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NPEAUCJIOBHE K AEBATOMY H3JAAHHIO

IepsToe m3naHHe JaHHOrO yuyeGHHKA OT/IHYaeTcs OT ero 8-ro us-
naHus. OTO H3JaHHE MOJHOCTBIO COOTBETCTBYET NMpPOrpamMme IO MaTe-
MaTHKe JJIfl BTY30B, paccuutaHHOH Ha 400—450 uacos.

B yueGuuk Bk/oueHn gase Hoshie 1. XX u XXI.

Fa. XX «DneMeHTH TeopHHM BepOSTHOCTEH H MaTeMaTHYECKOH
CTaTHCTHKH» COAEPXKHT MarepuaJ, NpelyCMOTPEHHHIH COOTBETCTBYIO-
I(I;J'(";g paspenoM oGs3aresbHOM nporpammbl nmo marematuke MBCCO

Fa. XX1 «Marpuubl. MaTpuyHasi 3anuch CHCTEM H peLICHHH
CHCTEM JHHEHHBLIX AuddepeHLHaNbHEX YPaBHEHHH» TaKkKe COAEPKHUT
MaTepuali, IpefycMOTpPeHHEI obGs3aTenpHoll nporpammoii. Ho, kpome
TOTO, B 3TOH rJjaBe oOpaljeHO O6OJbIIOE BHMMaHHe Ha MaTPHYHYIO
3alHch CHUCTEM JHHEHHbIX AudGdepeHnHalbHEX ypaBHEHUH U peleHui
cHCTeM JIMHEHHBIX JupdepeHUuanbHelX ypaBHeHuél. Mcnosn3oBaHa
MaTpUYyHasl 3alHCh NOCJEAOBATENbHEIX NPUO/MXKEHHHX peIleHuil cu-
CTeMB! JIMHEHHBIX JuddepeHIUaNbHEIX YPaBHEHHH C NEepPeMEHHBIMH
KO3(punreHTaMd. DTOT MaTepuas HeOOXOAHMMO IIOMECTHTh B Kypce
JubdepeHIHAaTBHOTO U HHTETPAJbHOTO MCYHCJICHHUS AJs BTY30B MO-
TOMY, YTO B HacTOsiiee BpeMsi BO MHOTHX KHHTaX MO 3JEKTPOTeX-
HHMKE, pajMOTEXHHKE, aBTOMaTHKE MHCCJCJOBAaHHE pELICHUA CHUCTEM
JuddepeHIMaNbHbIX  yPaBHEHHl NPOU3BOAUTCA C HUCIOJB30BAHHEM
anmnapara TEOPHH MaTpHL.

Hanucaust Hopme §§ 26, 27, 28 ra. XVI. 3xece paccmoTpen
METOjJ MOCJEAOBATEeNbHbIX NpPHUOJMHIKEHHHA pemeHHs AuddepeHunanb-
HBEIX ypaBHEHHi, JOKa3blBaeTCs TEOpeMa O CYLICCTBOBAHHU PeICHHUS
JuddepeHuaNbHOTO YpaBHEHHS U TeOpeMa eAMHCTBeHHOCTH. OGpaieno
BHHMaHHE Ha CTPOTOCTb H3JIOXKeHHs Bcell ryaBbl 0 AudepeHIHab-
HBIX ypaBHEHHSX.

ITaparpad 31 ra. XIII «[Tonsitue o Teopuu ycrofiuusoctu JIsmy-
HOBa» 3HAUHTEJBbHO paciiuped. B 5TOM H3JaHHM OH Ha3bIBaeTCs TakK:
«[TonsaTne o teopuu ycroitunBocTn JlanyHosa. IloBenenue TpaexTo-
puil auddepeHIHaNLHOTO ypaBHEHHSI B OKPECTHOCTH OCOGOH TOUKH».
3zxech mapajiiesbHO ¢ paCCMOTPEHHEM YCTOHYHBOCTH PEIUEHHE CHCTEM
JupdepeHIHaNbHEIX yPaBHEHHH DPaCCMOTPEHO MOBeJEHHE TPaeKTOpHi
BOJM3H 0CO0O# TOYKH Ha (pa30BOH MJIOCKOCTH. DTO HEOGXOJUMO GHLIO
cienatb IMOTOMY, YTO NpPM H3YYEHHH COOTBETCTBYIOIIHX BONPOCOB
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B KypcaxX 3/MeKTPOTEXHHKH, PaJIMOTEXHHKH, aBTOMAaTHKH STHMH NOHS-
THSAMH HeOGXOAMMO CBOGOJHO MOJIb30BAThCA. 3aHOBO HamHCaHbI HEKO-
TopLie maparpacgsl ¢ H3JIOXKEHHEM TEOPHH KOMIUIEKCHBIX uuces. Cyme-
crBeHHo pacimuped § 2 ra. XI, rae jaHoO XOKasaTesbCTBO Cyle-
CTBOBaHHS ONPENEJNEHHOIO HHTErpaja OT HEeNnpepbiBHOA (YHKLHH.
Hanucan pononnutesnbubiit § 11 ra. X1 «HHrterpuposanue komn-
JeKCHOH (QYHKUMM JeficTBHTe/IbHONH mNepemeHHOM». HamucaHbl HoBhie
§§ 24 u 25, roi. XVI, nocesimeHHble psAaM ¢ KOMIJIEKCHBIMH 4JIeHaMH
H CTENEeHHHIM PsifiaM C KOMIJIEKCHOH nepemeHHO!. Hanucan HoBBIH
§ 12 ra. XVII, nocesmennnit psgam Pyppe B KOMIJIEKCHON ¢opMme.
Paciuupeno usjoxeHue Bompoca o6 uHterpaie Pypne. OcpeleHH
NMOHATHS, HCHNOJb3yeMble B CHelNHaJbHOH NPUKJIANHOH JiHTepaType
(cnekTp, cnektpanabHas ¢pyHkuus). Hanucansl HoBhie § 15 «Psx ®ypbe
10 OpTOroHa/MbHOH cucreme (yHKuuit» 1 § 16 «[ToHATHE O MUHeHHOM
(QYHKUMOHANBHOM IMPOCTPAaHCTBe. AHAJOTHA MEXAY PpasJoXKeHHeM
¢yukuuit B psg Pypee H pasnoxeHneM BekTopos» B INI. XVI1I. tor
MaTtepuall U3JIOXKEeH TaKuM 006pa3oM, YTOOH CTYAEHTH H HHXKEHepHl
MOIJIH TOHHMAaThb MarTepuaJ APYTHX IHCUMIVIMH, ONHpAOMMACA Ha
3TOT MaTeMaTH4ecKMH ammapar.

B ra. XIX nanucan Hopuiit § 20 «desnbTa-QpyHKIMA H ee H30-
6paxeHue».

B ra. VIII nomewen § 19 «Ilonyuenre ¢QyHKUHM Ha OCHOBaHUH
SKCIepUMEHTANbHbIX JAHHHIX II0 METOJy HauMEHbIIHX KBaJpaToBy.
CopepxanneM 3toro mnaparpaga panee sBjsgaock IIpuioxenune I,
noMelnasmeecss B KOHLE NEpPBOTO TOMa 3TOr0 y4YeGHHKa.

B ra. VII pannt § 10 «MuTtepnonsnuonHas gopMyna Heioronar»
u § 11 «UncnenHoe angdepenunposanue». ComepkanneM 3THX napa-
rpagos panee sBujoch [Ipunoxenne II.

IIpousBeseHn HeKoTOphIe fononnenus B ra. V, VII, IX, X1I, X111,

FnaBa XIII «duddepennuanbupie ypaBHEHHsA» HENHKOM nepe-
HeceHa BO BTODOH TOM.

Asmop

HacTosee H3jlaHue He OTAHYAETCs OT npeamaymero (1978 r.),



NPEJUCJIOBHE K MATOMY H3JAHHIO

B nATOM u3JaHMH MNOJHOCTBIO COXpaHeH Ge3 H3MEHEHHH Beckh
TEKCT YETBEPTOro H3JaHHsi, HO 3TOT MaTepHas pasjejieH Ha JBa ToMa
(a1 yHOGCTBA HMCIOJb30BAaHHMS HACTOSILETO W MPEABIAYIIUX M3JAHHA
yueGHHKA HyMepalus IJIaB TOXKE OCTaBJeHa Ge3 H3MEHEHHS).

Conep:kanue Bcero yueGHMKa ONpefessieTcss NpOrpaMMaMu Kypca
MAaTeMaTHKH AJIi BTY30B, paccuuTaHHeiM Ha 300—450 gacos. Yues-
HHK [pejHasHa4yaeTcs JUis H3ydYEHHS Kypca MaTEMaTHKH KaK B CTa-
HMOHapHBIX, TaK H B 320YHHX BTy3aX. DTO YYHTHBAJOCh NPH H3J]0-
KEHHH MaTepHaja; B YaCTHOCTH, C 3TOH Ue/bi0 B yueOHHKE paso-
6paHO MHOTO IPUMEPOB, HIUIOCTPHPYIOLIMX H3JI0KEHHBL TEO PeTHUECKU
MarepHaJ H JalomUX oOpaslbl pelleHHs 3ajad.

Tlepeeiit TOM comep:KUT MaTepuas, COOTBETCTBYIOUIMH IIporpamme
1-ro kypca BTy3a, 3a uckmouenueM riaBul XIII «duddepenunan-
Hble YDaBHEHHs», KOTOpas, KaK IpaBUJIO, NPOXOAUTCA Ha 2-M Kypce.
Ho Tak Kak B HEKOTOPHIX BTy3aX NpeJBapHTe/bHbE CBEJeHHs O Au-
tepeHIHaNLHBIX yPaBHEHHSAX, HEOOXOAMMBIE AJS MOCJAEAYIOIMX AMC-
UMIUIMH, JaloTcs Ha 1-M Kypce, To wacth 3toil riaewl (§§ 1—28) u
noMeIeHa B MEPBOM TOME.

OtmeruM, 4yTO MaTepual, COAepxKamufics B MporpaMme BTY30B,
paccuuTaHHBIi Ha 4xcJO 4yacoB mopsinka 300, MOYTH MOJHOCTHIO CO-
JAEPXKUTCA B MEPBOM TOME (HO B HEM COJEPKHTCA M MaTepual, Bbl-
XOAAIMHA 38 paMKH 3TOH NPOrpaMMbl).

Bropoit Tom—konen rmaBst XIII (§§ 29—34), raasu XIV —
X1IX —copepKHT MaTepual, COOTBETCTBYIOWIHUA nporpaMme 2-ro Kypca
BTY3a.

INepsrie ase raaBh mepsoro Toma—«Hucho. Ilepemennasn. @ynk-
uusi» ¥ «[Ipenen. HenpepriBHocTe (yHKuuil» HamucaHsl B mpepenax
BO3MOXKHOTO KpaTKo. Hekoropwie Bompocel, OGHYHO H3JIaraeMbie
B 3THX TIJaBaX, 6e3 ymepba AJs Jejla NepeHeceHbl B TPeThIO M IMO-
caepyiomue raaBel. OTO JaJio BO3MOXHOCTH paHblle MepeiiT K oc-
HOBHOMY MOHATHIO Au(depeHlnatbHOTO HCYHC/IeHH s — POU3BOAHOM,
ero TpeGyioT Apyrue AUCHMILIMHE BTY30BCKOTO Kypca (lesecooGpas-
HOCTb TaKOTO pPaclOJIOKEHHs MaTepHajla NOATBEPKAAETCA OINLITOM
paGoTHI).

B cBfi3H C BK/IOYEHHEM BO BTY30BCKYIO NIPOrpaMMy MO BHICIIei
MaTeMaTHKe BOTPOCOB, HeOGXOAUMBIX A/MS OGecreuyeHusi KypcoM mate-
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MaTHKM BTY30BCKHX IUCLHILIHH, CBSI3aHHHIX C aBTOMATHKOH H BBIYHC-
JIMTENbHON TEXHHUKOH, B yuyeGHHKe MNOZPOGHO H3JIOMEHEI COOTBETCT-
BylomHe pasiensl: «UucjeHHoe uHTerpupoBaHue JauddepeHuHanbHBIX
ypaBHeHHH M cucTeM Au(pdepeHUHaIbHLIX YypaBHeHuH» *), «uTerpu-
pOBaHHE CHCTeM JIMHeHHBIX AuddepeHunanbHbIX ypaBHeHuil», «[lons-
THE O TEOpHM YycToiumBocTH JlsmyHoBas, «Omeparop I'amuibToHa»,
«Hurerpan @ypbe» H T. 1.

B ra. XVIII paccmorpenbl ocHOBHEIE ypaBHEHHsI MaTeMaTHYeCKOMH
¢usnku. OGpameHo Gosibiioe BHHUMaHUE Ha BhHISICHEHHE XapaKTepa
¢u3UYeCKUX SABJCHHH, NPHBOJSAIIMX K YPAaBHEHUSIM Pa3JjIMYHBIX THIIOB
B COOTBETCTBYIOIIHUM KpaeBhIM 3ajauaM. Bosbiloe BHHMaHHe yJeseHO
YUCJIEHHBIM MeToJaM pelleHHs AuGdepeHnHalbHbIX yPABHEHHH B 4acT-
HbIX TPOH3BOJHbIX.

B rnase XIX wusnaraioTcs OCHOBHEIE MNOHSITHS ONEPalHOHHOTO
HCUHCJIEHHSI U ONePallMOHHBIH MeTOX pelneHus anddepeHnHanbHBX
ypaBHeHHii. DT0 Tpebyercss AJs MHOTHX TMOCJERYIOUMX AMCHHMILIMH,
H 0COGEHHO 3JIEKTPOTEXHHUECKUX.

B yueGHUK BKJIOUEeHO G6OJIbIIOE KOJHYECTBO 2ajiady H NPHMEDOB
JJ1S1 yIpaxKHEHUH, MHOTHE W3 KOTOPLIX HJIJIOCTPHPYIOT CBfI3b MaTe-
MaTHKH C APYTHMH AMCUMNJHHAMU. 3afaud M NPUMEphbl ClENHAJBHO
nojoGpaHbl MO0 KaXJIOMy pasfieny Kypca, 4TO CHOCOGCTBYET YCBOEHHIO
H3J1araeMoro MaTepuasa. JT0 OOCTOSITENbCTBO TaKXKe AENaeT KHUTY
YACOHO! /ISl CAaMOCTOSITEIbHOTO H3YUeHHs] Kypca MaTeMaTHKH, B 4acT-
HOCTH JJIsl CTYJEHTOB-320YHHKOB.

Illecroe w3naHWe OTJHYAeTCs OT MATOrO TOJLKO TEM, YTO B KOHIE
NepBOro TOMa JaHO NPHJIOKEHHe, Tle H3JOXKEH BAXKHHIA AAsS HHKe-
HepoB Bonpoc «[TosyueHne (GyHKUHH Ha OCHOBAHHM SKCIEPUMEHTAJIb-
HBIX JaHHBIX 1O METOJY HAUMEHbLIMX KBajpaToB».

CenpMoe H3JjaHHE OTJHYAeTCs OT IIECTOrO TOJbKO TeM, YTO B KOHIE
nepsBoro ToMa JaHo npuioxenue «KMurepnonsunonHas ¢opmyna Heio-
ToHa. YucsnenHoe AU(epeHIy poBaHUE.

*) OGHUHO H3NaraeMble YACTCHHEIC METOAH aHA/NHM3a TaKXKe H3JIOXKEHH B JaH-
HOM yueGHHKeE.



TJIABA I
YHUCJI0. MEPEMEHHAS. ®YHKUHSA

§ 1. JelicTBuTennHblE YHCIHA.
H3oGpaxkenne AeACTBUTENLHBIX YHCEJ TOYKAMH YHCJIOBOHE OCH

OnHUM M3 OCHOBHBIX MOHSTHH MaTeMaTHKM fBJasercd uuchao. Ilo-
HfITHE YHCJIa BO3HHUKJO B JIPEBHOCTH H HAa NPOTSKEHHH JJHTEJHHOTO
BpEMEHH TOABEPraJjoch PacIIHpPeHHI0 H 060G eHHIO.

Yucaa nensie H JAPoOHBIE, KaK [10JI0XKHUTENbHbIE, TaK H OTPH-
HaTeJbHble, BMECTe C YHCJIOM HYJb HAa3bIBAIOTCH PAYUOHANGHOIMU
aucramu. Kaxpgoe pannoHajbHOE YHCAO MOXeT ObiTh HNpPEACTaBJIEHO

5
B BHAE OTHOIIEHHS 5— ABYX UEJBIX HHCEN p H ¢, HaUPHMep =,
5
l,25=-4—.
B uyacTHOCTH, He/IoO€ YHCJIO p MOXKHO pacCMaTpHUBaTh KaK OTHO-
6
LIeHHE JBYX IeJBIX qHCeN '£1"' Hanpumep 6=+, 0 =T

Panpona/bHble YHCAa MOTYT GBHITh NpEACTABJeHH B BUIE KOHed-
HBIX MM GECKOHEUHBIX NepHOJWYecKHX ApoGeit. Yucaa, KoTopsle
NPeJCTAB/ISIOTCS GeCKOHEUHBIMH, HO HeNepHOAMYeCKHMH AeCATHYHBIMH
APOGSAMH, HA3bIBAIOTCA UPPALUOHANGHOLMU HUCAAMU: TAKOBH UMCIA
V2 V3 5—V2ur &

COBOKYNHOCTb BCeX DANMOHANBHBIX H HPPANHOHAJBHHIX UHCEN
Ha3bIBACTCS MHOXKECTBOM deilcmeumencuoix (N 8eu4ecmeentolx) wucen.
JleficTBHTe/IbHEIE YHCAA YNOPAZOYEHH MO BEJHUHHE, T. €.
ISl KOXKON naphl JefCTBUTENLHEIX GHCEJ X M Y MMEeT MeCTO OAHO
H TOJbKO OJHO H3 COOTHOIIEHH

x<y, x=y, x>yY.

JleficTBHTebHbIE YHC/Ia MOXKHO M3006paXKaTh TOYKaMH YKCJIOBOM OCH.
Yucaogoii ocoto HasbiBaeTcsi GecKOHeuHasi NpsiMasi, Ha KOTOPO# BHI-
Gpanbl: 1) Hekotopas Touka O, HasbiBaeMass Ha4aJOM OTCYETa,
2) moJoXHTeJbHOE HanpaBJ/ieHHe, KOTOpOe YKas3hBaercs CTPeKoi,
1 3) MacmTta6 Ans H3MepeHusi AJuH. Yame Bcero Mul Gyaem pacrmo-
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JaraTh YHCJOBYI0 OChb TOPH3OHTAaJbHO M MOJIOXKHTEJbHOE HanpasJe-
HHe BBIGHpaTh cJeBa Hanpaso.

Ecau 9HMCIO X; NMOJNOKUTENbHO, TO €ro H306paxkaloT TOYKo# My,
nexamedi cnpasa ot Touku O Ha paccrosHun OM,; = X,; €C/IH YHCJIO X,
OTpHLIaTEbHO, TO €ro u3o6paxkaloT ToukKoii M,, nexamefi cliesa or
toukn O Ha paccrosHun OM,=— x, (puc. 1). Touka O nsobpaxaer
upcao Hysnb., OueBHAHO, YTO KaxJoe JEeHCTBHTENbHOE UHMCJIO H306pa-
XKaeTcs ONPEAE]EHHON TOYKON YHCJOBOH ocH. JIBa pasjMYHEIX Ae#cCT-
BUTEJbHBIX YHCJA H300paXKalOTCH pa3JHYHBIMH TOYKaMH YHCJIOBOH
ocH.
CnpaBef/iuBO TaKKe yTBepXKJEHHE: KaxJas TOYKAa YHCJIOBOA OCH
ABNseTc H306paKEHHEM TOJbKO OJHOIO JEHCTBHTEJbHOTO YHCJA
(panHoOHaJbHOTO HJM HMPPalHOHAJBHOTO).

TakuMm 06pa3oM, MexIY BCEMH ACHCTBHTE/bHbLIMH YHCAAMH U BCEMH
TOYKAMH HYHCJIOBOH OCH CYIIECTBYET B3aMMHO OAHO3HAyHOE COOTBET-
CTBHE: KaXKJOMYy YHCJIY COOTBETCT-

Lo 2 g —— >z BYET IHHCTBeHHass H3o0paxaroulas
27 rz23 €ro Touka M, Hao60pOoT, KaXKAOH TOU-
Puc. 1 Ke COOTBETCTBYET €JHHCTBEHHOE

n3oGpaxkaeMoe el uuca0. DTO AaeT
BO3MOXKHOCTb BO MHOTHX PacCyXKAeHHSX B HEKOTOPOM CMHICJIE PaBHO-
3HAaYHO YNOTPeGJATb NOHATHE «UMCJIO X» U NOHATHE «Touka x». Ilo-
ClefHHM OGCTOATENLCTBOM MHI OyIeM IIHPOKO MOJb30BaThCAd B
Kypce.

YkaxeM Ge3 HOKasaTeJbCTBa CleAyiouiee BaKHOe CBOMCTBO COBO-
KYINHOCTH JeHCTBHTENbHLIX YHCeN: MenOy O6YyMa NpOU3BONbHOIMU
delicmeumensHolMy  wucramu HaUudymcs KaK payuoHasbHbie, max u
uppayuornassrsie 4ucsa. B TepMHHAaX reoOMeTPHYECKHX 3TO NPeAJIo-
KeHue GopMyJIHpYyeTCs TaK: mexnely O8YMs NnpoU3BONbHLIMU MOUKAMU
4uCcnoBoll Oct HaUOYMCA KaK pPAyUOHAAbHbIE, MAK U UPPAYUOHALbHE
mouKi.

B sax/HOoueHHE OTMETHM CJELYIOMYIO Teopemy, NPEACTaBJISIONLYIO
co6ofi B HM3BECTHOM CMbiCJie «MOCTHK MEXJy TeopHed U IpaKkTH-
KOPi».

Teopema. Kaxdoe uppayuonarsroe <ucrO 06 MONHO € Ar060L
CMENnensl0 MOYHOCMU 6bLPA3UMEL C NOMOWDBIO DPAUUOHANGHOLX 4YUCeA.

B camom pene, mycTb HppaunHOHajbHOe uucao & >0 H mycTb
Tpebyercsi BHIMHCJIHTb @ C TOYHOCThbiO o l/n (Hampumep, mo 1/10,
po 1/100 u 1. n.).

KakoBo GH HHM ObLJIO @, OHO 3aKJ/IOYaeTcst MeXAY ABYMs LeJbIMH
uyucaamu N u N 41, PasnequMm orpesok Mexay N u N+4-1Han

gacTefl; TOTAA ¢ OKAXETCAd MeXJYy palliOHaJbHBIMH uucjamu N +§-

1
u N +m;!' . Tak Xak pasHocTb 3THX uucen paBHa l/n, TO, cieno-

BaTeJbHO, KaxJ0o€ H3 HUX BBHIpaxaer o C 33JaHHON CTENeHbi0 TOY-
HOCTH: NEepBOE C HEAOCTaTKOM, a BTOpPOE—C H36LITKOM.



$21 ABCOJIIOTHA Sl BEJIMMHUHA AEACTBUTENBRHOTO YMCIIA 415

ITpumep. Uppamuonagshoe anca0 ¥ 2 BHpaKAeTCH PAUUOHAALHUME GH-
caamu:

1,4 #n 15—c Tounocrsio po 1/10,
1,41 n 1,42—c TouHocTeio O 1/100,
1,414 u 1,415—c Tounoctsio Ao 1/1000 u T. A.

§ 2. AGcooTHas BEJIHYHHA AEHCTBHTEJLHOr0 MHCHA

BeenaeM HyxxHOe JJIs JajibHefilero NOHsATHe aGCOMIOTHON BeTHYHHbI
JeACTBUTENBLHOTO YHCJA.

Onpenenenue. Abcoromnot eeruuuroli (Mnu modyrem) neicr-
BHTENLHOrO uncia x (o603Hauaercs | x|) Ha3blBAeTCs HEOTPHIATE/b-
Hoe JIeACTBHTEJbHOE YHCJIO, YIOBJIETBOpSIONIEe yCJIOBHAM

x|=1x  ecmu x=>0;
x|=—x, ecoim x<<O0.

Npumepn: |2|=2; |—5]|=5; |0]=0.

U3 ompeneneHusi claefyeT, 4TO NJs JOGOTO X CIpaBeNIHBO CO-
oTHoueHne x<| x|.

PaccMOTpHM HEKOTOphle CBOHCTBAa aGCOMOTHBIX BEJHYHH.

1. A6ronromnan eeautuna arzebpauteckot Cymmot HeCKOAbKUX Oetl-
CMEUMeNbHbLX 4UCer He 00blie CYMMbL QOCONOMHOLX BeAUHUH CAQ-

2aemoLx:
[x+y|<|x[+]y].
Hoxkasareascrtso. Ilycte x+y >0, Torna
[x+yl=x4+y<|x|+]y]| (rak kak x| x| 1 y<|y|).
Mycts x4+ y <0, Torna
| x+y|=—(x4y)=(— 2 +(—» <| x| +|y],

uto ¥ TpeGoBasOCh AOKasaTh. IIpoBeseHHOE JOKa3aTeNbCTBO JIETKO
pacnpocTpassieTcss Ha JioGoe 4HCJAO ClaraeMbIX.

Mpumeps:

|—243|<|—2|+]|3]|=2+3=5 mm 1<5;
| —3—5|=|—3|+|—5]=3+5=8 wm 8=8.

2. A6coromuas 6eAuMUHa PABHOCMU He MeHblule pasHocmu abeo-
AOMHBLX GEAUMUN Y MEHOULACMO20 U BbIM4UMAEMO20:

fx—y|= | x|—ly|, [ x| >yl

HokasareabcTtBo. [lonoxum x—y=2, Toria x=y--2 u no
JOKa3aHHOMY

[xl=ly+z|<|y|+]|z|l=]|y|+]|x—yl

xl—=ly|<|x—yl,
4TO0 H TPeGoBaJIoCh JOKa3aTh.

OTKyAa
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3. AbGcostomuan eeauduna npoussedenus pasHa npouseederuro ab-
CONOMHbLX 8EAUHUH COMHOMNCUMeneli:

| xyz|=]x|] y]]z].
4. A6cortomnan 6eAuMURQ HACMHO20 PABHA HACMHOMY AGCONOMHBLY
6eruuun 0eaumozo u Oeaumenn:
X

1 x|

— = ——

Y 1yl

Iocnennue pBa cBoficTBa HeNmoCPeACTBEHHO CJEAYIOT H3 ONpene-
JieHHs1 abCoOJIIOTHOH BEJHYHHEL.

§ 3. MNepemeHHble M NOCTOSAHHbIE BEJIHUHHBI

B pesysbrate u3MepeHust Takux GU3HUECKHX BEJHUYHH, KaK BpEMs,
JJMHa, naomajsb, o0beM, Macca, CKOPOCTb, AaBJieHHe, TeMIeparypa
H T. ., ONpeJeJAIoTCs YHUCJIOBble 3HayeHHs (HU3HYECKHX BeJIHUHH.
MarteMaTHKa 3aHHUMaeTcsi BeJIMYHHAMH, OTBJIEKasACb OT HX KOHKpeT-
Horo cojepxanusi. B aanbuefiiem, ropopsi o BeJMYHHaX, Mbl Gyjem
HMETb B BHIY HX YHCJIOBHIE 3HaueHUSl. B pasiHyHBIX SBJEHHSAX He-
KOTOpHI€ BEJIMYHHBI M3MEHSIOTCS, T. €. MEHSIOTCA HX YHCJIOBble 3Ha-
YeHHs, APYTHe BeJUYMHBEI COXPaHSIOT CBOe YHCJOBoe 3HaueHue. Tak,
NP PaBHOMEPHOM JABHXKEHHH TOYKH BpeMs H PacCTOSIHHE MEHSIOTCS;
CKOPOCTb OCTaercsl MOCTOSHHOM.

ITepemennoi eesuuuroil HasbiBaeTcsi BeJHYHHA, KOTOpas NpPHHU-
MaeT pasjiiyHble YNCJOBhie 3HaueHHsi. Benuuuna, uucyioBble 3HAYEHHS]
KOTOPOl He MEHSIOTCSl, Ha3bIBAaeTCsl NOCMOAHHOU eeaudunoti. B nanb-
HeflueM NepeMeHHulEe BeJHYUHBI MBI OyAeM 0003HauaThb OYKBaMH X,
Y, 2, U, ... H T. 4., NOCTOSHHBle BeJHUYHHBl OyleM 06O3HayaTh
GykBamu a, b, ¢, ... U T. L.

3aMmeuaHnue. B mMaremMaTHKe NOCTOSIHHAsi BEJIMYMHA 4YacTO pac-
cMaTpuBaeTcsl Kak YacTHBIA cJydail NepeMeHHOH, y KOTOpoil Bce
YUCJIOBBIE 3HAUYeHHS] OJMHAKOBHI.

CrnepyeT OTMETHTb, YTO NPH PacCMOTPEHHH KOHKDETHHIX (H3HYe-
CKHMX fIBJIEHMH MOXET UMEeTb MECTO TaKoe IOJIOXKeHHe, UTO BEJHYHHA
C OfHMM H TEM € Ha3BaHHEM B OJHOM SIBJIEHHH OKa3hiBaercs Io-
CTOSIHHOH, B ApyroM—IepeMenHoii. Hanpumep, ckopocTh paBHOMEpHOTO
JIBIDKEHHMS €CTb BeJHYMHA [IOCTOSIHHAs, a CKOPOCTb paBHOME PHO
YCKOPEHHOTO ABHIKEHHS— BeJINYHHA [IepeMeHHasi. BenunHbl, KoTophle
COXPaHIOT CBOE 3HAYEHHUE B JIIOOOM SIBJICHHH, HAa3bIBAIOTCS AGCONOMHbIMU
nocmoanubimu. HanpuMep, oTHOIIEHHE JJIHHB OKPYXKHOCTH K AHAMeTpy
€CThb MOCTOSIHHAsi BenHuMHa 7t =3,14159...

Kak ™Mbl yBHAMM Ha MPOTSDKEHHHM BCEro Kypca, NOHfTHE nepe-
MEHHOH BeJHYMHBI fABJSETCS OCHOBHLIM MNOHsATHeM AH(depeHIHaND-
HOTO M HHTerpajpHoro HcuHcjenufi. «[IoBOPOTHHIM NYHKTOM B Ma-
teMaTHKe, —nucan @. DHreabc B «/luaneKTHKe NPHPORbI», — OblIa
J€KapToBa nepeMeHHasi BenuuuHa, Baaropaps 3ToMy B MaTeMaTHKy
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BOUIH O8udienue u Ouarexmuxka, ¥ Graropapsi 3TOMY ¥Ke CTajo
HemeOreHHO HeoOxo0umbim pudxpepeHIHANbHOE H HHTErpajbHOE HC-
QHCJ/ICHHEY.

§ 4. OGnacTp M3MeHeHHSI NEPEMEHHON BEJIHYMHBI

INepemenHasn BeqMuMHAa NPUHHMaeT Pas3jMUHbIE YHCJOBLIE 3Haue-
Husi. B 3aBHCHMOCTH OT XapakTepa paccMaTpHBaemoil 3ajaud COBO-
KYIHOCTb 3THX 3HAYeHHH MOXKeT OBITb

pasnuuHass. Hanpumep, temneparypa Bo- M
A1, IOAOT PEBAeMOil B OOBIYHBIX YCJIOBHSIX,
6yLeT MEeHATbCS OT KOMHATHOH Temmepa- %

2 (]
Typhl, pasHoit 15—18°C, no Toukm Kume- =~ = y; AT
uns, 100°C. |IlepemenHas e BenuuuHa z

X=COSQ MOXET NpPHHHMAaThb BCE 3Haue-
Hug or —1 jgo + 1.
3HaueHHusl IepeMeHHOM BEeJUYUHE! reo-
METpPHYECKM H300paxKaioTCsi TOYKAMH UHC- Pc. 2.
Jgosoit ocu. Tak, sHaueHHA nepeMEeHHOM
X=COSQ INpPH BCEBO3MOXHBIX 3HayeHHAX O H306paKaloTcsi COBO-
KYNHOCTHIO TOYEK OTpPe3Ka 4YHCAOBOH ocH of — 1 po- 1, BKmouas
u toukn — 1 u 1 (puc. 2).

Onpepenenue. COBOKYNMHOCTh BCeX YHMCJIOBHIX 3HAUEHHH mepe-
MEHHOH BEJHYMHBI HasHBaeTCs 004acmoi0 U3SMEHERUA 3TOH TNEpeMeH-
HO#.

OTmeruM crepyompe 06JaCTH H3MEHEHHS NePEeMEHHOH BeJNMYHHbI,
KOTOpble 4acTo GyAyT BCTpedaTbhcs B AasibHeH1neM,

Il pomescymrxom WM unmepeasrom Ha3bIBAETCH COBOKYNHOETh BCEX
uuces X, 3aKJIOUEHHHIX MEXJy JaHHBEIMH 4YHCIaMH a H b (a <b),
IpH 3TOM CaMH 3TH YMC/a He NPHHAaAJE€XaT pacCMaTPUBaecMoi
COBOKYNHOCTH 4HCeJ; ero o603HayaloT Tak: (@, b) MIH C MOMOMbIO
HepaBeHCTB a < x < b.

Ompe3xom WM Ce2meHMOM Ha3blBA€TCs COBOKYIHOCTb BCEX UHCEJN
X, 3aKJIOYEHHBIX MEXJAY ABYMSI AaHHbIMH YUCJaMH @ H b, npudem
o6a uncsia @ U b mpHUHajfJeXaT pacCMaTPHBAEMOH COBOKYNHO-
cTH; ero oGo3HaualoT Tak: [a, b] HJIM C NOMOLBIO HEPaBEHCTB
a<{x<Cb. VlHoria OTPe30K HA3BIBAETCH B3AMKHYMbIM NPOMENCYMKOM
HIIH 3QMKHYMbIM UHMEPEALOM.

Ecnn ogHo W3 uucen @ unm b, Hampumep a, NPHCOERHHSETCS
K NMPOMEXYTKY, a JApPYyroe—Her, TO MNOJYYaeTcsi NnoAy3amMKHymoll
npomedcymox, ero MOXKHO 3aJaTh HepaBeHCTBaMH a < x < b H o06o-
sHauuTh [a, b).

Ecau npucoepnnsierca yucao b U He mNpHCOeAMHsieTCS YHCJIO 4@,
TO MOJy4aeTcs MOJNY3aMKHYTHIE nmpoMexXyTok (@, b], KoTophlit MOXHO
3anaTh HepaBeHCTBaMH a < x<b.

Ecnn nepeMeHHas X NMpUHHMaeT BCEBO3MOXHEIE 3HaueHHs, 6OJb-
e yeM @, TO TaKOd HHTEpBad o003HavaloT (@, -}oo) H 3ajalOT
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YCMOBHMMH HepaBeHCTBaM# a < x < 4 oo. Tak ke paccMaTpuBalOTCA
GeCKOHEUHHIe HHTEPBAAbI M MOJIY3aMKHYThe GECKOHEUHbIE HHTEPBAIbL,
8ajaBaeMble YCJOBHEIMH HepaBeHCTBAMH

a<r<+00, —o<xLc, —o < ¥<e, —o0 < x< F 00,

MMpumep. O6Gnactb H3MEHEHMST NEpPeMEHHOM Xx=COS Q. MpH BCEBO3MOMKHHIX
8HauYeHUsX o ecTb OTpe3ok [— 1, 1] m onpegensercs HepaBeHcTBaMH —lSx << 1.

JanHble BhIUE ONMpefesieHHs] MOXKHO CGOPMYJIHPOBATh, HCIOMb3YS
BMECTO IOHSATHS «YHCJIO» TMOHSATHE «TOYKa», HANpHMep:

Ompesxom Ha3BIBaeTCs COBOKYIHOCTb BCEX TOYEK X, 3aKJIOYEH-
HBIX MEX]Y JaHHBIMH TOYKaMH a H b (koHyamu ompesxa), mpHYeM
KOHUBI OTpe3Ka NpHHaJJexKaT pPaCcMaTpHBaeMON COBOKYIHOCTH.

Oxkpecmrocmeto HaHHOH TOUYKH X, HA3HIBAETCH I1POHU3BOJbHBIA
uHTepBan (@, b), conepxamui 3Ty TOUKY BHYTPH cebsi, T.e. HHTep-

O ge—Z~ gpte BaJ (@, b), KOHIB KOTOPOTO YJOB-
t S ——— % JeTBOPAIOT yclIoBHIO a < X, < b.
Puc ‘g & YacTo paccMaTpPHBAETCs OKPECTHOCTD

(a, b) Toukm x,, AN KOTOPOH X,
fBJsieTcsl cepenuHOi. Toraa x, HasHIBaeTCS YeHmMpom OKpecmuocmu,
BequuuHa (b—a)/2 HasbiBaetTcss paduycom okpecmrocmu. Ha puc. 3
u3obpaxkeHa OKPECTHOCTb (X,—&€, X,-+€) TOUKH X, C PagHycoM E&.

§ 5. ¥nopsuoueHHas nepeMeHHAs BeJHYHHA.
Bo3spacraomas u yGbiBaiomasi nepeMeHHbIE BEJHUHHBIy
OrpannyeHHasi nepeMeHHasi BEJHYHHA

Bynem roBopuTh, UTO MepeMeHHass X eCTb Ynopado4UeHHas nepe-
MEHHAS 6eAUvUHA, €CNTA H3BeCTHA O0GJIacTb U3MEHEHHUS 3TOH INepeMeH-
HOH BEJHYMHBHI H NPO KaxKjoe M3 JABYX JIIOOBIX €e 3HayeHW#l MOXKHO
CKa3aTh, KaKoe 3HaueHue Npejnlayllee H Kakoe mnocjepyoiiee. 31ech
NOHATHUS «IpeAblAyIiee» H «IOCJAeAyiomee» He CBA3aHEI CO BpeMeHeM,
a fABJSIOTC CHOCOGOM  <«yNOpsAJOYEHHs» 3HAUeHHH mepeMeHHOM
BeJIHYHMHBI, T. €. YCTAHOBJICHHS MOPSJKA COOTBETCTBYIOUIMX 3HAYEHHUH
niepeMeHHOH BeJHYHHBL,

YacTHBIM CJIy4aeM YNOPSIAOYEHHOH ITepeMeHHOH BeJIMYMHHL SIB-
JifieTcsl TMepeMeHHas BeJUYMHA, 3HaueHUs KOTOpPOH 06pasyioT 4ucao-
8YI0 NOCAE00BAMENLHOCMG Xi, Xy Xgy o0y Xy «». 30€Ch IPH R' < &
3HAUYEHHE X’ — «IPEJUIECTBYIOUIEE», a 3HAUEHHE Xj— «IOCJEAYIOILEey
HE3aBHCHUMO OT TOro, Kakoe M3 3THX 3HaueHHil GoJblue.

Onpepnenenue 1. IlepemenHass BenHunMHA Has3BIBaeTCs 603pa-
crarnoweti, ecii KaxJoe nocjenyiomee ee 3HayeHHe Gojbimie mnpeabi-
aywero ee 3Hauenus. [Tepemennasn BeqMuMHa HashiBaeTcs yoOvisaroujed,
€C/IH KaXKJOe ee HOcJeAyiolee 3HAaueHHe MeHblIe Npeablayiero.

Bospacraiomue nepeMeHHHE BEeNHYHHBI H YGHIBAIOLLNe NepeMeHHbIe
BEJMYHHB HA3LIBAIOTCA MOHOMOHHO USMEHAIOWUMUCS TIePEeMEHHBIMH
BE/IHYHHAMH HJIH BPOCTO MOHOMOHHLIME 6EAUNUHAME.
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Mpumep. Ipn ynsoeHun uncaa CTOPOH MPABWILHOTO BIHMCAHHOTO B KPYP
MHOrOYroJIbHHKa TJIOWaZib § STOFO MHOrOYTOJIbHHKA ABJIsieTC BO3pacTaloleii nepe-
MEHHOH BeauuuHOR. Iliomans, NpaBHIBHONO OMHCAHHOTO OKOJKO KPYra MHOTOYIOJbe
HMKa TNpH YABOGHHH YHCIA CTOPOH SIBJASETCA YOHBAOulel NepeMeHHOH BeJHYHHOMN,
3ameTHM, 9TO He BcAKas MepeMEHHas BEJIHUMHA ABJSETCS HElIpeMEHHO BO3pacTaio-
meit man y6mBaiomedi, Tak, HanpuMep, NepeMeHHAd x=S§in @, ecl1H G eCTh BO3-
pacraloiias BeJIMYHHa Ha orpeske [0, 2x], He ABJIAETCA MOHOTOHHON BeJMYHHOMH.
Ona cHauana Bo3spacraeT or 0 jol, satem yGmBaer or 1 o —!1 u, HakoHeu, Bo3pa«
craer or —1 720 0.

Onpenenenne 2. [lepeMeHHas BEJHYHHA X HA3LIBACTCH 02PAHU-
4enHoU, €cJU CYyIecTBYeT TaKoe MoctossHHoe uyuciao M > 0, uro Bce
fIoC/IeyIole SHAYeHHs NMepeMeHHo!, HayHHAas C HEKOTOporo, yAOB-
JetBopsioT ycaoBuio — M<K x<<KM, 1. e. | x| << M. Hnaue rosops,
nepeMeHHasi BeJMYHHA Ha3bIBaeTCSi OTPAHHYEHHOM, €CJH MOXHO YKa-
3aTb TaKofi orpesok [— M, M], uro Bce mociepyiomue 3HaUYEHHS
epeMeHHOH, HauHHas#A C HEKOTOporo, OyAyT NPHHALJIEKATb STOMY
orpesky. OgHako He clelyeT AyMaTbh, 4YTO NepeMeHHas BeJUYHHA
6yleT NpUHHMAThb HENPEeMEHHO Bce 3HaueHHs oTpeska [— M, M].
HanpuMep, nepeMeHHas BeJIHYMHA, NPHHEMAIOMIAsE BCEBO3MOXKHEIE
panHOHaJbHble 3HAYeHHs Ha orpeske [— 2, 2], orpaHuyena, TeM He
MeHee OHa He NpPMHHMAeT BCeX 3HaueHHd Ha [—2, 2], a uMeHHO
HppallHOHAJIbHBIX.

§ 6. dynkuus

Ilpu nsyueRHH pas/MuHbIX ABJEHHH NPUPOAH H PELICHHH TEXHHe
YECKHX 3ajla4, a CJeXoBaTeJbHO, H B MaTeMaTHKe HNPHXOAHTCA pace
CMaTpUBaTh H3MEHEHVE ORHOH BEJMYHHBI B 3aBHCHMOCTH OT H3MeHe-
Hus aApyro#t. Tak, Hanpumep, npu H3YYeHHH ABHKEHHSA MPOIJEHHBIR
IyTb paccMaTPHBAeTCH Kak NepPeMeHHasi, H3MEHsIoULasics B 3aBHCH-
MOCTH OT H3MEHEeHHs BPeMeHH. 3hech MPOHAEHHEIH NyTh €cTh ¢ Y HK-
L HA BPeMeHH.

Paccmorpum apyroii npumep. Hssecrno, ut0 nuomams Kpyra
BblpaXkaeTcsi uepes paguyc Tak: Q =nR:. Eciu pagnyc R Gyzer
TIpUHHMATh pasjiMyHble YHCJIOBbIE 3HAYEHHS, TO Iomagb Q TaKke
Gyner npUHUMATh Pa3/IMYHEIE YUCJIOBHE 3HaueHUs. TakuM o6pasoM, M3«
MeHeHHe OJHOi nepeMEeHHOH BJleyeT H3MEHeHHe APYroi. 31ech NJIOWALb
Kpyra Q ectb Qynknus paguyca R. CoopMysaupyeM onpeneneHue
MOHATHSA «QYHKIMSA».

Onpenenenune 1. Ecmu KaxaoMy 3HaueHHIO MepeMeHHOH ¥,
NpuHajJexallemMy HEKOTOPOH 06JacTH, COOTBETCTBYET OJHO OIpeje-
JICHHO® 3HaYeHHe APYTOA NEPEMEHHOR y, TO y ecTb (PyHKYus oT X
UJIH, B CHMBOJINYECKOH 3amMcH, y=f(x), y=¢(x) u T. m.

INepemeHHast x Ha3HIBAETCA HE3ABUCUMOL NEPEMEHHOL WIH apey-
MernmoM. 3aBHCHMOCTb NEPEMEHHBIX X H y HA3BIBACTCHA (YHKYUOHAND=
Hotl sagucumocmpto. BykBa f B cHMBO/IHUECKO# 3anHen (GyHKIHOHAb-
HO#l 3aBHCHMOCTH y = [ (X) YKasbBaeT, U4TO Haj 3HAUEHHEM X HYXHO
NPOH3BECTH KaKHe-TO ONepaluM, ytoObl NOMYYHTb 3HaueHHe y. BmecTo
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samucH y=f(x), u=¢(x) ¥ T. A. UHOTAA numyT y =y (x), u=wu(x)
HT. A.,T.€ OyKBH Yy, ¥ HT. A. 0OG03HAYAIOT H 3aBHCHMYIO MepeMeH-
Hyi0, ¥ CHMBOJI COBOKYNHOCTH ONepauuit Haj x.

3anuch y=C, rae C—nocrosinHasA, o6o3HayaeT dyHKuMIO, 3Ha-
YyeHHe KOTOpOH MpH Juo6GoM 3HaYeHHH X OIHO M TO e u paBHO C.

Onpenenenne 2. CoBOKYNHOCTb 3HAueHHH X, JAJS KOTOPHIX
ONpeeNAIOTCS 3HaYeHHsT (QYHKIMH y B CHJIY npaBHJa f (x), Ha3sIBaeTCs
obaacmeto onpedesenus Gynxyuu (WM 002aCMbl0  CYwyecmeosanus
Pynryuu).

ITpumep 1. ®ynxuna y=sin x onpejesneHa NpH Bcex 3Hauenusx x. Crexo-
BaTeJIbHO, ee 06J1aCThIO onpejenenus 6yaeT 6eCKOHeyHbIl HHTEPBAI — ® < X < .

3ameyanune 1. Eciu umeeM ¢YyHKUHOHANBHYIO 3aBHCHMOCTb
JBYX TepeMeHHbIX BeJMUMH ¥ U y=/(x) H ecqu x H y=f(x) pac-
CMaTpHBaTh KaK YNOPSAOYECHHBIE NepeMEeHHHe BeJHYHHH, TO U3 ABYX
sHaueHHH OGyHKOMH y*=f(x*) u y**={f(x**), COOTBETCTBYyIOLIHUX
JBYM 3HQUEHHSIM apryMeHTa Xx* H Xx**, NOCJENYIOIUM 3HayeHHEM
($YHKUHH GyJeT TO, KOTOPOe COOTBETCTBYET MOCJEAYIOLIEMy SHAUEHHIO
aprymenra. [TosTomy ecTecTBeHHO, HanpuMep, CleAyOLIEe ONpeieIeHHE.

Onpenenenue 3. Ecim dynkuus y=f(x) TakoBa, yTo 60Jb-
IIeMy 3HAYEHHIO apryMeHTa X COOTBETCTBYeT GoJbiluee 3HayeHHe (yHK-
UM, To QyHKUHS y = f (X) HasbiBaeTCs 803pacmarowyeti. AHaJOrHYHEIM
obpa3oM onpejensercs ybusarowas GyHKIUS.

Mpumep 2. Oynxnua Q=nR? npu 0 < R < + o ecTs dpynxuus Bo3pa-
craomasi, TaKk Kak GoJplieMy S3HaueHH10 R cooTseTcTByeT Goubiuee sHaueHue Q.

3ameuanue 2. HMHorna B onpeseseHuH NOHATHA (YHKIHH
JONYCKaIOT, 4YTO KaXJOMy 3HAYEHHIO X, IPHHAJJEKaleMy HEKOTOPOH
06/1aCTH, COOTBETCTBYeT HE OJHO, a HeCKOJbKO 3HaueHuil y WM
Aaxe OECKOHEUHOE MHOXKECTBO 3HaueHHH y. B stom cayuae ¢ynk-
LHI0 Ha3BIBAIOT MHO203HAYHOL B OTJUYME OT ONPEAEJEHHOH BhINIe
(yHKIHH, KOTOPYIO Ha3HBalOT 00HO3Ha4Hol. B panbHefimeMm, rosops
O pyHKLMH, MBI GyJIeM HMETb B BHJY TOJbKO OAHO3HAaYHE € (yHK-
mud. Ecau B cuny Heo6XOAMMOCTH NpPHAETCS HHOTJAA HMEThb JeJo
C MHOTO3HAYHLIMM (PYHKIHSMH, TO Mbl OyJeM JefaTh ClelHajJbHBE
OTOBOPKH.

§ 7. CnocoGbl 3ananus (PyHKUHH

1. Ta6auuynbelt cnoco6 3aganusa ¢yHKUHH [Ipu sToM
trnocofe BLIMMCHIBAIOTCS B ONpEJEJEHHOM MNOPAJKe 3HAYeHHsl apry-
MEHTa X;, X, ..., X, H COOTBETCTBYIOIIHE 3HAaYeHHS (YHKIHH
yl’ yz’ sy yn:

x xi PO PR I

y g1 Y2 s o v oo Yn
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TakoBbl, Hanpumep, TaGJuubl TPHTOHOMETPHYECKHX (DyHKIHH,
TaGauubl JOrapudpmMoB H T. A.

B pe3syJbTaTe 3KCNEPHMEHTAJbHOI'O H3YYEHH A ABJIEHHH TaKXe MO-
TYT DOJYYHTbCS TaGJMUBI, BbIpaxkawouiie QyHKIHOHANbHYIO 3aBHCH-
MOCTb MeXJAY H3MepsieMbIMH BeJHYMHaMH. Tak, Hanpumep, B pe-
3yJibTaT€ H3MEpPEHHA TEeMIlepaTypHl BO3AyXa Ha MeTeODOJIOI‘quCKOﬁ
OJoaAKe B ONPefeeHHb JeHb MOJydyaeTcs cjefyiomas Tabavua:

3uauenue memnepamypor T (6 epadycax) e sasucumocmu om spemenu
(6 uacax)

T 0 —1 —2 -2 | —-0,5] 1 3 3,5 4

dra Tabauua onpexenser T kak ¢yHKuuio f.

II. Tpadnueckuit cnoco6 3aganus GyHkuuu. Ecan
B NPSAMOYTOJbHOH CHCTeMe KOOPAHHAT HAa NJIOCKOCTH MMeeM HeKOTo-
pYyi0 COBOKYNHOCTb ToweK M (X y), TpPH 3TOM HMKaKHe ABE TOUKH
He JIeKaT Ha OfHOH npaMol, napaJgenbHoil ocH Oy, TO 3Ta COBO-
KyMHOCTb TOYEK ONpejeNsieT HEKOTOPYI0 OJHO3HauHYl (YHKIHIO
y= [ (x); 3HaueHHsAMH apryMeHTa sBJSIOTCA aGCUHCChl TOYEK, 3Haye-
HUSIMH (YHKIUH — COOTBETCTBYIOLIHE OpAH-

HaTel (puc. 4). 9N\ yrw
CoBOKYNHOCTb TOueK mjockoctH xOy,

abcuucchl KOTOPLIX SABJIAIOTCA 3HAYCHHAMH 7

HE3aBHCHMOH IepeMEeHHOH, a OpAMHATHI— , o

COOTBETCTBYIOIMMH 3HAueHHsAMH (DYHKIMH, 9] z z

HasbIBaeTcs epagurxom JaHHOH QYHKIHH.

III. Anmanurnueckuét cmnocob
saganus ¢(yHkuuH. CHavana pasbpsiCHUM IMOHSATHE «aHAJHTH-
YyecKoe BbIpakeHHe». Anasumuueckum eoipasiceruem Gynem HasbiBaTh
CHMBOJIMUECKOEe 0003HAUEHHE COBOKYIMHOCTH H3BECTHBIX MaTeMaTHuec-
KHX omepaiuii, KOTOpPble NPOW3BOAATCS B ONpEAeNeHHOH Mocjaeno-
BaTeNbHOCTH HaJ YHCJaMM H GyKBamH, 0OO3HAUAIOUIMMH IMOCTOSIH-
Hble WJIH TepeMeHHbIe BeJIHUHHbI.

OTMeTHM, YTO MNOJ COBOKYNHOCTbIO H3BECTHBIX MaTeMaTHUYECKHX
onmepauuifi OyAeM NOHHMAaTb He TOJbKO MaTeMaTHYeCKHe ONepanmy,
H3BECTHBIE H3 Kypca cpefHeil MIKOJBI (C/IOXKeHHe, BHYHTAHHE, H3BJe-
yeHHe KOpHA M T. 1.), HO H Te, KOTOpbie OYyAyT ONpeAeNsiThbcA IO
Mepe H3yueHHsI Kypca.

AHa/MTHYECKHMMH BBIpaXKEHHSIMH, HanpHMmep, SBAsIOTCA X*—2,
(Ig x—sin x)/(5x2+ 1), 2*—V'5F3x u 1. &.

Ecnn ¢yHkuMoHanbHast 3aBHCHMOCTb y=f(x) TakoBa, 4ro f
0603HayaeT aHANMTHYECKOE BBIPAXKEHHE, TO TOBOPAT, UTO DYHKHUS
Y OT X 3a0aHQ QHAAUMUHECKU.

Puc. 4.
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[Mpumepst ¢yHkuui, sagamubiX aHamuTHueckKu: 1) y=x'—2,
2) y=(x+1)(x—1)Y, 3) y=V1—x, 4) y=sinx, 5 Q=nR*
HT I

3nech GYHKUMH 3ajaHbl aHAJHTHYECKHU C TTOMOIIbI0 OAHOH HOPMY JIBL
(mox opMysiOH NMOHMMaeTcss PaBeHCTBO ABYX aHAJHTHYeCKHX Bhipa-
JeHuH). B TakHX ciyyasXx MOXKHO TIOBOPHTb O €CTECTBEHHOH
o6/acTH onpeneneHus: QyHKIHH.

Ecmecmeennotl obaacmeto onpederenun ¢ynkyuu, 3agaHHOR aHa-
JIUTHYECKH, SBJSAETCS COBOKYNHOCTb 3HaueHHH X, NpPH KOTOPBIX
cTosiliee cOpaBa aHAJIMTHYECKOE BHIpDAKEHHE HMeeT BIOJIHE onpeje-
JieHHOe 3HaueHHe. TaK, eCTeCTBEHHOM O0G/IaCTbi0 ompenesieHHs (PyHK-
HUH y=x*—2 sBNsieTcsl GECKOHEYHBIH HHTepBal — oo < X < + o0,
TaK Kak (QyHKIHUA onpejenserTcsi NPH BCeX 3Ha4YeHUsaAx x. DyHKuus
y=(x+1) (x—1)"* onpeneneHa npu Bcex 3HaYEHHUAX X, KpOMe 3HA-
yeHus x=1, Tak KaK NpH 3TOM 3HaueHUH 3HaAMEHaTejib OGpauiaeTcs
B Hymb. Jna byHKUuuM y-—--l/l——x2 €CTECTBEHHOH 00JIaCThIO ompe-
jgenenus Oyaer orpesok — 1<Cx<{1 u 1. A.

Z 3ameuanune. Muorna GuiBaeT HyXHO pac-
A CMaTpHBaTh He BCIO €CTECTBEHHYIO 06JacTh OIpe-
JeJieHHsl QYHKIMH, a TOJIBKO HEKOTOPYIO ee 4acTb.
Tak, 3saBucumocTb miomanu Q Kpyra or paguyca
R onpepensiercsi pynrnueit Q = nR2. O6/acTbio
onpeseseHHs JaHHOH (YHKIHH NPH PacCMOTPEHHU
JaHHOrO I'eOMETPHYECKOro Bompoca sBJjsercs Gec-
KoHeuHbit uHTepBan 0 << R < +-o0o. EcrecTBen-
HOH Ke 00/1aCTbiO onpejeseHHsl AaHHOA (yHRKIHH
y; ABJAeTC GECKOHEeUHBIH HHTepBal— oo < R <
< +-00.
Puc. 5. Ecmu ¢yukmus y=f(x) 3amaHa aHaauTHyec-
KH, TO OHa MOXeT GbiTb H306paxeHa rpaduuec-
KH Ha maockoctu KoopauHat xOy. Tak, rpadukom ¢yHKHUH y = x?
ABNfeTcd mapa6osa, H300paxkeHHass Ha puc. 5.

I=z.

0\ {

§ 8. OcHoBHble 9neMeHTapHble (YHKUHH. OJieMeHTapHble (YHKUAK

OcCHOBHOIMU INEMEHMAPHOIMU (PYHKYUAMY HA3BIBAIOTCS CJAEAYIOUHE
aHaJHTHYECKHM cHocoGoM 3ajaHHBe QYHKIHH.

I. Cmenennds ¢ynxyus y=x*, rae o.— AeHCTBUTEIbHOE YHCIIO®),

I1. ITokasamenvnan ¢ynkyus: y=a*, rie a—rmoJOXHTeJbHOe
YHCJIO, HE PaBHOE eRHHHILIE.

III. Jloeapupmuueckan pyrxyus: y=1og, x, rie oCHOBaHHE JIOTa-
pupMOB @ —IOMNIOKHTEIbHOE YHCJIO, HE PaBHOE ENMHHIIE.

*) Mpu & uppanuHoHaNbHOM §Ta GYHKIHS BHIUHCASAETCH nyTeM JorapHpMHPO-
Bauus ¥ notenuuposanua: logy=c log x. Ilpn sroM npeanonaraercd, 4to x > 0,
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IV. Tpueonomempuseckue ¢pynxyuu:
y=sinx, y=cosx, y=1igux,
y=ctgx, y=secx, y=cosecx.

V. Obpamnsie mpuzonomempuseckue pynxyuu:
y=arcsinx, y=arccosx, y=arclgx,
y = arcctg x, y = arcsec x, y = arccosec x.

Pacemorpum o6nacti onpefenenusi M rpadhuKH OCHOBHHIX 3JEMeHs
TapHEIX (yHKUHI,

CreneHHnas QyHKROuA, y=x=*

1. a—nenoe nosoxurenbuoe uncao. OyHKIUs onpeneneHa B Gec-
KOHEYHOM HHTepBaje — oo < x < +oo. I'papuku ¢QyHKUHH B 3TOM
c.nyqag ﬂp}; HEKOTOPLIX 3HaueHHAX & HMEIOT BHJ, H306pa)keHHLIH Ha
puc. 6 u 7.

N peat A
0
3
7 @z
7 r
Puc. 6. Puc. 7.
4
7} 29
=L
y-z¥
7 > 7] z
7 2
Puc. 9. Puc. 10. Puc. 11,

2. a—uejoe oTpunaTesbHoe uHca0. B aToM cayuae dyHkuus
onpejeneHa NpH BCeX 3HaueHHAX x, kpome x =0. I'papuku ¢ynkunit
NpH HEKOTOPHIX 3HAYEHHSX O HMEIOT BUJ, H306paxKkeHHH Ha puc. 8u 9.

Ha puc. 10, 11, 12 uso6paxkeHbl rpaguku cTeneHHOH GyHKIHH
NpH JAPOGHO-PAHOHAJILHEIX 3HAUEHHSAX C.

ITokasartenbrHass byHKnusd, y=a*, a>0 u as=1. dra
(YHKUHsl ompejeseHa NpH BceX 3HaueHHAX x. [paduk ee umeer Bua,
u3o6pakeHHmIl Ha puc. 13.
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JMorapupmuueckas pyHruns, y=Ilog,x,a>0unag+1l.
dra ﬁyﬂxunﬁ onpeaenena npu x>0. I'paduk ee HsoBpaxkeH Ha
puc. 14.

Tpuronomerpuueckne ¢yHkunu. HesaBucumas nepe-
MeHHas X B QopMyJax y=sinx U T.A. BHpaxaercs B pajHaHax.

» Bce mnepeuncieHHble TpUroHoMerpuueckne ¢yHK-
F=z”  uuu—rnepuoauueckue. Chopmyaupyem obiee omn-
7l pefiesieHne MepHOANUECKON (BYHKIUHU.
Onpepenenune 1. Oynkuus y=Ff(x) Ha-
Z 3BIBAaeTCsl Nepuodu4ecKoil, ecliv CymecTByeT TaKoe

g nocrosiHHoe 4ucyo C, or npuGaBieHHs (MJIH BHI-

YHTaHHS) KOTOPOrO K apryMeHTy X 3HaueHHe

Puc. 19 ¢ynkuuu He usmenserca: f(x+4C)=f(x). Hau-
ue. 12.

MeHbllee TaKOe YHCJIO HasblBaeTC nepuodom
¢yHKUMY; B AanbHelmem GyaeM o603HavyaTh ero 2/.

U3 onpeneneHusi HENOCPEACTBEHHO CJeAyeT, YTO y=sSinx ecThb
nepuoanyeckas GyHKuMsA ¢ nepronoM 2m: sinx = sin (x+ 2n). Ilepuog
cos x Takxke paseH 2n. [lepnoa dynkumit y=tg x u y=ctg x pasex m.

zr 2 2
G N 22,8 .
25/04_ 0372 71
ylog, &
7 f e I
R B B e
Puc. 13. Puc. 14.

DyHKUMH Y= sin X, §==COS X ONPeJe/eHbl NPU BCEX 3HAUCHHSX X;
dyHkunn y=1tgx U y=secx ONpeNeseHbl BCIOAY, KpOME TOUeK

x=Qk+1)5 (k=0, £1, &2,...);

¢dynkuuu y=ctg x H y=cosec x onpejeseHbl NPH BCeX 3HaYeHHSX X,
KpOMe TOYeK
x=kn (k=0, £1, +2,...).

I'paduKH TPHTOHOMETPHUECKUX (pyHKUHMA H30GpaxeHsl Ha puc. 15—19.
O6parHbie TpHUroHOMeTpHYecKHe QyHKIHMH OyAyT HaMH NOAPOGHO
PaccMOTPEHbI NO3/HEE.
Beenem, najee, moHstHe (yHKuMH OT dyHKuuH. Ecom y sBasercs
dyHKuMel OT u, a 4 B CBOIO OYEpe/b 3aBHCHT OT NEPeMEHHOH X, TO
y takxe sasucutr or X. Ilyete y=F(u) u u=9¢(x). Tlonyuaem
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GyHKIMIO Y OT X:
y=Fle (0]
Mocnepuss GyHKUMS HasbiBaercs yukyued om QyHKYUU UM
croouoll ynkyued.

i . 4
I S F=tsz
[
N e~ ANy,
7
Puc. 15. Puc. 16.
Iy paz ! =iy
i i
1/1z iz i
Sz Iz LN e
= g e FENY FN
| |
Puc. 17. Puc. 18.

Mpumep 1. [Mycrs y=sin u, u=x? Pynguus y=sin (+?) ABIACTCH CIOK-
HOlM (QyHKOHMeH X.

3ameuanue. O6nacteio onpenenenns ¢ynkuun y=F[¢(x)]
ABJISETCS MJH BCs 0GJacTb onpejesieHHs GYHKIMH u=Q(X), HIH
Ta €€ 4aCTb, B KOTOpOﬁ onpene-
JSIOTCST 3HAaueHUsl %, HE BHIXOAs-
e Hu3 obJiacTu olnpeaeyeHH s1
¢ynxuun F (u).

Mpumep 2. OGnacTuio ompepe-
nemns_ pynkumn y=VI1—x (y=
=V u, u=1—x%) sBaserca OTpesoOK 2 s - v
[—1, 1], Tak kak © <0 npu [x|>1 ~Z g A S 4
H, cagpoBateasHo, ¢yHkuus ¥V u  He =7 7N
onpefieieHa NP 3THX 3HaUEHHAX X (XO- /
T8 QyHKLESA ©=1— 2 onpefieieHa NpH !
BCceX 3HaueHusx x). I'pajukem sToit "
(byHKLME SIBJSETCA BepXHAS MOJOBHHA

OKPYXHOCTH C LDEHTPOM B Hauajne Ko- Puc. 19
OPAMHAT H PajUyCoM eXHHMIA. T

Fser g, T

1 1
/ \

~dZ N,

o i
77N
—
C ]

.--—-”

Onepanus «PyHKIHS OT QYHKIUHY» MOXKET MPOU3BONUTLCS HE OMH,
a mo6oe yucno pas. Hampumep, ¢yHruus y=Ig[sin(x*-1)] nony-
yaeTcsi B pesyJbTaTe CJAEAYIOLUMX Onepauui (ompeiesieHHs CJleRyo-
IUX (QYHKIHE):

v=x*41, u=sinv, y=Igu.
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OnpenenuM, janee, NOHATHE 3/MEMEHTapHOH (YHKIMH.
Onpenenenue 2, dremenmaproi yrxyuei HaspBaeTCH ByHK-
uMs, Kotopas MoxeT ObiThb 3ajaHa ofHOH (opmysoii BHAA Y= f(x),
rJie CripaBa CTOSIHEE BEIPAXKEHHE COCTABJIEHO H3 QOCHOBHHIX 3JI€MEH-
TapHbIX (QYHKUMHA H MOCTOSIHHBIX NPH IOMOIM KOHEYHOTO YHCJA Ole-
pauuil CNOXKeHHs, BHIYHTAHHS, YMHOXKEHHS, JAeNCHHS

r/4 U B3ATHA QYHKUUH OT (QYHKUHUH.

Ha ocHoBanuu ompezenenus caeayer, 4To 3ne-

MEHTapHble QYHKIHH SABJSIOTCS QYyHKIHSAMH, 3ajaH-
HEIMH aHaJIHTHYECKH.

Ilpumepnl s/eMeHTapHHX (YHKIM:

9 72 @ y=x1=V'?, y=V T ismz,
Puc. 20. y= lgx+4y/ x+2tgx
10*—xf10 °

Tlpumep HeanemeHTapHoit GyHKIuH:

Oynxnug y=1.2-3-....n(y=F(n)) He sBAAETCA 3NEMEHTAapHON, TaK KaK
KOJINYECTBO ONepanuil, KOTOPoe HYXHO NPOM3BECTH AJIA MOJYUYEHHA y, YBEJHYH-
BaeTCs C yBEJIHUCHHEM 7, T.e. HE #ABJAETCS OrPaHHYCHHBIM.

3ameuanne. Pynkuusa, nsobpakenHas Ha puc. 20, sBasercs
3JIEMEHTapHOM, XOTf OHa M 3ajJaéTcA C NOMOUIbIO ABYX GopMyJ:

fxX)=1x, ecim 0C<x << 1,
F)=2x—1, ecm 1<<x<<2.

1y dyHKOUIO MOXKHO 3a1aThb M OXHOH (opMYJIONi:
1 1 3 1 1 v/
f(x)=-g-(x—-§)—|—7|x-—l|=—2—(x—§-)+fl/(x——l)“

g 0 <Cx<<2. (CM. Takxke ynpaxHenus 130—144 x ra. V)

§ 9. AareGpanyeckue GyHKUHH

K uucny aareGpamueckHX OYHKIMHA OTHOCATCS SJEMEHTapHHE
GYHKUMH CHENYIOUEro BHAA:

1. llenas panvmoHanbHass GYHKUHS HAL MHOTO-
YJeH

Yy=ax"+ax""*+...+a,,

The a4, ay, ..., @,—TOCTOSAHHbIE WYHCJA, Ha3bIBaeMHe K03puyuen-
mamu; n—uejnoe HEOTPHLATENbHOE YHCJO, HA3HIBAEMOE CMeENneHsio
muoeounena. OueBHIHO, YTO 3Ta (YHKIMS ONpejeneHa NpH Bcex
3HAYEHHAX X, T.€. onpejeneHa Ha GECKOHEYHOM HHTepBaJje.

Npumep 1, y=axt-b—aunednas ¢ynxyus. Fpu b=0 nuneiinas ¢ynk-
NS y=ax BHpaXaeT NpPAMYyI NPONOPUHOHANBLHYIO 3aBHCHMOCTb ¥ OT x. Ilpm
a=0 ¢yBxunsa y=>=b eCTb NOCTOAHHAA.
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Mpumep 2. yg=ax?-|bx~c—«readpamuunas pyuryus. Fpadux Ksagpa-
THIHON (YHKHUK ecTh mapaGosa (puc. 21).

JTH PyHKUNN HOAPOGHO PacCMATPHBANNCH B 2HANNTHYECKOH reOMeTPHH,

II. A po6Has pannonanbHasa GyHKLHUs. Ora QyHKIHA
onpexessiercs KaK OTHOIIEHHE ABYX MHOTOUYJICHOB:

_ apx*tapxr-l4...4-qa,
Y= porntbpm it Fbn

JlpoGHoit panuoHanbHON (yHKuUMell sBisiercs, HanpuMep, (yHKUHSA
y=a/x, BHpaxaomas OGPaTHY0 NPONOPUHUOHAJIBHYIO 3aBHCHMOCT.
Ee rpaduk H3o6paxkeH Ha pHc. 22. Z Z
OueBHAHO, 4TO JApoGHAs  pauuo- a>0 a7
HaMbHAsA (QYHKIUS ompeneseHa MpH

BCeX 3HAYEHHAX X, KpoMe TeX, NpH

KOTOpbIX 3HaMmeHaTesnb obpamaercs

B HY/Jb. 4 174 Z
IIl. MppaunuoHaabHad

dynruus. Ecm B dopmyne y= a a)

=f(x) B npaBoii 4acTH MNPOH3BO- Puc. 21.

AATCA ONEPALMH CIOXKEHHS, BHIUMTa-
HUf, YMHOXEHHsl, NeJeHHs M BO3BEJEHHS B CTeNeHb C pallOHaJb-
HBIMH HeleNbIMH TOKasaTedsMH, TO (QYHKLUHSI y OT X Ha3biBaercsd
UPPAYUOHANLHOU. _
2 —
[IpuMepsl WppaUMOHAMbHHX (DYHKIHUIL: y=-2‘—’}—'l"__l-?-V5_x—’:-, y=Vx

H T.I.
3ameuanue 1. INepeuncienHsile TpH BHAa anreGpaHyecKHX
GyHKuMA He MCYepNLIBAIOT BCEX ajareGpauvyecKHX QYHKIHH. Anze-
6pauveckoil pyrxyuell Ha3bi-
7 4 Baercs mobas QyHKuUS Y =
az0 a0 = f (%), KoTOpas yJOBIETBO-
psieT ypaBHEHHIO BHAA

= Py(x)y"+ Py ()y"~*+...
ve e+ P (0)=0, (1)

a &) rae  Py(x), Py(x), ...
<+ y P,(x) — HeKOTOpHIE
Puc. 22. MHOTOYJIEHH OT X.

MoxHO JOKasaTbh, 4TO

Kaxpas u3 yHKUUH NepedHCIeHHBIX TPeX BHAOB YAOBJETBOpPSAET He-

KOTOpOMY YypaBHeHHIO Buja (1), HO He Bcsikasd (DyHKUHMS, YAOBJIETBO-

psiouiast ypaBHeHHIO BHAa (l), fiBisercas ¢yHKIMe# OZHOro W3 me-

peuHcTeHHbHX BHJOB.

3ameuanue 2. DyHKUMA, He SBJAIOMAACA anreGpauueckoil,

HasbIBaeTCA MPAHIYEHOeHMHOL.

IMpumeprl TpaHcUeHASHTHHIX (yHKuuA: y=cosx, y=10¥ u T.m.
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§ 10. INonspHas CHCTEMa KoopauHaT

Ilonoxenue TOYKH HA MJOCKOCTH MOKHO OINpeJesUTh C MOMOLLbIO
TaK Has3biBaeMOH NoAApHOL cucmembt Koopouram.

Ha nJjockoctn BbIGHpaeM HeKoTOpyld Touky O, HasniBaeMylo no-
A10COM, W BHIXOASIYI0O H3 3TOfl TOYKH MOJYNPSAMYIO, Ha3LIBaeMYIO
noaaproii ocoro. Tlonoxenne Toukn M Ha IJIOCKOCTH MOXHO OIpe-
JeJTh ABYMsl YHCJIaMU: YUCJIOM O, BEIPAXKAIOIUM PacCTosiHue Touku M
OT NOJIOCa, H UYHCJOM (— BEJMYHHOH Yrja, 06pPasoBaHHOrO OTpes-
KoM OM ¢ monsipHo#t ockio. ITonoxnTeNnpbHLIM HanpaBJeHHeM OTCYeTa
yria ¢ CUATaeTcsl HanpaBJ/IeHHE NPOTHB YacoBOW CTPeNKU. Umcna p
H @ HasbLBAIOTCA noAApHbimu koopOunamamu Toukn M (puc. 23).

7 {\
N M

> A

A (3
»

w>0 2 £ -2
) 4 g Z=0008 @
Puc. 23. Puc. 24.

Paauyc-ektop p OylneM Bcerja CuMTaTh HeOTpHIATeJbHHIM. Ecimn
NoAApHBIA yros ¢ Gparb B mpejenax 0<C ¢ < 2x;, TO Kaxpod Touke
NJIOCKOCTH, KpOMe NOJI0Ca, COOTBETCTBYET BIOJIHE ONpejeseHHas napa
uyncen p 4 . Jas momoca p=0, ¢ — npoussoJbHOE.

YcTaHOBUM CBSI3b MEXAY MNOJIIPHBIMHU H HPSMOYTOJNHHHIMH JieKap-
TOBLIMH KoopjuHaTaMu. ITycTh Hauaso mpsiMOYroJibHOH CHCTEMBI KO-
OpPAHHAT COBNAJ@eT C MOJIOCOM, a MNOJIOXKHTeNbHOE HalpaBJeHHe OCH
Ox —c noasipHofi ocelo. M3 puc. 24 HemocpeicTBEHHO CjenyeT:

X=pcosQ, y=psing

H, 06paTHo, p= Vx”—l— ¥, lgo=yx.
Ilpumeuyanue. [Ipu HaxoXJEHUH @ HYKHO YUHUTHIBATh, B KaKOH
YeTBEPTH HAXOAMTCS TouKa, H 6PaTh COOTBETCTBYIOMlEE 3HAYCHHE Q.
YpaeHenue p = F (9) B IONSIPHOH cHCcTeMe KOOpPAMHAT oOmpenenser
HEKOTOPYIO JIHHHUIO.

INpumep 1. YpaBHenne p=a, rae a=const, onpefenser B NONAPHHIX
KOODAHHATaX OKPYXHOCTb C LEHTPOM B NOJIOCE H PajuycoM @. YpaBHEHHE ITOH
okpyxHocTd (pHC. 25) B IPSMOYroJIbHOM CHCTeMEe KOOPAMHAT, PaclOJOKEHHOH TaK,
KaK ykasaHo Ha puc. 24, Gyzer V x*F-y2=a wau x2 12 =a?.

pumep 2. p=a@, rae a=const. CocraBuM TaGauny 3HayeHUd P NpH
HEeKOTOPHIX 3HAYCHUSAX @:

o0 n/4 /2 3n/4 n 3n/2 2n 3n 4n

p f 0] ~0,78a| ~1,57a | ~2,36a | ~3,14a | ~4,71a | ~6,28a |~9,42a| ~12,56a
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CooTBercrpyiomas KpuBas u300paxeHa Ha puc. 26. Sta Kpupasg Ha3bIBACTCH CnU-
paasto Apxumeda.

pumep 3. p=2acos@. ITo ypaBHeHHe OKPYXHOCTH pajuyca @, UEHTD
KOTOpOii HAXOEMTCA B TOuKe po==a, =0 (puc. 27). Hanuwem ypasuenue sTok

Zh

. -
AA @ /l;- et

7 iz &

Puc. 25. Puc. 26. Puc. 27.

OKPYXKHOCTH B NPAMOYTOJbHHX KoopAauHaTax. [ToActaBngas B JaHHoe YpaBHeHue

=V #F17, cos qazv.—:——-z-, GylieM HMeThb Vx2+y2=2a7—:—7
x4 y2—2ax=0. Fry wt

HIH

YopaxuHenusn kK raase |

1. Nana ¢yuxuus f(x)=x2+6x—4. TIposeputs, uro f(1)=3, f(3)=23.

2. f(R)=x241. BbNHCJme 3Haqemm a) [ (4). Oms. 17. 6) [ (V 2). Oms. 3.
B) f(a+1). Oms. a®+2a+2. 1) f(a)+1. Ome a2+2 n) f(a®. Oms. a*+-1.
e) [f(a)]2 Oma. a4+2a2—|—1 X) f(2a) Ome 4a% 1.

@ (x)=(x—1) (3x45)—1. Hanucate Bupaxenus ¢ (1/x) n 1/@ (x). Oms,

¢(l/x) (I—x) 3+5%)~%; 1/@ (x) =(3x+5) (x—1)~*.

L y(0)=V 214 HanucaTb Boipaxenust P (2x) u P (0). Oms. P (2x) =
=2V 24 T; $(0)=

5. f(8)=tg 0. ITpoBepuTs paBeHcTBO f(29)=.T2f[;%).]_2.
6. p(x)=1lg i . Iposeputs pasenctBo @ (2)+¢ (b) = a+:b

7. f(x)=lgx; (x)_x3 Hanucarb BHpAXKeHHS: a) f[(p (2)1. Oms. 31g2,
6) f[q>(a)] Oma. 3lga B) @[/ (@)]. Oms. [Iga]®.

. Haiitu ecrecTBennylo o6nacte onpenenenus ¢yuxuun y=2x241. Oms.
—o0 < x < 4o,

9. Hajitu ecrectBenHbie oGnacTu onpejeseHus (GyHKuuit: a) YV 1. Om.

—l<x<+1.6) V3fz+y/ T—x Oms. —3<x<T.8) 3/ x+a—3/x—b.

Oms, —wo < x< 4. T) +i. Oms. x #a. n) arcsin®x. Oms. —l<<x<l.

e) y=Igx. Oms. x > 0. x) y=a* (@ > 0). Oms. —w <.x <+ 0,

Mocrpouts rpaduxu GyHKIUMA:

10. y=—3x45. 1L y=§x2+l. 12, y=3—2x%. 13. y=x242x—1,
14. yTl/(x—l). 15. y=sin2x. 16. y=cos3x. 17. y=x2—4x}-6. 18 y=

=1—" 19. y=sin x+%) . 20. y=cos (x—%) . 21, y=tg§-x 22, g=
=ctg(x/4). 23. y=23%. 24, y=2-%2,25. y=1log, (1/x). 26. y=x3-4-1. 27. g=4— 13,

28 y=1/x% 29, y=1% 30. y=15. 3. y=V x. 82. y=(V %) 83. y= /.

NS
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4. g=[x|, 35 y=log, |x]. 386. y=logy(1—x). 37 y=3sis (2:—}—%).

38, y—4 cos x+-;£).
39. MNoctpouts rpadur ¢yuxuun f(x), onpenesennoidr Ha eoTpesxe [—Ig 1)
caenylomuM o6pasoM:
fR)=14x nmpu ~1<rx<0)
f(x)=1—2x nmpp O0<<x< 1.

40. Tloctpouts rpajux oysknun [f (x); onpefiencnHoli Ha oTpeake [0; 2]
eieAyiomuM 0GpasoM:
=2 mn I<x<y
f(x)=x nmpn lexg2,
ITocTpouTs KDHBEIE, AaHHHE NONAPHHIMM YPaBHEHHSMH?
41, p=ajp (sunepboauseckas cnupass). 42, p=a® (wo0zapudmuseckes cna-
paav). 43. p=aV cos2¢ (aemnuckama). 44, p=a(l—cos@) (xapduouda).
45. p=asin 3¢.



FIABA II
MPEAEJI. HENPEPBIBHOCTD & YHKLHHA

§ 1. Npepen nepeMeHHON BeJTHYHHBI
BeckoHe4yHO GoJbllag nepeMeHHas BeJIHYHHA

B srom mnaparpade Mel GyaeM paccMaTpuBaTh YMOPsiIOYEHHBIE
nepeMeHHbe BeJUYHHE!, H3MEHSIOmKeCs CrennalbHeIM 06pasoM, KOTo-
pHii OmpefensieTcs TEPMHHAMM «IepeMeHHas BeJMYHHA CTPEMHTCA
K npeneny». Bo Bcem panpHefimmeM Kypce NOHsATHE Npeiesa MNepemMeH-
HO# OymeT urpaTh (QyHAaMEHTaJbHYIO pOJb, TaK KaK C HHM Hemo-
CPEJCTBEHHO CBSI3aHH OCHOBHBIE MOHATHS MATEMaTHYECKOTO aHa-
Jiu3a — NPOU3BOJAHAs, HHTErpasj u Ap.

Onpenenenue 1. [NoctosiHHOE YHCO @ HA3BIBaeTcs npederom
nepeMeHHOM BENMYMHBI X, €CJMUM IJI KaXAOro Hanepex 3aJaHHOTO

NPOM3BOJIHO  MaJOro  MNOJOXKHTEJIbHOrO P
HHC/Ia € MOXHO YKasaTb TaKOoe 3HaueHHe *; S = A e
nepeMeHHOH X, 4TO BCE MOCJEAYIomMe 3Ha- C[’a:/-al
YeHHA nepeMeHHOH OYyXyT yJOBJIETBOPSTH Puc. 28.

HepaBeHCTBY |x —a| < e.

Ecnu yHC/IO @ ecTb npeiesl NepeMEHHOH BEJUYHHBI X, TO TOBOPAT,
YTO X CTPEMHTCA K mpejely @, U OHWYT x—a W limx=a#¥*).

B reoMeTpHyecKuX TepMHHaX oOIpeJe/seHHe Impejesa MOXeT OblTh
chopMyTHPOBAHO CJEAYIOMIUM 00pas3oM:

ITocTostHHOE UMC/IO @ ecTb npedea nepeMeHHOH, ecau AJja moGOR
Hamepes, 3aKaHHON KaK YrojHo MaJioi OKPeCTHOCTH C LIeHTPOM B TOUKE 4
H pajuycoM & HaiJercs Takoe 3HauyeHHE X, UTO BCE TOYKH, COOTBET-
CTBYIOIIME MOCJEAYIOUIHM 3HAYECHUAM NepeMeHHOH, GyAyT HaXOZHTHCSH
B 9TOi OKpecTHocTH (pHc. 28). PaccMoTpuM HecKOJbKO MPHMEpPOB
nepeMeHHBIX, CTPEMAIUXCA K Npejeny.

MMpumep 1. Tlepemennast BesMUHHA X MOC/EAOBATE/bHO MIPHHUMAET SHAYCHHN

1 1
=141 s=ldg, n=ltg, ay G=lds, .

*) glims ecTs CORpameHWe AATHHCKOro cnosalimes—npezen.
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HoxaxeM, 9T0 5Ta NepeMennas BeNWUWHA HMeEET Npejes, paBHHI eaunuue. HMmeem
1 1
14—=)—1|=—.
( + n ) n
Hnst moGoro € Bce mocienyiomue 3HAaYeHWsT NEDEMEHHOHN, HayMHas C HOMepa n,
rie 1/n < e, mm n > 1/, GyAyT yAOBNETBOPATH HepaBeHCTBY | x,—1| < €, uTO

u Tpe6oBaNOCh ROKa3aTb, 3aMeTHM, YTO 3/leCh NepeMeHHas BeJHYHHA CTPEMHTCS
K npejeny, yGhiBas.

I pEMepD 2. Hepemeﬂﬂaa BeJHYNHA X NIOCJENOBATE/IbHO NPHUHHUMAET 3HAYEHUA

lx,,—l I=

1 1 1 1 1
x1=l-—2—, x2=1+'§T5 X3=1—F, X4=1+—2'4—, o0y x,,=1+(——1)”2—n, oo
Ara nepeMeHHass MMeeT INpefie], paBHLI €fHHHIE. JleficTBuTeIBHO,

[ta—LI=](1+(=1)"/2")—1|=1/2"

Jas aioGoro €, HaunmHast C HOMepa 1, YJAOBJETBOPSIOMIETO COOTHouenuio 1/27% < e,
H3 KOTOPOTIO CJEAyeT

2%>1/e, nlg2>lg(lje), wm n> lg](glée)’

BCE NMOCJeAyIOmue 3HaueHHs] ¥ GyAyT YHOBJIETBOPATh COOTHOWeHHIO |x,—1] < &.
OTMeTHM, uTO 3leCh 3HAUEHWS NepeMeHHON BeJUuYHHH TO GoJblue, TO MeHble
npenena. [lepemeHHast BenuuyuHa CTPEMHTCSA K Npefeny, «KOJeGasACh BOKPYr Hero».

3ameuanue 1. Kak yxkasmBanocs B § 3, ra. I, nocrosiHHyio
BEJMUHHY ¢ YaCTO PacCMaTPHUBAIOT KaK IePEMEHHYIO BEJHuYMHY, BCe
SHAUEHHs1 KOTOPOH OAHUHAKOBHI: X=C.

OueBHHO, YTO NPENEN MOCTOSIHHOM OGYyAeT paBeH CaMoi MOCTOsH-
HOH, TAaK Kak BCErJa BINOJHSETCS HEePaBeHCTBO |x—c¢|=|c—c|=
=0 < e npu mo6om e.

3ameuanne 2. M3 onpenenenns mnpejena ciaefyer, 4ro mepe-
MEHHas BEJHYMHA He MOXKeT HMeTb JABYX npejenoB. llelicTBuTeNbHO,

-a‘
§ z5
< e e T
Zs 28 J— 1 u +—f
/4

5~ 1
8<7

Puc. 29. Puc. 30.

e limx=a n limx=>b (a<b), To X ROMKEH YAOBJECTBOPATDH
cpasy ABYM HepaBEHCTBaM

|x—al<eu |x—-b|<e

npu NpPOHM3BOJBHO MaJioM €, a 3TO HEBO3MOXKHO, €CNH & < (b—a)2
(puc. 29).

3ameuanne 3. He creayer AymaTh, YTO Kaxkjasi nepeMeHHas
peanunHa umeer npenen. [TycTh nmepemeHHasi BeIMYHHA X IOCJIEJOBa-
TeNbHO NPUHMMAET CJEAYIONHE 3HAYeHHS:

1 1 1 1 1
xl'.=_2—’ xz"l—T’ x,,=-8-, ey x2k=l—'2—2k', x2k+1=27m
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(puc. 30). Ilpu nocratouHo GosbiioM k 3HAYEHHE X,, M BCE TNOCJE-
Ayiollne 3HayeHHs C YeTHBIMH HOMepaMH OyAyT KaK YroAHO MaJjio
OTJIMYATbCA OT EIUHHUE, a CJefylollee 3HaUeHHe X,,,, W BCe mocJje-
AylouMe 3HAYeHUS X C HeYeTHbIMH HOMepaMH GYAYT KaK yroAHO MaJo
oTsMyaTbcsl OT HyJasA. CnegoBaTenbHO, NepeMeHHash x He CTPEMHTCH
K npeneny.

B omnpepeneHnyn mnpesena yKasaHO, UTO €CJH NepeMeHHas BeJH-
YHHA CTPEMHTCS K Npeneny a, To a — NocTosiHHoe uucsio. Ho nonsitue
«CTPEMHTCS» ynoTpeGJsieTcss U AJs XapaKTePHCTHKH APyroro cnocota
H3MEHEeHUH NepeMeHHOH BeJHYHHBI, YTO BUAHO U3 CJEIYIOUEro Omnpe-
JeJIeHHU .

Onpenenenue 2. [lepemeHHass x cTpeMHTCS K GECKOHEYHOCTH,
ecqM AJf KaxJOro Hamepel 3aJaHHOIO MNOJIOXKHTENbHOro uuciaa M
MOJKHO YKa3aTb TaKOe 3HaueHHe x, HauHHasi C KOTOpOro, Bee MocJe-
Jylolie 3HauyeHHsl MepeMeHHoH OyAyT YAOBJETBOPATh HEPaBEHCTBY
[x] > M.

Ecnun nepemMeHHasi X CTPeMHMTCHI K GECKOHEUHOCTH, TO €€ Hashi-
BalOT OecKoHeuno 60abul0li IEPEMEHHOH BEeJMYMHOH W MHUIYT X — 00,

Ilpumep 3. IlepemenHas BequuuHAa X TPUHUMAET 3HAYEHUS
xi=—1, x=2, x3=-38, ..., x,=(—"n, ...

Aro—GeckoHeyHo Gosbillasg TepeMeHHas BeJMYMHA, TaK Kak NPH TPOM3BOJNBHOM
M > 0 Bce 3HaueHHs] NePEMEHHOH, HaYWHasA C HEKOTOPOro, MO aGCoJ/IOTHOH BeJH-
uyuxe 6yayT Gosbue M.

IlepeMenHass BeJHYMHA X «CTPEMHTCA K IVIIOC GECKOHEUHOCTHY,
x—»—]—oo, €CJIH NIpH MNPOU3BOJHLHOM M> 0 Bce nocjeaymomue 3Ha-
UeHHs [MEPEeMEHHOH, HauMHasi C HEKOTOPoro, OyAyT YyAOBJETBOPATHb
HepaBeHCTBY M < x.

IlpumepoM mepemeHHON BeAMUHMHBI, CTPeMsiedcd K IJIOC GeCKOHEYHOCTH, MO-
JKET CIYXHUTh NepEMEHHasl BeIMYMHA X, NPHHUMAIOWas 3HaueHus xj=1, x,=2, ..,
ceey Xp=0, ...

IlepeMeHHas BeJANYMHA X «CTPEMHTCA K MHUHYC O€CKOHEYHOCTH, X-—>— 00,
ecau Wpu npousBoiibHOM M > 0 Bce mnocaepyioumlye 3HaueHUs TepeMeHHOH, HauM-
Hag ¢ HEKOTOpOro, 6yAyT YHOBJIETBOPSITb HepaBeHCTBY x < —M.

Hanpumep, nepemenHas x, NMpUHHMAOWAs 3HAuYeHUS x;=—1I, x=—2, ..,
veey Xp=—MN, «.., CTPEMHTCH K MHHYC GECKOHEUHOCTH.

§ 2. MNpepen dynxnun

B stom naparpade 6yaem paccmMaTpHBaThb HEKOTODHIE CJAYYaH H3-
MeHeHHs (QYHKUMH NpPH CTPEMJIEHHH apTyMEHTa X K HEKOTOPOMYy Ipe-
Jeny a uiau K GecKOHEYHOCTH.

Onpenenenue 1. Ilyctb dyHknus y={(x) onpenenena B He-
KOTOPOH OKDECTHOCTH TOYKH @ MJIM B HEKOTOPHIX TOYKaX 3TOH OKpecT-
HocTH. Pynryus y=7[(x) cmpemumes K npedesy b (y—b) npu x,
cmpemawenca K a (x—-q), €CaM AN KaXAOTO TOJNOXKHTENbHOro
ypcaa €, Kak Obl MajJo OHO HH Obl1o, MOXKHO yKa3aThb TaKO€ MO0JIO-
XKHUTeNbHOE 4ucao 8, yTo AN BCEX X, OTIMYHBIX OT @ U Y[OBJIETBO-

2 H. C. Muoxyno~, 7. I
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paolMX HepaBeHCTBY *) |x—a|<< 0, HMeeT MecTO HepaBeHCTBO
|f(x)—b|<e. Ecnu b ectb npedea pynxyuu f(x) npy x—a, TO
aumyT

limf (x) =b

um f(x)—b npy x—a.
Ecau f(x) — b npu x— a, To Ha rpaduke dynxkuuu y=f(x) ato
HJUTIOCTPUPYETCs caeRylomumM obpasom (puc. 31): Tak Kak u3 Hepa-
BeHcTBa |x—a| <8 caexyer He-

y y::/f@) paBeHctBo |f(x)—b|<e, To 3TO
&+ 3HAYUT, YTO JJs1 BCEX TOYEK X,
b & 4 i/ j@ OTCTOSIIMX OT TOYKH a He JaJjee
v-e } Y . uem Ha §, Toukn M rpajuka Pynk-
— mud  y={f(x) Jnexar BHYTPH Io-
JIOCH IUMPHHOA 2e, oOrpaHHYeHHOMH
npsMbIMHE  y=b—& U y=b-te.
3ameuanue 1. Ilpegen dyuk-
s | 2 o Iuu f(x) npu x— a MOXHO oOIpe-

0 a-¢ @& a+d & [eJUTb U CJAeLYIOIHM o6pasoMm.
Puc. 31. ITycTb nepemeHHasi BeJIMYHHA X

NpUHUMaeT 3HaueHHs Tak (ymo-
psiloueHa Tak), 4yTo ecam |x*—al|>|x*—al, To x** ectb nocie-
Ayioulee, a x* — Mpejb/yllee 3HauYeHHe; €CliH Xe |x*—a|=|x** —a|
H x* < x**, To X** ecThb nocijeayioulee, a x* — npeabiayee 3HayeHHe,

Hpyrumu cioBamH, H3 JABYX TOYEK YHCJIOBOH NpsSIMOi mocJenyio-
mefi sBJAsfETCS Ta TOYKa, KoTopass 6Juxe K TOYKE a; NpH PaBHBIX
paccTosiHMSX ToCJeAyollas — Ta, KOTopasi NpaBee OT TOYKH d.

Ilycte ynopsimodeHHasi TakHM oGpasoM INepeMeHHasi BeJHYMHA X
CTpPeMHTCHl K npefeny a [x—a um limx=al.

PaccMorpum, nanee, nepeMeHHyio BequuuHy y={f (x). Ilpu atom
GyleM CcuMTaTh, KaK H BCIOAY B JajibHelieM, YTO H3 JBYX 3HaYe€HHH
(GYHKIHMH NOCJAELYIOUIUM SBJSETCH TO 3HaYeHHe, KOTOPOE COOTBETCTBYET
noc/enyolueMy 3HaYeHHIO apryMeHTa.

Ecnu onpeaenenHasi Tak nepeMeHHasi BeJIMUHHA Y IPH X — @ CTpe-
MUTCA K HeKoTopomy mpepeny b, To GyxeM mucarb

lim f(x)=0b

X —>a
H TOBODHTH, 4To (yHKuMs y={f(X) cTpemurcs K npeaeny b npu
xX—a.

*) 3mech uMeIOTCA B BHAY Te 3HaueHHs X; Y/JOBJETBODAIOME HEDABEHCTBY
|x—a]| < 8, xoTopnie NpHHaANeKaT o6nacTu onpefeaeHus GYHKUUH, AHajoruy-
Hele oGCTosTe/NBCTBA GYRYT BCTpeuaTbesl M B fanbHeiileM. Tak, mpu paccmorpe-
HUM TOBefieHUsl (QYHKIMH TPH X —>00 MOXKET CAYYHTBCHA, YTO QYHKHMS onpefe-
JIeHa TOJIbKO NPH IeJHX IMOJOXHTeNbHBIX 3HaueHuax x. ClefoBaTesbHO, B 9TOM
clydae X —»c0; NPUHHAMAA TOJLKO MeJble MOJIOXKHTeNbHble 8HadeHus. OroBopok
06 3TOM MHl B JajbHeilleM JejiaTb He GyjeM.
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Jlerko Jnokasarth, 4TO 0Ga onpeneseHHsl npefena QyHKUNH SKBH-
BaJICHTHHI.
3ameyanue 2. Ecimn f(x) crpemurca k npepeny b, npu x,
cTpeMsiLemMcsi K HEKOTOPOMY YHCJAY @ TaK, YTO X NPUHHMAET TOJbKO
3HayeHHs, MeHbIuHe a, To muuyT lim f (x) =
x->a-0 7, .
= b; ¥ Ha3LIBaIOT b; npederom pyuxyuu f (x) 4
6 mouke a creéa. Eciu x IpHHHMAeET TOMBLKO
3HayeHu s, 66abwiMe @, To numyrt lim f (x) =
xX—>a+0 é‘.
= b, ¥ HasbBalOT b, npedesom Gyukyuu 8

mouke a cnpasa (puc. 32). Bmecro x — 04 4

40 x—0—0 obbryHo mUWYT X— 40 u -~

x__)_o' V/ a A4
MoXHO J0Ka3aTh, UTO €CJIM Tpejen crpa- Puc. 32.

Ba U NpeJeJ CJIeBa CylIeCTBYIOT H PaBHHI, T. €.

b;=b,=b, T0 b u Gyaer mpexenoM B CMEIC-

Jie JaHHOTO BbIILIE ONIpeieNIeHn s Tpejesa B Touke a. M ofpartHo, ecan
CyLIecTBYeT mpeies GYHKUHH b B TOUKe @, TO CYWIECTBYIOT MpefesH
(QyHKUHH B TOYKE @ CIPaBa H CJeBa H OHHU DPaBHHI.

Mpumep 1. Jdok axem, yro lim (3x--1)=7. [deficTBUTeJbHO, NYCTh 3aan
x—>2

npoussoabHoe € > 0; JIS TOro 4ToGbI BEITIONHAJIOCH HepaBeHCTBO | (3x+1)—7| < &;
HeoGXOMHMO BHIIOJHEHHe CJeAYIOmHX HepaBeHCTB: |3x—6] <&, |x—2] < ¢€/3;
—¢€/3 < x—2 < /3. Takum o6pa3om, npu JOGOM € AJS BCEX 3HAYEHHH X, YAOB-
NIeTBOPSAIOWMX HepaBeHCTBY |Xx—2| < €/3=0, 3HaueHHe ¢yHKuuH 3x-}1 Gyner
OTIMYaTbCs OT 7 MeHblle YeM Ha €. A 3TO W 3HAYMT, 4TO 7 ecTb npefen GyHKUHH
npu x — 2.

3ameuanue 3. Jlna cymectBoBaHHA mnpegena (GYHKUHM TNpPH
x—>a He Tpefyercsi, 4ToOH (YHKUHA ObBLa ONpeXeseHa B TOUKe
x=a. Ilpn HaxoxJeHHU Npefena paccMaTpPUBAIOTCA 3HaueHUs (QYHK-
IHH B OKPECTHOCTH TOYKH @, OTJIHYHBIE OT @; 3TO MOJIOXKEHHE HaIVISAHO
HJIIIOCTPUPYETCST CJAEIYIOIWHM NPHMEpPOM.

Mpumep 2. [oxaxkem, uTO lirn2 (x>—4)/(x—2)=4. 3pecp dyHxuua
X -

(x2—4)/(x—2) ne onpexmeneHa npu x=2.
HyXHO J0KasaTb, YTO OPH NPOH3BOJbLHOM & Haijercs Taxoe §, uro Gynerw
BHINOJIHATLCS HEPABEHCTBO

2
,’_;:_24 —4|<e, )
ecmn | x—2] < 8, Ho npn x # 2 HepapencTso (1) 9KBHBAa/JIEHTHO HepaBEHCTBY
| £=261D 4| et a—ti<e
x—
HIH
[x—2] <. @

TakuM o0pa3oM, IPH NpOH3BOJLHOM € HepaBeHCTBO (1) OGyleT BHNOMHATLCH;
eclu GyAeT BHIMONHATBCA HepapeHCTBO (2) (smece 8=e). A 310 u 3Haumt, uTO
AaHHAA QYHKUMS OPH X —> 2 HMeeT NPeAeoM 4HCIo 4.

2¢
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PaccMOTPHM HEKOTOpHIe CaydaH H3MeHeHHs! QYHKUHUH TPH X — 00,
Onpepnenenue 2. Pynxyus f(x) cmpemumcs & npedeay b
npu x—- 00, €CJH LISl KaXIOro IMPOH3BOJBHO MAaJIOTO NOJOXKHTENb-
HOTO YHCJIa & MOXKHO yKasaTb Ta-
7 KO€ NoJIoXKHTenbHoe yucio N, 4ro
JJIs BCEX 3HAUEHHH X, yJAOBJIETBO-
psiomux HepaseHCTBY |x|> N,
6yJeT BHINOJHATbCS HEPABEHCTBO
IF (x)—b]<e.

O o ot G s Gt s G

=1

4 Ilpumep 3. JoxaxkeM, uTo
. x+1
lim (———— =1 uau, B HHOH 3anHCH,
Puc. 33. K - o X .
xll_l;lim (H— 7) =1

HyxHO JoKasaTh, 4TO NpPH NPOU3BOJBHOM £ GyJeT BHINOJHATHCS HEPABEHCTBO

|@+%)—1<a )

ecnun ToabkO |x| > N, npuuem N onpepenserca srGopom €. Hepasencteo (3)
SKBUBAJIEHTHO CllefiyioueMy HepaBeHCTBY: | 1/x| < &, KoTopoe GyJeT BHIIOMHSTHCH,

ecau | x| > 1/e=N. 3ro u 3nauut, yro lim (l—l— 7)= lim x+l=1 (puc. 33).
X > o

X -+

3Hast CMBIC/I CHMBOJIOB X — - 00, X —>— 00, OYEBH/IHbIM SIBJISICTCA
M CMEBICJ BbIpayKeHHH
«f (x) crpemurca K b npu x—s -+ oco» H
«f (x) crpemurcss K b npu x——oo»,
KOTOpble CHMBOJIHYECKH 3aNHCHIBAIOTCS TaK:
lim f(x)=b, lim f(x)=0b.
X+ ® X—>—-®

§ 3. PynkuMsa, cTpemamascs K GeCKOHEYHOCTH.
Orpanyyennbie (GyHKIHH

Meur paccmoTpenn cayyan, Koraa GyHKumus f (X) CTpeMuTCS K HEKo-
TOpoMy npefeny b mpu x—a WM IpPU X — 0O.

Paccmorpum Teneps chayuait, Korga ¢yHkuus y=f(x) cTpeMutcs
K GECKOHEYHOCTH NPH HEKOTOPOM CNocofe H3MEHEHHs apryMeHTa.

Onpepenenne 1. Ddyukuus f (x) crpemurcss K 6eCKOHEUHOCTH
NpH X —a, T. €. ABJSIETCs 6eCKonedHo 60AbLL0ll BETMUHHON pH X — a,
€C/IH AJISl KaXAOTo MOJIOXKHTEBbHOro 4hcsa M, Kak Obl BEJHKO OHO HH
6bl0, MOXKHO HaHTH Takoe § > 0, uTo Ansi BceX 3HaueHHil X, OT/HY-
HbIX OT @, YJOBJIETBODSIOIIUX YCJOBHIO |X—a| <8, umeeT Mecro
HepaBeHCTBO |f (x)| > M.

Ecau f(x) cTpemutcsi K GECKOHEUHOCTH NPH X— @, TO NHLIYT

lim f (x) = oo

um f (%) — oo npu x— a.
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Ecan f(x) crpemurcst K GECKOHEUHOCTH NPH X— @ M NPH 3TOM
TIPHHHMAET TOMBKO NOJIOXHTENbHBIE HJH TOJBKO OTPHLATENbHEIE 3HA-
YEHHsI, COOTBETCTBEHHO MuwyT lim f (X) = + oo mum lim_f (x)=—o0.

X—>a xX—>a

Mpumep 1. Hokaxewm, uto lim (1—x)~2=+ oo, JleicTBHTeJbHO, PH JIIO-
X

=1
G6om M > 0 Gynem umets (1—x)=2 > M, eciu tomero (1—x) < YM, |1—x] <

< l/Vﬁ:é. ®ynxnus (1 —x)~2 npUHEMaeT TOALKO MOJOXKUTeNbHbIE 3HAYCHHS
(puc. 34).

4
12
i
! M
I
il .8
1! Sr—>2
;M: E
u—/ | { M :
1 l - )
g 7v -
Puc. 34. Puc. 35.
Npumep 2. Hoxaxem, uTo linol —%) =00, Jle#icTBHTeNLHO, NPH JIOGOM
X

M >0 6yaem umers |—1/x| > M, ecan Toabko |x|=|x—0] < 1/M=34. 3necp
(—1/x) >0 npn x <0 u (—1/x) <0 mpu x> 0 (puc. 35).

Ecmu ¢ynkuns f(x) cTpemuTcss K OGeCKOHEYHOCTH NpPH x—> 00,
TO NUIWIYT

lim f(x) = oo,

X > ®

M, B YaCTHOCTH, MOXeT OBITb

lim f(x)=4o00, lim f(x)= 400, lim f(x)=—oo.
X >+ X—>-® X =+ o
Hanpuwmep, lim x*=-+4o00, lim x*=—o0 u T. m.

X > ®© X > -

Sameuanue 1. ®yHkuusa y=f(x) Npu x— @ UK NPU X — 00
MOXKEeT He CTPEMHTbCS K KOHEUHOMY Mpefesy HJH K GeCKOHEYHOCTH.

INpumep 3. Oyuruus y=sin x, onpeleseHHas Ha GeCKOHEUHOM HHTepBaJe
— o < x<-o00, NPH X—> 00 HE CTPEMUTCS HHU K KOHEUHOMY Ipeleny, HH
K Geckoneunoctu (puc. 36).

1
IMMpumep 4. Oyukuug y=sin—, ONpefe/CHHAA TP BCEX 3IHAUCHHSIX X,

KpoMe 3HaueHHS x=0, He CTPeMHTCH HM K KOHEUHOMY Ipeje]y, HH K GecKoHeys
Hoctu npuH x — 0. I'paduk stoit Gynkumu usobpaxken Ha puc, 37



38 TNPEJEJI. HENMPEPEIBHOCTh ®YHKLIHUA [Ty 11

Onpenenenune 2. ®ynkuusa y=7{ (x) HasbBaeTCA 02pAHUUEH-
HOU B HaHHOH OGJACTH H3MEHEHHS apryMeHTa X, €CJH CyLIeCTBYeT
v y=shz noJioxuTeabHOe uHci0 M
N\ Takoe, 4YTO AnA BceX 3Ha-
> yeHHH X, MPHHALJIEKAUX

g0 - V3 (4 < ’ o
NS NS0 AN N paccMaTpHBaeMo#i o6nacTH,
Puc. 36. OyzeT BHIMOJHATLCA Hepa-
BeHctBo |f (x)|<<M. Ecau
ke Takoro uncna M He cymecTByer, To (yHKuHs [ (x) HasbBaercs

HeozpaHu4eHHol B JaHHOH 00JacTH.

NMpumep 5. Pyskuus y=sinx, onpefefeHHasg B GeCKOHEYHOM HHTEpBaJe
- 0 < X < - o, ABAfETCA OrpaHHYeHHOH, TaK KaK IIpH BceX 3HAUCHHAX X

Isinx|<1=M.

Onpepenenne 3. Dynkuus f(x) HasuiBaeTcs o02paru4eHHoll
npu x— @, €CIH CyIIeCTBYeT OKPECTHOCTb C LEHTPOM B TOYKe 4,

B KoTopoil JaHHas (QyHKuHs ”\

orpaHHMYeHa. 1 y=sink
Onpenenenne 4. Oyuk- T

uusi y=7f (x) HasblBaercs oe-

PAHUYEHHOU hnpU X— 0o, €c- P

JH CYIECTBYeT TaKoe YHCJIO ~% £ ®

N >0, 4to npu Bcex 3Haue-

HUSAX X, YAOBJETBOPSIOIIHX He- vl A

paBeHcTBY |x|> N, ¢yHruus Puc. 37.

f (x) orpanuueHna.
Bomnpoc 06 orpanHueHHOCTH GQYHKIHH, cTpeMsmeidicss K mpeaeny,
pemtaercs chaenylomell TeopeMoil.

Teopema 1. Ecau lim f(x)=b, npu smom b ecmov koHeuroe
xX—>a

uucno, mo Gynkyus f(x) aersemcs ozpanuvenHoll npu x—a.
HokasarteabctBo. M3 paBenctsa lim f(x)=0 caepyer, uro
x->a

npu moboMm & >0 Hafigercsa Takoe §, 4TO B OKPECTHOCTH a—8 <
< x<a+406 O6yper BHIOMHATbCA HepaBeHCTBO |f (x) — b| <e, uau
If(x)|<|b|l+e. A 310 u 3Hauut, uro QyHKuUHA f(X) OrpaHHueHa
npu x—a.

3ameuanue 2. V3 onpepenenus orpanuueHHoft dyHkuuu f(x)

cnepyet, 4to ecau lim f (x) = oo uan lim f(x)=o0, T. e. ecau f (x)
xX—->a X > ®

ecTb GeckOHeyHO GoJbluasi, TO OHa siBJseTCs HeorpanudeHHol. OGpar-
HOe He BepHO: HeorpaHHYEHHAs (PYHKUHS MOXKET M He ObiTb Gecko-
HeYyHO GOJbIIOH.

Hanpumep, ¢yHKuus y= xsinx mnpu x — oo ABJIseTCS HEOTPaHHU-
4eHHOH, TaK Kak Ajasa Joboro M >0 MoxHO HaliTH Takue 3Haye-
HUsg %, 4to |xsinx|>M. Ho ¢yukuus y=xsinx He sBasercs
GeckoHeyHo GoJbLIOH, NOCKOJBKY OHa ofpalliaeTcsi B HYJb npH x=0,
n, 2m, ... Fpapuk dynkuMm y= xsinx u3oGpaxeH Ha puc. 38.
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Teopema 2. Ecau lim f(x)=050, mo ¢ynxyua y=1/f (x)
X—>a
ecmo 0ePaHUveHHAR (PYHKYUA npu x— a.

JdoxasareabcTBo. M3 ycnoBus TeopeMhl ciefyeT, YyTo NpH
npousposbaoM & >0 B
HEKOTOPOil OKDPECTHOCTH
TOUKM x=a GyjeM UMeTb
If (x)—0b] <e, HJIH
17 ()1—Ib]|<e, nm
—e<|f(0)]—1b]<e,
nm [b|—e<|[ ()< -fa
<|b|+e.

W3 nocneaunx Hepa-
BEHCTB CJIEAYET

1 1
5= = 1T&T ~

e

b m e e e e e

1
~ToiFe °

1
B35IB, HalpuMep, e=m|b|, noJiyyaeM

0

10 1 1
o161~ TF@T = TIfer *
A 310 ¥ 3naunt, uro dysxkuus 1/f (x) orpaHuuena.

§ 4. BeckoHeuHo Majibie M HX OCHOBHbiE CBOHCTBa

B srtom maparpade Gynem paccMaTpuBaTh GyHKIHH, CTpeMsILHeCs

K HYJIO NPH HEKOTOPOM XapaKTepe H3MeHEHHs apryMeHTa.
Onpenenenune. Pynkuua a=o (x) HasbIBaercs OeCKOHEUHO
Manoli IPH X — @ WJIH TIPH X — oo, ecau lim a (x) =0 num lim o (x)=0.

xX—>a X—>x

W3 onpenenenus npefea CleAyeT, 4To ecau, Hanpumep, lim a (x)=0,
x—>a
TO 3TO 3HAUYHT, YTO JJI% JIOGOTO Hanepes 3aJaHHOro IPOU3BOJbHO MaJIOro
TN0JIOKUTENBHOTO € HaitaeTca § >0 Takoe, 4TO AJ1s BCEX X, YAOBJETBOPSIIO-
X ycloBmio | x—a| < 8, 6yzer yaoBaeTBopAThes yenoBue | a (x) | < .
INpumep 1. Oynknua a=(x—1)®> ecTb GecKOHeYyHO Majasg npuH x —> I,

TaK Kak lim o= lim (x—1)2=0 (puc. 39).
x—>1 x->1

NMpumep 2. Pyuxmusas o=1/x ecrp GecKOHEYHO Manasg MpPU X —> @
(puc. 40) (cM. npumep 3 § 2).

YcTaHoBHM BaxKHOE ISl AajbHEHIIero COOTHOIIEHHE:

Teopema 1. Ecau ¢ynxyus y={f (x) npedcmasrsemca 6 sude
CYMMbL NOCMOAHHO0 Yucaa b u GeckoHeuHo masold o

y=b+a, (1
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mo
limy=>b (npu x—a uiu x— oo).
O6patHo, ecau limy=>b, mo mosHo Hanucams y=b<-a, 20e
o, — OeCKOHeUHO marasn.
HokasarteasctBo. U3 pasencta (1) crenyer |y—b|=|a|.
Ho mpn mnpousso/bHOM € Bce 3HauyeHHs o, HayuHas C HEKOTOPOro,

)

{ N

V7 Vs -
e
17277 2
Puc. 39. Puc. 40.

YIOBJIETBOPSIOT COOTHOIIEHHIO |a| <&, ClefOoBaTeNbHO, AMS BCeX
3HAyeHHH y, HayuHas C HEKOTOPOro, GYJeT BHINOJHSATHCS HepaBeH-
ctBo |y—b| <e. A 310 M 3Hauut, 4rO lim y="b.
O6patHo: ecau lim y=>0, TO npH NPoU3BOJLHOM & AJs BCeX 3Ha-
YeHH#l y, HauMHas C Hekoroporo, 6ygmer |y—b|<e. Ho ecan oGo-
3HauuM y—b=a, TO, ClefoBaTe/bHO,
g3 7 NS BceX 3HAuYeHHM o, HauyHWHasA C He-
y=T+z KoToporo, Gyner |a|<e, a 31O 3Ha-
9UT, UTO o.— GEeCKOHEYHO MaJjas.

IMpumep 3. Ilycrs pana yuknus

1}, o (puc. 41) y=l—|—;, 'rornaxlimwy——_l. H Hao-
1(‘ Gopot, Tak Kak lim y=1, To nepemennyio
X > ®
». Y MOXHO NpeJCTaBHTh B BHJAE CYMMH Ilipejeia
7 Z @ 1 B GeckoHeyHO MasoOfl €., paBHOH B JAHHOM

cayyae 1/x, 1. e. y=1+4a.
Puc. 41.
Teopema 2. Ecau oa=a(x)

cmpemumcs K Hyao npu x—a (usu
npu x— oo0) u He obpawjaemcs 8 Hyas, mo y=l/a cmpemumcs K
beckoneurocmu.

JokaszarteabcrtBo. Ilpu moGom kak yroaHo Gosbuiom M > 0
OyJeT BHIMOJIHATbCA HepaBeHCTBO 1/|a|> M, ecnu Toabko Gyaer
BBINOJIHATbCA HepaBeHCTBO |o| < 1/M. Tlocnennee HepaBeHCTBO GyeT
BHUIOJIHATHCA AJA BCEX 3HayeHUH «, HauHWHAsg C HEKOTOPOro, Tak
Kak o (x) — 0.

Teopema 3. Ancebpauueckan cymma 08yx, mpex u 8000uje onpe-
Oenentoeo uucra OeckOHeuHo maaelx ecmo (PYHKYUA OGeCKOHeuHO MAras.

HdokasatenbcTBo. IlpoBeaem RokasareabcTBO AJis JBYX Clia-
raeMpiX, Tak Kak JJjs Jo6Or0 4HCJ/JIa C/lara€MblX OHO aHa/IOTHYHO.
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Iycre u (x) =a (x) +P (x), rre lime (x) =0, lim B (x) =0. Joka-

K€M, YTO NPH INPOH3BOJILHOM KakK YyrofHo MaJjiom & > 0 Haiifercs
6 >0 Takoe, uTO mpH YJOBJETBOPEHHH HepaBeHCTBa |x—a|< §
GyaeT BBINOJHATbCA HepaBeHCTBO |u| < &. Tak Kak o (x) ecTb Gecko-
HEYHO Majasi, To HafiieTcs Takoe §;, YTO B OKPECTHOCTH C LEHTPOM
B TOuKe a U paguycoM O, Gyzer

| (x) ]| < €/2.

Tak kak P (x) ectb GecKoHe4HO MaJasi, To HafizeTcs Takoe §,, 4TO
B OKDECTHOCTH C LEHTPOM B TOUKe a M pajuycoM §, Gyzer

|B ()] <e/2.

BosbmeM 8 paBHBIM MeHbiuedl u3 BeauuuH 8, H §,, Torsa B okpecr-
HOCTH TOYKH a ¢ paauycoM O OyAyT BBINOJHATHCS HEpaBEHCTBA
|| <e/2; |B| < e/2. CnepoBaresbHO, B STOH OKPECTHOCTH GyAeT

lul=le () +B ) |<|o®)]|+]B ()] <e2+e2=e,

T. €. |u| <e, 4T0 H TpeGoBanoCh NOKa3aTh.
AHaJIOrHYHO NpPHBOAMTCS JHOKa3aTeJbCTBO M JJs CJydas, KOrja

lim o (x)=0, lim B (x)=0.
x> ® &> ®

3ameuaHnue. B ranpHefimeM HaM npufieTcs pacCMaTpUBaTh TaKue
CYMMbI OECKOHEYHO MaJbIX BEJIHYHH, YTO C YMEHbIIICHHEM KaxKAOro cJja-
raeMoro 4HcCJjoO cjaraeMblX yBEJHYHBACTCH. B 3rom CJy4yae yTBepxKjae-
HHE TEOPEMbI MOXKET OKa3aTbCsl H HEBEPHBIM. paCCMOTpHM, HanpuMep,

1 1 1
u =;+—; + ... +?, TAe X NPHHHUMAET TOJbKO [[eJible MOJIOXKHUTENb-

X c:ﬁ‘rraemux
Hble 3Hauewus (x=1, 2, 3, ..., n,...). OueBugHO, 4UTO Kaxmoe
cjlaraeMoe npH xX—> 0o €cTb GecKOHeYHO MaJjasi, HO cymMma u =1l
He ecTb GECKOHeYHO MaJjias.

Teopema 4. Ilpoussederue Geckoreurno maroll pynkyuu o=a. (X)
HA oepanuueHHy Gynkyuw z2=2(x) npu x—a (uaL x— oo) ecme
beckoredno maaasn eeauduna ((pynxyus).

HokasartenbcTBo IlpoBeseM JoKa3aresbCTBO AN cCJyyas
x—a. s HekoToporo M >0 Hafiercss Takas OKPECTHOCTb TOYKH
x=a, B KOTOpPOH GyjeT YHOBJETBOPATbCA HepaBeHCTBO |z| < M. [lna
BcsiKoro & > 0 Ha#fijeTcss OKpecTHOCTb, B KOTOPOH GYJET BBINOJHATHCS
HepaBeHCTBO |o|<e/M. B MeHbuleli M3 3THX JABYX OKpECTHOCTEi
GYZET BBIIOJIHATBCS HEPaBEHCTBO

laz| < - M=Ee.

A 3710 M 3HauMr, 4TO €.z —GeckoHeuHO Manas. Ilas ciyuyas x—s oo

AOKasaTe/IbCTBO IIPOBOAMTCS aHAJOTHYHO. Us nanuHoit TeOopeMbl BhITE-
KaroT:
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Cneacteue 1. Ecau lima=0, limp=0, mo limapfp=0, Tak
KaK P (x) ecTb BeJUYHHA OTPaHHUEHHasA. DTO COpPaBEJJIUBO AJis JIOGOTO
KOHEYHOTO YHCJIa MHOXKHTeJNeH.

CanegctrBue 2. Ecau lima=0 u ¢=-const, mo limca=0.

Teopema 5. Jacmnuoe o (x)/z (x) om Oeserus GeckoHeuro manoil
eeaudunol o (x) Ha pyHkyuo, npedea KOMOpoU OmMAudeH om Hyas,
ecmo BeaudUuHa OECKOHEUHO Maaas.

HoxkasateabcTBo. Ilycrs lima (x)=0, limz (x)=b0. Ha
ocHoBaHHH TeopeMmbl 2 § 3 caenyer, yto 1/z (@) ecTh BeNMUKMHA OTPaHH-

yenHas. [TostoMy Apo6b ((x)) o (x) 5 (lx) €CTb NpPOU3BEJeHHE BEJH-

ypHB GECKOHEYHO MaJjiofi Ha BeJMUMHY OTpPaHHYEHHYIO, T. €. BeIHUMHA
OECKOHEYHO MaJiasi.

§ 5. OcHoBHbie TeopeMBl O npejetax

B sToM naparpade, Kak H B NpEAbIAYIIEM, MbI OyJAeM paccMaTpH-
BaTb COBOKYNHOCTH (YHKIMH, KOTOpPBIE 3aBUCAT OT OXHOTO H TOTO
e apTyMeHTa X, NpH 3TOM X —>a WJH X— oo,

Mbl GyneM npoBOAMTb JIOKA3aTeNbCTBO /IS OKHOTO H3 3THX CJy-
yaeB, TaK Kak JJis APYroro J0Ka3aTeJbCTBO NPOBOAUTCS aHANOTHYHO.
HMNuorga Mbt BooOOme HE OymeM nucaTb HH X —@, HU X—> 00, MOA-
pasyMmeBasi TO HJIH JPYToe.

Teopema 1. [Ipeden anrcebpauueckoli cymmo 08yx, mpex u
8006uie ONpedeseHH020 4UCAQ NepeMeHHbiX pasen areebpauyeckol cymme
npedenos amux nepemenHbix:

lim (u,+u,+ ... +up)=limu, +limu,+ ... +limy,.

HoxasatenbcTBo. [IpoBeseM JoKa3aTeNbCTBO IJisi ABYX CJja-
raeMblX, TaK Kak JJId J00Oro 4YHcJa CjaraeMblX OHO NMPOBOAMTCS TaK
xe. Iycrs limu; =y, lim 4, = a,. Torna Ha ocHOBaHHHK Teopemsi | § 4
MOKeM HamnucaTb

Up=0a; 40y, Uy;=0y+y,
rae o, u a,—GeckoHeuHo Majble. CrepoBartenbHO,

ui-+u, = (a;+ a,) + (o, +a,).

Tak Kak (a,-a,) ecTb NOCTOsIHHas BeJHUHHA, a (o, + o,) —BeAuunHa
GeCKOHEYHO MaJjiasi, TO CHOBa mo Teopeme 1 § 4 3ak.ouaeM, uyTo

lim (4; + u,) = a, +a,=limu, +lim u,.

INpumep 1.
2

im ST gim (1—1-3): lim 14 lim 3=1+ lim £=1_|_0_,
X X - o0 X X > o x

X = o0 X = oo

Teopema 2. ITpeder npoussedenusn 06yx, mpex u 6006uye onpe-
0eNEeHHO020 4UCAQ NEPEMEHHbIX pader Npous3eedexuro npedeaog smux
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nepemMenHbix:
limug-u,. ... uy=limu;-limu,-... .limu,.

HokasatenbcTBo. Jlas COKpamieHHs 3amucu MPUBEAEM JOKa-
3aTeNbCTBO AN ABYX MHoxureneit. Ilycte limu;=a,, limu,=a,.
CregoBaTesbHO,

Ur=a;+oy, U,=0,+,
utt, = (a7 + o) (ap + ) = 2,0, + 0,2, + 3,0 + 0,2,

IMpoussefeHue a,a, ecTh BeJMYMHA TIOCTOsHHasi. Bennuuua a,@, -
-+ a,a, +o,0, Ha OCHOBaHUH TeopeM § 4 ecTb BeNMYHHA GECKOHEYHO
manas. CnenoBatenbHo, limuu,=a,a,=1limu;-limu,.

CnepctBue. I[TocmoanHbill MHOMCUMENL MOKHO 6biHOCUMb 34
3HaK npedeaa.

HeiictButensHo, ecau limu;=a;, c—nocrosiHHasi H, CJejfoBa-
tenbHO, lime=c¢, 10 lim (cu;) =limc-limu;=c-limu,, yro u Tpebo-
Ba/oCh JOKa3aTh.

MMpumep 2. Im! 5x3=5 lim x3=5-8=40.

X =2

Teopema 3. Ilpeder uacmnozco 08yx nepemexHolx paser Hacmi-
HOMY npedenr0s8 3MUX NEPEMEHHOLX, ecal npeder SHAMeHameas omau-
4en om Hyas:

11m—-=-.—-—v—, ecau limv =40,

Noxkasarteanctso. Ilycts limu=a, limv=5bs0. Caeno-
BaTeNbHO, U =a-+a, v=>b-+4f, rae o u f—OGecKOHEUHO MaJjbie,
HanmueM TOXJECTBa
__a+ta —i (a—i—a_i) ob—Ba
EE = e G s ) e A
HITH
u _ab—Ba_
v b S oTE b(b+p) °
a ab—pBa
Jpobn - €CTb NOCTOSIHHOE YHCJIO, a 1po6b S GFp) O TeopeMam 4ub
§ 4 eCTb GecKOHEeYHO MaJjiasi NepeMeHHasl BelHYHHA, Tak Kak ab—fa

ecTb GecKOHEYHO MaJsasi, a 3HameHateab b(b-+f) umeer mpemesom

5 s o4 e  limu
b £ 0. CaegoBarennuo, lim =% = Tmo "

Mpumep 3.
lim (3x+5) 3 li 5
lim x5 o GTO) St _3145_8_,
et =2 7 lim @r—2 " 4lmx—2 ~L1— 2- 2
x> X -

3aech MBI BOCMOJBL30BAJNCh JOKa3aHHOR TeopeMofi O npegene ApoGH, Tak Kak
npefies1 3HaMeHaTeas NpPH x — 1 oTauueH oT Hynad. Ecau ke npefen sHameHaTesns
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€CcTb HyJMb, TO TeopemMa O mOpefene ApPoGH He MoxeT 6HIThb mpHMeHeHa. B stoM
cayyae TpefyeTcss NPOH3BOAHTD CNEUHAJbHbIE PaCCMOTPEHUS.
INpumep 4. Haittn lim (x2—4)/(x—2). 3aech 3HaMeHaTeNb M YHCIHTENb
x—>2

npu x —> 2 CTPeMATCA K HYJIO M, CJNEOBaTeJbHO, TeopeMa 3 menpmMenuma. Ilpo-
H3BeLEeM CJefyiollee TOXIECTBEHHOE MpeoGpasoBaHHe:

—4_ (x—2)(x42)
e a—z  t%

dto mpeoGpasoBaHHe CIPaBeAJHBO NPH BCEX 3HAUEHHAX X, OTIHYHBIX OT 2,
IMosTomy, HMess B BHAY onpefie/ieHHe Npejesna, MOXeM HamHCaTh

. ox2—4 . (x—2) (x42) .
E—} —_— = =4,
Jim, =y = Jm, Sy = i, 6D

Npumep 5. Haiitn Iimlx/(x—l). IIpu x-— 1 3HaMeHaTeNb CTPEMHTCH
X =

K HyJ0, 3 YHCJHTEJb K HYJIO He CTPEMHUTCS (YHCIMTENIb CTPEMHTCS K €AHHHIE).
CrepoBaTesbHO, Npeaes oOpaTHOH BEJNHYHHBI €CTh HYJMb, T. €.

li —1

. x—1 xgnl x=1) 0

lim = - =—=0.

x-»>1 X lim x 1
x—->1

Otciona Ha OCHOBAHWM “TeOpeMHl 2 mpeAnifyuwero naparpada GyaeM uMeTs
lim x/(x—1)=o0.
x->1

Teopema 4. Ecau mewndy coomeemcmeyrouum 3HAUCHUAMU
mpex ¢pyukyuil u=u(x), 2=2z(x), v="v(x) eunosnaOmcs HepaseH-
cmea u<Lz2<<v, npu amom u(x) u v (x) npu x— a (uau npu x — o)
cmpemames & o0HoMy u momy e npedeay b, mo z=z (x) npu x—a
(urn npu x— oco0) cmpemumcs K momy dxHe npedery.

JdokasatenbcTBO. [na omnpeneneHHocTH OyAeM paccMaTpH-
BaTh H3MeHeHHWe GYHKuMH npn x— a. M3 HepaBencTs u<Cz<{v
cnenyloT HepaBeHCTBa u—b<Cz—b<Cv—b; no ycaosmio lim u=2b,

X—>a

lim v=»5. CaepoBatensHo, npu Job6om &> 0 HaifigeTcs HekoTopas

xX—>ra
OKPECTHOCTb C LEHTPOM B TOYKe @, B KOTOPOH GYHET BHINOJNHATBHCA
HepaBeHCTBO |u—b| < e; Tak Xe HaHAETC HEKOTOpass OKPECTHOCThb
C LEHTPOM B TOYKe @, B KOTOPO#l GYNET BHINOJHATHCS HEPABEHCTBO
|v—b| < e. B MeHblied H3 yKa3saHHBIX OKPECTHOCTEH OYyAYT BBINOJ-
HATbCS HEPaBEHCTBA — & < u—b<eu —e<v—b<e, acneiopa-
TeJbHO, OYAYT BHIIONHATbCA HepaBeHCTBa —e < z—b<e, T. e.
limz=0.
X—ra
Teopema 5. Ecau npu x—a (uru npu x— co) Pynkyus y
npunumaem ueompuyamenvroe 3Hauenus y=0 u npu smom cmpe-
mumes K npedeay b, mo b ecmv Heompuyamesoroe aucro: b=0.
IlokasateabcTBo. [Ipexnonoxum, uto b < 0, Torna |y—b|=
>|b|, T. e. monyap pasHocTH |y—b| Goablie NOJOKHTENBHONO
yucaa |b| u, caegoBaTeNbHO, He CTPEMHTCS K HYJIO NPH X — 4.
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Ho Ttoraa y npu x— a He cTpeMHTCS K b, 4TO MPOTHBOPEUYHT YCJIO-
BHIO TEOpEMbl. 3HAUUT, mpejnoJoxenue, uro b < 0, mpuBoauT K 1po-
THBOPEYHIO. C.ne,zxosaTeJleo b>=0.

Ananoruuno jaoKaswiBaetcsi, yto ecau y<<O0, To lim y<<O.

Teopema 6. Ecau mewmdy coomeememsyrouumu 3HOMEHUAME
0syx ¢yHryuil u=u(x) u v=uv(x), cmpemawuxcs K npederam npu
x—a (uau npu x—» 00), GbLINOAHACMCA HEPABEHCMBO U Z= U, MO UMeem
mecmo limo >limu.

Jdokasarteansbctso. I[lo ycmomo v—u>0, crenoBarensbHo
(no1 teopeme 5), lim (v—u) >0, uau lim v—hm u > 0, T. e. limv >
=limu.

Ilpumep 6. Hokaxkem, uro limsin x=0,
x>0

U3 puc. 42 caepyer: ecmu OA=1, x > 0, To AC=sinx, AB=x, sinx < .
OueBupHO, 4TO npu x < 0 Gyner lsln x| < lx] M3 sTHX HepaBeHCTB Ha OCHOBa-
Hua TeopeM 5 H 6 caepyer, 4to hmosmx 0.

IIpumep 7. HokaxeM, 4TO llmosln (x/2)=
Heficreutensro, |sin (x/2)| < |sinx|. C.nersaTe.nbﬂo, lmh sin (x/2)=0.
IIpumep 8. Nokaxkem, uTO lxm cosx=1; 3ametuM, uto cosx=1—2sin?(x/2),

-0
caenosatenbio, lim cos x= lim (1 —2sin? (¥/2))=1—2lim sin? (x/2) =1—0=1.
x>0 x—>0 x>0

B HeKOTOpBIX HCC/Ie0BaHHUSAX BONPOCA O Npejesie NepeMeHHbIX MpH-
XOAHUTCS pelaTh JB€ CaMOCTOSITE/bHbIE 3aJayH:

1) JnOKa3wpBaTh, 4YTO IIpefes MepeMeHHOM
CYHIECTBYET, U YCTaHABJHUBATh IPaHHUIbl, BHYT-
p¥ KOTOPBIX paccMaTpUBaeMhlfi Npexes Haxo- 2
JUTCS;

2) BBIYUCJATH paccMaTpPUBaeMbIl Npejen o

HYXKHOH CTENneHbl0 TOYHOCTH. Z
HWHorga nepBriif Bompoc pemaercss ¢ mo-

MOIIbIO CJeAyioleli, BaXKHOH AJs AanbHefinre- z

IO TEOpEeMSI. g c g
Teopema 7. Ecau nepemennas 8eauduna Puc. 42.

v 6o3pacmarowias, m. e. 8ciaKoe ee nocaedyoujee
3Hauenue Ooabuie npedvidyuwieeo, U €CAUL OHA O02PAHu4eHa, m. e.
v< M, mo sma nepemennas 6earuquna umeem npeder limv=a,
20e a<{ M.

AnaJsoruunoe YTBEpXK/ICHHE HMeeT MeCTO M AJs yObiaiomedi orpa-
HUYEHHOH NepeMEeHHOH BeJHUMHE,

HokasaTenbpcTBO 3TOH TeOpEMbl Mbl 3/ieCh He NMPHBOAHM, TaK Kak

OHO OCHOBBIBA€TCSl Ha TEOPHH JEHCTBUTE/IbHHIX YHCeN, KOTOPYIO MH
3hech He Jgaem *),

*) IlokasaTennCTBO 3TOf TEOPEMHl NPHBEAEHO, Hanpumep, B KHure: ® U X T e H-
roabu I'. M. OcHoBbl MarteMatuueckoro ananmsa, T. 1.— M.: Hayka, 1968.
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B caenyomux nByx maparpadax GyAyT MOJyYeHHI Npefessl ABYX
¢yHKIMHA, uMerouye GoJblloe NPUMEHeHHe B MaTeMaTHKe,

§ 6. MNpenea bynxuun s—i%‘—‘ npy x — 0

in x
dysxuns s—x— He onpezeneHa npu x=0, Tak KaK YHCJUTEJb U

sHaMeHaTesb ApobGH obpamaloTcs B HyJb. Hafinem npesen aroit pysk-
uun npu  x— 0. PaccMOTpUM  OKpPY:KHOCTb
pamuyca 1 (puc. 43); 0603HaUUM ULEHTpaJb-
£ Huiii yron MOB uepes x, npu 3tom 0 < x < 7/2.
& M3 puc. 43 HemocpeacTBeHHO cJenyer

7 nomaas A MOA < naomanu cekropa MOA <
< maowazun A COA. (1)

z

7 74 IMaowans AMOA=-;—OA-MB=

Puc. 43. = l-l-sinx:—é—sinx.

ITnomane ACOA=—;—OA-AC=%~1-tg x=-;—tg X.

Hepagencta (1) mocsie cokpameHus Ha !/, mepenucHBAIOTCA TaK:

sinx < x < tg x.
PaspenuM Bce 4JIeHBI Ha sin x:
X 1
1 < sin x < cos x?
HJIH
sin x
1> > cos x.

X

Mu BbIBeJlH) 3TO HEPaBEHCTBO B NPEANONOXKEeHHnH, 9To x > 0; 3ameuas,
sin (—x sinx

40— == H# cos (— x) =cos x, 3aK/oYaeM, 4TO OHO BEPHO
Hnpu x< 0, Ho limcosx=1, liml=1.
x=>0 x>0

sinx
CJIeAOBaTeJleO, rnepeMeHHas P 3aKJI0Y€HA MeXAy ABYMA BEJH-

YHHAMH, HMEIOWHMH OJMH H TOT XK€ npenen, paBHH# 1; TakuMm oGpa-
30M, Ha OCHOBAaHHH TeopeMmbl 4 NpeAblfyliero naparpaga

lim Sinx__l
x>0 * ’

I'padux ¢yHruun y=Si—2f usobpaxkeH Ha pue. 44.
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ITpumeps.

. tgx .. sinx 1 . sinx . 1
1. lim _g__=11m . =lim .
x—+0 X -0 X COS X x>0 X x-0COS X

2. 1im SRE i pSIEE i SNk (k=const).
x>0 X x—+9 kx x>0 (kx)
(kx—0)
Ir, .
- SN2
="z
—ZNE ﬂ[ T " 2T n —x
Puc. 44.
1 — cos x 2sin? X sin x
3. lim =1lim =lim sin - =1.0=0,
xX-0 x X-0 Xj X0 !i‘_ 2
2
sin ax sin ax
. sin oax a ox a x-0 OX
4, =]lim — ¢ —_— -
i smpr %0 B SaPx By snbr
Px x-0 Px
=% . —i—:% (o =const, § =const).

§ 7. Yucao e

PaCCMOTpHM NepeMEeHHYI0 BEJUYHHY
1\n»
( 1 + _,;) ’

rAe n—Bo3pacTaioniasi nepeMeHHasi BeJHYUHA, MPHHUMAIOMAs 3Haye-
HHfl M3 HaTypajbHOro psiga uucen 1, 2, 3, ..

Teopema 1. Ilepemennas eeauduxa (1+%)'l npu n-— oo

umeem npeden, 3axatouennslii mendy 2 u 3.
HokasartearcTBo. Ilo ¢opmyne GurHoma HeioroHa MoxkeM
Hanucartb
1\n__ nl | an(n—1) 1\2 , n(n—1)(n—2)71\3
(1+7) —1+17+T'(7) +—W3—-(7) +..

+n(n—1) (n—2)...[n—(n—1)] (_I_)n. (1

1:2¢,..2n n

e



48 MPEAEJ. HENMPEPBIBHOCTb @ YHKHHUA [T 11

IpousBeasi oueBHuHBIE anreGpauyeckHe MpeoGpa3oBaHHs, NOJYUHM
(1+%)"=1+1+Tf—2(1—%)+1-_;—.3(1—%)(1—%)+...
ot (1) (1-—%) (=) @

U3 mnocneanero paseHCTBa CJefyeT, YTO NepeMeHHas BeJHYHHA
1\~
( l+7) — Bo3pacTaiomasi NepeMeHHasl BeJMYMHA NpPH BO3pPacTaio-

meM n.
JleficTBUTENLHO, NIPH Nepexole OT 3HaueHHs n K 3HaueHuwo n- 1
KaxJioe cjaraeMoe NocjefHeld CyMMbI BO3pacTaer:

(=) <gs(l—s) v &
H Jjo6aBisiercsi eme ofuH uJeH. (Bce uneHbl pa3snioxeHHs— noJio-
KHUTeNbHBIE.)
Tlokaxkem, uTO mNepeMeHHasi BeJHYHHA 1+—,11—>n OorpaHHYyeHa.
3ameuas, 4To (1—%) <1 (I——-rll—) (1—% <l wnr 1, us BH-
paxkeHusi (2) mosyyuM HepaBEHCTBO

1\» 1 1 1
(H'T{) <l+l+mgtmst - troes

3ameuasi, jajee, 4TO

1 1 1 i 1 1
T23<%3 T334 ' [0 n<mD

MOXKEM HallhcaTb HEPABEHCTBO

(1+2)'<l+1+5+m+.- +5r

ITopuepkHyThle usieHBl NpPaBOH 4YaCTH 3TOrO HEPABEHCTBAa OGPa3ylOT
reoMeTPHUYECKYI0 MPOrPeccHr0 CO 3HameHaTeJeM ¢=1/2 u nepsuiM
yJeHoM a = 1, nostomy

(1+2)'<t+[1+ 545+ - +5=] =

CnenoBaTeNbHO, [J1 BCEX 7 IOJydaeM

(1+1)'<s.
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s paseHcTBa (2) caepyer, 4To

( 1+ %)” >2.
TaxuM o6pasoM, NoJyuaeM HepaBeHCTBa

o< (14 4)"<3. @)

1\n
DTuM YCTaHOBJIEHO, YTO NEpEeMeHHasl BEJHYHHA (1 + 7) OrpaHnyeHa.

Hrak, mepemeHHasi BeJHYHHA (1 + %)" — BO3pacTalolias u orpa-
HUUeHHas, II03TOMy Ha OCHOBaHHU TeopeMmbl 7 § 5 oHa HMeeT npeped.
dror npexea ob6osHayaercs GyKBoOH e.

Onpeaenenue. Ilpenen nepeMeHHOH BENTMYHHDI (l + iﬂ)n npu
n— oo HasblBaeTcs *) uucaom e:

. 1\n
e=lim (1 + —) .
n—»®o n

U3 uepasencta (3) Ha ocHoBaHHM TeopeMmul 6 § 5 caeayer, urto
M UHCJIO € YIOBJeTBOpsieT HepaBeHCTBY 2 < e < 3. Teopema pokasana.
Umncsno e—wuppanuoHaiabHoe uucao. ITosanee Gyaer ykasan meron

ero BHIUHCJIEHHS C JI00OH CTEneHbl0 TOuHOCTH. Ero 3Hadenwe c pe-
CATbIO BEPHBIMH 3HaKaMH IOCJE 3allsITOM:

e—2,7182818284...

Teopema 2. Pynxyus (l—l- %)x npu x, cmpemauwemcs k bec-
KOHEHHOCIU, CMpeMumcs K npedery e:

lim (l—l—%)x=e.

X

1\n
JlokaszaTeabCTBO. DBUIO ycTaHOBJEHO, 4TO I+7) —e

npu n— 0o, €CJM N NPHHUMAET IleJble NOJOXKHTEJbHble 3HaueHMus.
[lycte Tenmepb x cTpeMuTCs K GECKOHEYHOCTH, NPHHHMAs Kak ApoG-
Hble, TaK H OTPHIaTeJbHble 3HAaYeHHS.

1) Ilycte x— 4 0co. Kaxkzaoe ero 3HaueHHe 3aKJIOYEHO MEXKIY
JABYMsi IOJIOKMTEJbHBIMH LeJABIMH YncaaMu: n< x < n- 1. Tlpu atom

1\~
*) MoXHO IOKa3aTb, 4TO <1+7 — e pU n —»-}- 00, ecau n He ABARETCH
MOHOTOHHO BO3pacTalollel NepeMeHHOH BeJIHYHHOMH,
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GYAyT BBHIUIOJHATbCS HEPaBEHCTBA
1

1 1 1 | 1
;>7>m, 1+;>1+7>1+n—+1;
1 \n+1 1 \x 1 n
(3> (127> (1)
Ecmu x— o0, TO, OueBHaHO, u n— oo. Haiizem npenensl nepemeH-
HBIX, MEXJIY KOTODBIMH 3aKJ/IOUeHa mepeMeHHas (l —{——)1; %,

lim (1+7‘l-)”“.-_— lim (1+%)”(1+%)=

n—>+ o n—>+ o

= lim (1+%)". lim (l+%)=e-l=e,

n—>+® n->-+o
1 n+1 1 n+1
; Cye_ o ()™ ()™
lim (l+;l_—l——l) = lim 1 = i =T=e'
n—>+® n—>+® l+n+l nETm (l+n_+_l)
cnefoBaTesbHO (o Teopeme 4 § 5),
. 1\x
—) =e. 4
Jim (1+5) = @
2) Ilyctb x——o0. Beegem HOByi0 nepemeHHyio {=— (x4 1)
wm x=— (¢ +1). IIpu ¢ — 4 oo Gyner x ——oo0. MokeM HanucaTb
. 1y .. 1 \-t-1_ .. ¢ \-t-1
Jim (143) = tim (1—7) ™7 = i () =
T [ A e T R 1\t 1Y\ _
= tim, (57) "= i, ()™ = i (1) (147) =
=e-1=e,
7\

7-(1+3)”

e
AN/ 4
Puc. 45.

Teopema gokasana. I'paduk ¢yHkuuu y=(l -l-%)jE H300paXkeH Ha
puc. 45,
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Ecan B paBencrse (4) monoxutbh 1/x=o, TO NPH X-— CO HMEEM
a—0 (H0 @ 5£0) u Mbl moayuaeM lim (I4a)/*=e,
a0

Npumepmns

. lim (1+%)"“=1im (1+%)"

n->ow

—

X . X X
J—_ P> 1\ 1\x
=t (1) dm (1) am (1) meeeme
3. lim (1+3)”= lim (1+i)2“’=e2.
X=>00 X Yoo Y
4, lim x+3)x+a=1im ("_‘1_‘!'_4)”3___ im (12 4 )x+§=
x>0 x—1 X—> 00 x—1 X-> 00 x—1
i 4 \@-D+a_ . 4 \y+a
=im (14+52) =lm (142)"""=
=1m (142)"- 1im (142) <et1 =t
Yoo Yy e y

3ameuanune. IlokasarenpHas QyHKIHSA C OCHOBAaHHEM e,
y=e¢%,

MIpaeT HCKJIOUNTENbHO GOJBIIYIO POJb B AasbHeHIIeM Kypce MaTeMa-
THKH. DTa GyHKUUA HrpaeT GOJbIIYI0 POJb NPH H3YUYEHHH passiny-
HBIX SIBJIEHHH B MeXaHHKe (TeopHus KoseOaHUil), B 3JIEKTPOTEXHHKE H
pPajiHOTeXHHKe, B PAJHOXHUMHH H T. A. vk
Sty GYyHKUHIO 4acTO Ha3bIBAIOT IKCNO-
Hewmou (exponential function). I'padu-
KH MOKas3aTeNbHOH ¢QYHKIHH y=é€* H
noKasaTesJbHOH QYHKLIHH y = e~* u306-
paxeHH! Ha puc. 46.

§ 8. Harypaaphbie Jorapudmbl

B § 8 raaBu 1 6bina onpepenena ygeﬂ’ 1 Y=o
Jorapugmuueckas QyHkuua y = log, x. -
Uncao a Ha3EB2e €Sl OCHOBaHHEM JIOFa- 0 &
pudmoB. Ecan a = 1V, To y HaswbiBaeTcs Prc. 46.
JeCATHYHBIM JlOrapudmMoM uucaa X H

o6osHavaetcs y = Ig x. VI3 mKosbHOrO Kypca H3BecTHH TaGauubl 3Ha-
YeHUH JAECATHYHBIX JIOTapH(MOB, KOTOpble Ha3hIBAIOTCH O6puz206biMu,
no MMEHH aHIVIMiCKoro yueHoro Bpurra (1556 — 1630).
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Jlorapugmel ¢ ocHoBaHueM e = 2,71828. .. naswiBaloTCsi Hamypase-
HolMU, IR Henepoebimu aoceapugmamu, NO UMEHH OFHOTO W3 MEPBHIX
usobperateneii  Jorapudpmuueckux Tabauu, Marematuka Henepa
(1550 — 1617). CnepoBatenbHO, ecai e¥ = X, TO y Ha3BIBAIOT HATYypaJb-
HBIM JiorapHMoM 4YHCJa X H NHWYT y=Inx BMecrto y = log, x. I'pa-
¢uxku QyHKuuit y=Inx u y=I1g x moctpoeHsl Ha puc. 47.

A y=hz__,

/ , - w_—‘

Ael\r o
% Y \g10=1

g &6 7T a8 & un =&

Puc. 47.

YcTaHOBHM, Jalee, 3aBHCHMOCTb MEXNY JAECATHYHBIMH U HAaTypa/b-
HBIMH Jiorapu¢MamMi OHOro M Toro e uucia x. Ilyctb y =Ig x, nan
x= 107, IlposnorapupmMupoBaB JieByi0 H NpPaBYyI0 YacTH HOCJEAHEro
paBeHCTBA IPH OCHOBaHHH e, mnoayduM Inx=yIn10. Onpegensiem

1
V=110 In x, M, noacraBiAs 3HaYeHHe y, umeeM Ig x = o Inx.

Takum oGpasoM, ec/H H3BeCTeH HATypaJsbHBIH Jorapudm yuca x,
TO JeCATHYHBIA Jorapu®M 3TOro 4McJa HaXOAUTCS NMyTEM YMHOMXEHHS
1 .
Ha MHOXHTeNb M= o ~ 0,434294, He 3aBucsuuit ot x. Yucao M
Ha3blBaeTCs MoOyaem nepexoda OT HATypaNbHBIX JIOrapupMOB K JHecs-
THYHBIM:

Igx=MIinx.

Ecnu mooxXuM B 3TOM TOXKIECTBE X=e¢, TO IOJY4HM BHPaXKeHHEe
uncaa M uepe3 necATHUHBIE JIOrapHGMBL:

lge=M (lne=1).
Harypanbarie sorapudMel yepes JecSATHYHBIE BBHIPAXKAIGTCH TaK:
1
Inx=—4-lgx,
rje
o 7 2,302585.

3ameuaHnue. [lJa BEUHC/IEHHS HATYPAJbHEIX JOTapU(MOB YHCe

CYIECTBYIOT crenuajbHele Tabiauuel (Hanpumep, cM. B pon-

mreids U.H. u Cemenpgser K. A. CnpaBounuk no matema-
Tuke. —M.: Hayka, 1980).
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§ 9. HenpepbiBHOCTb (yHKLMiA

ITycte dpynruus y = f (x) onpeneneHa npu HEKOTOPOM 3HAYEHHH X,
M B_HEKOTOPOH OKDEeCTHOCTH € UEeHTpoM B X, Ilycts y,=f(x,).
Ecau x monyduT HeKoTopoe moJio-

KHTeJIbHO® HMJIM OTpHlaTesbHoe — Ges- I\ V
PasJIM4HO — TpHpalleHne Ax U NDpUMeT 4
3HauYeHHe X=X, Ax, Tou QyHKIHSA y %, A‘,y
NOJIYUHT HEKOTOpoe mpupailenue Ay.

HoBoe, HapamenHoe 3HaueHne GpyHKIHH

oyner y,+Ay=[(x,+Ax) (puc. 48). Z

INpupamenne dyHKUHH Ay BLHIpasuTCs v

popmyaot Ay = [ (x,+ Ax) — f (x,). 4z
Onpenenenne 1. Oyukuus y =

= f (x) Ha3biBaercs Henpepoiéroil npu

3HaueHuu x=1x, (WIH 6 mo4Ke X,), Puc. 48.

€cqM OHA onpejelieHa B HEKOTOPOH

OKDECTHOCTH TOYKH X, (O4eBHJHO, H B CaMOH TOuKe x,) H eCju

V4 z ptdr z

lim Ay=0 (1)
Ax—>0
HJIM, 4YTO TO K€ caMmoe,
Jim [F (x4 — f (x)] =0. @

VYcaosue HenpepblBHOCTH (2) MOXKHO 3amucaTh M TakK:
lim  (x, +Ax) = (x)
Ax —>0

HJH
lim £ ()= f (%), @)
HO
x,= lim x.

X—> Xo
CnenoBaTenbHO, PaBeHCTBO (3) MOXKHO 3amucaThb Tak:

lim f(x):f(lim x\, )

X = Xo X X

T.e. ANA TOro, 4TOOH HalTH Npeje] HeNpepeIBHOH (QYHKUHH mpH
X—>X,, JOCTaTOYHO B BHIPaKeHHe (PYHKLUMH MOACTABHTh BMECTO
apryMeHTa x ero 3HauyeHHe X,.

OnucarteqbHO reoMeTPHYECKH HENpepbLIBHOCTb (PYHKUHH B JaHHOH
TOUKe O3HAYaeT, YTO PasHOCTb OPAMHAT rpaduka QyHKUMH y= [ (x)
B TOYKaxX X,+Ax u x, GyzeT no aGCOIOTHOH BeJHUHHE [IPOU3BOJIBHO
MaJioif, ecsH TOJbKO |Ax| OyJeT A0CTaTo4HO. MaJo.
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Mpumep 1. MokameM, uto GyHKUHMA y=x HempepEIBHA B NPOH3BOMLHOM
TOUKe Xy. JleHCTBUTENBHO,

Yo=x% Go+Ay=(xo-FAx? Ay= (xo+Ax)*—x}=2xAx+Ax?,

lim Ay= lim (2xAx+Ax?)=2% lim Ax4 lim Ax: lim Ax=0
Ax—->0 Ax—>0 Ax =0 Ax—~>0 Ax—>0

npu jnioGom cnocobe crpemienns Ax x myio (puc. 49,a u 0).

71 Lasl L0 Z 1420490

Puc. 49.

Mpumep 2. JlokaxkeM, uro dhyHKnus y=sin x HeNpepEIBHA B MPOH3BONBHON
TOuKe Xo. JIefICTBHTENBHO, Yo =sin Xy, Yo+ Ay=sin (xo-}Ax),
2

bBoiio nokasaso, q'l‘oA lim sin %i=_-o (npumep 7 § 5). ®yHKIHA COS (x-]-%f)
X =0
orpanuuena, Cregosarennno, lim Ay=0.
Ax—>0

Ay=sin (%} Ax) —sin xy =2 sin Ax . COS (xo +A;-) .

AnanoruuHsiM 06pa3oM, paccMaTpHBasi KaX/Ayi0 OCHOBHYIO 3JIeMeH-
TapHYi0 (PYHKIIMIO, MOXKHO 10Ka3aTh, YTO KaXKJas OCHOBHas dJIeMeH-
tapHas QyHKOUS HenpephlBHa B KaXJo#l TOYKe, B KOTOpOA OHa
onpenesieHa.

JIlokaxeM jajee CJAEAYIOILYIO TeOpeMy.

Teopema 1. Ecau ¢pynxyuu f;(x) u fy(x) Henpepoieror 8 mouxe
Xy Mo cymma §(x) = fi (x) 4, (x) maxwe ecmo nenpepoisras ¢ynk-
yus 8 mouke Xx,.

IHokasateabcTBO. Tak Kak f,(x) u f,(x) HempephBHH, TO
Ha OCHOBaHUH paBeHCTBa (3) MOXeM HamucaThb

xli’g fi()=Fi(x,) u xli_)nlfz (%) =F3 (%0)-

Ha ocuoBannu Teopemnl | 0 mpefenax MoxeM HamucaTh
lim () = lim [, (1) 4+, (] = lim [ ()4 lim fo(9=
= f1 (%) + 12 (%) =P (%,).
Urak, cymma ¢ (x) =f, (x)+f,(x) ectb HenpepniBHasg (yHKIUS.

Teopema nokasaHa.

Kak creactsue oTMeTHM, YTO TeOpeMa COpaBeAJHMBa AJIs JIOGOro
KOHEYHOT0o 4YHcJja claraeMblXx.

Omnupasch Ha CBOACTBAa NpeAesioB, TaK Ke MOXKHO JOKa3aTh Cle-
LytOlllie TEOPEMEH:
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a) Ilpou3ssederue Osyx HenpepoleHbix (PyHKYu ecme PYHKYUUR He-
npepoleHas.

6) Yacmnoe 0syx Henpeposrolx ynxyuil ecms (QyYHKYus Henpe-
POIBHAR, eCAl BHAMEHAMENb 8 PACCMAMPUBAeMOLL MOuKe He 00paiyaemcs
8 Hy”b.

B) Ecru u=@(x) HenpepoisHa npu x=1x, U f(u) HenpepvieHa
6 mouke u,=qQ (%), mo cromuas Qyukyus flo(x)] Henpepoiena
€ mouxe X,.

Hcnonb3yst 3TH TeOpeMbl, MOXHO JOKa3aTh CJEAYIOLIYIO TEOPEMY.

Teopema 2. Beakas anemenmapHas YHKYUsL HenpepoiBHA 8 Kaji-
doti mouxe, 6 Komopoil oHa onpedesena *).

NMpumep 3. Pyskuus y=x2 HenmpepriBHA B JI0GOA TOUKE Xo H NOTOMY
lim x?=x%, lim a?=32=9,
X > Xy x—>3

NMpumep 4. Pynxuusa y=sin x HenpepuiBHA B J1060# TOYKe U NOTOMY
lim sin x=sin (v/4) =V 2/2.
4

x— 7/

Mpumep 5. Pynkuusa y=e* HenpepbHiBHa B KaXJOH TOUKe M NOTOMY
lim e*¥ =2,
x—>a

Mpumep 6. Iim 2 T0 i Lin a4 )= tim 0497, Tax
x>0 X x->0X x>0

kak lim (1-+x)*/*=e n dysxuua Inz nenpepripHa npu z > 0 H, CIEIOBATENBbHO,
x—>0

npn z=e, TO

i 14x)*]=In[ lim (1 Y] =lne=1.
xllr:loln[( +x) } n[meo( + x) ] Ine=1

Onpenenenue 2. Ecnmu ¢ynkuusa y = f (x) HempephiBHA B Kax-
Joll TouKe HeKoToporo HHTepBana (a, b), rae a <b, TO0 rosopsar,
4TO QYHKIMS HenpepbisHa Ha mom uxnmepeare.

Ecnu ¢yHKUHS onpejesieHa M NIPH x=a, ¥ npu 3tom lim f(x)=
X—>a+ 0
= f(a), T0 roBopsT, uTo f (X) B TOUKe X =a Henpepoiera cnpasa. Ecim

lim f(x)={(b), To roBopsaT, 4TO GQYyHKUHA [(X) B TOukKe x=>b He-
x—>b-0

npepoleHa cresa.

Ecnu ¢yukuus f(x) HempepblBHa B KaXJAOH ToOuUKe HHTepBana
(e, b) ¥ HenpephBHAa Ha KOHIIaX HHTepBaja COOTBETCTBEHHO CIpaBa
U CJIeBa, TO TOBOPAT, UTO OYHKLHA [(X) Henpepovira Ha 3aMKHY-
mom uxmepeasre Wnu ompeske [a, b

Mpumep 7. Pyukuus y=x® HenpepuBHa Ha JoGoM oTpeske [a, b}, uto
crenyer u3 npumepa 1.

Ecru B Kakoii-To TOUKe X =x, A1 PYHKUMH y= f(x) He BunoJ-
HfieTCS 1O KpaiiHefl Mepe OZHO M3 YCJOBHH HeNpPephBHOCTH, T. €. €CJH

*) DtoT BOMpOC MOAPOGHO H3NOXKeH B Kuure: PuxteHroasu L M,
OcHoBH MaTeMaTHYeCKOro anaausa, 1. 1.—M.: Hayka, 1968.
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ipy X=X, QYHKUHS HE OnpejeseHa HJIH He CYLIECTBYeT NpeAen

lim f(x), nam lim f(x) 5~ f(x,) OpH NPOM3BONILHOM CTPEMJIEHHH
X = Xo X = Xo
X —» X,, XOTSl BbIpaXKeHHsl, CTOsLIME CIpaBa M CJeBa, CYIeCTBYIOT,

TOo NpH x=1x, GyHkuusa y=7;(x) paspowra. Touka x=x, B 3TOM
c/y4yae HasbIBAeTCs MOouKoll paspold QyHKIHH.

Mpuwmep 8. Oynxkuus y=1/x paspuBra npu x=0. [JeficTBuTenbHO, NpH
x=0 ¢yskuus He onpegenera: lim 1/x=-o, lim 1/x=— o0, Jlerko no-
X—>+0

Xa3aTh, YTO 3Ta (YHKIUS HempephiBHA NMPH JIOG0M 3HayeHHH x 7% 0.

INMpumep 9. OyHrnus y=21/" paspbiBia npn x=0. JleficTBuTeNBHO,

lim 2Y*=o, lim 2Y*=0. Ilpn x=0 Qynknus ne ompexenena (puc. 50).

&= +0 x> =0

Npumep 10. Pacemorpum dyukuuio f (x) =x/| x|. Mpu x < 0 6yzer x/|x] =
=—1; npu x > 0 Gyzer x/| x|=1. CnenosarebHo,

lim f(x)= lim x/|x|]=—1, lim f)= lim x/x|=1;
x> ~0 xX=>~0 X=>+0 X=>+0

npu x=0 ¢yHkuusa He onpeneseHa. TakuMm o6pasoM, MBl YCTaHOBHJIH, YTO (PyHK-
uua f (x)=x/| x| paspuiBHa npu x=0 (puc. 51).

¥
k7
y=zi ]. ,Z/—‘-fﬂ')
7
Puc. 50. Puc. 51.

Mpumep 11, Oyuxuus y=sin (1/x), paccmorpennas B mpumepe 4 §3, pas-
pHiBHa npH x=0.

Onpenenenue 3. Ecan pyHkuusd f (x) TakoBa, 4TO CymeCTBYIOT
KoHeunble mpexesnt lim f(x)=f(x,+0) u lim f(x)=f(x,—0),
0 >X0—0

. x-»xo.+ X
Ho mwan lim f(x)s= lim f(x), unau 3HayeHue pyHKuuHU f(x) npH
X—>Xq+0 X—>Xq—0

X=X, HE ONpeAeseHO, TO X=X, Ha3blBaeTcs mouKoi pa3pow.a 1-20
poda. (Hanpumep, ana ¢yHkuuu, paccMoTpeHHoit B mnpumepe 10,
Toyka ¥=0 ecTb TOuka paspeiBa l-ro poxa.)

§ 10. Hexotopble cBoiicTBa HenpepbIBHBIX (yHKIHH

B stom maparpade paccMOTpHM HeKOTOphle cBoficTBa (yHKIHi,
HemnpephIBHBIX Ha OTpe3ke. DTH CBOHCTBa OyAyT CGHOPMYJHPOBAHBI
B BUJe TeopeM, KOTOphle MHI NpHBOAMM Ge3 AoKa3aTe/lbCTBa *).

*) Jloka3aTeJbCTBa 3THX TEOpeM MOXHO HaHTH B KHure: QPuxTeH-
roasn I'. M. OcuoBnl MaTemaTHueckoro anaiausa, 1.1.—M.: Hayka, 1968.
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Teopema 1. Ecau ¢pyuxyus y=f (x) Henpepoiera Ha HeKoOmMopom
ompeske [a, b] (a<<x<b), mo na ompesxe [a, b] naidemcs no
Kpaiinet mepe 00HQ MOYKA X=X; MAKAA, 4MO 3HA4EHUe (QYHKYUU
e amoii mouxke GyOem ydosaemeopsme COOMHOULEHUIO

(e 27 (x),

20e x —aobas Opyeas mouka ompeska, u Haidemcs no Kpatinel mepe
00Ha mouKa X, maKas, 4mo 3Havenue yHKyuu 6 amot mouxe Oydem
Y0082EMBOPAMb COOMHOUEHUIO

f () < FAx).

3Hauenne GyHKUHH [ (X,) OyaeM Ha3bHIBATb HAUGOALULUM 3HAMEHUEM
dbynkuuu y=f(x) Ha oTpeske [a, b], 3HaueHune pyHKuHH [ (X,) OyaeM
Has3blBaTh HAUMEHbUIUM 3Haueruem (DYHKLIHMH Ha oTpeske [a, b].

KopoTko 3ty TeopeMy ¢(opMyJHpPYIOT Tak:

Henpepoisrias na ompeske a << x < b ¢pynkyus docmueaem na smom
ompeske no mexouiel mepe 00ur pas Haubosbwezo 3HaveHus M u
HAUMEHbULE20 3HAYEHUS M.

Z} ML 700
7k
Vi)
M — z 4 i
V4

m . g A “

944 4 % bz Mz ()

Puc. 52. Puc. 53.

CMBICAI 3TOH TeOopeMbl HarJSAHO HJUIOCTPUpYeTCs Ha puc. 52.

3aMeuyaHHUe. YTBEpKAEHUE TEOPEMB O CYIECTBOBAHHH HaHGOJIb-
mero 3HaueHds QYHKIMHM MOXET OKasaTbCs HEBEPHBIM, €CJIH paccMmart-
puBaTb 3HauYeHHs (PYHKUMH Ha uHTepBaje a < x < b. Tak, Hanpumep,
ec/Ii Mbl 6y/IeM paccMaTpuBaTh GYHKUMIO ¥ = X Ha HHTepBase 0<x <1,
TO CpeiH ee 3HaUeHHH HeT HauOoJbliero H HeT HauMmeHbnero. Jlefcr-
BUTEJbHO, Ha HHTEpBaje HET HH HaWMEHblIero, HH HauOGOJbIIEro
sHauenuii x. (Her xpaiineli JieBofi TOYKH, Tak KakK, KaKyio Gbl HH

o o X
B34JIH TOYKY x*, HauJEeTCsl ToUKa JieBe€ B3ATOU, HAIPUMED TOYKA —5- ;

TaKxe HeT KpaiiHeli mnpaBo#l, a cjenoBaTeNbHO, HET HH HAHUMEHb-
mero, HU HauGosbLIero 3HayeHHH (QyHKUMH y = X.)

Teopema 2. ITycme ¢ynxyus y=f (x) Henpepoiéna Ha ompeske
[a, b] u Ha konyax smozo ompeska npunumaem 3HAUEHUS PABHOLE
3HaKo8, mozda mendy mouxamu a u b naddemcs no xpained mepe
00HQA MO4KA X=C, 8 KOmopol (yHKyus o00pawaemca 8 Hyav:

fl=0, a<e<b.
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dra TeopeMa HMeeT NPOCTOH reoMeTpuueckuil cMeica. I'paguk He-
npepeiBHOM (GYHKIHM y = f (x), coepunsiomuii Touku M,[a, f(a)] n
M,[b, F®)], te f(@ <0 w @ >0 (um () >0 u f(b) <0),
nepecekaer ocb Ox no KpafiHelt Mepe B OfHOH Touke (puc. 53).

Mpumep. Jana ¢pyskmusa y=x3—2; y|,_1=—1, y|,=,=6. Ha orpeske
[1, 2] ona HenmpepriBHa. CllefoBaTeNIbHO, HAa 3TOM OTPe3Ke CYLIECTBYET TOYKa, TIAe

y=x3—2 ofpaumaerca B HyJb. Jleficteutensso, y=0 npu x= ]3/ 2 (puc. 54).

Teopema 3. ITycme pynxyus y = f (x) onpederena u Henpepoiena
Ha ompeske [a, b]. Ecau Ha Konyax smozo ompesxa (ynkyus npu-

7 Humaem Hepasroie 3nauenus f(a)= A, [ (b) =B,
mo, KaKoso 6ot HU ObLAO HUCAO W, 3AKAIOMEHHOE
& mencdy uucramu A u B, naiidemcs maxas mouxa

X=Cc, 3aKaouennas mexwdy a u b, umo f (c) = p.

CMBICT JaHHOH TeopeMbl OTYETIHBO HJLIIOCTPH-

pyercs Ha puc. 55. B jgaHHOM cayuae Beskas

npsiMas y = nepecekaeT rpaduk (GyHKUHH y =

= (x).

3ameuanue. OrmernMm, uTOo Teopema 2 AB-

., JIieTCsl 4aCTHLIM CJIy4aeM 3TOi TeopeMhbl, TaK Kak

7| 1/,\ 2z % ewum A m B umelor pasHble 3HaKH, TO B Ka-

iy yecTBe P MOXHO B3ATh 0 M Torpa p=0 Gyzer 3a-
7T KJIoueHo Mexay uucjaamu A u B.

Prc. 54 CnencrtBue teopeMmn 3. Ecau ¢ynxyus

- o y=7[(x) HenpepbieHa Ha Hexomopom urmepease

U npunumaem HaubOAbUIEE U HAUMEHbULEE 3HAUEHUR, MO HA IMOM

unmepeasre OHa npunumaem no Kpained mepe o0un pas aw06oe

: LN\

# 4 w=f1e) o N
A
p/ a ¢ V] &z d {ud O e
al 2 Zp Zs b &
Puc. 55. Puc. 56.

BHaueHUe, 30KAOMEHHOE MENOY ee HAUMEHbUUMU U HaAubGoAbLLUUMY
BHAUEHUAMU .

HeiictButenbro, nyctb f (x,) =M, f(x,)=m. Paccmorpum orpe-
30K [x;, %,]. Torna mo Teopeme 3 Ha 3TOM OTpe3ke QyHKuHs y = [ (x)
NpUHUMaeT JoGoe 3HaueHHe W, 3akJoueHHoe Mexny M u m. Ho
OTpPe3oK [Xj, X,] 3aKMoO4YeH BHYTPH paccMaTpPHBaeMOro HHTepBana, Ha
KotopoMm onpezeneHa ¢yHruus f(x) (puc. 56).
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§ 11. CpaBHeHHe GecKOHEYHO MaJbIX

ITycTb OZHOBPEMEHHO HECKOJbKO OECKOHEYHO MaJsibiX BeJHYUH
a, B, v, ... ABIAIOTCS (GYHKUHUSMH OJHOrO M TOTO e apryMeHTa X
H CTpeMATCS K HYJIO NPH CTPEMJIEHHH X K HEKOTOPOMY Tpeleny &
K K GeckoHeuHocTH. OxapakTepusyeM CTpeMJIeHHE 3THX IMepeMeH-
HbIX K HYJMIO, paccMaTpUBasi UX OTHOIIEHHs *).

Bynem nonp3oBaThCcsl B AasbHeHIIEM CAeRYIOMHMU ONpee eHHsIMH .

Onpepnenenune 1. Ecaun orHomenue P/o. MMeeT KOHEUHEIH H
OTJIMYHBIA OT HyJs mpenen, T.e. ecau limP/a=A£0, a crenosa-
tenbHo, lima/B=1/A5=0, T0 GeckoHeuHO MaJibie U O Ha3bLIBAIOTCA
feckoHeuHo Manvimu 00H020 nopadka.

Mpumep 1. Mycts a=x; B=sin 2x, rae x— 0. Beckoneuno mansie a u P
OJIHOTO MOpAAKA, TaK Kak

x>0 QO x—+0

IMpumep 2. Ipu x— 0 GeckoHeuHO MaJiHe x; sin 3x, tg 2x; 7In(I4-%)
AIBJISIOTCSE GECKOHEUHO MaJILIMH OHOTO M TOrO e MopsAKa. JIokasaTeJbCTBO HPOBO-
JAUTCA aHaJOTMYHO TOMY, KaK 3TO CAeJlaHO B MpHMepe 1,

Onpenenenue 2. Ecan oTHomeHHe ABYX GECKOHEYHO MaJIBIX
p/@ crpemutcsi K Hymo, T.e. ecad limf/a=0 (a lima/f=o0), TO
6eCKOHeUHO Majias § Ha3bIBaeTCA OECKOHEHHO MAAOL BEAUYUHOL Bbic-
wez20 nopadka, 4em OeckoHeHO manras ., a GECKOHEYHO Majasi o
HasbiBaeTcsl GECKOHe4HO MAAOll Hu3Wwiez20 nopadKka, 4em OGecKOHe4HO
manan B.

Mpumep 3. Iycts a=x, B=x", n > 1; x— 0. BeckoHeuno Manas P ecro
GeCKOHeYHO Majlafi BHICIIErO0 MOpSAfKa, ueM GeCKOHeYHO Majiad o, TaK KakK
lim x#/x= lim x#*—1=0.
x>0 x =0

Ilpu 3TOM GecKOHeYHO MaJiast ¢, ecTb GecKOHEYHO Majlast HH3ILIero MNopsiAKa,
uem GeckoHeuHO MaJsast f.

Onpenenenue 3. BeckoneuHo mManas § Ha3bIBaeTCs 6eCKOHEYHO
manoil k-20 nopadka omrocumenrsHo GecKOHedHO Mairoll o, eclid B u
a* — GeCKOHEYHO MaJible OJHOro MopsaKa, T.e. eca lim f/a*=A %0,

MpuMep 4. Ecim a=x, B=x3, 10 nmpn x — 0 Geckoneyno Manast B ectb
GeCKOHEYHO Majlasi TPeTbero MOPSfKa OTHOCHTENBHO GECKOHEYHO Masofl a, TaK Kak

lim B/ad= lim x*/(x)®*=1.
x—>0 x>0

Onpenenenue 4. Ecau oTHomeHHe ABYX GECKOHEYHO MaJbiX
B/a cTpemurcs K enuHupe, T.e. ecau limP/a=1, To GeckoHneuyno
Masble B M O HA3LIBAIOT IKEUBANEHMHOIMU OECKOHEHHO Marbimu **) u
numyT o =& f.

*) Byzem npexnosaraTh, uTo GeCKOHeYHO MaJjas, CTOSmas B SHAMeHaTele,
He obpaliaeTcss B HYJb B HEKOTOPON OKPeCTHOCTH TOYKH 4.

**) B atoM caydae o M [ HHOrla HA3BIBAIOT PABHOCUAbHLIMU GECKOHEUHO
MaJIbiMA,
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Mpumep 5. Iycrs a=x u B=sin x, rre x—> 0. Beckoneuno manue a n

P SKBUBANEHTHH, TaK KaK
. sinx
lim =1,
x>0 X

Mpumep 6. Iyets a=x, f=In(1-4x), rae x—> 0. Beckoneuno Manwe
o u f SKBUBaJeHTHH, TaK Kak

lim BA+2_,
x>0 X
(cM. nmpumep 6 § 9).

Teopema 1. Ecau o u B — skeusarenmnoie bGeckoreuro manvie,
mo ux pasrocms o — B ecme beckoHeuHO MAAAA BbiCUIE20 NOPAOKA, HeM
a u 4em P.

JokasaTteabcTBO. [eficTBuTeNbHO,

.. o—p . .
lim == =-lim (l ——E> —1—tlimP—1-1=0.
(22 [+ 22

Teopewma 2. Ecau pasuocmoe 08yx GeckoHeuno marolx o — b ecmo
beckornedHo maras evicuiezo nopsadka, wem o u dem P, moo u P cymeo
aKeusarermuole OECKOHEYHO MaANbLE.

HokasateabcTBo. Ilycts 1imaf:ﬁ=0, TOrja 1im(1 —%):
=0, H.rml—lim§=0, HJH 1=1im%,'r.e.ocz[3. Ecnu]ima—gg=

. o . o
=0, 10 lim (—ﬁ—— )=0, llmF=l, T.e. o =~ P.

NMpumep 7. Mycts a=x, B=x-+ %, rae x— 0. Beckoneuno manue o u f
SKBHMBAJIEHTHHl, TaK KaK HX pasHoCcTh B—a=x3 ecTh GeCKOHEUHO Maliaf BhICLIEro
nopsiaka, yeM o H 4yem f. JleicrBuTeNbHoO,

. —a %3 .
lim E———: lim — = lim x2=0,
x>0 O x—->0 X x>0
3 2
—a X x
tim E=%— tim X — Jim =0,
X >0 ﬂ x—>0x+x3 x—>01+X2
x+1 1
Npumep 8. [Ipu x— co GecKOHEUHO Majbie o= el ﬂ=7~axausa-
x+1 1 1
JIeHTHHle GECKOHEYHO MaJjble, TaK KaK MX pa3HOCThb a—5=——xz——7=;§-

ecTh GeCKOHeUHO MaJjiasi BBHICLIEro mopsiika, ueM o H ueM f. Ilpesen oTHowenus o
u § paBen l:

x+1
.o 2 x+l i)__
Jm = dim = im 2 im (147 ) =1,
X

3ameuanune. Ecau orHomeHne [BYyX OECKOHEYHO MaJblX f/o
He MMeeT Ipefesia M He CTpeMHTCA K OecKOHe4yHocTH, To f M o He
CPaBHUMBI MEXJ1Y COGOH B YKa3aHHOM BBILIE CMBICIIE,
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Mpumep 9. Ilycre aa=x, B=xsin (1/x), rre x — 0. Beckoneuno Manne @
H § He cpaBHHMHI, TaK Kak uX oTHomeHHe P/oe==sin (1/x) npu x— 0 He cTpe-
MHTCS HH K KOHEYHOMY nNpefielly, HM K GecKoHewHoctu (cM. mpumep 4 § 3).
Ynpaxunenus kK raase II

BLIUHCHTD YKA3aHHHE Tpemel:
2
1. 1m 2245

x_tzll——x—g_i_—l—. ms. 4. 2, limﬂ[?sinx—cosx—!—ctgx]. Oms. 2.
x>
x—2 . 1 4
% lim . Om.0. 4. lim (%74—7) ) Oms. 2.
— 2
5. tim 2=22F ome 26 tim 2Tl ome. 1. 7. tim L2 R
X > ® 3x3 —5 3 x>0 X n-» o n?
2 2 2 2
oms. L. 8 ym LEZHEL..F0 4, L
2 N o n 3

9 Ykasanue. Hanumem ¢opmyny (k4 1P —k3=3k24+3k+1 pgaa k=0, 1,
y eeey M

13=1;
9 _13—=3.1243.141;
38—23=3.224-3.241;

e 4 o & s e s

(n—;- 1.)3—n3=3n2+3n+.l.
CKJlaAblBaﬁ JIeBbI€ H NpaBbIe 4YacCTH, MNOJYYHUM
(110 =3 (12424 ...+ +3 (1 +24 ... n)+ (a4 1),
(1P =3 424 ..t 3 2O ),

OTKyAa
12+22+...+n2=”_(’i'-"6—(2-"-"'—1’-.

9. xlimm-’%j—_’;;—‘. Oms. ». 10, xlimwﬂx%il—. Ome. 0.
1. Jim Aok ome .12 tim 2=t ome 4 13 tim E=L
Oms. 3. 14. xli_x:12;;ff_-_:lg—ii—go . Ome. % . 15, xlgnggzi_%)-. Oms. 1.
16. ylim_zfyj—_ﬁf%. Oma. ——:—. 17. u}jT2:¢3T_i_2‘§u;——i__4_3t;" Oms. 0.
18. hninow. Oms. 32 19, lim [T_l—x—-r:a;a—] . Ome. —1,
20. gigxl x::l Oms. n (n—uenoe  MNOJOKHTEIbHOE  YHCJIO).
o, am VIR g L gy gy V2FTI3 0 2VE

x>0 x 2 >4y x—2—V2 3
2. 1im LELP—P oms. L. 24, lim V! 2

Sl L. Oms. %
x>0 Y B gi—yg Vi—1 3

=

&~+1
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" x—"a n/a TFxFx2—1 1
% im VTV o YO 6 tim ‘—/ij_—- me. 5 -
x-a xX—a ma x=+0
V=3 Ve+1
27, it —— . L. im ————, .
x-»Too e Oms. 1. 28, xlimm po) Oms, 1 npu x — -} o0,
—1 mpu x——oo, 20, lim (V2F1—-ViE—1). Ome. 0.
X—> o
30, lim x(V @+ 1—x). Ome. -;— npH x —»+ 00, — 0 NpPH X—>— oo,
X = 00
2
a1, Iim 3% ome. 1. 32, lim S Ome. 4. 33, lim S ope, 1
x>o0tg€x x—-0 X x>0 9
34, lim x/Y 1—cosx. Oms, V2. 35. lim xctgx. Oma. 1.
x—>+0 x>0

%6, lm L=295Y  ome VI, 87 lm(—2)tg 2. Oms 2.
v—»-ﬂ:— sm(v—%) 21 2 *
3

8. Gim 23T o, 2 g0, lim S@ED—SIn@=Y 4. 9eosa,
x>0 3x 3 X0 X
tg x—sin x 1 . 2 \x .
s0. tim T Ome. o 41, lim (1+7) . Oma. &,
. 1\*¥ 1 . x \* 1
42, xlimw(l——-?) . Oma. e—. 43. xllmm (m) . Oms. -e—.
1 \7+8
44, lim (l«l—;) . Omg. e. 45. lim {n[ln(n+1)—Inn]}. Oms. 1.
n - oo n - o
46. lim (1-cosx)3secx, Omeg. €3, 47. lim M. Oms. a.
x> /2 %0 x
+1
48, lim (2—"'-*‘-1)” . Oms. e. 49, lim (1+3tg? )€ %, Ome. &3,
X > 2x+1 X0
(1
50. lim (cos —"-)"'. Oms. 1. 51.  lim In(+e o npH a—s—~-co,
m - o m o > © [+
X —
0 mpr & —»— oo, 52. lim_ ‘:’;‘g’; . Oms. . 58 lim L @>1). ome. +oo
npu x—>+0; 0 mpu x—> — oo. 54, lim n[ a*/"—1]. Oms. Ina.
n -» o
— b — b
55, lim %",  Oms. a—p. 56. lim — " _ . Oms. 1.
x>0 x % - 0 sin ox—sin Px

Onpepennts TOYKH PaspeBa QyHKUHII

x—1
57, y=_x_(7-l_:1)(7—7)-' Oms. PaspuBm npn x=-2; =13 03 2
58. y=tg—;c-. Oms. PaspuBn mpu  x=0 ® x=:l:-ﬁ-;
2 2
tgrieed E PTESI R

59. Haiith Touku pasphiBa (yHKUHU y=l+21/" H NOCTPOHTb rpaguk i
dynknuu, Ome. Paspus npu £ =0 (y — -+ npu x—4-0, y _p_)o‘ npﬂpqu_,,_s'rgf
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60. Mexny caenylomuMH GeCKOHeyHO MaJuiMH (npu x—>0) BeJIHYHHAMH

2%, V x(1—x), sin 3x, 2xcos x 1/ tg? x ; xe?* BLIGpaTh GeCKOHEUHO MaJible OJHOrO
nopsiAxa ¢ GeCKOHeYHO MaJofi X, a TaKiKe BHICIUEr0 M HH3LIEro NOpSAKa, 4eM X.
Oms. BeckoHedHO MaJible OZIHOTO MOpsiAKa C x: sin 3x M xe?¥; GeCKOHEYHO MaJbie

3/7
BEICLIErO MOpfAJKa IO CpaBHEHHIO C x: x% H 2xCOS x;/ tg? x, GeckoHeuHO MaJast

HH3Wero Mopsfika No cpasHerHo ¢ x: VY x (1 —x).
61. Cpeau ykasaHHEIX GeCKOHewHO MasbX (npd x — 0) BeJuuuH HaiiTh Gec-

KOHEeYHO MaJjible; paBHOCHJbHbIE GeCKOHeYHO MaJjoft x: 2 sin x; -—2-tg 2%y  x—3x?

VIETR, In(14x), #4304, Oms. otg2x, x—34% In (142,

62. YGenutbca B TOM; 4TO HpH x — | GeCKOHeuHO MaJinle BeJHYHHE 1—x m
3 -
1—1/ X GYyLyT ORHOTO mMOpPSAAKAa MaJOCTH. DyAyT /i OHH SKBHBAJICHTHHI?

—X
Oms. lim —_—3 == 3, clIeoBaTe/bHO, JaHHble GECKOHEYHO MaJble OLHOI0 MO-
x—->1]__ l/ x

pAAKa; HO HE 3KBHBAJICHTHHI.



TJTABA 111
NPOU3BOAHAS H JHPPEPEHLIHAJI

§ 1. Ckopocth ABMMKEHHS

bynemM paccmarpuBaTh NpsSMOJHHEHOe JBHXKEHHE HEKOTOPOro
TBEPAOrO TeJa, HanpuMep ABHXKEHHE KaMHs, GpPOIEHHOTO BepTH-
KaJIbHO BBEPX, WJH JABMXKEHHE NOPIUHS B IHJIHHADE ABHIATENS U T. .
OTBneKascb OT KOHKPETHBIX pa3MepoB H ¢(OPMH Tesa,

Mbl OyfeM B JaJbHEHLIEM NPEACTaBJAATbL €ro B BUAE JBH-
xymedcs Toukn M. PaccrosiHHe § ABHXKYWESCsS TOUKH,
OTCYHTHIBAEMOE OT HEKOTOPOTO Ha4asJbHOTO €€ MOJIOXKEeHHS

M M,, Gyner 3aBHCeTb OT BpeMeHH 7, T.e. s GyJAeT (yHK-

As{[ ueil BpeMeHH ¢:
1% "T

s=f (o). ()
$ Ilycte B HEKOTOpHIA-MOMEHT BpeMeHH *) { By as-
M cf Toyka M HaxoguJacb Ha pPacCTOSHHH S OT HayaJb-

o

HOro mnojoxeHuss M,, a B HEKOTOPHIH CJEeAyIOUHH Mo-
MeHT ?-+Af TOuKa oOKasajacb B MNOJOXeHHMH M,—Ha
Puc. 57. paccTosgnuu S-+As OT HayaJbHOro noJoxeHus (puc. 57).
Takum o6pa3om, 3a IPOMEKYTOK BpeMeHH A{ paccTosiHHE §
U3MEHHJOCh Ha BenuuuHy As. B 3tom cayyae rosopdr, uTo 3a mpo-
MeXYTOK BpeMeHH Af BeJMuMHA § MOJyuHJia npupameHde As.

As
PaccMoTpum OTHOLIEHHE A7 OHO JAaeT HaM CPEIHIOI CKOPOCTb
JBHXKEHHSI TOUKH 3a BpeMs Af:

A
Uep=17; - @

Cpenusisi CKOPOCTb He MOXKET BO BceX CJydasX TOYHO OXapakTe-
pusoBaTh GBICTPOTY nepemeineHuss ToukHn M B moment f. Ecau, Ha-
npuMep, TeIO B Hayase NMpoMexyTKa Af nepemeranoch oueHb GHICTPO,
a B KOHIE OYeHb MEIJIEHHO, TO CPeJHSAS CKOPOCTb, OYEBHIHO, HE.CMO-
€T OTPasUTb YKa3aHHBIX OCOOEHHOCTEH JBHXKEHHS TOYKH H JaTh
HaM OpaBHJIbHOE NpeJCcTaBjeHHe 00 HCTHHHOH CKOpOCTH €e IBHXKEHHS

*) 3pech, KaK M B JajibHellleM, KOHKDeTHOE 3HaueHHe NepeMeHHOH MEI GyheM
0603HauaTh TOi ke OYKBOH, UTO M caMy HepeMmeHHylo,
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B MoMeHT {. Jlasi Toro yTOGBI TOYHee BHIPa3HUTh 3Ty HCTHHHYIO CKO-
POCTb C NOMOIIbIO CpPeiHell CKOPOCTH, HaA0 B3fTh MEHbIUMH NpoMe-
KyTok BpemeHn Af. HanGonee mosHO xapakTepusyeT CKOPOCTb ABH-
JKEHHUS TOYKH B MOMEHT { TOT npejes, K KOTOPOMY CTPEMHTCS CPERHSA
ckopocTb npu Af—0. DrtoT npenes ¥ HasbBalOT CKOPOCTHIO
ABUXEHHS B AaHHBIH MOMEHT:

as, &)

Takum oGpasoM, ckopocmsto deusceruss 8 OAHHbUL MOMEHM HA3HIBAETCS
npejesl OTHOLIEHUS [pHpalleHUss NyTH AS K NpPHPALIEHHIO BpeMeHH
At, Korza npupauieHue BpPeMeHH CTPeMHTCSl K HYJIO.

Hanumem paBenctBo (3) B paspepHyToM BHAe. Tak Kak

As=F (t+A)—F (8),
TO
_ tim [EFAD—T (@) ’
L 7

d10 M GyJeT CKOPOCTh HEPABHOMEDPHOrO JBMKeHHs. Takum o6pa-
30M, Mbl BHIHMM, YTO NOHSATHE CKOPOCTH HEPaBHOMEPHOIrO ABHIKEHHS
OpPraHHYeCcKH CBSI3aHO C TNOHATHEM npeena. ToabKO € INOMOIIbIO
NOHATHA Mpejesa MOXHO ONpEAeNHTb CKOPOCTb HepaBHOMEPHOrO
JBHKEHHS.

U3 ¢opmyast (3') chiemyer, 4To v HE 3aBUCHT OT NpHPAIIEHUS
BpeMeHH Af, a 3aBHCHUT OT 3HaueHHs1 ¢{ M Xapakrepa ¢yHKuuu f(f).

Mpumep. HallTu cKOpocTh pPaBHOMEPHO YCKOPEHHOrO ABHMKEHHS B NPOM3-
BOJIbHBII MOMeHT { H B MOMEHT /=2 C, €C/Id 3aBHCHMOCTb NyTH OT BpPEMEHH Bbi-
2

paxkaercs (opmyJioi s=%—.

t
Pemenue. B momedT ¢ wumeem s=g2 ; B MOMeHT {-+Afl noayuum

s Aszg(t-;At)2= g (42t At AP)

2
Haiigem As:
3 2 2 3
As = g (242t At} At?) —‘i=gtAt—]- g At .
2 2 2

CoCTaBUM OTHOLIEHHE 2—;:

As_ gt At+(gA22) 1

A At =gl+5 g,

. As 1
no onpejefeHuio uMeeM v= 1 —= li — —
pen v= Jim T=lm (g4ggat)=gt.

Takum o6pa3oM, ckopocTs B J0Goii MOMEHT BpeMeku ¢ paBna v=gt,
Ilpu =2 umeem v|;_p=g-2=9,8.2=19,6 M/c,

3 H.C TNuokynoE, 7. §
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§ 2. OnpepneneHue 1POU3BOAHOM

[Tycte MBI HMMeeM (YHKLHIO
y= f (x)i (l)

onpejeNeHHyI0 B HEKOTOpoM IpoMexyTke. IIpH KaxaoM 3HaueHHU
aprymMeHTa X M3 3TOro npomexyTtka ¢yHKuus y=f (x) uMeer ompe-
JleleHHOe 3HaueHHe,

Ilycte aprymeHT X nOJy4HJ HEKOTOpPoe (MOJNOXKHTENbHOE HJIH
oTpHiaTeNbHOe — Ge3pasanyno) mnpupaimenve Ax. Torma ¢yHkuus y
[OJIYYHT HeKoTopoe npupaiieHne Ay. Takum oGpasom:

NpH 3HaueHUH aprymMeHTa x OyAeM HMeTb y = f (X),

NpH 3HaYCHHH aprymeHTa x4+ Ax 6yaem umetb y +Ay=[ (x4 Ax).
Haiinem npupamenne ¢ynkunu Ay:

Ay=F[(x+Ax)—] (x). @
CocraBHM OTHOLIEHHE NpHpalleHHss (YHKUMH K NpHpaLIEHHIO apry-
MeHTa:
Ay _ F(x+A0)—[ ()
AT A @)
Haiinem npegen sroro orHomenus npu Ax—s 0. Ecan atoT mpepen

CyIlIecTByeT, TO €ro Ha3blBalOT NPOH3BOAHOH AaHHOH QYyHKIHH
f (x) u o6osnauaior f’ (x). Takum oGpasom, Ho onpeaeNeHHIO

, . A
F o9 i
HJIn

Ax—>0

CneznoBarenbHo, npoussodHoll nanHoH GyHKUMH y= f(x) no apry-
MEHTy X Ha3blBaeTCsi MNpejes OTHOLIEHHs NpHpauleHust GyHKuuH Ay
K [pHPAlleHHI0 aprymeHta Ax, KOrja MOCJAELHEE NPOU3BOJNbHBIM
00pasoM CTPEMHTCS K HYJIO.

3ameruM, yTo B OCILiEM CJydYae AJsi KaxJIOTO 3HAYEHHS X MPOU3-
BonHasi [’ (x) HMMeeT onpejeneHHOe 3HaueHHe, T. €, NPOH3BOAHAs
ABNSETCS TakXke QYHKIHEH OT X.

Hapsiny ¢ oGosuauenueM f' (x) Ansi NPOH3BOAHON YHOTPEGASIOTCS

u Ipyrue oGo3HaueHHs, Hampumep ¥’y Yy, d—)yc. KonkperHoe 3naue-

HHe NPOM3BOAHOM NpH x=a oGosHauaercss f' (a) uau y'|,._,.

Onepanusi HaxXoxXKJeHUs NPOH3BOZHOM OT (YHKUUH [ (X) Hasb-
BaeTcs Ougepenyuposaruen 3tofi GOYyHKIHH.

INIpumep 1. Hdana ¢yHxuua y=x?%; HaiiTH ee NpPoOuU3BOAHYIO ¥’}

1) B mpousBOJIbHON TOUKE X,

2) npu x=3.

Pemenne. 1) IIpu 3snaueHuu aprymenTa, paBHoM x; umeeM y=x2, Ilpu
BHAYeHHH apryMeHTa, paBHOM X--Ax; HMeeM y-Ay= (x--Ax)2. Haxoaum mpupa-
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mienve OyHkmun: Ay= (x4 Ax)2—x2=2x Ax-}-(Ax)®. CocraBisem OTHOleHHEe
Ay , Ay _2x Ax-(Ax)?

- _ =2 Ax.

r - Ax Ax x-}—A x. Ilepexoast K mpegneny, HaiiieM NPOH3BOAHYIO

oT panHoil QyHxumu: y’ = lim Y — lim (2x+Ax)=2x. Hrak; npousBopHas
Ax—>0 Ax  Ax oo

OT GyHKINH y= x> B NPOH3BONLHO{ TOUKe paBHa y' =2x.
2) IMpu x=3 noayunm y' | x_3=2-3=6.

IMpumep 2. y=%; Hafity y’,

Pemenue. Paccyxpaas Tak ke, Kak B NpelblAymeM IpuMepe, NOJyYaeMm

y=$s !/+A!/=;_ﬁ'c,
A 1 ___1___‘x—x—Ax_ Ax
A x x(xFAx) x(x+Ax)’
Ay 1
Ax~ x(xFAx)’
T Ay .. . 1 . _l_
Y= lim A= hm, l_ x(x+Ax)]"_ P2

3ameuanune. B mpempiaymem mnaparpade GbIO YCTaHOBJEHO,
UTO €CJIi 3aBHCHMOCTb PAacCTOSIHHSI S JBHXKYIIeHCS TOYKH OT Bpe-
MeHU { BBIpaxaercs Qopmysoit s=f(f), To CKopocTb U B MOMEHT ¢
BhIpaxkaeTcs QopmyJioi

— lim 28— lim 1¢+8)=7T®
At—>0 Al =0 At

CnenoBatenbHo, v=S;=f' (), T. €. CKOpOCTb PaBHa NPOH3BOLHOH *)
OT NyTH N0 BpeMeHH f.

§ 3. leomeTpnyeckoe 3HaueHHe NPOH3BOAHOIH

Mu mozomM K NMOHATHIO NPOM3BOAHOH, paccMaTpuBas CKOPOCThb
JBHXKywerocs TtejMa (TOYKH), T.e€. HCXOAd H3 ME€XaHHYECKHX
npencraBiaeHuii. Tenepb Mbl gaauM He MeHee BaXKHOe TeoOMeTp H-
YeCKOe HCTOJKOBaHHe NMpOou3BOAHOM. HJs atoro HaM mpexnae Bcero
norpebyercss onpenesieHne KacaTeJdbHOH K KpHMBOH B JaHHOMH
TOUKe,

IlycTs MMeeM KpPHBYIO M Ha Hell ¢HKcHpoBaHHYIO Touky M,. Bo3b-
MeM Ha KpuBoii TouKy M, u npoBexem cekymyio M M, (puc. 58).
Ecnu Touka M, HeorpaHH4eHHO NpPHOJIKaeTcst o KPUBOH K Touke M,
To cekymas M,M, 3aHumaer pasiauuHble nosoxenus M M;, MM n
T. A. Eciu npu HeorpaHWuYeHHOM NPHOIMKEHHH TOYKH M, 1O KPHBOH
K Touke M, c n11060% CTOpPOHB CeKyiias CTPEMHUTCS 3aHSTb IO-
JoxXeHHe onpeaeneHHoi npsamod M,T, to mnpsamas M,T Ha3biBaercs

*) Koraa Mbl roBOPHM «NPOM3BOJHAA NO X» N «IPOM3BOAHAdA IO BpemeHnu I»
M T. A., TO TIOA 3THM MBI NOApa3yMeBaeM, 4TO NpPH BHIYHC/IEHHH TNPOH3EBOJHOM Ml
CUHTaeM apryMeHTOM NEpPEMEHHYIO X HJH BpeMs ¢ H T. [.

3*
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KacameabHoll K KpUBO# B Toyke M, (NMOHSATHE «CTPEMHUTCH 3aHATbY
OyZeT YTOUHEHO HUIKE).

PaccMotpuM  dyHKIMIO f (X) B COOTBETCTBYIOULYI0 3TOH (yHKUMH
KpHUBYIO
y=F(x)

B MpsAMOYyroJbHOH cHcTeMe KoopauHat (puc. 59). Ilpu nHekoropom
3HaYeHUH ¥ QYHKUMA HMEeT 3HayeHHe y=f(x). DTHM 3HAYEHHSIM X

Puc. 58. Puc. 59.

M Yy Ha KpuBOil cooTBercTBYyeT Touka M, (¥, y). Jamum aprymenty x
npupawenue Ax. HoBomy 3HaueHHIO aprymeHTa x--Ax cooTBercT-
BYeT «HapalleHHoe» 3HaueHHe O(yHKuMH y-+Ay=f(x+Ax). Coot-
BETCTBYOILEH €My TOYKOH KpuBoH Oyaer Touka M, (x+ Ax, y4-Ay).
[Mpoeegem cexymyio M, M, 1 0603HaYUM dYepes @ yroJi, o6pa3oBaHHbIH
ceKyllell ¢ MOJIOKUTENbHbIM HampaBJjieHneM ocH Ox. CocTaBUM OTHO-
A

1IeHHe —A—i . i puc. 59 Henocpexnctsenno
ycMaTpuBaeM, 4TO

A
=180 ()

Ecnu tenepp Ax GyAer cTpeMHThbCS K
HyJI0, To Touka M, 6yjer nepeMemarbcs
BIOJb KpHBOH, npubamxkasace k¥ M,. Ce-
Kymas M M,; Gyner moBopauuBaThCs BOK-
pyr Touku M, u yroha ¢ GyAeT MeHATb-

Prc. 60, cs1 ¢ usmeHenneM Ax. Ecau npu Ax—0

yroJ @ CTPeMHTCS K HEKOTOpPOMYy mpeje-

Jy o, To npsiMasi, Mpoxoasmas uyepes M,

W COCTaBJsiomasi C TOJIOKHTEJNbHbBIM HalpaBJeHHeM OcH abcuuce

yron a, O6yner uckomoll kacareabHod. HeTpyaHo HafiTu ee yrioBoi
KOo3(pUILHeHT:

/

. . Ay '
tga= lim tgp=lim =< =§' (x).
go=lim tgg= lim 7 ' (x)
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CrnenoBaresbHO,
f' (x) = tg @, (2)

T. €. 3Havenue npouseodnol [’ (x) npu danHom 3HAUEHUU apeymeRma X
PABHAEMCA MmaHzeHcy yeaa, o6pa308aHH020 KacameavHoll K epapury

pynxyuu f(x) 6 coomeemcmsyrowed mouke M, (x, y) ¢ noroxumens-
Holn Hanpasaenuem ocu Ox.

Mpumep. Haitty TaHreHcH yrJjoB HAKJIOHA KacaTeNbHOR K KPHBOH y=x2

B Toukax Mj (1/2, 1/4); M, (—1, 1) (puc. 60).
Pewenue. Ha ocHoBanuu npumepa 1 § 2 umeeM y’ =2x; cjefloBaTeNbHO,

tg al:y’ Ix=1/2= ]’ tg Gzzy' |x=—1=_2'

§ 4. Auddepennupyemoctp GyHKUMIA

Onpeaenenne. Ecan Pynkuus

y=F[(x) 8Y)
HMeeT NpPOM3BOJHYI0 B TOUKE X =X,, T.€. €CJH CYIIECTBYET
lim 3¢ — fjm [tota9—7(9 @)
Ax—>0 X Ax—>0 Ax

TO Mbl TOBOPHM, UTO NpPH JAHHOM 3HAYeHHH X=X, (QYHKuus Ougp-
eperyupyema uaH (4TO PaBHOCHJIBLHO 3TOMY) HMeeT IPOH3BOAHYIO.

Eciu ¢yuruus audxpepennupyema B Kax JZOH TOUYKE HEKOTO-
poro oTpeska [a, b] uaum wuHTepBana (@, b), TO roBOpsT, YTO OHa
OQugpeperyupyema Ha ompeske [a, b] niau COOTBETCTBEHHO 6 uHmMep-
eanre (a, b).

Teopema. Ecau ¢pynkyus y=_f(x) oupdepenyupyema 6 Hexo-
mopoti mouke X=X,, MO OHA 8 IMOL MO4KE HenpepoiHa.

JleficTBHTENBHO, €CJIH

A ,
lim 52 =F' (%),
TO
A ,
-A_!A/C- = f (xo) + Vs
rie 7 €CTb BeJHuMHa, cTpemsmlascs K Hymo npu Ax— 0. Ho Toraa
Ay =]"(xo) Ax+-7Ax;

orciofia caeayer, uto Ay — 0 npu Ax— 0, a 370 ¥ 3HaYHT, 4TO (YHK-
nus f(x) HenpepbiBHAa B Touke X, (cM. § 9 ra. II).

Takum obpasoM, B TOYKaxX paspbiBa PyHKIHA HE MO-
JKEeT MMeThb Nnpou3BoaHOI. OGpaTHoe 3aKJiOueHHE HEBEPHO,
T. €. 3 TOTO, YTO B KakOi-HHOGYAb Touke X = X, GyHkuus y=7f(x)
HenpephiBHA, €ile He cCJeJyeT, 4To B 3Toi TouKe OHa audbepen-
pupyeMa: QyHKuus f(xr) MOXKET H HE HMETb IPOM3BOJHOH B TOUKE X,.
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IOast Toro uToObl YGEIHTBCA B 3TOM, PACCMOTPHM HECKOJBKO MpH-
MepOB.

Mpumep 1. Oyuruus f(x) onpegenena na orpesxe [0, 2] crepyromum
oGpasom (puc. 61):

fx)y=x mpn 0<<xr<<l,
f(x)=2x—1 mpr 1 < x<<2.

dra ¢yHKUuA npn X=1 He uMeeT NPOU3BOJHOH, XOTS M HENpepLHIBHA B 3TOH TOUKeE.,
HelictBurenbHo, npu Ax > 0 umeem

lim JOEAOTM) g RAFAY—N—[21-1 %__-2‘
Ax—0 Ax Ax-0 Ax Ax—0 Ax
npu Ax < 0 nonydaem
fim LAEAD—FM) o (AL g Ax
Ax—»0 Ax Ax—->0 Ax Ax—>0 Ax

TakuM o6pasoM, paccMaTpuBaeMblil npefel 3aBHCHT OT TOTO, KaKOB 3HaK Ax, a 3To
3HAuMT, 4YTO B ToYKe x==1 (QyHKuus He uMeeT mnpousBojHoi *). 'eoMeTpuyecku

Puc. 6l. Puc. 62.

3TOoMy COOTBETCTBYeT TOT (akT, 4TO B Touke x=1 JaHHasfi «KpuBasi» He uMeeT
onpeJeJeHHOR KacaTeJbHOHR.
HenpeprBHOCTE ke GyHKIHHM B TOuKe x=1 cieayer H3 TOro, uTo

Ay=Ax npu Ax <0, Ay=2Ax npu Ax >0,

u, CJeAoBaTesbHO, B o6oux cayyasx Ay—-0 mpu Ax—0.

IMpumep 2. Oyuknusa y= %/7, rpaguk KOTOpO#i wu30o6paxkeH Ha puc. 62,
omnpenesNeHa ¥ HempephiBHA Il BCeX 3HaueHuir He3aBHCHMOH nepeMmeHHOH. Brisic-
HuM, uMeeT Jiu 3Ta (YHKIHUS TPOU3BOXHYIO npH x=0; AJas 3TOrO HaiifieM 3Haye-
Hust ¢yHkuuu npu x=0 # npu x=0-4-Ax; npu x=0 umeem y=0, npu x=0-}Ax
HMeeM y-+-Ay= ]3/ Ax. CnezosarenpHo, Ay= ;/Ec

Hafizem mpegfen oTHOmeHust NpupaieHnsi GyHKIHH K NPUpaNEHHIO apryMeHTal

3/ Ax

Ay : 1
lim ——= lim ———= lim ——== |00,
Ax—»0 AXx  Ax»o0 Ax Ax—>0 i/sz

o Ay
*) Ilo ompegeseHuI0 TPOU3BOXHOH TpeGyeTcs, 4TOGHL OTHOLIEHHE -A_i cTpe-

MuJoch npH Ax —» 0 K OJHOMY ¥ TOMY 3Ke Hpellely He3aBHCUMO OT TOTO, KAKUM
06pazom CTpeMuTCs K HyJ0 Ax.
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TakuMm 06pa3oM, OTHOWIEHHE NpHUpameHuss QYHKUMM K NPUPAEHHI0O apryMeHTa
B Touke x=0 cTpeMuTca K GecKoHeuHOCTH npn Ax —s 0 (4, 3HAuuT, Npejesa He
umeer). CnenoBaTesnbHO, paccMaTpuBaeMas @yHKIuSA He AuddepeHlupyeMa B TOUKe
x=0. KacatenbHass X KpHBO# B 3TOii Toyke oGpa3yeT ¢ OCbi0 abcuucc yroa /2,
T. €. coBnagaer ¢ ocbio Oy.

§ 5. MNpoussopnasa oT QyHKUUH Y= X"
NpH 72 LeJOM H TNOJOXHTEJbHOM

Jns HaXoxjaenus NPOU3BOLHOH OT JaHHOH byHKunu y=f(x),
HCXOAs U3 OOGLIEero OnpenesNeHHs] NPOU3BOAHON, HEOOXOAMMO NpPOH3-
BECTH CJIEAYIoUiHe JEeHCTBHS:

1) natb aprymeHTy x npupaumenue Ax, BHIYHCAUTD HapalleHHOe
3HayeHHe QYHKIHHU:

y+A8y=f(x+Aax);
2) HafiTH COOTBETCTBYIOLIEE NpHpalleHHe (yHKLHU:
Ay =F(x+Ax)—F (x);

3) cOCTaBUTb OTHOLIEHHE NpupaieHus (PYHKIHHM K NPHpaLleHHIO
apryMeHra:

Ay _ fx+A9—F(9,
Ax Ax ’

4) HaliTM mpejgesl NaHHOTO OTHoweHus mpu Ax— 0:

g = lim 2% _ fjm [G&EM =)
Ax—>0 BX  Ax—>0 Ax

Mul npumeHuM 31ech W B CJeqyIOMIMX maparpadax 3TOT obuiui
crnoco6 A/ BHIYUCJAEHUS MPOU3BOAHBIX OT HEKOTOPBIX 3J€MEHTapHBIX
GyHKIUHA.

Teopewma. I1poussodnas ¢Gyuxyuii y= x", ede n—uyeroe noao-

HUMEAbHOe 4UCR0, PasHa nx"~!, m. e.
ecau y=x", mo y' =nx""1, 4))
HokazarenbcTBo. Mmeem dyHKuUIO
y=x"
1) Ecmu x noayuyaer mpupamesue Ax, TO
Y442y =(x+Ax)".

2) Tloab3ysce qopMydoii 6uHoMa HbloTOHa, Haxoaum
Ay = (x4 Axyr —xn =

=x"—}—-’ll x"‘le—l—'—z(nT;ﬂx"‘z Ax34 ... 4+ (Ax)r—x»
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HJIH

n(n—-—l)

Ay=nxn—1Ax+—-— x""2 (Ax)*+ ... 4+ (Ax)".

3) HaxomuMm orHOmIEHHE
A - —1 _ -
—A—i= nx" 1—l—n—(';fflx" PAxH .. (Ax)"N
4) HaiineM npenen 3TOro OTHOIIEHHSA

y = lim AY _ fim [ruc"'l—!—M x""2Ax+ . (Ax)nT 1]

A0 A% Axso
crenoBaTesibHO, y' =nx""1, yro H TpeGOBaNOCh AOKa3aTb.

ITpumep 1. y=xb, y—5x5 1—5x4

T 101

—_ nxn -l,

Mpumep 2. y=x, y' =1x2—1, y' =1. ITocienHnii pesynbTaT HMeeT HpocToe
reOMeTpHUYECKOe HCTOJNKOBAHME: KacaTe/lbHas K NPAMOH Y=x HIpH JI060M 3Hauye-
HUH X COBHAjaeT C TOR IMPAMOA M, CJIEAOBaTebHO, 06pPasyeT C HONOXKHTEJbHEIM

HanpaBneHueM ocu Ox yroJ, TaHreHC KOTOpOro paseH 1.

OtmernM, uto dopmyna (I) BepHa H B ciyyae n ApOGHOrO H OT-

punarejbHoro. (1o 6yzeT RoKasaHo B § 12

Opumep 3. y=V *.
IpeacTaBuM JaHHYIO GYHKLHMIO B BHAE CTENEHW:

y=x'%
Toraa no gopmyse (I) (YUuTHBasf TOJBLKO 4TO CHEJAHHOE 3aMeYaHue) IoJyyaeM
—-1
74 =% x?
HJIH
y=—
2V %
1
Npumep 4. y= =.
p pty V=
IMpeacraBum y B Buje crenennéit GyHKmuu:
y=x"372,
Torna
/= 3x--:_-1——_ix-?5.—.—__3—.
Y 2 2 22 x

§ 6. IMpoussopubie oT PyHKUMI y=sinx; y=cosx

Teopema 1. ITpoussodnas om sin x ecme cos x, m. e.

ecau y=sinx, mo y' =cosx.

(In
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Hdokazarenbctpo. [JaauM apryMmenTy x npupauleHne Ax;
Toraa

1) Y+ Ay =sin(x+ Ax);
2) Ay =sin(x+Ax)—sinx=2 sinx+A2x_x cosx+A2x+x=

.. Ax Ax\ |
=2sin ——C0s (x+—2—) ;

. Ax Ax Ax
3 _A_y_—2sm—2—cos(x—l——2—>_sinT o x—]—éf-)-
Ax Ax - Ax ¢ 2/
2
sin H—
Ay s 2 . Ax
4 = lim == = lim - lim cos <x+—)
) v Ax—0 Ax Ax—>0 %’ﬁ Ax—>0 2/
HO TaK Kak
. Ax
Sin =~
lim =1
Ax»0  Ax ’
2
TO

= lim cos (x—i—%_f) =Cos X.
Ax->0

IMocnennee paBeHCTBO mMoJiyuaeTcss Ha TOM OCHOBaHHM, 4TO COS X
ecTb HenpephbiBHas (QYHKIHA.
Teopema 2. IIpoussodnas om cos x ecme —sinx, m. e.

ecau y=cosx, mo y' =—sinx. (I11)
HokaszartenbcTBO. J[aguM apryMeHTy x npupauieHue Ax,
TOrAa
y+ Ay =cos (x+Ax);

—x . A
x+A2x xsmx—[— 2x—[-x=

Ay =cos (x +Ax) —cosx = —2sin

= —2sin2sin (x J,-%’—‘-) ;

2
sin Ax
Ay _ 2 A_)
Ax T ThAx sin (x+ 5 )
2
sinB%
Ay . Ax . . f Ax
*— lim 2 = lim —— sm(x ——):——lxm sm(x —);
y AA—»OA Ax—>0 [_3.'\_ + 2 Ax—>0 + 2

2
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VUHTEHIBasl, 4TO SiNX €cTb HempephiBHasg (YHKUHSA, OKOHYATENbHO
NOJIYYHM

Yy =—sinx.

§ 7. MpounssogHble NOCTOAHHOIN, NMPOU3BENEHHS NOCTOSHHOM
Ha (yHKUMIO, CYMMBbl, NIPOM3BeJeHHSI, YacTHOro

Teopema 1. IlpoussoOnas nocmosuwol pasHa Hyawo, m.e.
ecau y=C, e0e C=const, mo y =0. (1V)

HNoxasarteabcTBo. y=C ecTb Takasi (QyHKUHS OT X, 3Haye-
HHSA KOTOpOH mpu Bcex x paBHbl C.

CrenoBaTesbHO, MpU J0GoM 3HaueHHH x y=f (x)=C.

Hanum aprymenty x npupamenne Ax (Ax==0). Tak kak ¢yHk-
Mg y coXpaHserT 3HayeHHe C NpH BceX 3HAYEHHSX apryMeHTa, TO
y+Ay={f(x+Ax)=C. 3nauut, npupamenne GyHKUUH paBHO Ay=
=f (x+Ax)—f (x) =0, oTHoweHnne npupamenusi QyHKIMH K NpHpa-

INEHUIO apryMeHTa Ay

. Ay
g =0, u, crepoarensio, y' = lim = =0, 1. e.

Ax—>0 Ax
y' =0.

TNocneanuit pesysbTaT HMEET MIPOCTOE TeOMETPHUYECKOE HCTOJKO-
Banue. I'pajuxkoMm ¢yHkuuu y=C CAyXKUT npsMas, napajieibHas
ocu Ox. KacaresbHasi K rpaguky B J0G0OH ee TOYKe, OYEBHUJHO,
COBNajaeT ¢ 3Toi mnpsMo#l M, CcJefoBaTeJabHO, oGpasyer ¢ ocvio Ox
yroJ, TaHI'eHC KOTOpPOro Yy’ paBeH HYJIIO.

Teopema 2. [locmoanubul MHOJNCUMENRb MOJNCHO 6bIHOCUMb 3G
BHAK npoussodHoti, m. e.

ecru y=Cu(x), ede C=const, mo y =Cu (x). (V)

JoxasatenbcTBo. Paccyxpaasg Tak ke, Kak H NpH J0Kasa-
TeJIbCTBE NpeAblAyILell TeopeMbl, GyZeM HMETb:
y=Cu(x), y+Ay=~Cu(x+Ax),
Ay=Cu(x+Ax)—Cu (x)=Clu(x+ Ax)—u (x)],
Ay c (x+Ax)—u (x)
- Ax ’

Ax
y = lim %=C lim u(x—}-—Aﬁ—_u_(x_)’ T. e. y' =Cu’ ().
Ax—>0 Ax—>0
INNIpumep 1. y=3 V!;
0 ’ __1_ ! 1 —-i--l -i
y'=3( 1/1.;> =3 (x 2) =3<——2-)x 2 =——%x 2’
T. €
, 3







