaab-
X X

HY0 GYHKIHIO! aiys M (x, y) dx=5%4 dx. 3710 BHITEKaeT H3 Teopemn JIeH6-
Xo

X
H"uaXIO Ambq:epeﬂunopoaaﬂnn omnpeneNCHHOrO MHTerpaja mo napamerpy (cm. § 10
I, )
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Takum o6paszoM, dymEKUHA U (¥, y) OYLET HMETb BUJ

X Y
— (M, ) dx+ (N (x,, y)dy+C.

Xo Yo

3nrecy P (x,; y,)—TOUKa, B OKPECTHOCTH KOTOPOH CYILECTBYeT peiie-
nue audpepeHnuanbHoro ypasHenus (1).

IpupaBHUBas 3TO BBIpaXKeHHE NPOM3BOJLHOA nocTosHHON C, mo-
Jy4uM OOWHUHA MHTerpas ypaBHemm 1:

{0, et §N o pay=c. (5)

Xo Yo

Mpumep. Hano ypaBHerme
y? —3x

—dx+ dy=0.
7 y=
IposepsieM, HE €CTh JIB STO YpPaBHEHHE B NOJNHBIX AUddepeHuHamax.
O603HaunM
2342
M=%, y=4£=3,
¥ y
TOrfia

oM__ 6x  ON ___ 6x
oy gt ox

Yeaosue (2) npu y # 0 BunmoJaHseTcs. 3HAYMT, JeBas YacTb JAHHOTO YpaBHCHHSA
€CTb TNOJHBEI Au(pgepeHLaJ HEKOTOPOH HEH3BECTHOH QyHKunu u (x, y). Haiizem
STy (PYHKUHIO.

u  2x
Tak KaK —==-—, TO, CJIELOBAaTeNbIIO,

ox y3 9 2
u=Sﬁm+¢m=§+ww

rae @ (y) —He onpejejeHHas MOKA QYHKLUUA OT 4.
Jupdepennnpysa 3T0 COOTHOWIEHHE MO y M YYHTHIBas, YTO

ou N_y-—3x-

oy yF
HaxXo0AHM
32 y?—3x%
—"y—r}‘q?' o= ot
CJenoBaTeIbHO,

¥ W= 9O=—7+Co
x2 1
u(x, y) =y—3—7+01.

Takum 06pa3oM, o6muii HHTErpaj HCXOJHOTO YPaBHEHHSl €CTb
x2 1

x —=C

v oy
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§ 10. HHTerpupylomuit MHOXHTENb

IlycTb JieBasi 49acTb YpaBHEHHS
M(x, y)dx+N (x, y) dy=0 (1

He ecTb nonusii auddepenuuan. Muoraa ynaercs nopo6path Takyio
dyuxumio p(x, y), Nocae yMHOKEHHs HA KOTOPYI BCeX WIEHOB Ypas-
HeHM$§ JieBast YacTh ypaBHEHUS CTAHOBHTCSH MOJNHBIM Au(pepeHIHaNIoM.
O6liee peieHHe MOJYYEHHOTO TaKMM 00pa3oM ypaBHEHHs COBNAgaeT
c ofmMM peleHHeM IepBOHAYaJbHOTO ypaBHeHHd; GYHKuuA W (x, y)
HasBIBAeTCA UHMe2pupyiouum mroxcumensem ypasHeHus (1).

JOnst Toro 4roOGbl HaUTH WHTETPUPYIOWUMH MHOXUTENb WM, TMOCTY-
naeM cjeiykcumiuM 00pasoM: YMHOXKHM o0e YaCTH JaHHOrO YypaBHEHHS
Ha HEH3BeCTHH MOKa WHTErpUpYIOMUN MHOXKHUTENb W:

uM dx 4 pN dy =0.

Jns Toro uroGel MocjefHee ypaBHEHHE ObIJIO YpaBHEHHEM B IOJIHBIX
auddepernnanax, HeoOXOAMMO M JOCTaTOYHO, YTOOBI BBIMOJHAJOCH
COOTHOIIIEHHE

2 (uM) _ 0 (uN)
oy ox *

oM op _ ON op
M"(3;]+Mgg~ll;); +N 55
HIH
op op (6N oM
Mg —N o= (5—%)-
Tocsie feneHnsi o6eHX uacTell NMOC/EJHEro ypaBHEHHs Ha |1, TOJYYHM

dlnp__ v olnp ON__ oM
M oy —N ox  ox 0y ° @

OueBujHo, uTO BCsiKas (yHKmUs W (r, y), YAOBJIeTBOpAIOmas Mo-
cJlefHeMY YPaBHEHHUIO, SIBJISETCH HHTETPUPYIOUMM MHOXHTENEeM ypaB-
nenusa (1). YpaeHeHue (2) sBisercd ypaBHEHHEM B YacCTHBIX IIPOH3-
BOJHBIX C HEH3BeCTHOH ()YHKuHMeH p, 3aBUcAIlell OT ABYX ITepeMEHHBIX
x ¥ y. MoxHO JOKa3aTh, YTO NpPH ONPEJENEHHBIX YCJIOBHUAX OHO
rMeeT GECUHCJEHHOe MHOMXECTBO pelleHHH H, CJIeloBaTe/]bHO, ypaBHe-
uue (1) umeer uHrerpupyrowuiéi MuHoxurenb. Ho B ofuem ciyuae
3ajiaya HaxoXKJAeHUs W (x, y) W3 YypaBHeHus (2) emle TPyAHee, ueM
nepBoHadasibHas 3ajaya uHTerpupoBaHus ypasHenusi (l). Touabko
B HEKOTODHIX YacTHBIX CJy4asix yjaercd Haith Qynkuuo wu(x, y).

[lycrs, nanpumep, ypaBHenue (1) JomyckaeT HHTerpHpYIOMKil
MHOXHTeNIb, 3aBUCSIMHH TOJBKO of y. Toraa

dlnp
0x =0,
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H A OTHICKAHHS W MH ToJlydaeM OGLIKHOBEHHOE Aauddepen-
LHanbHOE ypaBHEHHE
oN oM
dinp __ox 0y
gy — M

u3 Koroporo omnpeznensercs (oaHofi keajipatypoit) Inp, a caenosa-
TEJbHO, H M. SICHO, YTO TaK MOXHO NOCTYNaTh TOJBKO B TOM CJIy-

ON oM
ox Oy
yae, €CJH BbIpaXk€Hue M He 3aBHCHT OT X.
ON oM
ox oy
AHaJ"IOI‘H'-!HO, €CJIH BbIpaXKeHHe VA HEé 3aBHUCHT OT Y, a 3a-

BHUCUT TOJBKO OT X, TO JIETKO HAaXOAUTCS HHTETPUPYIOMHA MHOMKH-
TeNb, 3aBHCAMHANU TONBKO OT X.

IIpumep. Pewnts ypaBHeHue
(y+xy?) dx—x dy=0.
Pemenue. 3zece M=y-}xy?, N=—ux,
om oN oM , ON
'@”—1"}'2'{!/; 5;——‘1, W ks

CrnefoBaTeIbHO, JIeBast 4acThb YpaBHEHHS He €CTb MNOJHBIT AupdepeHuna:.
INocMoTpuM, HE HONMYCKAeT JIM 3TO YPaBHEHHE HHTErPHPYIOUIEr0 MHOMKHUTEJS, 3aBH-
CALIEr0 TOJBKO OT y. 3aMETuB, 4TO

N M
ox W_——l—l—?xy__z
N
3aKJII0YaeM, UTO YpaBHEHHe Ao]nycxaer HHTETPUPYIOWMA MHOXHTE/b, 3aBHCIUIMI
ToJLKO oT y. Haxoxpum ero: ddr;p=_?; orciona Inp=—21Iny, T.e. p=1/y2

Ilocne yMHOXEHHS BCEX WJIEHOB JaHHOrO YPaBHEHHS Ha HaRACHHBLIA HHTErpUpYIO-
o x
M MHOXKHTENb W TIOJYYaeM YpaBHEHHe (7+x) dx—-? dy =0 B nonHeIX Aud-

oN 1 . -
depennuanax ( 6_y=_6_f=— 7 Pemas sTo ypaBHeHHe, HaiiieM ero oG6uuii
x , x 2x
HHTErpagn ;—}—5—1—0—0, HJIN y———-m.

§ 11, OruGalomas cemeficTBa KPHBBIX

Tlycts jaHo ypaBHeHue BHJA

@ (x, y, C)=0, (M

TAe X H y—IepeMeHHbe JeKapTOBBl KoopauHath, a C-—mapamerp,
MOrymuil NpUHUMATb Pa3NH4Hbe (QHKCHPOBAHHBIE 3HAYEHHA.
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[pu Kax0M naHHOM 3Ha4YeHHH napamerpa C ypasuenue (1) ompe-
JenisieT HCKOTOPYIO K puBYI0 Ha miockoctd Oxy. [lpunasas C Bee-
BO3MOXXHBIE 3HAYEHHUSs, MBI NOJydaeM CeMef CTBO K p M BHI X, 3aBh-
CAUMX OT OJHOTO IapameTpa, HJH-—KaK YacTo FOBOPAT—O I HO-
napamMerpudeckoe ceMeHCTBO KpHUBHX. Takum 06pasod,
v ypaBHenue (1) ectp ypaBHeHHE OJHO-

napaMeTPHYECKoro cemeficTBa KpPHBBIX
(Tak KaK OHO COJEpXKHUT TOJBKO Of-
HY NPOU3BONBHYIO MOCTOSIHHYIO).

N A7

AT .YaYAR: 0

RNYYAVAYE YL
0 % R0~
Puc. 256. Puc. 257,

Onpenenenune. Jlusua L HasweBaercs oeubarowieli onHomapa-
METPHUECKOro ceMeficTBa JIMHHH, eCJM OHa B KaXJOU CBOEH Touke
Kacaercsi TOH HJIM WHOH JIMHUH CeMeHCTBa, MpHYEM B Pa3JIHYHBIX
TOuKax JuHuHM L ee KacaioTcsi pa3/yHbIe JIMHHM JaHHOTO ceMeicTBa
(puc. 256).

Mpumep 1. PaccmorpuMm cemeiictBo sunuit (x—C)2+y2=R2, rge R —
nocrosnuas, C -mapametp. DTo—CeMeHCTBO OKpy:KHOCTeil paiuyca R ¢ meHTpamu
H3 oci Ox. OueBHJHO, 4TO 3TO CeMEACTBO GyNeT MMETh OrubalmuMy Npsamble y =R,
y=—R (puc. 257).

Haxoxpgenue ypaBHeHus orubawueil faHHOro ce-
meitcTBa. Ilycre gaHo cemelicTBO KpHBBIX

(D(xv Y, C)ZOv (1)

3aBUCSIIUX OT nmapamerpa C.

[IpennonoxuM, 4TO 3T0 CEMEHCTBO MMeeT Orubalollyio, ypaBHEHHE
KOTOPOH MOXKHO 3anucaTth B BHJe Yy = @ (x), TAe @ (¥) —HenpepsiBHAas
u auddepennnpyemas ¢ynknua or x. Paccmorpum HekoTopyio Touky
M (x; y), Jexaumyio Ha orubawomed. dra TOYKa TaKKe JIEXKHUT Ha He-
KoTOpoit KpuBoil cemeficTBa (1). Droit KpuBoOil cooTBeTCTBYET ONpese-
fieHHoe 3HaueHHe napamerpa C, KoTopoe NPH JaHHBIX X M Y OIpe-
nensiercss u3 ypasHenusi (1);: C=C (x, y). CnenoBarenbHO, 1151 Bcex
TOUEeK Orubarolleil yIOBIETBOPSIETCS PaBEHCTBO

@ (x, y, Clx, y)=0. @
Honyctum, uro C(x, y)— nuddepeHunpyemas GyHKUMS, HE NOCTOSH-
Hasd HH Ha KAaKOM HHTepBaJie pacCMaTpHBaeMbIX 3Hauenuil x, y. s

ypaBHenus (2) oruGaiomeii HaljeM yraoBoH KoO3bUIUEHT Kaca-
TenbHOR K oruGatomeit B Touke M (x; y). Tlpopuddeperuupyem
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pasencTBo (2) mo x, cuuras, yTo Yy ecTb (PyHKUHMA OT X:

o0 , 00 aC o0 |, oD acy ,
wtce t(7tay) v =9
Hau
, ror aCc , oC ,
O, +Dyy +®c{a—x+5!;' y ) =0. ©)

Hanee, yrioBoii KoapdulyieHT KacaTeNbHOH K KPUBOH ceMeHcT-
Ba (1) B Touke M (x; y) HaiigeTcss H3 paBEHCTBA

O, +Dyy" =0 (4)

(C Ha 1aHHOH KPMBOH MOCTOSAHHO).

Mot npeanonaraeM, uro @, =0, B NPOTHBHOM cJyyae Mbl CYH-
tand Obl ¥ (yHKuMeH, a y aprymenToM. Tax Kak yrsiosoit Kosgdii-
LHeHT R orubaroumlell paBeH YrJIOBOMY KO3(p¢uuueHTy B KpuBOH ce-
meiicTBa, To H3 (3) u (4) mosyyaem

, {0C , oC ,
¢ (5; ta, Y ) =0.
Ho Tak kak Ha oruGatoumei C(x, y)==const, To
oc aCc
—5;‘1"5;!/ #0,

M NoTOMY AJii €€ TO4YEK CIpaBeAJIMBO PAaBEHCTBO

@ (x, y, C)=0. )
Takum oOpasom, masi ompeneseHuss orubaiomeil cayxar cjepyiouiue
JBa ypaBHEHHS:
@ (x, y, C)=0,
. _ (6)
(DC (x’ Y, C)—‘O'

OGparHo, ecau, Hckmouas C M3 3THX ypaBHEHHH, MOJyYHM ypaBHe-
HHe Y=o (x), tae @ (x)—auddepeHuupyemas ¢GYHKUUSA, IPU 3TOM
snauenne Cz=const Ha 3ToH KpHBO#l, TO y=@ (X) ecTb ypaBHEHHE
orubatotiei.

3ameuanue 1. Eciu nas cemeiicrBa (1) nekoropas ¢dyukumus
Y =@ (x) ABJASETCH YpaBHEHHEM TeOMETPHUYECKOTO MECTa 0colbLx mouex,
T. e. Touek, Tae ®;=0 u ®;=0, To KOOPAUHATHl ITHX TOYEK TaK-
JKe YIOBJIETBOPAIOT ypaBHeHHAM (6).

HeficTBUTENBHO, KOOPAMHATEL OCOOBIX TOYEK MOXHO BBIPA3UThb uepes
napaverp C, Bxojasumit B ypasnenue (1):

x=M(C), y=p(C). (M

Ecau sru BhipaxkeHua mnopactaBuM B ypaBHenue (1), TO mosyumm
TOXAECTBO OTHOCUTEJbHO C:

D (A (C), n(0), O)=0.
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Juddepennrpys aro toxaecteo no C, nomyyum:

, , d] ,
DL+ O e+ V= 0;
TaK Kak AJs JoObiX TOYeK BBINOMHSIOTCH paBeHctBa @ =0, ®,=0,
TO, CJEN0BaTeJbHO, NS HHX TakxkKe BbiNoJHsercs paseHcTBo Og=0.

OTHM MBI H NOKa3ajii, YTO KOOPAMHATH OCOGBIX TOUEK Y/IOBJET-
BopsiioT ypaBHeHuAM (6).

Hrak, ypasnenus (6) ompenensior JauGo orubaromylo, JHGO Teo-
METpPHYECKOE MECTO OCOOHIX TOYEeK KPHBHIX cemeiictsa (1), mmGo coye-
TaHue TOro M Apyroro. TakuM oGpa3oM, MOSYYuB KPUBYIO, YIOBJET-

BOPAIOIMYI0O ypaBHeHUsM (6), Heo0GXOAMMO

}#y JIOTIOJIHUTENBHO HCCJAEAOBATh, SBJAAETCH JIH
N OHa oru6ammeii HJIM TIeOMETPUYECKUM Me-
CTOM OCOGBLIX TOYEK.
P Ay ot
- 2]
AN 3 o )E’
A
o 3
-
0-<__—votcosat——>f—_ &
Puc. 258. Puc. 259.

Mpumep 2. Hajitu oruGaromyio ceMeACTBa OKPYKHOCTEH
(x—C)*+y*—R?*=0,

3aBHCAIIKX OT OfHOro mapamerpa C.

PemeHue. Jubdepenunpys ypasHenune cemeiictea no C, nonyyaem 2 (x —C)=
=0. Hckmouas C M3 3THX JABYX ypaBHEHHii, NMOJYYHM ypaBHeHHsS y*—R2=0 mm

=+R.

Y W3 reomeTpuyecKHX COOGPaKeHHH $CHO, UTO MOJNyYeHHAs Mapa MNpPSAMBIX
gBjsercd orubGaloun el (a He reoOMETPHIECKHM MECTOM OCOOBIX TOYEK, TaK Kak
OKPYJXHOCTH, BXOJfLIHE B CEMEHCTBO, HE MMEIOT OCOOHIX TOUYEK).

Mpumep 3. Haiitk orubaiomyio ceMeicTBa NpsiMEIX:

xcoso-fysina—p=0, (a)
rae o—mnapamerp. )
Pemenune. [dubdepenunpys mo o jaHHOe ypaBHEHHE ceMeReTBa, Gynem
HMETh:

—xsina-|ycosou=0. (b)

Jlnst HCKJIOueHHst MapaMeTpa o M3 ypasHeHHil (a) M (b) yMHOXHM useHbl nep-
BOTO Ha COSC, a BTOPOro—HAa Sin.g- H BHLIYTEM K3 NEPBOTO BTOPOE; TOrxa GyaeMm
uMeTh Xx=pcos . IloxcraBasis 3T0 BHpaxkeHue B paBeHCTBO (b), Hajinem y =
= psino. Bossoas useHs! ABYX IOCHEIHHX YPaBHEHUHl B KBaJApaT M CKJanbBast
NOYJIEHHO, nosyuum x2-}y% = p2. Dr10— OKpyxHOCcTh. OHa ABJAsETCH OTH 6 a JO-
n e cemefictea (a He TeOMETPHYECKHM MECTOM OCOGBIX TOUEK, TaK KaK MpsIMEie
JIMHHH HE HMelOT 0CO6bIx Touek) (puc. 258).

Ilp nwmep 4. Haiiti oru6aionyio TpaeKTOpUii CHapsifoB, BHITYIEKHbIX U3 NYLIKH
CO CKOPOCTBIO Uy TOJ PA3NHYHLIMH YIJIaMH HAaKJOHZ CTBOJA OPYJAHS K FOPHSOHTY.
Ipu srom GypeM cuuTaTh, YTO OpyAHE HAXOAHTCA B Hayaje KOOPAMHAT, a TpPaeK-
TOPHH CHapsAJOB JexaT B IiockocTd Oxy (COMPOTHBJIERNEM BO3AYXa NpeHeGperaeM).
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Pemenne. Hafigem cHavasa ypaBHenwe TPAGKTOPHH CHApsja B TOM CIyuae,
KOrZla CTBOJI OPYJIHSI COCTaBJISET C NMOJNOXKHTEJNbHBIM HanpasJjennem ocu Ox yrox a.
Bo Bpems MoJeTa CHapsij] yuacTByeT ORHOBPEMEHHO B JBYX JBHXKEHHSIX: PaBHOMEp-
HOE JIBHKEHHE €O CKOPOCTHIO Uy B HAaNpaBJEHHH CTBOJA OPYAHS M MaJeHHe BHH3
NOA NEHCTBHEM CHJBI TKeCTH. I103TOMY B KaXKAHi MOMEHT BpEMEHH ¢ NOJIOXKEeHHE
cuapsiza M (puc. 259) Gyzer ompenensThCH paBeHCTBAMH

. gt
x=u,t cos a, y =10yt sin a—=5.

DT10—nNapaMeTpuyeCKHe YDPaBHEHHs] TPAEKTOPHH (mapaMeTpoM sSIBAseTCs Bpemd f).
Hckiiouns ¢, HafiieM ypaBHeHHE TPaeKTODHH B BHJE

gx® .

y=xtga —5E 5

2vp cos? a

HaKOHell, BBeJs 0G0o3HaueHHs tg a=4&, —2—g7=a, TIOJTy4HM
Vo

y=kx—ax>*(1 4-k3?). (8)
1o ypaBHeHHe onpejesiserT MapaGosy ¢ BepTHKAJbHON OCbIO, NMPOXOAAMYIO uepe3

HayaJlo KOOPAMHAT H oOfpauieHHy© BeTBAMH BHM3. [lJfl pasauuHbIX 3HaYeHHA 2
MBI NIOJIYYHM pas3fiuyHble Tpaekropuu. CienoBartesnbHO, ypaBHenue (8) sBigercs

Puc. 260.

YpaBHEHHEM OJHOTNAPAaMETPHUECKOro ceMeficTBa NapaGoJi, SBJIAIOUHXCSA TPAeKTO-
pusIMH_CHapsiia NPH pasHYHBIX yIJIaX O H JaHHOH HAYaJbHOH CKOPOCTH Uy
(puc. 260).

Haiizem .oruGarouyio sToro cemeiicTsa mnapa6oJ.

Huddepenunpys no k£ o6e yactu ypasHenns (8), umeeM

x—2akx?=0. )
Hckimouast k u3 ypasuenuit (8) u (9), noayuum

_..1 2
y—‘ﬁ-—ax .

. 1
OTo—ypaBHeHHe NapaGoJbl C BepUIMHOH B TOYKe (0; 1) Ocb KoTOpoil
cosnagaer ¢ ochio Oy. Ona He sBJseTCS IEOMETPHYECKHM MECTOM OCOGHIX TOUEK
(rak xax napaGouni (8) ne mMeioT ocoGhix Touek). Mrak, nmapaGona
1
=———ax?
V=1

siBjsieTcs oruGatomieli cemefictBa TpaekTopuit. OHa HaswiBaetrcss mapa6o.Jio i
6esomacHOCTH, TaK KaK HH OJHA TOUKa 32 ee NpeleJaMHM He JOCTHIKHMA NJfi
CHapsi/ia, BHIMYIEHHOTO ‘U3 JAHHOTO OPYMIHA C JAaHHOM HAYaJbHON CKOPOCTBIO Up.
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Mpumep 5. Haiitn orubamouyio cemeiicTBa nosyKyGuuecknx napagon
yrP—(x—C)2=0.
PeweHnue. Jdudpepenuupyem no napamerpy C jaHHOe ypapHeHHE CeMEHCTBA:

2 (x—C)=0.
Wckaouass mapamerp C M3 ABYX ypaBHeHHil, TNOJyYuM
y=0.

Qct Ox siBrgercs TEOMETPHYECKHM MeCTOM OCOGBIX TOYEK — TOYEK BO3BpaTa
nepsoro poaa (puc. 261). JleiicTBHTEND-

Y HO, Haiiien ocobLie TOUKH KpHBOM
P—(x—C)=0
npu ¢uxcupoBaHun 3uauvenns C. Jnd-
0 .. (epeHuupys no x H y, HaXOAHM
ImpUYeckoe | Mecma 0cobtiX inovex L ,
Teomempu | wecm 9 (r—C)=0;
Prc. 261, ,
Fy: 3!/2:0.

Pemas coBmecTHO TpH MpENBIAYIKX YpaBHeHUs, HaifileM KOOpAMHATH 0cOGOit

ToukH: x=C, y=0; TakuM 06pa3oM, Kax/Jasi KpHBas JaHHOro ceMejicTBa HMEET
0cobyI0 TOuKy Ha ocH Ox.

IIpn HempepbiBHOM H3MeHeHHH napamerpa C ocoGble TOYKH 3aNOJHAT BCIO
ock Ox.

Mpumep 6. Haiith orubaomyio U reoMeTpiiyeckoe MeCTO OCOGHIX TOUYEK
ceMeiicTBa

(y— PP — 2 (x— =0, (10

Pewenne. Iuddepennnpys mo C o6e uactn pasenctsa (10), naiisem
—2(— O+ 53 (—CP =0,
Ham
y—C—(x—C)2=0. (a1

Hckatouum Temeps nmapamerp C W3 moJaydeHHoro paseHcTBa (11) m u3 ypasue-
uns (10) cemeiictea. IlogcraBuB BoipaxeHne y—C=(x—C)?> B ypaBHeHUe ccmeli-
cTBa, NOJYYHM

(x—C')‘—%(x—C3=0, w  (x—C)® [(x—C)—%]:O;

OTCIOZIa MOJIy4aéM JBa BO3MOXHBIX 3HAUECHUSA Cu ABa COOTBETCTBYIOIHX MM perue-
HHA 3aJauH.

Ilepeoe pemeHue: Bropoe pewenne:
C=ux; CZX—é;
nosroMy H3 paeeHctBa (11) Haxopum nostoMy u3 pasenctBa (11) Haxoanm
272
y—x——2°=0, y—xtg—[r—rtg] =0,
HJIH HIH
2
y==x. y=x—§.
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2
Mo nostyyusiu Jise NpAMBIE y=X H y=xr—g. Ileppasi u3 Hux sBAAETCS reo-

METPUYECKHM MECTOM OCOGBIX TOueK, a BTopasi—orubatouieii (puc. 262).

3ameuyanue 2. B § 7 ra. VI 6buo noxasaHo, 4ro Hopmasib
K KpHBOH CJYXKHT KacaTeJbHOH K ee apoJore. CliejoBaTesIbHO, cemeil-
CTBO HOpMaseH K JaHHON KPUBOH siBjIdercss B TO e BpeMs cemeil-
CTBOM Kacare/JbHHX K ee 3Bomore. Takum o6pa3oM, 9BOJIOTa
KpHBO#l sBaAercda orubaomed ceMedcTBa HoOpMaJJed
3Toll KpuBod (puc. 263).

]
"
S
N
K
)
9
K puadﬂ
Puc. 262, Puc. 263.

dro 3amMeyaHHe NO3BOJAET yKa3aTh ellle ONMH MeTOJ JJISi HaXOX-
IEHHUST 3BOJIIOTHI: YTOGBI MOJYYUTh YPaBHEHHE 3BOJIOTHI, HAZ0 CHayasia
HaliTH ceMeHfCTBO BceX HOpMaJsedl JaHHOH KpPUBOH, a 3aTeM HafTu
oru6arollyo 3TOro ceMeicTBa.

§ 12. OcoGbie pemenus muddepeHUUANBHOTO yPABHEHUA
nepsoro nopsaka

[Mycrs muddepenuuanproe ypaBHEHHE

F(x, 4, %):0 )

uMeer OOLIMI HHTErpasn
D(x, y, C)=0. 2
[TpepnonoxuM, 4T0 ceMeHCTBO HHTETPadbHBHIX KPHBBHIX, COOTBET-
cTByIoilee ypaBHeHUIO (2), umeer oruGaromyio. JlokaxeMm, yro 3rta

orubarollasi TaKXKe SBJfeTcs HHTerpaJbHOH KpuBOi auddepeHuuans-
Horo ypasHenus (l).
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JeficTBUTeNIbHO, B KaXAOH CBoedl Touke oruGaiomas Kacaercs
HEKOTOpOH KPHBOH cemeficTBa, T. €. HMeeT C Hefl O6ILYI0 KacaTelbHYIO.
CnenoBaTeNbHO, B KaxJoi obmiell Touke orumGawomiasi W Kpupas ce-
MeHCTBa MMeIOT OJMHAKOBBE 3HAaUeHHs BEJIMUMH X, y, y'.

Ho nna xpuBoi wu3 cemeficTBa umcnaa x, y, y' yAOBJAETBOPAIOT
ypasueHnuio (1). CrenoBaTesbHO, TOMY Xe YPaBHEHHIO YJOBJETBOPSIOT
abcupcca, opauHaTa U yrioBod Ko3hdUIHEeHT KaXjoii TOYKH Orubaro-
we#i. Ho aro u osnavaer, uro orubaiomas sBAsieTCS HHTeTpajib-
HOH KPHBOH, a €€ YpaBHEHHe SIBJISRTCS pelleHHeM JaHHoro augde-
PEHIMANBHOTO YPaBHEHHS.

Tak Kak orubaromias He SIBJsIETCs, BOOOLILE FroBOPsI, KpUBOH ceMeii-
CTBa, TO ee ypaBHeHHE He MOxKeT ObITb HOJNIyYeHO M3 OOLlero HHre-
rpasa (2) uu npu Kakom yactHoM 3HaueHmu C. Pemenue muddepes-
LMAaJbHOIO ypaBHEeHHs, He MoJyyaiolieecs U3 OOIMEro HHTErpaja HH
npu KakoM 3HayeHnd C u HMelomee CBOMM TI'padHKOM Or'HGarouiyio
ceMeficTBa HHTErpPaNbHBIX KPHBBIX, BXOAAIIMX B o0ilee pelieHHe,
HasbIBaeTcs 0cobbim pewsernuem IuddepeHUHANTbHOTO YpaBHEHHS.

ITycte usBecreH oOuwuil HHTErpas

D(x, y, C)=0;

nckmouad C M3 3roro ypaBHeHHus ¥ ypaBHenus @¢(x, y, C)=0,
nonyyum ypasHeHue ¥ (x, y)=0. Ecau ara ¢pyHKUMS yAOBAETBOPSET
JudpdepeHalbHOMY YpaBHEHHIO (M He NPHHAJJIEXXUT ceMeHCTBY (2)),
TO 3TO U ecTb 0C00blli urmeepaa.

OrMeryM, 4TO Yyepe3 KaXAyio TOYKY KPUBOH, H300paxarolie#i ocoboe
pelueHue, NMPOXONMT IO KpalHeli Mepe 1Mo JBe HHTErpaJsbHBIE KPHBLIE,
T. €. B KaXJOH TOYKe 0COOOrO0 pelieHUs Hapymaercs
€IHUHCTBEHHOCTDb pelIeHHd.

3aMeTuM, YTO TOYKa, B KOTOPOH Hapymaercsli eRMHCTBEHHOCTH
pemeHnsl Anu¢depeHUHANbHOTO ypaBHEHHS, T. €. TOYKa, yepe3 KOTo-
pyIo MPOXONUT NO KpaiiHell Mepe JBe HWHTErpaJsibHble KPHBbLIE, Hashbl-
Baercs ocoboti mouxod ¥). Takum o6pasoM, ocoGoe pEmreHHE COCTOUT
U3 OcOOBIX TOYEK.

NMpumep. Hafitn ocoboe pemuenne ypaBHeHHS

P(1+g?)=R" *)
Pemenne, Hajizem ero obmuii muterpas. PaspewnM ypasHeHHe OTHOCH-
TEeJNBHO Y':
qg: + -—————_.."/-Izz--“y2
dx Y '
Pasnenad nepeMeHHble, NOJYYHM
ydy =dx
VR =4

*) Tpanuunbie TOYKHM O06MACTH CYIIECTBOBAHHSI DEIIEHHS TaKKe HASHBAIOT
ocobbumu. BHyTpeHHsis TOuka 06JIacTH, Yepe3 KOTOPYIO NPOXOJMT €AHHCTBeHHas

HHTerpajibHast KpuBas AudpepeHLHANbHOTO YPaBHEHHS, HAa3HBAETCA OOLIKHOGEHHOW
mouxoi,
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Orcioza, HHTErpupysd, HaXOAHM OGINMHA HHTErpaJ

(x—C)*+y*=R2
Jlerko BHIeTb, 4TO CeMefCTBO HHTErpajIbHBIX JHHHH TPENCTaBJASET CO6Ol ceMeii-
CTBO OKpYXKHOCTeii paguyca R c neHTpaMu Ha ocu aGeuucce. OrubGaiomeil ceMmeficTBa
KpHBBIX GyJneT Mapa npsamelx y =+ R.

Qynknuy y= 4 R ynosnaersopsior muddepennuaapHomy ypasuenuio (*). Cre-
JIOBaTebHO, STO eCThb OCOGHIN HHTErpaJ.

§ 13. ¥Ypasuenne Kuepo
PaccmoTpum Tak HaswiBaemoe ypasHerue Kaepo
y=x%+¢(§§)- (M
Ono HHTErpupyerca ¢ HOMOIL_iI.IbIO BBEAEHHA BCIIOMOraTeJIbHOro napa-
y

Mmerpa. HMmenno, noJsoxum 4y — P TOTJa ypaBHeHHe (1) mpumer Bux

y=xp+Y(p)- (1)
IMpoauddepennupyeM mno x Bce UYJEHB INOCHEJHErO ypaBHEHHf,

d o
¥Mes B BHAY, 4TO p =Y sapisiercss GYHKUHEH OT x:
P=37 y

d ’ d
p=xgr+p+v (0)F
HJIH

[x -+ (p)] 22 =0.

[MpupaBHUBas KaXAblfi MHOXHTENb HYJIO, NMOJYYHUM

d
£=0 ©
H
x4+ (p)=0. ©)

1) Hurerpupys pasenctso (2), noayyaeM p= C (C = const). [Tox-
cTaBJfAsfl 3TO 3HaueHHe p B ypaBHenue (1'), HallgeM ero o6muit

HHTErpaj
y=xC+$(0), (4)

KOTOPHIfl C TeOMETPHYECKOH TOUYKH 3peHHs] MNpeICTaBiasieT coGol C e-
MeficCTBO NpPpSAMBIX JHHHI.

2) Ecmu u3 ypaBHenus (3) HafiieM p KaK (QYHKIHIO OT X M NOJ-
craBuM ee B ypasHeHue (1), To monyuum ¢QyHKIHMIO
y=xpx)+p[p ()], (1"

KOoTOpasi, KaK JIerko [0Ka3aTh, NMPeJCTaBJsAeT cOOOH pemeHHe ypas-
Henus (1).



48 AUPPEPEHIIMAJIBHBIE YPABHEHUA [TJ. X1I

B camomM gnese, B cuay paBeHcTBa (3) HaxopuM %: p+

+ [x 4+ (p)]%g— , T. €. %=p. INosromy, nozacrasasas dynkuuio (1)

B ypaBuenue (1), nonyuyaem ToxpmecTso xp -+ (p)=xp-+ (p).

Pemenne (1”) He monyyaerca u3 oGulero HHTerpana (4) Hu npu
kakoM sHaueHun C. 7o ectb 0co60e pemieHHU e, OHO MoJayyaeTcs
B pe3yJbTaTe HCKJ/IOUEHHS NapaMeTpa p u3 ypaBHEHui

y=xp+9(p), x+v (p)=0,

WJH, YyTO BCE PaBHO, HCK/MoueHneM C U3 ypaBHEHHH

y=xC+9(C), x+pc(C)=0.

CanenoBatesqbHo, 0co00e pemeHHe ypaBHEHHH K.nepoo
v onpenenser orubawumyio ceMmen-
cTBa MNpPsAMBIX, 3aJJaHHHX 0O0WHM
uHTerpanom (4).

Mpumep. Haiitn o6ummit 1 0cobulii HHTEr pabl
ypaBHEHHS
= Y
% y=x .+ ]/_——ay—f :
+(z)
‘/'lacmnwa
\peenuT Pemenue. O6umuit uHTErpaj nojayuyaeM, 3ame-
HAA dy Ha C:
dx
aC
=xC+——.
Puc. 264. y + Virce
Ilnst nonyuenus oco6o0r o0 pelwenus TuddepeHUUpyeM nocre/inee ypapHenue no C:

a
— % .
TR

Oco6oe pemenne (ypasHeHHe OruGaliouwieil) Mojyyaercss B NapaMeTpHUeCKOM BHJE
(rze napamerpoM cayxHTt C

= a y aC®
TR e m———T e
(1+C2 (L)'
Hckniouns napaMeTp C, MoxeM TOJYYHTh HENOCPEJCTBEHHYI0 3aBHCHMOCTb MEXIY
x u y. BosBona o6e uyacTH KaXXAOro ypaBHEHHS B CTeleHb T H CKJazabiBast

TNOYJIEHHO TOJYueHHHE YpaBHeHHs, HaliieM ocoGoe pelleHHe B CJEYIOEM BHAE:
2 2 2
¥ /s+y s — qls,

Jro—actpouna. Onnako oruGaimoweil cemeiictBa (a C/IeJOBaTeJbHO, W 0COGHIM pe-
IIeHHeM) SBJSeTCS He BCSl acTPOHJA, a TOJNBKO ee JeBas NOJIOBHHA (TaK Kak U3
napaMeTPHYECKHX YpaBHeHuil oruGaiomeil BHRHO, uTo x<<0) (puc. 264).



§14] YPABHEHHUE JIATPAH)XA 49

§ 14. Ypapnenue Jlarpanxa

Y pasrernuem Jlaepansa HasbiBaeTcsl ypaBHEHHE BHAA
y=x9(¥)+v "), (M

dy
Tae @ U \p— H3BeCTHHle QYHKUMH OT —=.

910 ypaBHeHHE JHHEHHO OTHOCHTENBHO y M X. PaccMorpenHoe
B NpejbiAylleM naparpade ypaBHeHHe Kiuepo sBJISieTCS 4YaCTHBIM
cayyaeM ypaBHenusi Jlarpamxka npu ¢(y')=y’. Hurerpuposanue
ypaBHeHHs Jlarpamxka, Tak e KaKk H HHTerpPUDOBAHHE ypaBHEHHS
Knepo, MpOH3BOAKTCSA C MOMOLLbIO BBENEHHS BCIOMOraTEe/IbHOrO Ia-
pamerpa p. Ilonoxum

Yy =p;
TOrja HCXOoAgHOEe ypaBHEHHe 3anuiercas B BHJAE
y=x9 (p)+¥ (p). (1)

Duddepenuupya no x, noayynm
p=9(p)+[x¢" (p) +¥' (p)] % ,

KN
pP—o (p)=[x¢' (p) +V" (p)] %% . (1"

M3 3T0r0 ypaBHeHHS Cpa3y MOXHO Ha#iTH HEKOTOPHE peLieHHs:
HMEHHO, OHO O0pamlaercss B TOXJAECTBO NpPH BCAKOM MOCTOSHHOM
3HAYEHHH p = pP,, YIAOBJIETBODAIOIEM YCJOBHIO

Po—@(po) =0. p
JleficTBUTENLHO, MPH TNOCTOSHHOM 3HAYEHHM p NPOU3BOLHAS -‘% =0,

n ob6e yactd ypaBHenus (1”) obpamiarorcs B HYJIb.
Penienrne, COOTBETCTBYIOLlee KaxKJIOMy 3HAUEHHIO p=p,, T. €.
d

;1%‘—‘ Do, SIBIACTCS NUHEHHOH (QyHKIHEH oT x(TaK Kak IpOU3BOJ-

d o o
Has Ez MOCTOSIHHA TOJIBKO Y JIMHEHHBIX (byHKmm). J1s1 TOro 4To6H

HalTH 3Ty (QYHKIMIO, AOCTATOYHO NOACTaBUTH B paBeHcTBO (1) 3Ha-
YeHHE P = P,

y=x9 (o) + ¥ (po).

Eciu oOkaxercsd, 4YTO 3TO pelIeHHe He MOJydaeTcsi H3 OOHIero HH
NpH KaKOM 3HayeHHW IPOM3BOJILHOH IOCTOSIHHOH, TO OHO Oyger
0COOBIM pemeHHeM.
Haiinem Tenepp o6mee pemeHue. s storo 3anumeM ypas-
Henue (1”) B Buge
b 9h _ v
dp p—opm) p—o(p)
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n GyaeM paccMaTpuBaTh X Kak ¢yHKuuio- or p. Torma mnosyuenHoe
ypaBHeHHe OyfeT JUHEAHBIM Au(pepeHlHaNbHBIM YyPaBHEHHEM OTHO-
CHUTEJILHO (YHKIHHM X OT p.

Pemaa ero, Hafizem

x=o(p, C). 2

Hckmoyas napaverp p u3 ypassenuit (1) u (2), mosyuum o6 u 1 it
HHTerpaJ ypasHenus (I) B Bume

D(x, y, C)=0.
Mpuwmep. Jano ypasHeHHe
y=xy"*+y"% 1)
[MonoxuB y’' =p, 6yjleM HMeTb
y=xp*+p* (1)

OuddepeHuupyd no x, NoJyuuMm
d
p=p*+2xp+20] L\ ®

Haiizem oco6ee pemenusa. Tak kak p=p? npu py=0wu p;=1, To
pewenusmMu 6ynyt audeinbe ¢yskuun [em. (I)] fy=x-02+40%, T. e y=0, u
y=x-+1.

Bynyr Jgu 5TH (YHKUHH YacTHHIMH HJH OCOGBIMH PElICHHSIMH, MBI YBHIUM,
Korja HaiijeMm o6wmii MHTerpai. ILJIs ero pasbiCKuBaHMS 3anuileM ypasnenue (I”)
dx
-...—_x—-
dp l—p
cuMoii mepeMeHHoi#i p. HHTerpupys nojayueHHoe JimHefiHOoe (OTHOCHTEJBHO X) ypasB-
HeHHe, HaXOIuM

B BHJE =—m u GyjneM paccMaTpHBaTh X KaK PYHKUHIO HE3aBH-

x=—1+(’7§—l)—2. )

Uckmiouass p ua ypasuenus (1) m (II), monyuum o6muit mHTEerpaa
y=(C+Vr+1)%
Oco6sM HHTErpaJOM HCXORHOrO ypaBHeHHS GyneT
y=0,

MOCKOJABKY 3TO pelleHHe He MOJydYaeTcs H3 ofmero HH nmpH KakoM 3HaueHnn C.
dynxkuusas ke y=x-1 sapaderca He 0coCblM, 2 YAaCTHHIM pelIEHHEM; OHa
nosnyuaetcst M3 obuiero pemwenus npu C=0.

§ 15. OproroHalpHble M H3QrOHAJBHBIE TPACKTOPHH

[lyctb uMeeM ofHONapaMeTpHuecKoe CeMeHCTBO KPHBHIX
(D(x’ Y, C)=O' (l)

Jlunmu, mepecexaomue Bce KpHBbIE NaHHOro cemeficrsa (1) mox
TNIOCTOSIHHBIM  yTJIOM, HAa3bIBAIOTCA U3020HAAbHLIMU MPACKMAPUSIML.
Ecnu 3roT yron npsiMo#l, To TPaEKTOPHH HA3HIBAIOTCS OpMO2OHAAL-
HoLMU MPAEKMOPpUAMU.
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OproronanbHHe TpaeKTopuu. Hafizem ypaBnenue opro-
roHaspHeIX TpaekTopuii. Hanuurem puddepeHunasnbHoe ypaBHEHHE
JaHHOTO CeMeHCTBa KPHUBBIX, HCKJModyasi napamerp C HS ypaBHeHuii

D, y, C)=0
H

D , 3D dy
@ Toya=0

[Tycts 310 mudpepennuansHoe ypaBHeHue Oyner
dy
F(x9 Y, d—)2> =0' (1')
3nech Z—Z €CcTh YIJIoBO# KO3hdHIMEHT KacaTeJbHOH K KPHBOH ceMel-

crBa B Touke M (x; y). Tak kKak opro-
TOHaJIbHas TPaeKTOPHA, Npoxojsmias Ye-
pe3 Touky M (x; y), nepneHAUKyJaspHA
K COOTBETCTByIOLleHl KpHUBOH ceMeliCcTBa,
TO YIJIOBOH KO3D(MUIMEHT KacaTeJbHOH

. d d
K HeH dixr CBA3aH C &y COOTHOLIEHHEM

dx
(puc. 265)

)

R

Mzy)

dy 1
dx = dyr . (2) 2
ﬁ e
TloacraBnsisi 3T0 BeIpaXkeHHe B ypaBHe-
Hue (1) u onyckaa unugekc 7T, mosydyum Pric. 965,
COOTHOILIEHHE MeXJy KOOpAMHATaMU Mpo-
H3BOJILHOH TOUKM (X; Y) M YIJIOBBIM KO3((hUIMEHTOM OPTOTOHAbHOH
TPaeKTOPHH B 3TOH Touke, T. e. AHPdepeHHUHaNbHOE ypas-
HeHUue OPTOTOHAJAbHBIX TPaeKTOpHUH

F(x, y———g_l7>=0. 3

dx

NN

OGwuit UHTErpaa 3TOrO YpaBHEHUS
@, (x, y, C)=0

JaeT ceMeHCTBO OPTOTOHAABHEIX TPAaeKTOPHUIL

C OpTOroHaNbHEIMH TPAEKTOPHSMH NPUXOAUTCS HMETb JENO, Ha-
NpUMEDp, NMPH PaCCMOTPEHHH INJIOCKOTO TEUeHHs KHIKOCTH.

IMonoxkuM, YTO TeUeHHe KMAKOCTH Ha MJIOCKOCTH MPOHCXOJHT TakK,
YTO B KaxJoH Touke mocKocTd Oxy ONpefeneH BeKTOp 9 (X, )
CKOpOCTH JBWXKeHUs. EcaM 3TOT BEKTOp 3aBHCHT TOJBKO OT MOJO-
JKEHUS] TOUKH Ha TVIOCKOCTH, HO He 3aBHUCHT OT BPEMEHH, TO JIBHKe-
HHE Ha3blBAaeTCsl CTAlMOHADHBIM, WJIH YCTaHOBHBIIMMcHA. Takoe ABu-
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»enue Ml M Gygem paccMarpuBaTh. Kpome Toro, mel momycTum, uto
CyllleCTByeT MOTEHLHUaN cKopocred, T. e. Takasd ¢yukuusa u(x, y),
YTO NPOEKUMH BeKTOpa ¥ (X, y) HA OCH KOOPAHMHAT v, (X, Y) U v, (%, Y)
IBJISAIOTCS €€ YaCTHBIMH TPOHU3BOZHBIMU MO X M y:

ou ou
% =U,, 5!; = Uy. (4)

Jlunum cemeficrBa
ux, yy==C ®)

HAa3bIBAIOTCS IKBUNOMEHYUANbHOIMU AUHUAMY (T. €. JIUHUSIMH PaBHOTO
NOTEeHIHANA).

Jlunuy, KacaTesibHble K KOTOPHIM BO BCEX TOYKaX COBMAJAOT MO
HalpaBJIEHHI0 C BEKTOPOM O (X, y), HA3BIBAIOTCH AUHUAMIL MOKA H
JAIOT TPAEeKTOPUM IBHXKVIIHUXCA TOUEK.

[TokaxeMm, YTO JMHHH TOKa CyTb OpPTOTOHAJIbHBIE TPAEKTOPHH
ceMe#CTBa 3KBUNOTEHUHMANbHBIX JUHHH (pHc. 266).

[Tyctb @ — yros, o6pa3oBaHHBII BEKTOPOM CKOPOCTH ¥ C OCBIO
Ox. Torma Ha OCHOBaHHMH COOTHOUIEHHS (4)

0 ’
u&h_|p]cosy,
0

u_(axy_.y_) ltvls[nq),

OTCIOZa HaXOJUM VIVIOBOH Ko3pduimueHT Ka-
caresNbHOH K JIMHUHM TOKa
ou (x, y)
9
8= ©
Puc. 266. 0x

¥rioBoft Ko3p(dHIHEeHT KacaTeNbHOH K 3KBHIOTSHIHANBHON JHHUH
noayuuM, AuddepeHUMpPys MO X COOTHoeHHe (D):

Oudy
6x + oydr 0,
OTKYyAa
Oou
dy ox
dx _gﬁ . (7)
Oy

Takum ob6pasom, yrioBoH Ko3(ppULHEHT KacaTeJbHOH K SKBMIIOTEH-
LMaNbHON JIHHMH oOpaTeH MO BeJMYHHE U IPOTHBOINOJIOXEH 10 BHAKY
yrJ0BOMYy Ko3(h¢HUIHEeHTY KacaTeJbHOH K JIMHHM ToKa. Orcioga u cie-
AyeT, YTO SKBHIOTEHLIHAJbHBE JHHUHU U JIMHMH TOKa B3aMMHO OpTO-
TOHAJIbHEI.
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B ciydae 3/eKTPHUECKOTO MJIH MarHHUTHOTO NOJIS OPTOTOHANbHbBIMI
TPAeKTOPUAMH ceMeHCTBa 3IKBUNOTEHLHAJNLHBIX JUHHI cJyxkKaT CHJO-
Bble JIMHHM STOrO NOJA.

ITpumep 1. Hajith oproronanbHble TPaeKTOPHH ceMeiicTBa NMapaboJ

y=Cx2
Pemenue. Hannmem au eHIKaJbHOE YpaBHEHHE ceMeiCcTBa
p p
y' =2Cx.
y 2 , 1
Uckmouas C, moayuuMm —— = — . 3aMeHss 3jeCh Ha ——7, ToayuyuaM pud-
Y Yy x Yy
. N 1 2
¢epeHLtaNbHOe YpaBHEeHIIe ceMelicTBa OPTOTOHAJIbHBIX TPAEKTOpPHH — y_’—=7 s
xdx
Wi ydy=— 5 -
Ero obwuii HHTErpas
X2 yz
— = =C2
4 + 2

CrefoBaTeIbHO, OPTOrOHAJIBHBIMII TPAEKTOPUSIMU JAHHOrO CeMeiicTBa napa6oJ Gy et
HEKOTOPOE CEMEeHCTBO 3JIHNCOB ¢ noayocsamu a=2C, b=CV 2 (puc. 267).

Puc. 267.

N3oronanbubie TpaekTopuu. IlycTh Tpaekropuu mepe-
CEeKaloT KpHBBle JAHHOTO ceMeficTBa INOJX YIJIOM a, npuueMm tgo =4k

" d o
YraoBoit K03pPUIHEHT d—i =tg ¢ (puc. 268) kacarte/bHOH K KpH-

o o o d!/r . t o
BOH C€MeHCcTBa U YTIJIOBOH I(O:-)d)(bﬂuneHT - = g'lp K H30TOHaJbHOH

dx
TPaeKTOPHH CBfAA3aHbI COOTHOLUEHHEM

tgp—tga

tgo=1g (¢—°‘)=w ,



54 ANPOEPEHUHUAJNIBHBIE YPABHEHUS frJL. XIII

T. €.
dyr __,,
=G @)
de k-dy—7'—|-l ‘
dx

[MoncraBnss 310 BHIpaxeHue B ypaBHeHue (1’) m omyckasi HH-
zekc T, nonayyum puddepeHnHaNbHOE YpaBHEHHE H30TOHAJbHBIX TPa-
eKTopHii.

IMpumep 2. HaliTn m3oronasbHEIE TPSEKTOPHH CeMeHCTBA NPSIMEIX

y=Cr, ®
nepecexaioulye JIMHHM JaHHOrO ceMeficTBa NMOJA YIVIOM ¢, TaHMEHC KOTOPOro
tga==k.
Pemenue. Hanmumem nupdepeHnnasbHOe ypaBHEHWE HAHHOrO ceMmeHCTBa.
HMuddepennnpys no x ypasHeHue (8), HaxoauMm g-i:C. C npyro#t cropoHsl, H3

Toro ke ypasHeHusi C=y/x. CnenoBatesn-
HO, JubdepeHUHaNTbHOE YypaBHEHHE JaH-
dy__y

HOrO CEeMEHCTBa HMMeeT BHJ Pl

¢
ol” \ =
Puc. 268. Puc. 269.

Tonbsysicy cootHomrenuem (2'), moayuuM muddepeHnuanbHoe YpaBHeHHe H30-
FOHAJILHBIX TPaeKTOPHH

dur _
dx Y
pdT g
dx
Orciona, onyckas uufekc T', HaxOXHM
LA
ay_ FT%
dx l—ki
X

Vnterpupyst ato onsoponmoe ypaseHue, mosmyuaem oSummit HHTErpaa

- 1
InyVx® + 4= arctg —i——]—ln C, ©))
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KOTOPHIft W ONpeJesIsieT CeMEHCTBO H3OrOHAJIbHEIX TPaeKTOpHil. UTOGH BHIICHHTS,
Kakhe MMEHHO KPHBble BXOAAT B 3TO CEMEHCTBO, NepeifeM K NOJsAPHHM KOOpAH-
HaTaM:

Y—tge, VFTP=p.

INoncraBnas TH BupaXeHHs: B paBeHCTBO (9), moayyum In p=-};(p+ln C, wm

p=q/Ce*. CnenoBarenbHO, CeMeHCTBO H30TOHAJBHBIX TPAaeKTOPHH SBJAETCS CEMel-
CTBOM JIOrapH(pMHYECKHX cmupaJed (puc. 269).

§ 16. nddepennnannHpie ypasHeHHS BHICIIHX NOPSAKOB
(o6mue noHATHA)

Kax yxe ykasbBajioch Bulie (cMm. § 2), nuddepenunalbHoe ypas-
HeHHe A-TO TOpPSJKa CUMBOJMYECKH MOXKHO 3anHcaTh B BHJE

Fx,y, 9,9y, ..., y™)=0, (1)
WM, €CJIM ero MOXHO pas3peliuTb OTHOCHTEJNbHO n-H NPOH3BOJLHOMN,
y(")zi(x’ !/, y'v !/”, e o0y y(n—l))' (ll)

B nacrosme#t rsnase Mbl 6yneM paccMaTpUBaTb TOJbKO Takue
ypaBHeHHS BBHICIIMX MOPAJKOB, KOTOpble MOXHO pa3peliuTbh OTHOCH-
TeJbHO BbICIIE NpPOU3BOJHOM. [/ 3TMX YypaBHeHUH UMeeT Mecto
TeopeMa O CYIIeCTBOBAHMM M €JIMHCTBEHHOCTH PelleHH s, aHaJOTHYHAS
COOTBETCTBYIOIIEH TeopeMe O pelleHHH YpaBHEHHS NEPBOTO NOpsiKa.

Teopewma. Ecau 6 ypasuenuu

Y =F(x, gy, 4 .., YY)

pynryus f(x, y, y', ..., y'""V) u ee uwacmmuvie npousgodHsie no
apeymenman y, y', ..., Y~V nenpepoierv. 8 Hexomopoi obaacmu,
coleprcawiell 3HaweHus

X=%Xo Y=Y Y =Yo, +-., Y =y,

mo cywecmeyem u npumom eOurHcmeerHoe peuierue y=y (x) ypaste-
Hus, y0osremeopsoulee YCA0BUAM

y’x_—_-xo:ym !/I Ix—_-xo"—‘!/;n c0 ey y("—l)|x=xo= (n—l). (2)

O1H YCIOBUS HA3BLIBAIOTCH HA4QAbHbIMU Ycaosusmu. Jloxasaresb-
CTBO 3TOM TeopeMbl BBIXOJMT 3a pPaMKH JAHHON KHUTH.
Eciu paccmarpuBarh ypaBHeHHE BTOPOrO NOpsiakKa

Y=Ffx, 4, ¢)
TO HavyaJbHBIMH YCJIOBUAMH NpH X =X, JAJs pelleHus 6yAyT ycaoBus
Yy="Yo Y =yo,

TOE Xg, Yo, Yo—3aJaHHBIE yHcaa. [eoMeTpPHYECKHil CMBICH 3THX YCJO-
BUH CJeNyIOUMil: yepe3 3aJaHHYIO TOYKY INIOCKOCTH (X, Y,) C 3ajaH-
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HBIM TaHTEHCOM YIJla HaKJ/JIOHA KacaresbHOH {g MPOXOIHT €JUHCTBEeH-
Han kpusas. M3 sroro, nanee, cienyer, 4to eciu Mel GyeM 3ajaBaTh
pasnuyHble 3HAYeHHA Y, NPH TOCTOSHHBIX X, U Y,, TO moayuuM Oec-
YyC/IeHHOE MHOMKECTBO HMHTErpPasIbHbIX KPHBBIX C Pas/IYHBIMH YIJIaMH
HaxJioHa, NPOXOASUIUX Yepe3 33JaHHYIO TOUKY.

Baepem Tenepb NoHsiTHE OOLIETO PelIeHHS YPABHEHHUSI 11-T'0 MOPSILKA.

Onpenenenue. Obuum pewernuem NuddepeHUHATLHOTO ypaB-
HeHusl f1-TO NOpPAAKA HasblBaeTcs (pyHKLHS

y=9(x, Cy, C,, ..., C)),

3aBICAWaA OT N NPOU3BOJBbHHIX nocrosHHbX Cy, C,, ..., C, 4 TaKas,
4TO:

a) oHa YJOBJIETBOPSET YPaBHEHUIO MPH JIOOBIX 3HAYEHHSX MOCTO-
aaueix C,, C,, ..., C,;

6) mpH 3ajaHHBIX HAYaJbHBIX YCJOBHAX

4 ’ - -
Yl=xo=Yor Y le=o="Yor -+, YV |z =y

nocrosinusie C;, C,, ..., C, MOXHO mNojao0paTth TaK, 4TO (PYHKUHSA
y=¢(x, Cy, Cy, ..., C,) OyzneT yRoBJAETBOPATb 3THM YCJOBHSM (NPea-
noJarasi, 4r0 HayasbHbIE 3HAUEHHS Xo, Yo, Yo, - .-, Y'Y TpPHHAL-
JexaT 006/1acTH, IJe BHINOJHAIOTCA YCJNOBHSI CYIIECTBOBAHHS pe-
LIeHU 51).

Coornomenne Buna O (x, y, Cy, C,, ..., C,)=0, HesiBHO ompe-
Iensiomee ofuiee perieHue, HasbiBaeTcss o6uwjum unmezparom Kudde-
peHUHaJbHOTO ypaBHeHH .

Besakaa ¢ynxkuus, nmonyvaiomascss M3 oOLIer0 pelieHusi [pH KOH-
KPETHbIX 3HauyeHHusx mnocrosHubx C;, C,, ..., C,, HasbiBaercsa wacm-
Hota pewieruem. I'padMK 4acCTHOTO pelIEHHSI HA3BIBAETCH UHMeE2pans-
HOil Kpueoli AaHHOTO JUpdepeHIUaTbHOTO YpaBHEHHS.

Pemnth (npouHTerpuposath) nMdpdepeHIMaNbHOEe YPaBHEHHE #-TO
nopsAiKa —3HAUUT:

1) HaifitTu ero oOwee pemienHe (ecau HayaJbHbIE YCJIOBHSI He
3aJaHbl) WU

2) HaliTH TO YacCTHOe pellleHHe YypaBHeHHs, KOTOpOe YJIOBJETBO-
psieT 3aJ4aHHBIM HayaJbHHIM YCJIOBMAM (€C/IM TaKOBBbE UMEIOTCS).

B caeayomux naparpagax OYAyT M3JOMKEHB METOABI pellleHHs
PasAMYHBIX ypaBHEHUH n-To NOpsAJKa.

§ 17. Ypapuenue Bupa y(®=f(x)

[MpocrefiuumM ypaBHeHHeM 1-To MOpPsAKa ABASETCS YpaBHEHHE BHAA

Yy =Fx). ()

Hafinem oGwuit HHTErpan 3Toro ypasHeHus,
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Muterpupys no x JeByl0 H NpaByl0 YacTH ¥ TPHHHMAsi BO BHH-
mauue, yro y'¥ = (y'»~v)’, noaydum

g = fwde+c,

Xo

rie x,—aoboe QHkcUpoBaHHOE 3HaueHHe x, a C; —MOCTOSIHHASA HHTe-
rPHPOBAHUA.
Hurerpupysa eme pas, nosydum

y‘"‘“=§ S f(x) dx>dx+Cl (x—%0) +C,.

[Mpogomxast nanee, MOJYYMM, HaKOHel[ (TOCJe 7 HHTErpPHPOBaHHUIl),
BeIpaKeHHe OOIIero HHTErpala

X X
C . —_ n-2
y=S ... §rede ... det 1(" ";’;l +C,("nf’;)! +...+C,.

YroOpl HailTH 4acTHOE pellleHHe, yIOBJETBOPsLlee HAYaAbHBIM YCJI0-
BHAM

— 4 —q (n=1 . -
ylx‘:xa - yﬂa !J |x=x., - !/o, ey !/ n=1 l,\‘=xo - yo(" 1)'
JOCTATOYHO [I0JIOXKHUTH
Cn = Yo, Cn—l = Yoy + oy Cl = y.‘,""".

[Mpumep . Hafitu obuuit MaTErpas ypaBHeHUs
y' =sin (kx)
H 4acTHOe pelleHie, yAOBJETBOPSIONIee HAYAIbHLIM YCJIOBHAM

Y lx=0=0, Yy |x=0=1.

Peuwenue.
X

Y = (sin kxdx+Ci=— _________cos ke—1 +Cy,

X
S ( cos k" dx—}—S Cy dx+Ca,
0

Hau
sm kx

y=— + +C1/\,+C2.

Jt0 ects o6uwlmit HHTerpaj. UToGbl HAliTH YaCTHOe pCLIEHHE, YIOBJETBOPSIO-
ee NJHHBIM H1YaJbLHBIM  YCJAOBHMAM, JHOCTaTOYHO ONPEAENHTb COOTBETCTBYIOLLHE
sauerns C; u C,.

s ycnosus l/lx——o Haxogum Cp=0.

M3 ycnoBust y” [x=0=1 Haxomum C;=1.



58 JAUSPOEPEHLHAJIbHBIE ¥PABHEHUIA [rJ. Xxm

Taxum 06p830M, HCKOMO€ YaCTHOE pELICHHE HMEET BUJ
sin kx 1

TucpdepeHnuaipHple YpPaBHEHHST PAaCCMOTPEHHOTO BHJIA BCTPEYAIOTCS B TEODHH
usru6Ganus 6aJoK.

Mpumep 2. PaccMoTpuM ynpyryio NpH3MaTHueCKyio 6anky, H3rn6aloulyiocs
nox neficTBHEM BHELWHHX CHJ, KaK HENMPEepHIBHO pacnpenesneHHmIX (Bec, Harpyska),
TaK H cocpefoToueHHnX. Hanpasum ocb Ox ropH3OHTaNbHO, MO OCH GaiKH B €e
HexepOPMHPOBAHHOM COCTOSIHHH, Ochb Oy—BepTH-
KaJbHO BHH3 (puc. 270).

Kaxnaa cuna, geiictsyiomas Ha 6anky (Ha-
npuMep, Harpyska GajkH, peakpusi onop), HMeeT
MOMEHT OTHOCHUTeJbHO KaKOro-HHGYIb NoNepeuHo-
ro ceyeHus GaJKu, paBHBIH NPOH3BENEHHIO CHJIH
Ha pacCTOsiHHE TOUKH NPUJIOKEHHS CHJB OT JaH-
Horo ceuenusi. Cymma M (x) MOMEHTOB BCEX CHII,
NPHJIOKEHHBIX K YacTH GajKH, pacrnoJIOXKeHHOMH
MO OJHY CTOPOHY OT ,MAHHOrO CeyeHHsd, c abce-

Puc. 270. LHCCOi X, Ha3blBAaeTCA HM3rUGAIOMHM MOMEHTOM

6aJIKu OTHOCHTeJILHO JaHHOro ceyenus. B Kypce

CONpOTHBJICHHST MaTepHaJIOB JNOKa3blBaeTcs, YTO U3rHOGalomuii MOMEHT G6anku pa-

peH EJ/R, rane E—taxk HasviBaeMbli MOAYJb YIOPYrocTH, 3aBHCSMHH OT MaTe-

puana 6anku; J—MOMEHT MHEPUHH NJIOHIAAH IIONEPEYHOro CeueHHs GajKH OT-

HOCHTEJILHO TOPH30HTAJILHOH JIMHHH, NPOXOAsIeHd uepe3 NEHTP THXKeCTH IIO-

INafH TIONEPEeYHOro CeueHHsd; R —paauyc KPHBH3HBI OCH H3OTHYTOH GaJsIKH, XOTO-
pHiii BhIpakaercs popmyaoit (§ 6 ra. VI)

R (1 _!_y"'2)’/z
ly")

Takum o6pasoM, AHpdepeHlIHaNbHOE ypaBHEHHE M30THYTOH OCH 6ajKU HMeeT
BUJ,

Y _ M@
(g BT @

Ecau cuutaTh, uTo nedOpMalHH MaJbl M 4YTO KacaTeslbHble K OCH GaJKH NpH
naru6e (06pasyior Maubifi yroa ¢ oceio Ox, TO MBI MOXeM npeHeGpedyb KBaIpaToM
MaJIoi BeJHUYMHB y'2 M cuuTath R=1/y".

Torpa audgepenunatbHOe ypaBHeHHe H30THYTOH GajJKH NPHMET BHJ

y=20 @)

a 370 ypaBHeHHe eCTb ypasHeHHe BHZa (1).

INpumep 3. Bamka Harayxo 3ajgenana B KoHue O M nojpepraetcs AEHCTBHIO
COCPEJIOTOUEHHOM BepTHKAJbHOH CHJIBI P, NMPHJOXEeHHOH K KOHLYy Gaiaxku L Ha pac-
crosiiud [ ot Mecta 3akpemieHust (puc. 270). Becom Ganku npeneGperaeM.

PaccMoTpuM ceueHue B Touke N (x). MsruGaioumuii MOMEHT OTHOCHTENBHO ceve-
Husi N B jnanHoM ciayuae 6yger paBeH M (x) = (I—x) P. Jduddepenuunanbroe ypas-
HenHe (2') mpHMer BHJ

£
y'=%7 (—x).

Hauanenbie ycaoBusa: mpu x=0 nporu6 y paBeH HYJIO A KacaTeJbHasi K H30rHy-
TOl ocH Gajaxu coerajaer ¢ ocblo Ox, T. € ¥ix—0=0, ¥’ |x=0=0. Hurerpupya
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ypaBHeHHe, Ha#jeM

7

y=—2—g-f(lx2-—x31) . 3)

B uactHocTH, uM3 dopmysnt (3) onpenensiercss nporu6 A Ha KoHue Gaaku L:

P
h= !/|x=l—- 3EJ

X
y =t - LA
V' =57 Sl—x)dx 5 (Ix—T),
0

§ 18. Hexortopnie THnel auddepeHnHaNbHBIX ypaBHeHH#
BTOPOro Mopsifka, NPUBOAMMBIX K YDAaBHEHHSIM MePBOTrO Mmopsiaka.
3apaua o BTOpPOl KOCMHYECKOH CKOPOCTH

I. YpaBHeHue BUJA

d?y dy
m=i(x%) M
He COJepXUT SABHHIM oGpa3oM HCKOMOH GYHKIHH y.
d
Pemenue. OGo3HAYHM NPOU3BOJHYIO Ei yepe3 p, T. €. NOJOKHM
dy d’y _ dp
=p. Torma 5=—_~.

Honcrasnm STH BHIPaXKEHHA NPOM3BOJAHLIX B ypaBHeHue (1), mosy-
YMM ypaBHEHHe MepBOro MNopsaka

L= p)

OTHOCHTEJIBHO Heu3BecTHO# ¢yHKuuM p or x. Ilpounrterpuposas 3ro
ypaBHeHHE, HAXOJUM ero obilee pelleHHe

p=p(x, Cy,
a 3aTteM H3 COOTHOLUCHHUA d—x—p rnonaydaeMm 06LILI/II/I HHTErpaJna ypashHe-
Hus (1)
={px, Chdx+C,
Mpumep 1. Paccmorpum auddepenunancHoe ypaBHeHHe UEMHOH JHHHH

(M. § 1) _
=tV +(2)

TTonoxum
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Torja
d?y__dp
dx*~ dx’

M Mbl mojy4yaeM JHQQepeHIHANTbHOE YpaBHEHHe MEPBOTO MOPSAKA CTHOCHTENLHO
BcomoraTesibHoll QYHKUUH p OT X

dp 5
o V 1+ p2
Pasjienasi mepeMenHble, GyieM HMeTb
dp d_x
Vit @

OTKyNla
x
In(p+ V14p)=—+Ci
x
p=sh (7 + cl) i
Ho Tak xax p=j—y , TO TIOCJIE[HEE COOTIIOUIEHHE MHPEACTaBJsIeT Co0oi IH(depen-

IUaJibHoe YpaBHEHHE OTHOCHTeJIbHO MCKOMO# (yHKUMH y. VHTerpupys ero, mo.y-
uyMM ypaBHeHHe lienHo# JauHuM (cM. § 1)

y=ach (7+ Cl) +C..

Haiinem yacTHOe pelneHue, Y/0BJETBOPSIOLIee CAAYIOMAM HAYAJLHEM YCAOBHSM;
Ylx=o=a, Yy |x=0=0.

Bropoe ycmosue naer C; =0, nepoe Cp;=0.
OKoOHYaTEeIbHO TOJMYuaeM

y=ach (x/a).

3ameyaHue. AHaJOTMYHBIM CHOCOGOM MOMKHO TPOHHTErPHPO-
BaTh ypaBHeHHE

Y =f(x, yv),

[Monaras y'»~Y=p, noJayyuM s ONpPENENEHHs p YypaBHEHHe
nepBoro nopsixa

dx =f(x, p).

Y3HaB orciofa p KaK (yHKUHIO OT X, H3 COOTHOLIEHHS y"~V=p
Haligem y (cm. § 17).
II. YpaBuenue Buna

S=1(v.%) @

He COJNepXHUT fABHBHIM 0o6pasoM He3aBHCHMOH Nepe-
MEeHHOIl X.



§ 18] HEKOTOPBIE TUIIbI YPABHEHUI 61

Hna ero pemeHHs CHOBA MOJIOXKHM
dy
e P 3)
HO Temepb Mbl GyJAeM cuuTaTh p pyHKuHed or y (a He
ot x, Kak npexje). Torma

dy__dp _dpdy_ dp
dx®” dx = dydx ™ dy

dy d%

INoacransas B ypaBueHue (2) BRIpaKeHUs 7o M 725, MOMYYHM ypas-

HeHUe MEePBOro NOopAAKa OTHOCUTENBHO BCNOMOIaTeJbHOH (YHKLHUH p
dp

Pay= f(y, p). (4)

Hurerpupys ero, HafiieM p Kak (YHKUHIO OT y U MPOHU3BOJLHOI
nocrostuHoil C,:

p=p(y, C)).

[MoncraBasis 3T0 3HAueHHe B cOoTHomieHHe (3), moyuum Auddepen-
LuaNbHOE ypaBHEeHHEe NepBOro mopsiaka A QYHKUHH y OT X

dy

dx =p (yv Cl)'
Pazjensis mepemenusle, HaXOZUM
dy
———=dx.
Py, Cy)

Hurerpupys 310 ypaBHeHHe, moNyyuM OOl MHTErpaj HCXOJHOTO
ypaBHEHHUS

D(x, y, C,y C)=0.
[Mpumep 2. Haiitn oGmuii uuterpan ypaBHeHus
3y’ =y~
Pemenue. ITosoxum %:p, paccMmaTpuBas p Kak ¢yexkuuio ot y. Torga

d
y'= p%, H MBI MOJIyyaeM YypaBHEHHe MepBOro MOPsSAKa AJA BCHOMOraTeJ bHOI

GyHRUUH p
dp =5
3p By =y .
Wnterpupys 510 ypapHenne, HaxomuM p2 = Cy —y~ % pmn p = 4 l/CI —y~ s,

Ho p= Ez H CJe10BaTeNbIO, 1084 onpeaenenus Yy Tonyuyaem YpaBHeHle

1
+ i—;:dx, HAU ..___yﬁdy__=dx, OTKyAa x4+Co=
V —2/, —— 2
Gy + Vew™ 1
=4 XVM_ Haa BHIUHCNEHHS MOCMENHEr0 HHTErpafa CHE/aeM NOACTa-
Cylo—1
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HOBKY Cyy'l*—1=12 Torpa
y'li= (241"

1 1 1
— 2 /
C;/* s dy=3t(2+1)/2 C;/” dt.

CaepoBartesbHO,

/g 2 3
y'/sdy 1 S3t(t+l) 3 /¢ )
—Z 7 =\ T gt )=
SVcly’/s__l c t ci \73

= —]‘; VCL‘/:/’ —1(Coy”*+2).
Cy
OKoOHYaTeTLHO ITI0JTyuaeM

1 P P 2
x+Cy==% = VC1!/ li—1 (Cys+2).
1

NMpumep 3. Ilyctb Touka gBuxkercd no ocu Ox Nojx AeHCTBHEM CHJIBI,
3aBHCALIEH TOJBKO OT IOJIOXEHHs TOUKH. JluddepenuuaabHoe ypaBHeHHe JBHKe-
HHA Gyzer

d%x
m——==F (x).
dt2 ( )

Tycts npu t=0 Gynmer x=xo, Z—’:-zvo,

dr

YMHOXKHMB 00e YacTH ypaBHEHHS Ha i dt ¥ TpOMHTErpHpPOBaB B IIpejesiax

or 0 go ¢, moayuuMm

X
1 dy\?2 1
-5”1 (W) -———2- mvﬁ:S F (x) dx,
Xo
WJIH

X
1 dx \2 1
7,"(%) + —S F (x) dx =7mv§=const.
Xo

IepBoe cJjiaraemoe IOCJIENHEr0 paBEHCTBA NpEJCTABJIACT COGOH KHHETHUECKYIO
SHEPTHIO, BTOpOe— IIOTEHIHANbHYIO SHEPTHIO ABHXKYyuledicss Touku. M3 mosyuennoro
paBeHCTBa cJjefyeT, YTO CyMMa KUHETHYECKOH M NOTeHLHaJbHOH SHEPrHU OcTaercs
MOCTOSIHHOA BO BCe BpeMf JBHKEHHS.

3ajgaya 0 MaTeMaTHYeCcKOM MasTHHKe. [lycTs MarepuanbHas
TOYKa Macchl m TOJ AEHCTBHEM CHJIBI TSIXECTH ABHXKETCS IO OKpYMKHOCTH L, jexa-
mefi B BepTUKAJbHOH IJocKocTH. Haiinem ypaBHeHHe JBHIKEHHSI TOUKH, IpeHeGpe-
rasi CHJaMH CONPOTHBJIEHHA (T. €, CHJIOH TPEHHs, CHJIOH CONPOTHBJEHHS BO3AyXa
H T. IL).

I‘Ioiqec-mM HayaJI0 KOOpPIMHAT B HH3IUEH TOUKE OKPYXKHOCTH, och Ox HanpaBUM
no KacaTeJbHOH K OKPyxHOcTH (pHc. 271).

O6o3HauuM yepes ! pajuyc OKPYXHOCTH, uepe3 s— QJHHY Ayrd OT Hauaja O
JI0 MepeMeHHOi TOYKH M, rie HaxOAMTCS Macca m, IPHYEM STY AJIHHY GepeM C COoOoT-
BETCTBYIOWMM 3HaKoM (s >0, ecau Touka M npasee Touku O; s < 0, eciu M
Jaesee 0).

Hama 3agaua 3axJiouaeTcss B YCTAHOBJEHHH 3aBHCUMOCTH S OT BpeMeHH f.

Pa3snOXHM CHJY TSIXKECTH mg Ha TaHreHUHaJbHYI0 H HOPMaJIbHYIO COCTaBJISIIO-
mue. IlepBast, paBHag —mg sSin ¢, BHIBHBAeT ABHXKEHAE, BTOPad YHHUTOXKAETCH
peaxLueii KPHBOi, MO KOTOPOIi JABHXKeTC Macca mi.
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Taxum 06pasoM, ypaBHEHHe JBHXKEHHS HMEeT BHA
d?s .
m-ﬁ= — mg sit1 Q.

Tak Kak JI8 OKPYXHOCTH yron @=s/I, To MB MNOJy4aeM YypaBHEHHE
d?s s
aE = TesinT.

Ar1o nuddepenuuanvuoe ypasHeHue II Thma (Tak
KaK OHO He COJNEePIKHMT fIBHHIM 06pasoM He3aBHCHMOMH
nepemMeHHO# f).

HurerpupyeM ero COOTBETCTBYIOUIMM 0Gpa3oM:

ds _  d% _dp
at =P aE T s P
CaenosaTennbHo, p—gsﬂ= — gsin % , wam pdp=
.S
=—-gsmT ds, OTKyzna
p? =2gl COS‘?——{-C;'. S~

0%

mgs (? \

O603HaunM uyepe3 S, HauGOAbLIYIO NJIHHY Ay-

I'l, Ha KOTOpyl0 oTKJIoHsercs Touka M. Ilpu s=s,
CKOPOCTb TOYKH paBHa HYJIO:

ds

dt

g -

—o. Puc. 271,

=p
s=5 s=s,

D10 JaeT BO3MOXKHOCTEL ompeaenauts Cq: 0=2gl cos —sl—"——i-Cl-, otkyna C;=

2
=—2glcos—s—°— . Hoatomy p%= (—Z—;) = 2gl (cos S cos ~s—°—> , HJH, TpHMe-

[ l l
HAS K TOCJeAHeMY BblpaikeHHIO (GOpMyJy AJs PasHOCTH KOCHHYCOB,
ds \2 s+ s Sp—S
(717) =4glsin o sin T )
oTKyza *)
ds — l/ s+8) . Sg—s
=2 Vi sin —;—sin =5— . (6)

Oro—ypaBHeHHE C Pa3AEJTIOUHMHCS TIepeMEHHbIMH. PasJenss nepeMeHHbie,
NIOJTY YHM

ds

st+sy . Sp—s
VS‘“ o1 STy

=2V gl dt. )

*) IMepey KopHeM MBI Gepem 3HaK mumoc. M3 3ameuanus B KoHLie pemeHus
3ajayn CJeiyeT, UYTO paccMaTpHBaTh Cjayuad, Korja Oepercss 3HAK MHHYC, HET
HaJIoOGHOCTH s
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Bynem noka mnpepnosaraTb, 4TO S # Sp, TOT4a 3HAMeHaTeJqb JPOOH OTJIHYEH OT
nyas. Ecan cuutath, yto s=0 npu {=0, To u3 paBeHcTBa (7) mOJIyuaeM
S

ds
. s—l"So .. So—S
0 ]/sm 57 Sin —5;

D10 PaBeHCTBO M jaeT 3aBHCHMOCTb S oT f. MHTerpas, crosumuit c/ieBa, He Bhipa-
Jaercs yepes sjeMeHTapHBe (QYHKUHH, He BHIpaXkaeTcd yepe3 3jeMeHTapHbie QyHK-
uuM ¥ QyHKUHA s oT {. PaccMOTpHM moCTaBJIeHHYIO 3afauy npuGaHkeHHO. bymem
npennosaraTh, uTo YrJbl S/l B s/l mamel. Yrawl (s--S0)/2 u (s,—s)/2! He GynyT
npesocxouth So/l. B ypaBnenun (6) cunychl YriioB 3aMeHHM NPUG/IHIKEHHO yraMH:

ds — S+ sgSo— s
w=2Vé 1/ oT o
ds . l/-E 2 5 ,
a i Vso s¢. (6’)
Pa3sjiennas nepeMeHHble, NMOJyuHM (MpeanosiaraeM Moka, 41O S 7 So)

ds 1/‘?
= = dt. 7’
14 S5 —s? l @

Cuoa Gymem cuutaTh, 4To s§=0 mpu ¢=0. Vlnrerpupys nociensee ypaeHeHne,

=2V gl @)

HIH

NOJIy4HM
S
p —
it/
% V s —s?
WIH
arcsin —= ]/-g ¢
So 1
OTKYJAa

s=sysin ]/-—fL i 9)

3ameuanue. [lpu pemenwn Mbl npeinosaraiH, 4YTo S #S,. Ho mytem
HENOCPECTBEHHON MOACTAHOBKH Yy6exnaeMmcs, 4yTo (yHKuHA (9) ecTb pemeHue
ypaBHenust (6') npu JmoGoMm 3HaueHuH f.

Hanomuum, urto peruenue (9) ABjseTCA NPHOJHKEHHBIM pELIEHHEM YpaBHEHHS
(5), Tak Kak ypasHeHHe (6) Mbl 3aMEHHJIM NPHOGJHXKEHHBHIM ypaBHeHHeM (6').

PasenctBo (9) mokaseiBaeT, uto TOYKa M (KOTOpPYIO MOXHO paccMaTpHBaTh
KaK KOHel[ MasTHHKA) COBEpIIAeT rapMOHHMYEeCKHe KOJIeGaHHSI C NEPHOJOM KoJieba-

1
uug T=2n — . DTOT NepHOJ He 3aBHCHT OT AMINIMTYABl KoJeGaHHS Sg.

Mpumep 4. 3agaua o BTOPOH KOCMHYECKOH CKOPOCTH.

OnpenesuTe HAHMEHBINYIO CKOPOCTb, C KaKOH HYXHO OpOCHUTb TeJlO BepTH-
KaJIbHO BBEpPX, YTOGbl OHO He BepHYyJoch Ha 3emiio. ConpoTHBJIEHHEM BO3LyXa
npeHe6peyb.

Pewenue. O603HaunM MacCy 3eMJIH H MacCy GPOLIEHHOro TeJia COOTBETCT-
penHo uepes M u m. Ilo sakoHy TaroteHuss HbloToHa cuaa [ DpuTsKeHus,
jeficTBylomas Ha Tejo m, Oyner
M

72

f=Fk
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rie r—paccTosiHHe MexAy UeHTpoM 3eMJIH H LEeHTPOM MacC GpOWIEHHOTo TeJa,
k—rpaBuTanuoHHas NOCTOSIHHAS.

JudrbepennanbHoe ypaBHEHHe IBHXKEHHS YKa3aHHOTO Tesa C Maccoll m Gyaer

d’r kM-m
mgE=—h =
HJH
d*r M
dt2=—k_r2—' (10

Mbl B3I 3HAK MHHYC IIOTOMY, 4YTO B 3ajaye YCKOPEHHe OTPHILaTeJIbHO.
Jubdepennuanvuoe ypasHenue (10) ectb ypapmenue Bupa (2). Byzem pematb 370

r

ypaBHeHue NpH CJEAYIOWHX HayaJbHBIX YCJIOBHAX: r=R, =7 =00 TPH t=0.
dr d?r

3aecb R —paguyc 3emiuHn, vy—CKOpocTh Opocanud. OGosHaunMm =Y gE =

v __dvdr  do e u—ckopocts neuwenna. Tlopcrasass B ypasHe-
=g =drat ‘> ™ pocte ABH - OKCTaRT »

dv M
Hue (10), moxyuum Ulﬁ:—k?’ Pasjenst nepeMeHHble, TNojyyaeM v dv =

=—kM-%— . Vluterpupysa sTo ypaBHeHHe, HaxOIHM

v? 1
5 =kM —+Cy. (i1
Us ycioBHst, 4TO U =0, Ha NMOBEPXHOCTH 3eman (npu r=R), ompexeaum Cy:

2
U

o _pm L
5 =M+l
HIIH
EM | ue
G=—g+73-

IloncraBum nafineHHoe 3HaueHue C; B paeencrso (11):

v? 1 M| o

=Mt
HITH

02 1 v kM

G=tut(F-5E). )
Ilo yc/oBHIO TEIO MOJIKHO ABHraThCA TaK, YTOGHI CKOPOCTh BCerna OblIa MOJOKH-
TeJbHOH, CJenoBaTesbHO, v2/2 > 0. Tak Kak BesuunHa kM /r Npu nHeorpaHuueHHOM

BO3PaCTaHHH r JEJaeTCs Kak YrOAHO Majoii, 1o yciosue v3/2 >0 GyzeT Buimoa-
HATbCS NMPH JIOGOM 7 TOJAbKO B Cjyuae

2
Vo kM
2 R=% (13)

2kM
= —_
Yo l/- R

CnepioBatesibHO, HauMeHbLIasd CKOPOCTb GYAET ONpPEAeasiThCS PaBEeHCTBOM

50T
e/ 2 (14

WM

3 H.C TInckyHOB, 7. 2
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rre
k=6,66.10—8

3
o, R=63-107 cm.

r-c

Ha nosepxHocty 3eman mnpH r=R  ycKOpeHHE CHJBl TAXKECTH DaBHO
g (g=981 cm/c?). Ha ocropanuu sroro us pasenctsa (10) mosmyuaem g=£k

2
178,974 M-.—.:-‘g}-:—. Toncrapassi 1o snaueHHne M B dopmyay (14), monyuaem

M
RT’

vo=V 2gR =V 2-981-63-107 = 11,2-105 cu/c=11,2 rM/c,

§ 19. I'paduueckuit MeTol HHTErPHPOBAHHUS
auddepeHUHANbHOIO YpaBHEHHSI BTOPOro NopsjKa

BrisicHuM reoMerpuueckuil CMbICH Au(@PepeHIHaNbHOT0 YPaBHEHH
Broporo nopsigka. Ilycte umeeMm ypaBHeHue

y=Ffx, y v). (1)

OGo3nauuM uyepe3 ¢ yroJ, KOTOPHII KacaTesJbHasi K KpUBOil o0pasyet
C TOJIOXHTEJNbHBIM HamnpaBsieHneM ocu Ox; Toraa

dy __
=g @

UTo0bl BBISICHUTH TEOMETPUYECKHHA CMBICJ BTOPOH HpPOU3BOJHOIM,
BCNIOMHUM (opMysy, ONpeaesfioulyl0 pajuyC KPHBU3HBI KpPHUBOH
B JaHHOH TOuke ¥),

R— (+v"

Y
Orciona
” 1 12)%/2
y = ( +g )
Ho
r ’ 12\3 l
y=tge, 1+y*=1+1g"¢p=sec’q, (I1+y?) =] sec? pl=15mor 4
03TOMY
" 1
¥ = RTcosqT * @)

[ToxcraBnas Ttenepb B ypaBHeHHe (1) mMoJyyeHHbIE BBHIPAXKEHHA AJs
y u y’, 6yneMm HUMeTh
1
Rcose] =1 ® 4 89),

*) JIo CHX MOp MH BCerja CUMTA/JIH PajiuyC KPHBU3HHI MO OXK HTEJd b H H M
YHCJIOM, OHAKO B HACTOsEM Maparpade Mbl OyJEM CUHTaTh DAajHyC KpPHBH3HBI
YHCJIOM, KOTOPOE MOMET NMPHHHMATh KaK TOJNOMHUTEJbHBE, TAK M OTpHIATE/bHEIE
SHaYeHHs: ecTM KpHBas Bhimykaa (y” < 0), MBI cuHTaeM pajuyCc KDPHBU3HBl OTpH-
yareqbueiM (R < 0); ecnu KpuBasi BOrHyTa (¥ > 0),— nosoxurenseM (R > 0).



§19] TPA®UYECKHH METOJ HHTETPHPOBAHUJ 67

HJHn

1
R—lcosscpl-f(x, Y tgcp)‘ (4)

Orcioga BUJHO, 4TO AuddepeHnHaspHOe ypaBHEHHEe BTOPOro nopsijika
onpeesseT BeJMYHHY pajdyca KPHUBH3HBI HHTETPaJbHOH JIMHUH, €CJIH
3a/laHbl KOOPAMHATEL TOYKH U HallpasJle-
HHe KacaTeJbHOH B 3TOH TOUKe. /
W3 npemwipymero BhITeKaeT crocod
PUGJIHKEHHOTO MIOCTPOEHH 5 HHTEr PaJib-
HOM KpHMBOM IpH mNOMOWM Taajkoil &
KPHBO#, COCTAaBJIEHHOH U3 Ayl OKpYX-
Hocret *). Ilycerb, Hampumep, Tpeby-
ercsi HaWTH pemeHue ypasHenus (1),
yIOBJIETBOPAOILee CeLYIOMHUM HayaJlb-
HBIM YCJIOBHSIM:

ylx:xo = Yo y' ,x=xo = !/6 Puc. 272,

Uepes Touky M, (x,; y,) nmposenem ayu M,T, ¢ yraoBeiM Ko3d-
dunuenrom y = tg @,=y, (puc. 272). M3 ypaBHenus (4) Hahaem
pesnuuny R =R,. OmioxuMm otpesok M,C,, paBHbii R, Ha mnepreH-
aukynaspe Kk Hanpasaenuio MT,, u us toukn C,, Kak H3 LEHTpa,

N
onumem HeGonpiiyio ayry M M; paguycom R,. 3aMeTHM NpH 3TOM,
yro ecad R, < 0, to orpesok M,C, HYXHO HampaBJATb B Ty CTO-
pOHY, 4TOOBI Ayra OKPYXXHOCTH Oblnia oOpallieHa BBIMYKJOCTHIO BBEPX,
a npu R,>0—BHOYKJOCTHIO BHH3 (CM. CHOCKY Ha MNpeAblAymlel
CTpaHule).

IMycrs, npanee, x;, Y;— KOOpAUHATH TOYKH M;, Jexamell Ha
IIOCTPOEHHON Jyre W JOCTaTOYHO Oau3Koft K Touke M,, a tgo;—
yraoBoit kKo3dduuuent kacarenbHoit M,T; X NpoBeIeHHON OKPYX-
Hoctd B Touke M;. M3 ypaBuenus (4) HafiieM COOTBETCTBYIOllEe
touke M; snauenne R = R;. Ilposegem orpesok M,C,, nepneHmuxy-
aspublit K M, T, paBubiit R,, u u3 touku C;, KaKk U3 LEHTpa, ONHUILIEM

e

nyry MM, paguycom R;. 3areMm Ha 3Toii Ayre Bo3bMeM OJIM3KYIO
K M; Touky M, (x,, y,) ¥ mpojo/KaeM TaKUM 06pa3oM MNOCTPOEHHE,
1OKa He NOJYYHUM JOCTATOYHO GOMBIIOH KYCOK KpHBOH, cOCTOsLIEH
U3 AYr oKpyxkHocTeil, M3 mpeppinymero sicHo, yTo 3Ta KpHBas OpH-
ONMKeHHO fABJfAETCA MHTErpaNbHOH JIMHHeH, mnpoxoasmedi uepes
Touky M,. OueBHJHO, YTO MOCTPOEHHash KpuBass OyleT TeM Ouuxe

S’ -
K HHTeTpa/lbHOH KpUBOH, uem Menbuie Oyayt ayru M M;, MM, ...

*) KpuBas HasbiBaeTcsi 2400K0d, €CIM OHAa MMEET KacaTeibHYI0 BO BCEX TOY-

Kax, MNpHYeM YroJ HakJ/JOHa 9TOH KacaTeNbHOH €CTh HenpephiBHaA (PyHKUHUA
OT JJIUHBI AYTH S.

3%
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§ 20. Jluueiinble oaHOPOAHBIE ypaBHeHHsi. OnpepeneHHs
H o0lue CBOWCTBA

Onpenenenne 1. lubdepennuanpHoe ypaBHeHHe n-TO NOPSAKA
Ha3bIBACTCS AU MeLiHbIM, €CTTH OHO NepBOH CTeneHU OTHOCHTEJbHO COBO-
KYIHOCTH HCKOMOW (YHKLMH Y H ee MPOU3BOAHMHIX ¥, ..., y'»~ 1, y'™,
T. €. UMeeT BHJ

aoy(n) +a1y(”'1)+ e +any=f(x)7 (l)

TJ€ Qg, Ai, Qgy -+, @, U [(X)—3a7aHHbIe QYHKIHH OT X HJIH MOCTOSH-
Hble, npudyeM @, 0 A1 BCeX 3HaueHHiH X M3 To# 06/JacTH, B KOTO-
polt Mbl paccmarpuBaeM YypaBHeHue (l1). B nambuefimem mbl Gynem
npeanosararb, uto QYHKUHH Qg, Qf, ..., @, U [(X) HenpephIBHBI NpH
BCeX 3HAYEHHAX X, NpUYeM KodppuuueHT @, =1 (eciau OH He paBeH I,
MBI MOXKeM Bce uJIeHbl YpaBHEHHS MOJeNuTh Ha Hero). dyukuusa f(x),
cToAllas B MpaBOfl 4acTH YypaBHEHMS, Ha3bIBaeTCA npaeoli 4acmolo
ypasHeHus.

Ecmu f(x)s=0, 10 ypaBHeHUe Ha3bIBaeTCH JIHHEHHBIM He00HOPOO-
HolM WM YpaBHEHHEM ¢ npasoil yacmoro. Eciu xe f(x)=0, To ypas-
HeHHe HMMeeT BHUJ

Y +a P+ +a,y=0 ()

U Ha3blBaercAd JHHENHBIM 00HOPOOHbIM WUIH YypaBHEHHeM 6e3 npaeoti
uygcmu (neBasi 4acTb 3TOrO YpPaBHEHHUS fABJAAETCA OJHOPOIHOH (yHK-
nuell NMepBOH CTeneHH OTHOCUTENbHO Y, Y, Y', ..., y'™).

YcTaHOBHM HEKOTOpBIE OCHOBHEIE CBOHCTBA JIMHEHHBIX OJXHOPOJHBIX
ypaBHEHHWH, OrpaHHYMBAsCh B I0Ka3aTeJbCTBAX YPaBHEHHUSMH BTOPOTO
nopsxa.

Teopema 1. Ecau y, u y,—06a 4acmHbIX peuleHuUss AUHeLiH020
00HOPOOH020 YPABHEHUS 8MOp 020 NOPAOKA

Y +ay +a,y=0, 3)

mo y, -y, ecmop maxdce peuwienue 3moz0 YpASHEHUS.
HokasareabcTBo. Tak Kak y, U y, — pellieHUs ypaBHEHUS, TO

yi+ayi+ay,=0, yi4ay:+a,y,=0. (4)

[MoncraBnsiga B ypaBHeHue (3) cyMMy Y, + Yy, ¥ HNPHHHUMAsA BO BHHMa-
HHe ToXJecTBa (4), 6ydeM HUMeThb

(y1 + yz)”'!"al (yl + yz), +a2 (y1 + yz) =
= (i + a1 +a.y,) (¥ + a2+ a,4,) =04 0=0,

T.€. Y;+ Y, ecTb pelleHHe ypaBHEHHS.
Teopema 2. Ecau y, ecmo pewenue ypasuenus (3) u C— no-
cmoannasn, mo Cy, ecme maxxe pewenue ypasrernus (3).
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Hokasarenbcrso. Ilogcransas B ypasuenue (3) BEIpaxe-
nue Cy;, noayuum

(Cy)"+a; (Cy,) +a,(Cy)) =C(¥{+aiy;: +a,y,)=C-0=0;

TEM CaMHIM TeOpeMa JOKasaHa.

Onpenenenue 2. [IBa pemennst ypaBHenus (3) y; ¥ y, Hasbl-
BAIOTCHA AUHELHO He3asucumbimu Ha ompeske [a, b], eciu UX orHOWIe-
HUE Ha 3TOM OTpe3Ke He SBASETcs MOCTOSAHHBIM, T. €. ecJH

Ui £ const.
Y2

B npoTHBHOM cilyuae pelieHHsI HAa3BIBAIOTCH AUHEIHO B3A6UCUMbIMU.
WHbiMM cioBamu, nBa pelieHus Y; M y, HA3HIBAIOTCS AUHEIHO 306u-
cumolmu Ha orpeske [a@, b], ecnu cymiecTByeT Takoe MOCTOSIHHOE

qucio A, 9ro %:h npu a <<x<<b. B srom cnyuae y;=Ary,.
2

INMpumep 1. Ilycte umeem ypasnenne y”"—y=0. Jlerko HpoBepuTh, HuTO
dyHKIHH e¥, e=%, 3e¥, De—% SBJIAIOTCS pEUICHHSIMH ITOr0 ypaBHeHHs. IIpu 3Tom
GYHKUHH e¥ H e~* JHHEHHO He3aBHCHMBI Ha JIOGOM OTpPe3Ke, TaK KaK OTHOLICHHE
ex
% =e¢2¥ He OCTaeTCsl MOCTOSIHHBIM NPH H3MEHEHHH X. DYHKUHMH K€ e* u 3%

. 3ex
JUHEHHO 3aBUCHMBI, TaK KakK -e7=3=const.

Onpenenenue 3. Eciu y; U y, cyTh QYHKUUH OT X, TO OMpe-
JenmTenb
Y1 Y2

W(yi’ yz): A

l = Ys¥s — Yi¥a

HaselBaercs onpedeneruem Bpouckozo, WM  8pOHCKUQHOM JAHHBIX
yHKLIHU,

Teopema 3. Ecau ¢pynkyuu y; u Yy, AuHelHO 3asucUMbL HA
ompeske [a, b], mo onpederumesy BpoHckoeo Ha smom ompesKe
MONCOeCMBEHHO PaBeH HYArO.

eiictBarenpHo, ecau y,=Ay;, rae A=const, To y, =4y u

. o) |y Mi| g |vivi| g,
W(yh y2) ly; yé‘ |y; 7‘-’/1 Iy{ y;l

Teopema 4. Ecau onpedeaumens Bporckozo W (y;, Y,), cocmas-
nenHoll Oas pewenuil Yy, u Yy, AuHetinozo 00HopoOHo20 ypasHerus (3),
He pasen Yo npu Kakom-Hubydo 3Hawenuu x =X, Ha ompeske [a, b},
2de Kospuyuenmor YpasHenus HenpepvigHbl, mo OH He obpauwjaemcs
8 HYAb HU NPU KAKOM BHQHEHUU X HQ 3MOM Ompe3sKe.

HJoxasateanctBo. Tak KakK y; U y,—ABa pelIeHUs ypas-
HeHusa (3), 1o

Yatayi+ay,=0, yitayi+ay,=0.
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YMHOXasl 4JeHbl MEepBOro paBeHCTBA Ha y,, YJIEHH BTOPOTO pa-
BEHCTBA HA Yy, M BBIUUTAsl U3 NEPBHIX BTOPHIE, MOJYYHM

(Y1Y2 — Y1Ys) + i (Y195 — y1y,) = 0. (5)

PasHocTb, crofillasi BO BTOPOiH CKOOKe, ecTh onpefenuTesnb BpoH-
ckoro W (yi, ¥,), a umenno, W (v, ¥,) = Y,y — y1Y,. PasHoctb, cros-
mas B nepBoit CKoOKe, -ecTh MPOH3BOAHAA OT onpejeauresist BpoHckoro

Wi (Y1, Y2)= (Y142 —Y41Y2)' = Y142 — Y1y
CrenoBaTesbHO, paBeHCTBO (D) NMpHHAMAET BUX
W' 4a,W=0. (6

Hafigem pemenue nociefHero ypaBHEeHHS, YAOBJIETBOPAIOLLETO
HadajbHOMy ycioBHio W |=., = W,. Hafinem cHauana obuee pemenne
ypaBHenus (6) B npegnonoxkenuu, uro W 5= 0. Pasnenss nepemenHre

B ypaBHeHuu (6), nonyuaem %—Yl‘]—y:—a1 dx.

Hurerpupys, Haxomum
nW=— Saldx+lnC,
Xo
WM

X
1n%=— S a, dx,
Xo

OTKYyZAa
x
—f a,dx

W =Ce *o . )

3ameTuMm, 9TO MOXKHO ObIO Hamucath ¢yHKmuio (7) M cKasarh,
4yTo 3Ta QYHKLMSA YIOBJIETBOPsAET ypaBHeHHIO (6), B ueM MOXKHO JIerKo
yOEIUTBCS HENOCPEeJCTBEHHOH MOACTAHOBKOH 3TOH (YHKLHH B ypas-
HeHue (6). Ilpeanosnoxenne W =0 He Tpebyercs.

®opmyna (7) HasbiBaercad gopmyarol Juyeuris.

Onpenemum C Tak, ytoOBl YNOBJETBOPSJIOCh HAYaNbHOE YCJIOBHE.
[loxcraBnss x = x, B NeByi0 U NpPaByIo yacTh paBeHcTBa (7), mosyyaem

Woz C.

CrnenoBaresnbHO, pelleHHe, yIOBJIETBOPSIOIEE HAYAJIBLHBIM YCJIO-
BHAM, NPHUMET BUJ
X
- | a,dx
W=We *» . (7"
[To ycnoBuio W 540. Ho torga u3 pasencrsa (7°) ciemyer, uto
W 540 Hu npu KakoM 3HaUeHHH X, TIOTOMY YTO NOKasaTesbHasi (yHK-
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uus He ofpauiaercs B HYyJb HH TPU KakoM KOHEYHOM 3HaYeHHH
aprymenra. Teopema joKasaHa.

3ameuanue 1. Eciu onpememurens BpoHnckoro paseH HyJIO
NPy KaKOM-HHOYAb 3HaUEHHH X=X, TO OH PaBeH TAaKXe HYJI MpH
a06oM 3HaYeHHH X M3 PacCMaTpPUBAEeMOro OTpesKa. TG HemocpeAcT-
BeHHO caenyer u3 dopmydnl (7): ecoiu W =0 npu x=x,, TO

Wly=x,=C=0;

caenoBarenbHo, W =0, KakoBo Obl HH OBIO 3HaueHHe BePXHEro
npenena x B dopmyse (7).

Teopema 5. Ecau pewenun y, u y, ypasrernus (3) auneiino
nesaeucumol Ha ompeske [a, b], mo onpedesumesv Bponckoeo W,
cocmasaenHblii 0As smux peuwerul, He obpawaemcs 8 HYyro Hu 6 00HOU
mouKe YKA3aHHO20 OMpe3Ka.

HokasareanbcTBOo. [IlpeaBapHTenbHO 3aMeTHM CleayioLiee.
®dyukuua y=0 ectb peiieHne ypaBHeHus (3) Ha orpeske [a, b],
YAOBJETBOPSIONIee HAYaJbHBIM YCJIOBHAM

Yle=xo=0, ¥ |r=x,=0,

rae x, —Jmobas Touka orpeska [a, b]. V3 Teopemnl cyiiecTBOBaHHA
¥ eauHcTBeHHoctd (cM. § 16), KoTopad npuMeHHMa K ypaBHeHHIO (3),
CJIeflyeT, 4TO He CYIeCTBYeT APYroro peileHus ypaBHeHus (3), yHOB-
JIETBOPSIONIEr0 HaYaJbHBIM YCJIOBUAM

y‘x:x‘,:O, y’ lx=x0:0.

M3 sroii Teopembl Tak ke CJIELyeT, YTO eCIH pelleHHe ypaBHe-
HUA (3) TOXKAECTBEHHO PaBHO HYJIO Ha HEKOTOPOM OTpe3Ke MJIH MHTep-
Bane (@, ), npuHajIexKamem oTpesKy [a, b], To 310 pemeHHe TOXKAE-
CTBEHHO PaBHO HYJIO Ha BceM orpeske |a, b]. JlefictBuTeibHO, B TOUKe
x =P (4 B TOUKe ¥ = &) peLieHHe yIOBJIETBOPSET HayabHbIM YCJIOBUAM

Yle=p=0, ¢ |x=p=0.

CrejoBaTe/IbHO, MO TeopeMe eJUHCTBEHHOCTH OHO PaBHO HYJIO B HEKO-
TopoM uHTepBase B—d < x <P-4d, rae d onpenensiercss BeJIHYUHON
Ko3pduuuento ypasHenus (3). Takum o6pasoM, paciiupsisi HHTEPBaJ
KaXJbli pa3 Ha BequuuHy d, rie y==0, Mbl Jokaxem, 4ro y=0
Ha BceM oTpeske [a, b].

Tenepb mpuctTynuM K J0OKa3aTeJbCTBY Teopemsl 5. Jlomycrum, 4to
W (y,, y,)=0 B HexkoTOpO#i Touke orpeska [a, b]. Toraa no Teopeme 3
onpeneaureab Bpouckoro W (y,, y,) OyAeT paBeH HYJIO BO BCEX TOY-
Kax orpeska [a, b]: W=0 wum yy;—yy,=0.

Honycrum, uto y, 0 Ha orpeske [a, b]. Torza Ha OcHOBaHHM

Y15 — Y Y ’
e CLE - (&) =0,
h

NOCJIe[HEr0 PaBeHCTBO MOXHO HamucaTh
Oriopa cJaenyer

Y2 )=
e const,
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T. €. PelleHHs y; U Y, JMHEHHO 3aBUCHMEI, YTO MPOTHBOPEUHT Npe/-
MOJIOKEHUIO O HX JIMHEHHONH He3aBHCHMOCTH.

Honycrum panee, uto y;=0 B TOUKax xj, x,, ..., X, TPHHAL-
Jnexamux orpesky [a, b]. Paccmorpum uurepBas (@, x,). Ha srom
unrepBane y; 5= 0. CrnefoBaTesbHO, Ha OCHOBAaHHH TOJBKO YTO JOKa-
3aHHOTO CJejyeT, YTO Ha HHTepBase (a, X,)

%i_ =A=const, uwmm y,=Ay,.

PaccMorpum dyukumio y =y, —Ay;. Tak Kak y, H y; CyTh penieHus
ypaBueHusi (3), T0 y=y,— Ay, — peuiedue ypaBHeHuss (3) u y=0
Ha uHrepBane (a, X;). CaenoBarenbHO, Ha OCHOBAaHUM 3aMeYaHHUs
B Hayajie JOKa3aTeJIbCTBA CJelyeT, 4To y =y, —Ay; =0 Ha orpeske
[a, b], nmm

b2y,

Y
Ha oTpeske [a, b], T. e. y, U y; JHHEHHO 3aBUCHMBI.

Ho 310 npoTHBOpEUUT MpPEeANOIOKEHHIO O JMHEHHONH HE3aBUCHMOCTH
pemieHuil y, ¥ y;. TakuMm o6pa3oM, Mbl JOKa3asH, YTO ONpPENEHUTE/b
Bponckoro He ofpamlaercs B HyJIb HU B OJHOH U3 TOYEK OTpe3Ka [a, b].

Teopema 6. Ecau y; u y,—06a AuHENHO He3A6UCUMBLX petue-
Hus ypasHenus .(3), mo

yzclyl+c2y2’ (8)

20e C, u C,—npou3eonbHole nocmosHHbie, ecmoy e20 obuee peuterue.

HoxasarenbctBo. M3 teopem 1 u 2 caepyer, yro ¢pyHKIuUS

C,y,+C,y, ectb peumeHue ypaBHeHUs (3) NpU JMOOBIX 3HAYEHUAX
. u C,.

IloxzameM Tenepb, YTO KaKOBbl OBl HM OBUIM HayasbHEIE YCJIOBUS
Ylr=xo="Yo» Y lx=x,= Yo, MOXKHO TaK NoJ00paTh 3HAUEHUS NPOH3BOJb-
HbIX nocTOAHHBIX C; U C,, YTOOBI COOTBETCTBYIOLEE YACTHOE pElIEHUE
C.y;+C,y, YIOBIETBOPAIO 3aJaHHBIM HAYaJbHBIM YCJAOBUAM.

[MoxcraBnasl HayaJbHBIE YCJIOBUA B paBeHCTBO (8), GyneM uMeTh

Yo=C1Y10+Cothzor  Yo=Ciy10+ Cyyso, )

rie 0003HAaYEHO
Yils=xo="Ysor Yslr=xe= Ya0r Yilr=xo=Y10» Y5 |x=x,= Yso.

s CHCTeMbI (9) moxuo onperenutb C; u C,, Tak Kak ONPENETUTEND
3TOU CHCTEMBI
Y10 Y20
yio y;o
€cTb ONpEeJAEeNUTeNb BPOHCKOrO NpH X=X, U, CJACIOBATENbHO, He
paBeH O (B cuny JMHEHHOH HE3aBHCHMOCTH PeIeHHH y; u y,). Yacr-
HOE pelleHHe, KOTOPOoe NOJYYHTCH U3 cemelicTBa (8) mpH HailJeHHBIX

snauenusix C; u C,, yJOBIETBOPSET 3aJaHHbIM HAYaJbHBIM YCIOBHSIM.
Takum oGpasoM, TeopeMa JOKasaHa.

= Y10Y20 — Y120
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Ilpumep 2. VYpasuenue y”—]—% ¢ —-):—2y =0, KO3p}HIUHEHTHI KOTOPOro

ay=1/x 0 ap=— 1/x* HenpepulBHE Ha JIOOOM OTpe3Ke, He COJEpKauieM TOUKH
x=0, nonycKaeT uYacTHbE PEIIEHHUST y; =X, Y= 1/x (3TO JIETKO IPOBEPHTHL MOA-
cTaHoBKoH B ypasHenue). CjepoBaTesbHO, e€ro oGuwiee pemeHHe HMEeT BHJ

1
y=C1x+C2 7.

3ameuanue 2. He cymecrByer oGUX METONOB AJSA HAXOXIe-
HHST B KOHEYHOM BHJe OOWIero pellieHHs JUHEHHOro YypaBHEHHS
¢ nepeMeHHbIMH Koapduiumentamu. OnHako /Il ypaBHEHHS C IOCTO-
AHHBIMM Ko3pdunuenramu Takoit Mmeros cymectsyer. OH Oyner H3jo-
JKeH B cJefyiomeM naparpade. Ona caydas ke ypaBHEHHH ¢ nepe-
MeHHBIMH Ko3pdunuenramu B rjaBe XVI «Psagpy OynyTr ykasaHb
HEKOTOpPble INpPUEMBbI, KOTOPHE AAAYT BO3MOXHOCTh HAXOJUThH NPUOJIHU-
JKEHHbIE DeIIeHHUs, YAOBJETBOPSIOMINE ONpEeNeHHBM HaYaJdbHBIM
YCJIOBHSM.

3aech MBI JIOKaXXeM TeopeMy, KOTopasi MO3BOJISET HaXOJUTh ofinee
peiieHre auddepeHIMalbHOIO yPaBHEHHS BTOPOro MNopsAjaka ¢ mepe-
MeHHBIMH KO03(Q(HIHEeHTaMH, eCIM H3BECTHO OJHO €r0 YacTHOE pelie-
Hue. Tak kak wuHOrjJa yjhaercs HalTH WJH Yrajath OJHO YacTHOE
pellleHHe HENOCPEACTBEHHO, TO 3Ta TEOpeMa BO MHOTHX CJyuYasx
MOXKET 0Ka3arbCfl MOJIe3HOM.

Teopema 7. Ecau ussecmno 00HO yacmuoe peuierue AUHELH020
00HOPOOH020 YpasHeHUs 6mMopo20 nopaoka, mo Haxoxderue obuwjezo
pewierus ce00umca K Urmezpuposasuro ynkyuil.

HokaszatenbcTBo. IlycTh y, ecTh H3BecTHOE YacTHoe peiie-
HHe ypaBHeHHA Y’ +4a,y +a,y=0. Hafinem ppyroe yactoe perieHue
JAHHOTO ypaBHEHUS TaK, YTOOH Yy, U Y, ObLIHU JHHEHHO HE3aBHCHMBL.
Toraa ofbuiee peruenue Beipasurcs ¢opmynoit y= Ciy, + C,y,, rae C,,
C,—npousBosibHbEIe NoCTOsIHHBIE. Ha ocHoBanuu dopmyast (7) (cM. fo-

Ka3aTeJIbCTBO TeopeMbl 4) MOXHO Hanucath Y,Y, — Y, y; = Ce” Jaidx T,
KUM 0o0pasoM, AJs ONpefesNeHHsl Y, MBI TOJyuaeM JHHeHHoe ypas-
HeHHe MNepBOro mopsnxa. IIpouHTErpHpyem ero ciepyiomiuM o6pasom.

Yali— Yl 1 -
—————21 ik "’——“-—2—C€ Jaldx,I/IJII/I—d—(yg):

Pasgenum Bce 4seHBl Ha yi: Z
y yi Y1 dx Y1

1 - fa,d
= — Ce Ja. *. orciona

Y1
- Jaiax
P S

U1

Tak xak Mbl HileM YacTHoe pereHue, To, mogoxus C' =0, C=1,
nosyuaem

- fa dx
g = y1§ e . (10)
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OueBHHO, YTO Y, M Y,— JUHEHHO HE3aBHCHMble pellieHHd, TaK Kak
Y2 £ const.

Taxum o6pasoM, ofliee pelleHHe HCXOJHOTO YpaBHEHUS MMEET BUA

- j‘a, dx
y=Ciy+Coy § 2 dx. an

i
Ipumep 3. Haiitn oblee peuieHHe ypaBHEHus
(1 —x%) y" —2xy’+2y=0.

PeweHnue. HemocpencTBeHHOH TPOBEPKOi YyGEXAaeMcsl, YTO 5TO ypaBHEHHe
HMEET YacTHOe peuieHne y; =x. HaiizeM BTOpOe uYacTHOe pemieHHe y, Tak, 4TOOHI
Y1 U Yy ObLIM JIMHEHHO HE3aBHCHMEL

x
3ameTuM, 4YTO B HaueM Cjydae @y =v—75 » 4a OCHoBaHAH (opMyJinl (16)

nojyyaem
2x dx

ey 1-%2 e Inj1-x%| dx
y="§—7—d”="j—xz—"x="sz—n:7ﬁ=
_ 1, 1 1 o1, 1 {14x
”"S(i?T2(1_x)+2(1+x) )d"""h T3 1“1 I—x
CiiefloBaTeJIbHO, OGlEe pelIeHNe HMEeT BHJI

1 1
y=Crx+ Cz(gx In lt—il F 1).

|-

§ 21. JinneiiHbie OJHOPOAHBIE YPaBHEHUS BTOPOTO ROPSAAKA
C TNOCTORHHLIMH K03thHIHEHTAMHA
Hmeem JuHeliHOE OJHOPOAHOE yPaBHEHHE BTOPOTO MOPSiAKa
Y +py +4qy=0, M
rje p U ¢—TOCTOSIHHEE JefcTBHTeJbHBIe uncsaa. UToObl HafitH 06-
WA HHTErpaj STOr0 YPaBHEHHsl, JOCTaTOYHO, KaK ObIO JOKa3aHO

BbIllIe, HAHTH ABa JHHEHAHO HEe3aBHCHMbIX UacTHHIX peleHus.
By,zxeM HCKaTb YacCTHHIE penieHud B BHUJE

y=e®, rae k=const; 2)
TOTAA
Y = ket Y’ = kPeks,

HOI[CTaBJlﬂﬂ nosyyeHHol€ BbIpaxKE€HUA NPOU3BOAHBIX B yYpaBHEHHE
(1), naxomum
ek (k*4-pk+4q)=0.

Tak xax e* 50, 1o, SHauur,
B+pk+4+q=0. 3)
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CrneoBaTesbHO, ecu £ GyIeT YIOBJIETBOPSTh ypaBHeHHIO (3), TO
ek* Oyner peurenveM ypaBHeHus (1). YpaBHenue (3) HasbiBaeTcH
XapaKmepucmu4eckum YpasHeruem IO OTHONIEHHIO K ypaBHeHuio (1).

XapaKTepuCTHYECKOe YpaBHEHHe ecTb KBaJpaTHOE YpaBHEHHUE,
HMelomee 1Ba KOpHs; 0003HAYUM MX uepe3 R; u k,. [Ipu arom

e+ Y Emt, b ) e

Bo3MmOXHEI cllefyionue cayyau:
I. k, u k,— neficTBATe/IbHBIE U IPHTOM HE PaBHBIE MEXIY cOGOH
uncna (kg 5= R,);
II. k; u k,—KOMIJIEKCHBIE YHCJIa;
II1. %k, u k,— meificTBuTe/IbHBIE paBHBIE YHCHAA (R;=k,).
PaccmorpuM Kaxapiit ciydali OTHENBHO.
[.KopHu XapakTepUCTHUECKOTOyYpaBHeHU A fefcT-
BUTeJbHB U pasJUUYHB: kR s~k,. B 3roM ciyyae yacTHeIMH
pemeHUsIMU OYAYT GYHKLHMU

yl, — eklx’ yz — ek,x.

OtH peileHus JuUHeHHO HE3aBHCHUMbI, TaK Kak

ko X
e
Zz =S = elks =k0) % o const.
1 e

CrepoBaresibHO, OGUIMH HHTErpas UMeeT BHUJ
y = C,ef* 4 C,eke»,

IMpumep 1. Jano ypasueHue

¥ty —2y=0.
XapaKTepuCTHYeCKOE ypaBHEHHEe HMeeT BHJ
k24 k—2=0.

Haxoaum KOpHH XapaKTepHCTHYECKOTO ypaBHEHHA:

1 -'/ 1
kl"2=—-—2—j: T—I—?, k1=1, k2=—2.

OGuuit MHTErpas ecThb
y=_Cqe% -} Coe—2%,

II. KopHH XapakTepHCTHUYECKOTrO YPAaBHEHH ST KOM-
niaexcHole. Tak Kak KOMIJIEKCHblE KOPHH BXOJST NMONApHO CONpsi-
>KEHHBIMM, TO 0GO3HAYUM

=a+i[5’ k2=a—iﬁs

a=—-—-—’2’- f) 'l/q_.-_.

rae
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YacrHuie pElI€HHd MOXKHO 3amucaTb B Q)opzvxe
y1.=e(oc+i|3)x, y2=e(°°-iﬂ) x (4)

9710 — KOMILIEKCHBle (YHKIMM JAeHCTBUTENbHOTO apryMeHTa, YIOBJeT-
Bopsiiomue AuddepennnanbHomy ypasseruio (1) (em. § 4 ra. VII).

OueBuaHO, YTO €C/M Kakas-1u00 KOMIIEKCHass (QYHKUHS AEHCTBH-
TeAbHOr0 aprymenra

y=u(x)+iv(x) ©)

yaOBJeTBOPseT ypaBHeHHIO (1), TO 3TOMy ypaBHEHHIO YIOBJIETBOPSIOT
GyHKIMU U (x) 1 v(x).

JleficTBuTeIbHO, TOJCTABAAS Bhlpaxenue (5) B ypaBuenue (1),
6yzneM HMeTb

[ (%) +iv ()] +p [u (x) +iv ()] +q [u (x) +iv (x)] =0,
HJIH
(" +pu’ +qu)+i (V" + pv’ +qu) =0.

Ho koMnnekcHass ¢yHKuMs paBHSETCS HYJIO TOTJA H TOJBKO TOTJAA,
KOTJia PaBHBEI HYMIO AefCTBHUTE/bHAS YacTh W MHHMMAasi 4acth, T. €.

u'+4pu' +qu=0, V'4pv'+qu=0.

Mul u nokasanu, 4to 4 (X) W U(X) ABJAIOTCS pPeLIEHUSIMU ypaBHEHHS.
INepenumem KoMnieKcHbie peweHus (4) B BHIE CyMMbl JeHCTBHU-
TeJbHOH M MHHMON YacTH:

Yy =-e%**cosPx+ie**sinPx,  y,=e** cosPx— ie** sinPx.
Ilo nmoxasaHHoMYy 4acTHHIMH pelleHHsAMH ypaBHenus (1) OyayTt nefi-
y

CTBHTEJIbHEIE (QYHKLIUH
Y, = €%* cos fix, (6")
Y, = €** sin fx. (6")

OYHKIMH 3, M Y, JHHEHHO He3aBHCHMBI, TaK KakK

1 2
yi  €**cosPx

= ———— =ctg Pfx 5% const.

Y2 e** sin Px

CinenoBatenbHO, ofuiee penieHue ypaBHeHus (1) B cJiyuae KoMIIEKc-
HbIX KOPHell XapaKTepHCTHYeCKOrO ypaBHEHMS HMeeT BUL

y= Clgl + Cz.;/.z = C,e%* cos px + C,e** sin P,
UM
y = e**(C;cos px + C, sin fx), W)

rie C; u C,—mpon3BOJIbHBIE NOCTOSIHHBIE.
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BaXHBIM YacTHEIM cjydaeMm peueHus (7) sBisercs chayuail, KOraa
KODHH XapaKTePHCTHYECKOTO YDaBHEHHS 4UCMO MHUMbLE.
1o umeer Mecto Torja, Koraa B ypasHenuu (1) p=0, u ono

HMeeT BHUJ
Y 4qy=0.
XapakrepucTuyecKoe ypaBHeHHE (3) mpuHHMaeT BHJ

KopHH XapaKTepPHUCTHYECKOrO YpaBHEHHA
k= iV g==xif, a=0.
Pemenve (7) npuHUMaeT BHJ
y=C, cos px + C, sin px.
MMpumep 2. Jano ypasHEHHE
y"+2y’ +5y=0.

Haiiti o6uiuii HHTerpas M yacTHOe pellleHHe, YAOBJETBOpsliOllee HAYaJbHBIM YCJIO-
BHSAM

.’/‘)C:ﬂ:o’ !/’ ')C:():l' J\ry

ITocTponts rpaduk. N

Pemenune. 1) Hanuwem xapax- N

€ eCKOe ypaBHEHHe N
TEPHCTUY yp \\\ y—zzeﬁsta:
k24-2k-+-5=0 ~<Z___

- /_N.:I‘)"‘
U HajiieM ero KOpHH 0 \/_____.._ %

ky=— 142, ky=—1-—-2i. -

L d
Cd

CienoBaTesbHO, OGUIHH HHTETPAJ €cThb ,,'

y=e—% (Cy cos 2x+ C, sin 2x). e

4

2) Hafinem uacTHOe pewieHHe, ymoB- *

JIeTBopsiiomee JAHHBIM HayaJbHBIM yC- Puc. 273.

JIOBHSIM, H ONpEJENHM COOTBETCTBYIOIIHE
snauennst C; u C,. Ha ocHoBanum nepsoro yciosus naxonum: 0 =e=0 (C; cos (2.0) 4
~ Cysin (2-0)), otkyza C;=0. 3amerus, ut0 y’ =e~*.2C, cos 2x—e~*C, sin 2x,
u3 Broporo ycnaous moaydaem 1=2C,, 1. e. C,=1/2. Takum o6pa3oM, HCKOMOE
YacTHOe ﬁemeﬂne ecrb y:%—e‘x sin 2x. I'padmk ero nmoxkasan Ha puc. 273.
IIpumep 3. Hano ypaBHeHue
Y49y =0.

Haiitn o0muit HHTErpasl H 4YaCTHOe pelleHHe, YAOBJETBOpSIOmee HayajbHbIM
YCJIOBHSAM

Ylx=0=0, ¥ [x=0=3.
Pemenue. Hanumem xapaxrepucinueckoe ypaBHeHH®
k24-9=0.
Haxonum ero kopuu:
ky=3i, ky=—3i.
OGwuii HHTErpas ecTb
y=Cy cos 3x+C, sin 3x.






