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NPEAUCJIOBHE K AEBATOMY H3JAAHHIO

IepsToe m3naHHe JaHHOrO yuyeGHHKA OT/IHYaeTcs OT ero 8-ro us-
naHus. OTO H3JaHHE MOJHOCTBIO COOTBETCTBYET NMpPOrpamMme IO MaTe-
MaTHKe JJIfl BTY30B, paccuutaHHOH Ha 400—450 uacos.

B yueGuuk Bk/oueHn gase Hoshie 1. XX u XXI.

Fa. XX «DneMeHTH TeopHHM BepOSTHOCTEH H MaTeMaTHYECKOH
CTaTHCTHKH» COAEPXKHT MarepuaJ, NpelyCMOTPEHHHIH COOTBETCTBYIO-
I(I;J'(";g paspenoM oGs3aresbHOM nporpammbl nmo marematuke MBCCO

Fa. XX1 «Marpuubl. MaTpuyHasi 3anuch CHCTEM H peLICHHH
CHCTEM JHHEHHBLIX AuddepeHLHaNbHEX YPaBHEHHH» TaKkKe COAEPKHUT
MaTepuali, IpefycMOTpPeHHEI obGs3aTenpHoll nporpammoii. Ho, kpome
TOTO, B 3TOH rJjaBe oOpaljeHO O6OJbIIOE BHMMaHHe Ha MaTPHYHYIO
3alHch CHUCTEM JHHEHHbIX AudGdepeHnHalbHEX ypaBHEHUH U peleHui
cHCTeM JIMHEHHBIX JupdepeHUuanbHelX ypaBHeHuél. Mcnosn3oBaHa
MaTpUYyHasl 3alHCh NOCJEAOBATENbHEIX NPUO/MXKEHHHX peIleHuil cu-
CTeMB! JIMHEHHBIX JuddepeHIUaNbHEIX YPaBHEHHH C NEepPeMEHHBIMH
KO3(punreHTaMd. DTOT MaTepuas HeOOXOAHMMO IIOMECTHTh B Kypce
JubdepeHIHAaTBHOTO U HHTETPAJbHOTO MCYHCJICHHUS AJs BTY30B MO-
TOMY, YTO B HacTOsiiee BpeMsi BO MHOTHX KHHTaX MO 3JEKTPOTeX-
HHMKE, pajMOTEXHHKE, aBTOMaTHKE MHCCJCJOBAaHHE pELICHUA CHUCTEM
JuddepeHIMaNbHbIX  yPaBHEHHl NPOU3BOAUTCA C HUCIOJB30BAHHEM
anmnapara TEOPHH MaTpHL.

Hanucaust Hopme §§ 26, 27, 28 ra. XVI. 3xece paccmoTpen
METOjJ MOCJEAOBATEeNbHbIX NpPHUOJMHIKEHHHA pemeHHs AuddepeHunanb-
HBEIX ypaBHEHHi, JOKa3blBaeTCs TEOpeMa O CYLICCTBOBAHHU PeICHHUS
JuddepeHuaNbHOTO YpaBHEHHS U TeOpeMa eAMHCTBeHHOCTH. OGpaieno
BHHMaHHE Ha CTPOTOCTb H3JIOXKeHHs Bcell ryaBbl 0 AudepeHIHab-
HBIX ypaBHEHHSX.

ITaparpad 31 ra. XIII «[Tonsitue o Teopuu ycrofiuusoctu JIsmy-
HOBa» 3HAUHTEJBbHO paciiuped. B 5TOM H3JaHHM OH Ha3bIBaeTCs TakK:
«[TonsaTne o teopuu ycroitunBocTn JlanyHosa. IloBenenue TpaexTo-
puil auddepeHIHaNLHOTO ypaBHEHHSI B OKPECTHOCTH OCOGOH TOUKH».
3zxech mapajiiesbHO ¢ paCCMOTPEHHEM YCTOHYHBOCTH PEIUEHHE CHCTEM
JupdepeHIHaNbHEIX yPaBHEHHH DPaCCMOTPEHO MOBeJEHHE TPaeKTOpHi
BOJM3H 0CO0O# TOYKH Ha (pa30BOH MJIOCKOCTH. DTO HEOGXOJUMO GHLIO
cienatb IMOTOMY, YTO NpPM H3YYEHHH COOTBETCTBYIOIIHX BONPOCOB
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B KypcaxX 3/MeKTPOTEXHHKH, PaJIMOTEXHHKH, aBTOMAaTHKH STHMH NOHS-
THSAMH HeOGXOAMMO CBOGOJHO MOJIb30BAThCA. 3aHOBO HamHCaHbI HEKO-
TopLie maparpacgsl ¢ H3JIOXKEHHEM TEOPHH KOMIUIEKCHBIX uuces. Cyme-
crBeHHo pacimuped § 2 ra. XI, rae jaHoO XOKasaTesbCTBO Cyle-
CTBOBaHHS ONPENEJNEHHOIO HHTErpaja OT HEeNnpepbiBHOA (YHKLHH.
Hanucan pononnutesnbubiit § 11 ra. X1 «HHrterpuposanue komn-
JeKCHOH (QYHKUMM JeficTBHTe/IbHONH mNepemeHHOM». HamucaHbl HoBhie
§§ 24 u 25, roi. XVI, nocesimeHHble psAaM ¢ KOMIJIEKCHBIMH 4JIeHaMH
H CTENEeHHHIM PsifiaM C KOMIJIEKCHOH nepemeHHO!. Hanucan HoBBIH
§ 12 ra. XVII, nocesmennnit psgam Pyppe B KOMIJIEKCHON ¢opMme.
Paciuupeno usjoxeHue Bompoca o6 uHterpaie Pypne. OcpeleHH
NMOHATHS, HCHNOJb3yeMble B CHelNHaJbHOH NPUKJIANHOH JiHTepaType
(cnekTp, cnektpanabHas ¢pyHkuus). Hanucansl HoBhie § 15 «Psx ®ypbe
10 OpTOroHa/MbHOH cucreme (yHKuuit» 1 § 16 «[ToHATHE O MUHeHHOM
(QYHKUMOHANBHOM IMPOCTPAaHCTBe. AHAJOTHA MEXAY PpasJoXKeHHeM
¢yukuuit B psg Pypee H pasnoxeHneM BekTopos» B INI. XVI1I. tor
MaTtepuall U3JIOXKEeH TaKuM 006pa3oM, YTOOH CTYAEHTH H HHXKEHepHl
MOIJIH TOHHMAaThb MarTepuaJ APYTHX IHCUMIVIMH, ONHpAOMMACA Ha
3TOT MaTeMaTH4ecKMH ammapar.

B ra. XIX nanucan Hopuiit § 20 «desnbTa-QpyHKIMA H ee H30-
6paxeHue».

B ra. VIII nomewen § 19 «Ilonyuenre ¢QyHKUHM Ha OCHOBaHUH
SKCIepUMEHTANbHbIX JAHHHIX II0 METOJy HauMEHbIIHX KBaJpaToBy.
CopepxanneM 3toro mnaparpaga panee sBjsgaock IIpuioxenune I,
noMelnasmeecss B KOHLE NEpPBOTO TOMa 3TOr0 y4YeGHHKa.

B ra. VII pannt § 10 «MuTtepnonsnuonHas gopMyna Heioronar»
u § 11 «UncnenHoe angdepenunposanue». ComepkanneM 3THX napa-
rpagos panee sBujoch [Ipunoxenne II.

IIpousBeseHn HeKoTOphIe fononnenus B ra. V, VII, IX, X1I, X111,

FnaBa XIII «duddepennuanbupie ypaBHEHHsA» HENHKOM nepe-
HeceHa BO BTODOH TOM.

Asmop

HacTosee H3jlaHue He OTAHYAETCs OT npeamaymero (1978 r.),



NPEJUCJIOBHE K MATOMY H3JAHHIO

B nATOM u3JaHMH MNOJHOCTBIO COXpaHeH Ge3 H3MEHEHHH Beckh
TEKCT YETBEPTOro H3JaHHsi, HO 3TOT MaTepHas pasjejieH Ha JBa ToMa
(a1 yHOGCTBA HMCIOJb30BAaHHMS HACTOSILETO W MPEABIAYIIUX M3JAHHA
yueGHHKA HyMepalus IJIaB TOXKE OCTaBJeHa Ge3 H3MEHEHHS).

Conep:kanue Bcero yueGHMKa ONpefessieTcss NpOrpaMMaMu Kypca
MAaTeMaTHKH AJIi BTY30B, paccuuTaHHeiM Ha 300—450 gacos. Yues-
HHK [pejHasHa4yaeTcs JUis H3ydYEHHS Kypca MaTEMaTHKH KaK B CTa-
HMOHapHBIX, TaK H B 320YHHX BTy3aX. DTO YYHTHBAJOCh NPH H3J]0-
KEHHH MaTepHaja; B YaCTHOCTH, C 3TOH Ue/bi0 B yueOHHKE paso-
6paHO MHOTO IPUMEPOB, HIUIOCTPHPYIOLIMX H3JI0KEHHBL TEO PeTHUECKU
MarepHaJ H JalomUX oOpaslbl pelleHHs 3ajad.

Tlepeeiit TOM comep:KUT MaTepuas, COOTBETCTBYIOUIMH IIporpamme
1-ro kypca BTy3a, 3a uckmouenueM riaBul XIII «duddepenunan-
Hble YDaBHEHHs», KOTOpas, KaK IpaBUJIO, NPOXOAUTCA Ha 2-M Kypce.
Ho Tak Kak B HEKOTOPHIX BTy3aX NpeJBapHTe/bHbE CBEJeHHs O Au-
tepeHIHaNLHBIX yPaBHEHHSAX, HEOOXOAMMBIE AJS MOCJAEAYIOIMX AMC-
UMIUIMH, JaloTcs Ha 1-M Kypce, To wacth 3toil riaewl (§§ 1—28) u
noMeIeHa B MEPBOM TOME.

OtmeruM, 4yTO MaTepual, COAepxKamufics B MporpaMme BTY30B,
paccuuTaHHBIi Ha 4xcJO 4yacoB mopsinka 300, MOYTH MOJHOCTHIO CO-
JAEPXKUTCA B MEPBOM TOME (HO B HEM COJEPKHTCA M MaTepual, Bbl-
XOAAIMHA 38 paMKH 3TOH NPOrpaMMbl).

Bropoit Tom—konen rmaBst XIII (§§ 29—34), raasu XIV —
X1IX —copepKHT MaTepual, COOTBETCTBYIOWIHUA nporpaMme 2-ro Kypca
BTY3a.

INepsrie ase raaBh mepsoro Toma—«Hucho. Ilepemennasn. @ynk-
uusi» ¥ «[Ipenen. HenpepriBHocTe (yHKuuil» HamucaHsl B mpepenax
BO3MOXKHOTO KpaTKo. Hekoropwie Bompocel, OGHYHO H3JIaraeMbie
B 3THX TIJaBaX, 6e3 ymepba AJs Jejla NepeHeceHbl B TPeThIO M IMO-
caepyiomue raaBel. OTO JaJio BO3MOXHOCTH paHblle MepeiiT K oc-
HOBHOMY MOHATHIO Au(depeHlnatbHOTO HCYHC/IeHH s — POU3BOAHOM,
ero TpeGyioT Apyrue AUCHMILIMHE BTY30BCKOTO Kypca (lesecooGpas-
HOCTb TaKOTO pPaclOJIOKEHHs MaTepHajla NOATBEPKAAETCA OINLITOM
paGoTHI).

B cBfi3H C BK/IOYEHHEM BO BTY30BCKYIO NIPOrpaMMy MO BHICIIei
MaTeMaTHKe BOTPOCOB, HeOGXOAUMBIX A/MS OGecreuyeHusi KypcoM mate-
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MaTHKM BTY30BCKHX IUCLHILIHH, CBSI3aHHHIX C aBTOMATHKOH H BBIYHC-
JIMTENbHON TEXHHUKOH, B yuyeGHHKe MNOZPOGHO H3JIOMEHEI COOTBETCT-
BylomHe pasiensl: «UucjeHHoe uHTerpupoBaHue JauddepeHuHanbHBIX
ypaBHeHHH M cucTeM Au(pdepeHUHaIbHLIX YypaBHeHuH» *), «uTerpu-
pOBaHHE CHCTeM JIMHeHHBIX AuddepeHunanbHbIX ypaBHeHuil», «[lons-
THE O TEOpHM YycToiumBocTH JlsmyHoBas, «Omeparop I'amuibToHa»,
«Hurerpan @ypbe» H T. 1.

B ra. XVIII paccmorpenbl ocHOBHEIE ypaBHEHHsI MaTeMaTHYeCKOMH
¢usnku. OGpameHo Gosibiioe BHHUMaHUE Ha BhHISICHEHHE XapaKTepa
¢u3UYeCKUX SABJCHHH, NPHBOJSAIIMX K YPAaBHEHUSIM Pa3JjIMYHBIX THIIOB
B COOTBETCTBYIOIIHUM KpaeBhIM 3ajauaM. Bosbiloe BHHMaHHe yJeseHO
YUCJIEHHBIM MeToJaM pelleHHs AuGdepeHnHalbHbIX yPABHEHHH B 4acT-
HbIX TPOH3BOJHbIX.

B rnase XIX wusnaraioTcs OCHOBHEIE MNOHSITHS ONEPalHOHHOTO
HCUHCJIEHHSI U ONePallMOHHBIH MeTOX pelneHus anddepeHnHanbHBX
ypaBHeHHii. DT0 Tpebyercss AJs MHOTHX TMOCJERYIOUMX AMCHHMILIMH,
H 0COGEHHO 3JIEKTPOTEXHHUECKUX.

B yueGHUK BKJIOUEeHO G6OJIbIIOE KOJHYECTBO 2ajiady H NPHMEDOB
JJ1S1 yIpaxKHEHUH, MHOTHE W3 KOTOPLIX HJIJIOCTPHPYIOT CBfI3b MaTe-
MaTHKH C APYTHMH AMCUMNJHHAMU. 3afaud M NPUMEphbl ClENHAJBHO
nojoGpaHbl MO0 KaXJIOMy pasfieny Kypca, 4TO CHOCOGCTBYET YCBOEHHIO
H3J1araeMoro MaTepuasa. JT0 OOCTOSITENbCTBO TaKXKe AENaeT KHUTY
YACOHO! /ISl CAaMOCTOSITEIbHOTO H3YUeHHs] Kypca MaTeMaTHKH, B 4acT-
HOCTH JJIsl CTYJEHTOB-320YHHKOB.

Illecroe w3naHWe OTJHYAeTCs OT MATOrO TOJLKO TEM, YTO B KOHIE
NepBOro TOMa JaHO NPHJIOKEHHe, Tle H3JOXKEH BAXKHHIA AAsS HHKe-
HepoB Bonpoc «[TosyueHne (GyHKUHH Ha OCHOBAHHM SKCIEPUMEHTAJIb-
HBIX JaHHBIX 1O METOJY HAUMEHbLIMX KBajpaToB».

CenpMoe H3JjaHHE OTJHYAeTCs OT IIECTOrO TOJbKO TeM, YTO B KOHIE
nepsBoro ToMa JaHo npuioxenue «KMurepnonsunonHas ¢opmyna Heio-
ToHa. YucsnenHoe AU(epeHIy poBaHUE.

*) OGHUHO H3NaraeMble YACTCHHEIC METOAH aHA/NHM3a TaKXKe H3JIOXKEHH B JaH-
HOM yueGHHKeE.



TJIABA I
YHUCJI0. MEPEMEHHAS. ®YHKUHSA

§ 1. JelicTBuTennHblE YHCIHA.
H3oGpaxkenne AeACTBUTENLHBIX YHCEJ TOYKAMH YHCJIOBOHE OCH

OnHUM M3 OCHOBHBIX MOHSTHH MaTeMaTHKM fBJasercd uuchao. Ilo-
HfITHE YHCJIa BO3HHUKJO B JIPEBHOCTH H HAa NPOTSKEHHH JJHTEJHHOTO
BpEMEHH TOABEPraJjoch PacIIHpPeHHI0 H 060G eHHIO.

Yucaa nensie H JAPoOHBIE, KaK [10JI0XKHUTENbHbIE, TaK H OTPH-
HaTeJbHble, BMECTe C YHCJIOM HYJb HAa3bIBAIOTCH PAYUOHANGHOIMU
aucramu. Kaxpgoe pannoHajbHOE YHCAO MOXeT ObiTh HNpPEACTaBJIEHO

5
B BHAE OTHOIIEHHS 5— ABYX UEJBIX HHCEN p H ¢, HaUPHMep =,
5
l,25=-4—.
B uyacTHOCTH, He/IoO€ YHCJIO p MOXKHO pacCMaTpHUBaTh KaK OTHO-
6
LIeHHE JBYX IeJBIX qHCeN '£1"' Hanpumep 6=+, 0 =T

Panpona/bHble YHCAa MOTYT GBHITh NpEACTABJeHH B BUIE KOHed-
HBIX MM GECKOHEUHBIX NepHOJWYecKHX ApoGeit. Yucaa, KoTopsle
NPeJCTAB/ISIOTCS GeCKOHEUHBIMH, HO HeNepHOAMYeCKHMH AeCATHYHBIMH
APOGSAMH, HA3bIBAIOTCA UPPALUOHANGHOLMU HUCAAMU: TAKOBH UMCIA
V2 V3 5—V2ur &

COBOKYNHOCTb BCeX DANMOHANBHBIX H HPPANHOHAJBHHIX UHCEN
Ha3bIBACTCS MHOXKECTBOM deilcmeumencuoix (N 8eu4ecmeentolx) wucen.
JleficTBHTe/IbHEIE YHCAA YNOPAZOYEHH MO BEJHUHHE, T. €.
ISl KOXKON naphl JefCTBUTENLHEIX GHCEJ X M Y MMEeT MeCTO OAHO
H TOJbKO OJHO H3 COOTHOIIEHH

x<y, x=y, x>yY.

JleficTBHTebHbIE YHC/Ia MOXKHO M3006paXKaTh TOYKaMH YKCJIOBOM OCH.
Yucaogoii ocoto HasbiBaeTcsi GecKOHeuHasi NpsiMasi, Ha KOTOPO# BHI-
Gpanbl: 1) Hekotopas Touka O, HasbiBaeMass Ha4aJOM OTCYETa,
2) moJoXHTeJbHOE HanpaBJ/ieHHe, KOTOpOe YKas3hBaercs CTPeKoi,
1 3) MacmTta6 Ans H3MepeHusi AJuH. Yame Bcero Mul Gyaem pacrmo-
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JaraTh YHCJOBYI0 OChb TOPH3OHTAaJbHO M MOJIOXKHTEJbHOE HanpasJe-
HHe BBIGHpaTh cJeBa Hanpaso.

Ecau 9HMCIO X; NMOJNOKUTENbHO, TO €ro H306paxkaloT TOYKo# My,
nexamedi cnpasa ot Touku O Ha paccrosHun OM,; = X,; €C/IH YHCJIO X,
OTpHLIaTEbHO, TO €ro u3o6paxkaloT ToukKoii M,, nexamefi cliesa or
toukn O Ha paccrosHun OM,=— x, (puc. 1). Touka O nsobpaxaer
upcao Hysnb., OueBHAHO, YTO KaxJoe JEeHCTBHTENbHOE UHMCJIO H306pa-
XKaeTcs ONPEAE]EHHON TOYKON YHCJOBOH ocH. JIBa pasjMYHEIX Ae#cCT-
BUTEJbHBIX YHCJA H300paXKalOTCH pa3JHYHBIMH TOYKaMH YHCJIOBOH
ocH.
CnpaBef/iuBO TaKKe yTBepXKJEHHE: KaxJas TOYKAa YHCJIOBOA OCH
ABNseTc H306paKEHHEM TOJbKO OJHOIO JEHCTBHTEJbHOTO YHCJA
(panHoOHaJbHOTO HJM HMPPalHOHAJBHOTO).

TakuMm 06pa3oM, MexIY BCEMH ACHCTBHTE/bHbLIMH YHCAAMH U BCEMH
TOYKAMH HYHCJIOBOH OCH CYIIECTBYET B3aMMHO OAHO3HAyHOE COOTBET-
CTBHE: KaXKJOMYy YHCJIY COOTBETCT-

Lo 2 g —— >z BYET IHHCTBeHHass H3o0paxaroulas
27 rz23 €ro Touka M, Hao60pOoT, KaXKAOH TOU-
Puc. 1 Ke COOTBETCTBYET €JHHCTBEHHOE

n3oGpaxkaeMoe el uuca0. DTO AaeT
BO3MOXKHOCTb BO MHOTHX PacCyXKAeHHSX B HEKOTOPOM CMHICJIE PaBHO-
3HAaYHO YNOTPeGJATb NOHATHE «UMCJIO X» U NOHATHE «Touka x». Ilo-
ClefHHM OGCTOATENLCTBOM MHI OyIeM IIHPOKO MOJb30BaThCAd B
Kypce.

YkaxeM Ge3 HOKasaTeJbCTBa CleAyiouiee BaKHOe CBOMCTBO COBO-
KYINHOCTH JeHCTBHTENbHLIX YHCeN: MenOy O6YyMa NpOU3BONbHOIMU
delicmeumensHolMy  wucramu HaUudymcs KaK payuoHasbHbie, max u
uppayuornassrsie 4ucsa. B TepMHHAaX reoOMeTPHYECKHX 3TO NPeAJIo-
KeHue GopMyJIHpYyeTCs TaK: mexnely O8YMs NnpoU3BONbHLIMU MOUKAMU
4uCcnoBoll Oct HaUOYMCA KaK pPAyUOHAAbHbIE, MAK U UPPAYUOHALbHE
mouKi.

B sax/HOoueHHE OTMETHM CJELYIOMYIO Teopemy, NPEACTaBJISIONLYIO
co6ofi B HM3BECTHOM CMbiCJie «MOCTHK MEXJy TeopHed U IpaKkTH-
KOPi».

Teopema. Kaxdoe uppayuonarsroe <ucrO 06 MONHO € Ar060L
CMENnensl0 MOYHOCMU 6bLPA3UMEL C NOMOWDBIO DPAUUOHANGHOLX 4YUCeA.

B camom pene, mycTb HppaunHOHajbHOe uucao & >0 H mycTb
Tpebyercsi BHIMHCJIHTb @ C TOYHOCThbiO o l/n (Hampumep, mo 1/10,
po 1/100 u 1. n.).

KakoBo GH HHM ObLJIO @, OHO 3aKJ/IOYaeTcst MeXAY ABYMs LeJbIMH
uyucaamu N u N 41, PasnequMm orpesok Mexay N u N+4-1Han

gacTefl; TOTAA ¢ OKAXETCAd MeXJYy palliOHaJbHBIMH uucjamu N +§-

1
u N +m;!' . Tak Xak pasHocTb 3THX uucen paBHa l/n, TO, cieno-

BaTeJbHO, KaxJ0o€ H3 HUX BBHIpaxaer o C 33JaHHON CTENeHbi0 TOY-
HOCTH: NEepBOE C HEAOCTaTKOM, a BTOpPOE—C H36LITKOM.
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ITpumep. Uppamuonagshoe anca0 ¥ 2 BHpaKAeTCH PAUUOHAALHUME GH-
caamu:

1,4 #n 15—c Tounocrsio po 1/10,
1,41 n 1,42—c TouHocTeio O 1/100,
1,414 u 1,415—c Tounoctsio Ao 1/1000 u T. A.

§ 2. AGcooTHas BEJIHYHHA AEHCTBHTEJLHOr0 MHCHA

BeenaeM HyxxHOe JJIs JajibHefilero NOHsATHe aGCOMIOTHON BeTHYHHbI
JeACTBUTENBLHOTO YHCJA.

Onpenenenue. Abcoromnot eeruuuroli (Mnu modyrem) neicr-
BHTENLHOrO uncia x (o603Hauaercs | x|) Ha3blBAeTCs HEOTPHIATE/b-
Hoe JIeACTBHTEJbHOE YHCJIO, YIOBJIETBOpSIONIEe yCJIOBHAM

x|=1x  ecmu x=>0;
x|=—x, ecoim x<<O0.

Npumepn: |2|=2; |—5]|=5; |0]=0.

U3 ompeneneHusi claefyeT, 4TO NJs JOGOTO X CIpaBeNIHBO CO-
oTHoueHne x<| x|.

PaccMOTpHM HEKOTOphle CBOHCTBAa aGCOMOTHBIX BEJHYHH.

1. A6ronromnan eeautuna arzebpauteckot Cymmot HeCKOAbKUX Oetl-
CMEUMeNbHbLX 4UCer He 00blie CYMMbL QOCONOMHOLX BeAUHUH CAQ-

2aemoLx:
[x+y|<|x[+]y].
Hoxkasareascrtso. Ilycte x+y >0, Torna
[x+yl=x4+y<|x|+]y]| (rak kak x| x| 1 y<|y|).
Mycts x4+ y <0, Torna
| x+y|=—(x4y)=(— 2 +(—» <| x| +|y],

uto ¥ TpeGoBasOCh AOKasaTh. IIpoBeseHHOE JOKa3aTeNbCTBO JIETKO
pacnpocTpassieTcss Ha JioGoe 4HCJAO ClaraeMbIX.

Mpumeps:

|—243|<|—2|+]|3]|=2+3=5 mm 1<5;
| —3—5|=|—3|+|—5]=3+5=8 wm 8=8.

2. A6coromuas 6eAuMUHa PABHOCMU He MeHblule pasHocmu abeo-
AOMHBLX GEAUMUN Y MEHOULACMO20 U BbIM4UMAEMO20:

fx—y|= | x|—ly|, [ x| >yl

HokasareabcTtBo. [lonoxum x—y=2, Toria x=y--2 u no
JOKa3aHHOMY

[xl=ly+z|<|y|+]|z|l=]|y|+]|x—yl

xl—=ly|<|x—yl,
4TO0 H TPeGoBaJIoCh JOKa3aTh.

OTKyAa
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3. AbGcostomuan eeauduna npoussedenus pasHa npouseederuro ab-
CONOMHbLX 8EAUHUH COMHOMNCUMeneli:

| xyz|=]x|] y]]z].
4. A6cortomnan 6eAuMURQ HACMHO20 PABHA HACMHOMY AGCONOMHBLY
6eruuun 0eaumozo u Oeaumenn:
X

1 x|

— = ——

Y 1yl

Iocnennue pBa cBoficTBa HeNmoCPeACTBEHHO CJEAYIOT H3 ONpene-
JieHHs1 abCoOJIIOTHOH BEJHYHHEL.

§ 3. MNepemeHHble M NOCTOSAHHbIE BEJIHUHHBI

B pesysbrate u3MepeHust Takux GU3HUECKHX BEJHUYHH, KaK BpEMs,
JJMHa, naomajsb, o0beM, Macca, CKOPOCTb, AaBJieHHe, TeMIeparypa
H T. ., ONpeJeJAIoTCs YHUCJIOBble 3HayeHHs (HU3HYECKHX BeJIHUHH.
MarteMaTHKa 3aHHUMaeTcsi BeJIMYHHAMH, OTBJIEKasACb OT HX KOHKpeT-
Horo cojepxanusi. B aanbuefiiem, ropopsi o BeJMYHHaX, Mbl Gyjem
HMETb B BHIY HX YHCJIOBHIE 3HaueHUSl. B pasiHyHBIX SBJEHHSAX He-
KOTOpHI€ BEJIMYHHBI M3MEHSIOTCS, T. €. MEHSIOTCA HX YHCJIOBble 3Ha-
YeHHs, APYTHe BeJUYMHBEI COXPaHSIOT CBOe YHCJOBoe 3HaueHue. Tak,
NP PaBHOMEPHOM JABHXKEHHH TOYKH BpeMs H PacCTOSIHHE MEHSIOTCS;
CKOPOCTb OCTaercsl MOCTOSHHOM.

ITepemennoi eesuuuroil HasbiBaeTcsi BeJHYHHA, KOTOpas NpPHHU-
MaeT pasjiiyHble YNCJOBhie 3HaueHHsi. Benuuuna, uucyioBble 3HAYEHHS]
KOTOPOl He MEHSIOTCSl, Ha3bIBAaeTCsl NOCMOAHHOU eeaudunoti. B nanb-
HeflueM NepeMeHHulEe BeJHYUHBI MBI OyAeM 0003HauaThb OYKBaMH X,
Y, 2, U, ... H T. 4., NOCTOSHHBle BeJHUYHHBl OyleM 06O3HayaTh
GykBamu a, b, ¢, ... U T. L.

3aMmeuaHnue. B mMaremMaTHKe NOCTOSIHHAsi BEJIMYMHA 4YacTO pac-
cMaTpuBaeTcsl Kak YacTHBIA cJydail NepeMeHHOH, y KOTOpoil Bce
YUCJIOBBIE 3HAUYeHHS] OJMHAKOBHI.

CrnepyeT OTMETHTb, YTO NPH PacCMOTPEHHH KOHKDETHHIX (H3HYe-
CKHMX fIBJIEHMH MOXET UMEeTb MECTO TaKoe IOJIOXKeHHe, UTO BEJHYHHA
C OfHMM H TEM € Ha3BaHHEM B OJHOM SIBJIEHHH OKa3hiBaercs Io-
CTOSIHHOH, B ApyroM—IepeMenHoii. Hanpumep, ckopocTh paBHOMEpHOTO
JIBIDKEHHMS €CTb BeJHYMHA [IOCTOSIHHAs, a CKOPOCTb paBHOME PHO
YCKOPEHHOTO ABHIKEHHS— BeJINYHHA [IepeMeHHasi. BenunHbl, KoTophle
COXPaHIOT CBOE 3HAYEHHUE B JIIOOOM SIBJICHHH, HAa3bIBAIOTCS AGCONOMHbIMU
nocmoanubimu. HanpuMep, oTHOIIEHHE JJIHHB OKPYXKHOCTH K AHAMeTpy
€CThb MOCTOSIHHAsi BenHuMHa 7t =3,14159...

Kak ™Mbl yBHAMM Ha MPOTSDKEHHHM BCEro Kypca, NOHfTHE nepe-
MEHHOH BeJHYMHBI fABJSETCS OCHOBHLIM MNOHsATHeM AH(depeHIHaND-
HOTO M HHTerpajpHoro HcuHcjenufi. «[IoBOPOTHHIM NYHKTOM B Ma-
teMaTHKe, —nucan @. DHreabc B «/luaneKTHKe NPHPORbI», — OblIa
J€KapToBa nepeMeHHasi BenuuuHa, Baaropaps 3ToMy B MaTeMaTHKy
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BOUIH O8udienue u Ouarexmuxka, ¥ Graropapsi 3TOMY ¥Ke CTajo
HemeOreHHO HeoOxo0umbim pudxpepeHIHANbHOE H HHTErpajbHOE HC-
QHCJ/ICHHEY.

§ 4. OGnacTp M3MeHeHHSI NEPEMEHHON BEJIHYMHBI

INepemenHasn BeqMuMHAa NPUHHMaeT Pas3jMUHbIE YHCJOBLIE 3Haue-
Husi. B 3aBHCHMOCTH OT XapakTepa paccMaTpHBaemoil 3ajaud COBO-
KYIHOCTb 3THX 3HAYeHHH MOXKeT OBITb

pasnuuHass. Hanpumep, temneparypa Bo- M
A1, IOAOT PEBAeMOil B OOBIYHBIX YCJIOBHSIX,
6yLeT MEeHATbCS OT KOMHATHOH Temmepa- %

2 (]
Typhl, pasHoit 15—18°C, no Toukm Kume- =~ = y; AT
uns, 100°C. |IlepemenHas e BenuuuHa z

X=COSQ MOXET NpPHHHMAaThb BCE 3Haue-
Hug or —1 jgo + 1.
3HaueHHusl IepeMeHHOM BEeJUYUHE! reo-
METpPHYECKM H300paxKaioTCsi TOYKAMH UHC- Pc. 2.
Jgosoit ocu. Tak, sHaueHHA nepeMEeHHOM
X=COSQ INpPH BCEBO3MOXHBIX 3HayeHHAX O H306paKaloTcsi COBO-
KYNHOCTHIO TOYEK OTpPe3Ka 4YHCAOBOH ocH of — 1 po- 1, BKmouas
u toukn — 1 u 1 (puc. 2).

Onpepenenue. COBOKYNMHOCTh BCeX YHMCJIOBHIX 3HAUEHHH mepe-
MEHHOH BEJHYMHBI HasHBaeTCs 004acmoi0 U3SMEHERUA 3TOH TNEpeMeH-
HO#.

OTmeruM crepyompe 06JaCTH H3MEHEHHS NePEeMEHHOH BeJNMYHHbI,
KOTOpble 4acTo GyAyT BCTpedaTbhcs B AasibHeH1neM,

Il pomescymrxom WM unmepeasrom Ha3bIBAETCH COBOKYNHOETh BCEX
uuces X, 3aKJIOUEHHHIX MEXJy JaHHBEIMH 4YHCIaMH a H b (a <b),
IpH 3TOM CaMH 3TH YMC/a He NPHHAaAJE€XaT pacCMaTPUBaecMoi
COBOKYNHOCTH 4HCeJ; ero o603HayaloT Tak: (@, b) MIH C MOMOMbIO
HepaBeHCTB a < x < b.

Ompe3xom WM Ce2meHMOM Ha3blBA€TCs COBOKYIHOCTb BCEX UHCEJN
X, 3aKJIOYEHHBIX MEXJAY ABYMSI AaHHbIMH YUCJaMH @ H b, npudem
o6a uncsia @ U b mpHUHajfJeXaT pacCMaTPHBAEMOH COBOKYNHO-
cTH; ero oGo3HaualoT Tak: [a, b] HJIM C NOMOLBIO HEPaBEHCTB
a<{x<Cb. VlHoria OTPe30K HA3BIBAETCH B3AMKHYMbIM NPOMENCYMKOM
HIIH 3QMKHYMbIM UHMEPEALOM.

Ecnn ogHo W3 uucen @ unm b, Hampumep a, NPHCOERHHSETCS
K NMPOMEXYTKY, a JApPYyroe—Her, TO MNOJYYaeTcsi NnoAy3amMKHymoll
npomedcymox, ero MOXKHO 3aJaTh HepaBeHCTBaMH a < x < b H o06o-
sHauuTh [a, b).

Ecau npucoepnnsierca yucao b U He mNpHCOeAMHsieTCS YHCJIO 4@,
TO MOJy4aeTcs MOJNY3aMKHYTHIE nmpoMexXyTok (@, b], KoTophlit MOXHO
3anaTh HepaBeHCTBaMH a < x<b.

Ecnn nepeMeHHas X NMpUHHMaeT BCEBO3MOXHEIE 3HaueHHs, 6OJb-
e yeM @, TO TaKOd HHTEpBad o003HavaloT (@, -}oo) H 3ajalOT
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YCMOBHMMH HepaBeHCTBaM# a < x < 4 oo. Tak ke paccMaTpuBalOTCA
GeCKOHEUHHIe HHTEPBAAbI M MOJIY3aMKHYThe GECKOHEUHbIE HHTEPBAIbL,
8ajaBaeMble YCJOBHEIMH HepaBeHCTBAMH

a<r<+00, —o<xLc, —o < ¥<e, —o0 < x< F 00,

MMpumep. O6Gnactb H3MEHEHMST NEpPeMEHHOM Xx=COS Q. MpH BCEBO3MOMKHHIX
8HauYeHUsX o ecTb OTpe3ok [— 1, 1] m onpegensercs HepaBeHcTBaMH —lSx << 1.

JanHble BhIUE ONMpefesieHHs] MOXKHO CGOPMYJIHPOBATh, HCIOMb3YS
BMECTO IOHSATHS «YHCJIO» TMOHSATHE «TOYKa», HANpHMep:

Ompesxom Ha3BIBaeTCs COBOKYIHOCTb BCEX TOYEK X, 3aKJIOYEH-
HBIX MEX]Y JaHHBIMH TOYKaMH a H b (koHyamu ompesxa), mpHYeM
KOHUBI OTpe3Ka NpHHaJJexKaT pPaCcMaTpHBaeMON COBOKYIHOCTH.

Oxkpecmrocmeto HaHHOH TOUYKH X, HA3HIBAETCH I1POHU3BOJbHBIA
uHTepBan (@, b), conepxamui 3Ty TOUKY BHYTPH cebsi, T.e. HHTep-

O ge—Z~ gpte BaJ (@, b), KOHIB KOTOPOTO YJOB-
t S ——— % JeTBOPAIOT yclIoBHIO a < X, < b.
Puc ‘g & YacTo paccMaTpPHBAETCs OKPECTHOCTD

(a, b) Toukm x,, AN KOTOPOH X,
fBJsieTcsl cepenuHOi. Toraa x, HasHIBaeTCS YeHmMpom OKpecmuocmu,
BequuuHa (b—a)/2 HasbiBaetTcss paduycom okpecmrocmu. Ha puc. 3
u3obpaxkeHa OKPECTHOCTb (X,—&€, X,-+€) TOUKH X, C PagHycoM E&.

§ 5. ¥nopsuoueHHas nepeMeHHAs BeJHYHHA.
Bo3spacraomas u yGbiBaiomasi nepeMeHHbIE BEJHUHHBIy
OrpannyeHHasi nepeMeHHasi BEJHYHHA

Bynem roBopuTh, UTO MepeMeHHass X eCTb Ynopado4UeHHas nepe-
MEHHAS 6eAUvUHA, €CNTA H3BeCTHA O0GJIacTb U3MEHEHHUS 3TOH INepeMeH-
HOH BEJHYMHBHI H NPO KaxKjoe M3 JABYX JIIOOBIX €e 3HayeHW#l MOXKHO
CKa3aTh, KaKoe 3HaueHue Npejnlayllee H Kakoe mnocjepyoiiee. 31ech
NOHATHUS «IpeAblAyIiee» H «IOCJAeAyiomee» He CBA3aHEI CO BpeMeHeM,
a fABJSIOTC CHOCOGOM  <«yNOpsAJOYEHHs» 3HAUeHHH mepeMeHHOM
BeJIHYHMHBI, T. €. YCTAHOBJICHHS MOPSJKA COOTBETCTBYIOUIMX 3HAYEHHUH
niepeMeHHOH BeJHYHHBL,

YacTHBIM CJIy4aeM YNOPSIAOYEHHOH ITepeMeHHOH BeJIMYMHHL SIB-
JifieTcsl TMepeMeHHas BeJUYMHA, 3HaueHUs KOTOpPOH 06pasyioT 4ucao-
8YI0 NOCAE00BAMENLHOCMG Xi, Xy Xgy o0y Xy «». 30€Ch IPH R' < &
3HAUYEHHE X’ — «IPEJUIECTBYIOUIEE», a 3HAUEHHE Xj— «IOCJEAYIOILEey
HE3aBHCHUMO OT TOro, Kakoe M3 3THX 3HaueHHil GoJblue.

Onpepnenenue 1. IlepemenHass BenHunMHA Has3BIBaeTCs 603pa-
crarnoweti, ecii KaxJoe nocjenyiomee ee 3HayeHHe Gojbimie mnpeabi-
aywero ee 3Hauenus. [Tepemennasn BeqMuMHa HashiBaeTcs yoOvisaroujed,
€C/IH KaXKJOe ee HOcJeAyiolee 3HAaueHHe MeHblIe Npeablayiero.

Bospacraiomue nepeMeHHHE BEeNHYHHBI H YGHIBAIOLLNe NepeMeHHbIe
BEJMYHHB HA3LIBAIOTCA MOHOMOHHO USMEHAIOWUMUCS TIePEeMEHHBIMH
BE/IHYHHAMH HJIH BPOCTO MOHOMOHHLIME 6EAUNUHAME.
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Mpumep. Ipn ynsoeHun uncaa CTOPOH MPABWILHOTO BIHMCAHHOTO B KPYP
MHOrOYroJIbHHKa TJIOWaZib § STOFO MHOrOYTOJIbHHKA ABJIsieTC BO3pacTaloleii nepe-
MEHHOH BeauuuHOR. Iliomans, NpaBHIBHONO OMHCAHHOTO OKOJKO KPYra MHOTOYIOJbe
HMKa TNpH YABOGHHH YHCIA CTOPOH SIBJASETCA YOHBAOulel NepeMeHHOH BeJHYHHOMN,
3ameTHM, 9TO He BcAKas MepeMEHHas BEJIHUMHA ABJSETCS HElIpeMEHHO BO3pacTaio-
meit man y6mBaiomedi, Tak, HanpuMep, NepeMeHHAd x=S§in @, ecl1H G eCTh BO3-
pacraloiias BeJIMYHHa Ha orpeske [0, 2x], He ABJIAETCA MOHOTOHHON BeJMYHHOMH.
Ona cHauana Bo3spacraeT or 0 jol, satem yGmBaer or 1 o —!1 u, HakoHeu, Bo3pa«
craer or —1 720 0.

Onpenenenne 2. [lepeMeHHas BEJHYHHA X HA3LIBACTCH 02PAHU-
4enHoU, €cJU CYyIecTBYeT TaKoe MoctossHHoe uyuciao M > 0, uro Bce
fIoC/IeyIole SHAYeHHs NMepeMeHHo!, HayHHAas C HEKOTOporo, yAOB-
JetBopsioT ycaoBuio — M<K x<<KM, 1. e. | x| << M. Hnaue rosops,
nepeMeHHasi BeJMYHHA Ha3bIBaeTCSi OTPAHHYEHHOM, €CJH MOXHO YKa-
3aTb TaKofi orpesok [— M, M], uro Bce mociepyiomue 3HaUYEHHS
epeMeHHOH, HauHHas#A C HEKOTOporo, OyAyT NPHHALJIEKATb STOMY
orpesky. OgHako He clelyeT AyMaTbh, 4YTO NepeMeHHas BeJUYHHA
6yleT NpUHHMAThb HENPEeMEHHO Bce 3HaueHHs oTpeska [— M, M].
HanpuMep, nepeMeHHas BeJIHYMHA, NPHHEMAIOMIAsE BCEBO3MOXKHEIE
panHOHaJbHble 3HAYeHHs Ha orpeske [— 2, 2], orpaHuyena, TeM He
MeHee OHa He NpPMHHMAeT BCeX 3HaueHHd Ha [—2, 2], a uMeHHO
HppallHOHAJIbHBIX.

§ 6. dynkuus

Ilpu nsyueRHH pas/MuHbIX ABJEHHH NPUPOAH H PELICHHH TEXHHe
YECKHX 3ajla4, a CJeXoBaTeJbHO, H B MaTeMaTHKe HNPHXOAHTCA pace
CMaTpUBaTh H3MEHEHVE ORHOH BEJMYHHBI B 3aBHCHMOCTH OT H3MeHe-
Hus aApyro#t. Tak, Hanpumep, npu H3YYeHHH ABHKEHHSA MPOIJEHHBIR
IyTb paccMaTPHBAeTCH Kak NepPeMeHHasi, H3MEHsIoULasics B 3aBHCH-
MOCTH OT H3MEHEeHHs BPeMeHH. 3hech MPOHAEHHEIH NyTh €cTh ¢ Y HK-
L HA BPeMeHH.

Paccmorpum apyroii npumep. Hssecrno, ut0 nuomams Kpyra
BblpaXkaeTcsi uepes paguyc Tak: Q =nR:. Eciu pagnyc R Gyzer
TIpUHHMATh pasjiMyHble YHCJIOBbIE 3HAYEHHS, TO Iomagb Q TaKke
Gyner npUHUMATh Pa3/IMYHEIE YUCJIOBHE 3HaueHUs. TakuM o6pasoM, M3«
MeHeHHe OJHOi nepeMEeHHOH BJleyeT H3MEHeHHe APYroi. 31ech NJIOWALb
Kpyra Q ectb Qynknus paguyca R. CoopMysaupyeM onpeneneHue
MOHATHSA «QYHKIMSA».

Onpenenenune 1. Ecmu KaxaoMy 3HaueHHIO MepeMeHHOH ¥,
NpuHajJexallemMy HEKOTOPOH 06JacTH, COOTBETCTBYET OJHO OIpeje-
JICHHO® 3HaYeHHe APYTOA NEPEMEHHOR y, TO y ecTb (PyHKYus oT X
UJIH, B CHMBOJINYECKOH 3amMcH, y=f(x), y=¢(x) u T. m.

INepemeHHast x Ha3HIBAETCA HE3ABUCUMOL NEPEMEHHOL WIH apey-
MernmoM. 3aBHCHMOCTb NEPEMEHHBIX X H y HA3BIBACTCHA (YHKYUOHAND=
Hotl sagucumocmpto. BykBa f B cHMBO/IHUECKO# 3anHen (GyHKIHOHAb-
HO#l 3aBHCHMOCTH y = [ (X) YKasbBaeT, U4TO Haj 3HAUEHHEM X HYXHO
NPOH3BECTH KaKHe-TO ONepaluM, ytoObl NOMYYHTb 3HaueHHe y. BmecTo
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samucH y=f(x), u=¢(x) ¥ T. A. UHOTAA numyT y =y (x), u=wu(x)
HT. A.,T.€ OyKBH Yy, ¥ HT. A. 0OG03HAYAIOT H 3aBHCHMYIO MepeMeH-
Hyi0, ¥ CHMBOJI COBOKYNHOCTH ONepauuit Haj x.

3anuch y=C, rae C—nocrosinHasA, o6o3HayaeT dyHKuMIO, 3Ha-
YyeHHe KOTOpOH MpH Juo6GoM 3HaYeHHH X OIHO M TO e u paBHO C.

Onpenenenne 2. CoBOKYNHOCTb 3HAueHHH X, JAJS KOTOPHIX
ONpeeNAIOTCS 3HaYeHHsT (QYHKIMH y B CHJIY npaBHJa f (x), Ha3sIBaeTCs
obaacmeto onpedesenus Gynxyuu (WM 002aCMbl0  CYwyecmeosanus
Pynryuu).

ITpumep 1. ®ynxuna y=sin x onpejesneHa NpH Bcex 3Hauenusx x. Crexo-
BaTeJIbHO, ee 06J1aCThIO onpejenenus 6yaeT 6eCKOHeyHbIl HHTEPBAI — ® < X < .

3ameyanune 1. Eciu umeeM ¢YyHKUHOHANBHYIO 3aBHCHMOCTb
JBYX TepeMeHHbIX BeJMUMH ¥ U y=/(x) H ecqu x H y=f(x) pac-
CMaTpHBaTh KaK YNOPSAOYECHHBIE NepeMEeHHHe BeJHYHHH, TO U3 ABYX
sHaueHHH OGyHKOMH y*=f(x*) u y**={f(x**), COOTBETCTBYyIOLIHUX
JBYM 3HQUEHHSIM apryMeHTa Xx* H Xx**, NOCJENYIOIUM 3HayeHHEM
($YHKUHH GyJeT TO, KOTOPOe COOTBETCTBYET MOCJEAYIOLIEMy SHAUEHHIO
aprymenra. [TosTomy ecTecTBeHHO, HanpuMep, CleAyOLIEe ONpeieIeHHE.

Onpenenenue 3. Ecim dynkuus y=f(x) TakoBa, yTo 60Jb-
IIeMy 3HAYEHHIO apryMeHTa X COOTBETCTBYeT GoJbiluee 3HayeHHe (yHK-
UM, To QyHKUHS y = f (X) HasbiBaeTCs 803pacmarowyeti. AHaJOrHYHEIM
obpa3oM onpejensercs ybusarowas GyHKIUS.

Mpumep 2. Oynxnua Q=nR? npu 0 < R < + o ecTs dpynxuus Bo3pa-
craomasi, TaKk Kak GoJplieMy S3HaueHH10 R cooTseTcTByeT Goubiuee sHaueHue Q.

3ameuanue 2. HMHorna B onpeseseHuH NOHATHA (YHKIHH
JONYCKaIOT, 4YTO KaXJOMy 3HAYEHHIO X, IPHHAJJEKaleMy HEKOTOPOH
06/1aCTH, COOTBETCTBYeT HE OJHO, a HeCKOJbKO 3HaueHuil y WM
Aaxe OECKOHEUHOE MHOXKECTBO 3HaueHHH y. B stom cayuae ¢ynk-
LHI0 Ha3BIBAIOT MHO203HAYHOL B OTJUYME OT ONPEAEJEHHOH BhINIe
(yHKIHH, KOTOPYIO Ha3HBalOT 00HO3Ha4Hol. B panbHefimeMm, rosops
O pyHKLMH, MBI GyJIeM HMETb B BHJY TOJbKO OAHO3HAaYHE € (yHK-
mud. Ecau B cuny Heo6XOAMMOCTH NpPHAETCS HHOTJAA HMEThb JeJo
C MHOTO3HAYHLIMM (PYHKIHSMH, TO Mbl OyJeM JefaTh ClelHajJbHBE
OTOBOPKH.

§ 7. CnocoGbl 3ananus (PyHKUHH

1. Ta6auuynbelt cnoco6 3aganusa ¢yHKUHH [Ipu sToM
trnocofe BLIMMCHIBAIOTCS B ONpEJEJEHHOM MNOPAJKe 3HAYeHHsl apry-
MEHTa X;, X, ..., X, H COOTBETCTBYIOIIHE 3HAaYeHHS (YHKIHH
yl’ yz’ sy yn:

x xi PO PR I

y g1 Y2 s o v oo Yn
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TakoBbl, Hanpumep, TaGJuubl TPHTOHOMETPHYECKHX (DyHKIHH,
TaGauubl JOrapudpmMoB H T. A.

B pe3syJbTaTe 3KCNEPHMEHTAJbHOI'O H3YYEHH A ABJIEHHH TaKXe MO-
TYT DOJYYHTbCS TaGJMUBI, BbIpaxkawouiie QyHKIHOHANbHYIO 3aBHCH-
MOCTb MeXJAY H3MepsieMbIMH BeJHYMHaMH. Tak, Hanpumep, B pe-
3yJibTaT€ H3MEpPEHHA TEeMIlepaTypHl BO3AyXa Ha MeTeODOJIOI‘quCKOﬁ
OJoaAKe B ONPefeeHHb JeHb MOJydyaeTcs cjefyiomas Tabavua:

3uauenue memnepamypor T (6 epadycax) e sasucumocmu om spemenu
(6 uacax)

T 0 —1 —2 -2 | —-0,5] 1 3 3,5 4

dra Tabauua onpexenser T kak ¢yHKuuio f.

II. Tpadnueckuit cnoco6 3aganus GyHkuuu. Ecan
B NPSAMOYTOJbHOH CHCTeMe KOOPAHHAT HAa NJIOCKOCTH MMeeM HeKOTo-
pYyi0 COBOKYNHOCTb ToweK M (X y), TpPH 3TOM HMKaKHe ABE TOUKH
He JIeKaT Ha OfHOH npaMol, napaJgenbHoil ocH Oy, TO 3Ta COBO-
KyMHOCTb TOYEK ONpejeNsieT HEKOTOPYI0 OJHO3HauHYl (YHKIHIO
y= [ (x); 3HaueHHsAMH apryMeHTa sBJSIOTCA aGCUHCChl TOYEK, 3Haye-
HUSIMH (YHKIUH — COOTBETCTBYIOLIHE OpAH-

HaTel (puc. 4). 9N\ yrw
CoBOKYNHOCTb TOueK mjockoctH xOy,

abcuucchl KOTOPLIX SABJIAIOTCA 3HAYCHHAMH 7

HE3aBHCHMOH IepeMEeHHOH, a OpAMHATHI— , o

COOTBETCTBYIOIMMH 3HAueHHsAMH (DYHKIMH, 9] z z

HasbIBaeTcs epagurxom JaHHOH QYHKIHH.

III. Anmanurnueckuét cmnocob
saganus ¢(yHkuuH. CHavana pasbpsiCHUM IMOHSATHE «aHAJHTH-
YyecKoe BbIpakeHHe». Anasumuueckum eoipasiceruem Gynem HasbiBaTh
CHMBOJIMUECKOEe 0003HAUEHHE COBOKYIMHOCTH H3BECTHBIX MaTeMaTHuec-
KHX omepaiuii, KOTOpPble NPOW3BOAATCS B ONpEAeNeHHOH Mocjaeno-
BaTeNbHOCTH HaJ YHCJaMM H GyKBamH, 0OO3HAUAIOUIMMH IMOCTOSIH-
Hble WJIH TepeMeHHbIe BeJIHUHHbI.

OTMeTHM, YTO MNOJ COBOKYNHOCTbIO H3BECTHBIX MaTeMaTHUYECKHX
onmepauuifi OyAeM NOHHMAaTb He TOJbKO MaTeMaTHYeCKHe ONepanmy,
H3BECTHBIE H3 Kypca cpefHeil MIKOJBI (C/IOXKeHHe, BHYHTAHHE, H3BJe-
yeHHe KOpHA M T. 1.), HO H Te, KOTOpbie OYyAyT ONpeAeNsiThbcA IO
Mepe H3yueHHsI Kypca.

AHa/MTHYECKHMMH BBIpaXKEHHSIMH, HanpHMmep, SBAsIOTCA X*—2,
(Ig x—sin x)/(5x2+ 1), 2*—V'5F3x u 1. &.

Ecnn ¢yHkuMoHanbHast 3aBHCHMOCTb y=f(x) TakoBa, 4ro f
0603HayaeT aHANMTHYECKOE BBIPAXKEHHE, TO TOBOPAT, UTO DYHKHUS
Y OT X 3a0aHQ QHAAUMUHECKU.

Puc. 4.
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[Mpumepst ¢yHkuui, sagamubiX aHamuTHueckKu: 1) y=x'—2,
2) y=(x+1)(x—1)Y, 3) y=V1—x, 4) y=sinx, 5 Q=nR*
HT I

3nech GYHKUMH 3ajaHbl aHAJHTHYECKHU C TTOMOIIbI0 OAHOH HOPMY JIBL
(mox opMysiOH NMOHMMaeTcss PaBeHCTBO ABYX aHAJHTHYeCKHX Bhipa-
JeHuH). B TakHX ciyyasXx MOXKHO TIOBOPHTb O €CTECTBEHHOH
o6/acTH onpeneneHus: QyHKIHH.

Ecmecmeennotl obaacmeto onpederenun ¢ynkyuu, 3agaHHOR aHa-
JIUTHYECKH, SBJSAETCS COBOKYNHOCTb 3HaueHHH X, NpPH KOTOPBIX
cTosiliee cOpaBa aHAJIMTHYECKOE BHIpDAKEHHE HMeeT BIOJIHE onpeje-
JieHHOe 3HaueHHe. TaK, eCTeCTBEHHOM O0G/IaCTbi0 ompenesieHHs (PyHK-
HUH y=x*—2 sBNsieTcsl GECKOHEYHBIH HHTepBal — oo < X < + o0,
TaK Kak (QyHKIHUA onpejenserTcsi NPH BCeX 3Ha4YeHUsaAx x. DyHKuus
y=(x+1) (x—1)"* onpeneneHa npu Bcex 3HaYEHHUAX X, KpOMe 3HA-
yeHus x=1, Tak KaK NpH 3TOM 3HaueHUH 3HaAMEHaTejib OGpauiaeTcs
B Hymb. Jna byHKUuuM y-—--l/l——x2 €CTECTBEHHOH 00JIaCThIO ompe-
jgenenus Oyaer orpesok — 1<Cx<{1 u 1. A.

Z 3ameuanune. Muorna GuiBaeT HyXHO pac-
A CMaTpHBaTh He BCIO €CTECTBEHHYIO 06JacTh OIpe-
JeJieHHsl QYHKIMH, a TOJIBKO HEKOTOPYIO ee 4acTb.
Tak, 3saBucumocTb miomanu Q Kpyra or paguyca
R onpepensiercsi pynrnueit Q = nR2. O6/acTbio
onpeseseHHs JaHHOH (YHKIHH NPH PacCMOTPEHHU
JaHHOrO I'eOMETPHYECKOro Bompoca sBJjsercs Gec-
KoHeuHbit uHTepBan 0 << R < +-o0o. EcrecTBen-
HOH Ke 00/1aCTbiO onpejeseHHsl AaHHOA (yHRKIHH
y; ABJAeTC GECKOHEeUHBIH HHTepBal— oo < R <
< +-00.
Puc. 5. Ecmu ¢yukmus y=f(x) 3amaHa aHaauTHyec-
KH, TO OHa MOXeT GbiTb H306paxeHa rpaduuec-
KH Ha maockoctu KoopauHat xOy. Tak, rpadukom ¢yHKHUH y = x?
ABNfeTcd mapa6osa, H300paxkeHHass Ha puc. 5.

I=z.

0\ {

§ 8. OcHoBHble 9neMeHTapHble (YHKUHH. OJieMeHTapHble (YHKUAK

OcCHOBHOIMU INEMEHMAPHOIMU (PYHKYUAMY HA3BIBAIOTCS CJAEAYIOUHE
aHaJHTHYECKHM cHocoGoM 3ajaHHBe QYHKIHH.

I. Cmenennds ¢ynxyus y=x*, rae o.— AeHCTBUTEIbHOE YHCIIO®),

I1. ITokasamenvnan ¢ynkyus: y=a*, rie a—rmoJOXHTeJbHOe
YHCJIO, HE PaBHOE eRHHHILIE.

III. Jloeapupmuueckan pyrxyus: y=1og, x, rie oCHOBaHHE JIOTa-
pupMOB @ —IOMNIOKHTEIbHOE YHCJIO, HE PaBHOE ENMHHIIE.

*) Mpu & uppanuHoHaNbHOM §Ta GYHKIHS BHIUHCASAETCH nyTeM JorapHpMHPO-
Bauus ¥ notenuuposanua: logy=c log x. Ilpn sroM npeanonaraercd, 4to x > 0,
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IV. Tpueonomempuseckue ¢pynxyuu:
y=sinx, y=cosx, y=1igux,
y=ctgx, y=secx, y=cosecx.

V. Obpamnsie mpuzonomempuseckue pynxyuu:
y=arcsinx, y=arccosx, y=arclgx,
y = arcctg x, y = arcsec x, y = arccosec x.

Pacemorpum o6nacti onpefenenusi M rpadhuKH OCHOBHHIX 3JEMeHs
TapHEIX (yHKUHI,

CreneHHnas QyHKROuA, y=x=*

1. a—nenoe nosoxurenbuoe uncao. OyHKIUs onpeneneHa B Gec-
KOHEYHOM HHTepBaje — oo < x < +oo. I'papuku ¢QyHKUHH B 3TOM
c.nyqag ﬂp}; HEKOTOPLIX 3HaueHHAX & HMEIOT BHJ, H306pa)keHHLIH Ha
puc. 6 u 7.

N peat A
0
3
7 @z
7 r
Puc. 6. Puc. 7.
4
7} 29
=L
y-z¥
7 > 7] z
7 2
Puc. 9. Puc. 10. Puc. 11,

2. a—uejoe oTpunaTesbHoe uHca0. B aToM cayuae dyHkuus
onpejeneHa NpH BCeX 3HaueHHAX x, kpome x =0. I'papuku ¢ynkunit
NpH HEKOTOPHIX 3HAYEHHSX O HMEIOT BUJ, H306paxKkeHHH Ha puc. 8u 9.

Ha puc. 10, 11, 12 uso6paxkeHbl rpaguku cTeneHHOH GyHKIHH
NpH JAPOGHO-PAHOHAJILHEIX 3HAUEHHSAX C.

ITokasartenbrHass byHKnusd, y=a*, a>0 u as=1. dra
(YHKUHsl ompejeseHa NpH BceX 3HaueHHAX x. [paduk ee umeer Bua,
u3o6pakeHHmIl Ha puc. 13.
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JMorapupmuueckas pyHruns, y=Ilog,x,a>0unag+1l.
dra ﬁyﬂxunﬁ onpeaenena npu x>0. I'paduk ee HsoBpaxkeH Ha
puc. 14.

Tpuronomerpuueckne ¢yHkunu. HesaBucumas nepe-
MeHHas X B QopMyJax y=sinx U T.A. BHpaxaercs B pajHaHax.

» Bce mnepeuncieHHble TpUroHoMerpuueckne ¢yHK-
F=z”  uuu—rnepuoauueckue. Chopmyaupyem obiee omn-
7l pefiesieHne MepHOANUECKON (BYHKIUHU.
Onpepenenune 1. Oynkuus y=Ff(x) Ha-
Z 3BIBAaeTCsl Nepuodu4ecKoil, ecliv CymecTByeT TaKoe

g nocrosiHHoe 4ucyo C, or npuGaBieHHs (MJIH BHI-

YHTaHHS) KOTOPOrO K apryMeHTy X 3HaueHHe

Puc. 19 ¢ynkuuu He usmenserca: f(x+4C)=f(x). Hau-
ue. 12.

MeHbllee TaKOe YHCJIO HasblBaeTC nepuodom
¢yHKUMY; B AanbHelmem GyaeM o603HavyaTh ero 2/.

U3 onpeneneHusi HENOCPEACTBEHHO CJeAyeT, YTO y=sSinx ecThb
nepuoanyeckas GyHKuMsA ¢ nepronoM 2m: sinx = sin (x+ 2n). Ilepuog
cos x Takxke paseH 2n. [lepnoa dynkumit y=tg x u y=ctg x pasex m.

zr 2 2
G N 22,8 .
25/04_ 0372 71
ylog, &
7 f e I
R B B e
Puc. 13. Puc. 14.

DyHKUMH Y= sin X, §==COS X ONPeJe/eHbl NPU BCEX 3HAUCHHSX X;
dyHkunn y=1tgx U y=secx ONpeNeseHbl BCIOAY, KpOME TOUeK

x=Qk+1)5 (k=0, £1, &2,...);

¢dynkuuu y=ctg x H y=cosec x onpejeseHbl NPH BCeX 3HaYeHHSX X,
KpOMe TOYeK
x=kn (k=0, £1, +2,...).

I'paduKH TPHTOHOMETPHUECKUX (pyHKUHMA H30GpaxeHsl Ha puc. 15—19.
O6parHbie TpHUroHOMeTpHYecKHe QyHKIHMH OyAyT HaMH NOAPOGHO
PaccMOTPEHbI NO3/HEE.
Beenem, najee, moHstHe (yHKuMH OT dyHKuuH. Ecom y sBasercs
dyHKuMel OT u, a 4 B CBOIO OYEpe/b 3aBHCHT OT NEPeMEHHOH X, TO
y takxe sasucutr or X. Ilyete y=F(u) u u=9¢(x). Tlonyuaem
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GyHKIMIO Y OT X:
y=Fle (0]
Mocnepuss GyHKUMS HasbiBaercs yukyued om QyHKYUU UM
croouoll ynkyued.

i . 4
I S F=tsz
[
N e~ ANy,
7
Puc. 15. Puc. 16.
Iy paz ! =iy
i i
1/1z iz i
Sz Iz LN e
= g e FENY FN
| |
Puc. 17. Puc. 18.

Mpumep 1. [Mycrs y=sin u, u=x? Pynguus y=sin (+?) ABIACTCH CIOK-
HOlM (QyHKOHMeH X.

3ameuanue. O6nacteio onpenenenns ¢ynkuun y=F[¢(x)]
ABJISETCS MJH BCs 0GJacTb onpejesieHHs GYHKIMH u=Q(X), HIH
Ta €€ 4aCTb, B KOTOpOﬁ onpene-
JSIOTCST 3HAaueHUsl %, HE BHIXOAs-
e Hu3 obJiacTu olnpeaeyeHH s1
¢ynxuun F (u).

Mpumep 2. OGnacTuio ompepe-
nemns_ pynkumn y=VI1—x (y=
=V u, u=1—x%) sBaserca OTpesoOK 2 s - v
[—1, 1], Tak kak © <0 npu [x|>1 ~Z g A S 4
H, cagpoBateasHo, ¢yHkuus ¥V u  He =7 7N
onpefieieHa NP 3THX 3HaUEHHAX X (XO- /
T8 QyHKLESA ©=1— 2 onpefieieHa NpH !
BCceX 3HaueHusx x). I'pajukem sToit "
(byHKLME SIBJSETCA BepXHAS MOJOBHHA

OKPYXHOCTH C LDEHTPOM B Hauajne Ko- Puc. 19
OPAMHAT H PajUyCoM eXHHMIA. T

Fser g, T

1 1
/ \

~dZ N,

o i
77N
—
C ]

.--—-”

Onepanus «PyHKIHS OT QYHKIUHY» MOXKET MPOU3BONUTLCS HE OMH,
a mo6oe yucno pas. Hampumep, ¢yHruus y=Ig[sin(x*-1)] nony-
yaeTcsi B pesyJbTaTe CJAEAYIOLUMX Onepauui (ompeiesieHHs CJleRyo-
IUX (QYHKIHE):

v=x*41, u=sinv, y=Igu.
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OnpenenuM, janee, NOHATHE 3/MEMEHTapHOH (YHKIMH.
Onpenenenue 2, dremenmaproi yrxyuei HaspBaeTCH ByHK-
uMs, Kotopas MoxeT ObiThb 3ajaHa ofHOH (opmysoii BHAA Y= f(x),
rJie CripaBa CTOSIHEE BEIPAXKEHHE COCTABJIEHO H3 QOCHOBHHIX 3JI€MEH-
TapHbIX (QYHKUMHA H MOCTOSIHHBIX NPH IOMOIM KOHEYHOTO YHCJA Ole-
pauuil CNOXKeHHs, BHIYHTAHHS, YMHOXKEHHS, JAeNCHHS

r/4 U B3ATHA QYHKUUH OT (QYHKUHUH.

Ha ocHoBanuu ompezenenus caeayer, 4To 3ne-

MEHTapHble QYHKIHH SABJSIOTCS QYyHKIHSAMH, 3ajaH-
HEIMH aHaJIHTHYECKH.

Ilpumepnl s/eMeHTapHHX (YHKIM:

9 72 @ y=x1=V'?, y=V T ismz,
Puc. 20. y= lgx+4y/ x+2tgx
10*—xf10 °

Tlpumep HeanemeHTapHoit GyHKIuH:

Oynxnug y=1.2-3-....n(y=F(n)) He sBAAETCA 3NEMEHTAapHON, TaK KaK
KOJINYECTBO ONepanuil, KOTOPoe HYXHO NPOM3BECTH AJIA MOJYUYEHHA y, YBEJHYH-
BaeTCs C yBEJIHUCHHEM 7, T.e. HE #ABJAETCS OrPaHHYCHHBIM.

3ameuanne. Pynkuusa, nsobpakenHas Ha puc. 20, sBasercs
3JIEMEHTapHOM, XOTf OHa M 3ajJaéTcA C NOMOUIbIO ABYX GopMyJ:

fxX)=1x, ecim 0C<x << 1,
F)=2x—1, ecm 1<<x<<2.

1y dyHKOUIO MOXKHO 3a1aThb M OXHOH (opMYJIONi:
1 1 3 1 1 v/
f(x)=-g-(x—-§)—|—7|x-—l|=—2—(x—§-)+fl/(x——l)“

g 0 <Cx<<2. (CM. Takxke ynpaxHenus 130—144 x ra. V)

§ 9. AareGpanyeckue GyHKUHH

K uucny aareGpamueckHX OYHKIMHA OTHOCATCS SJEMEHTapHHE
GYHKUMH CHENYIOUEro BHAA:

1. llenas panvmoHanbHass GYHKUHS HAL MHOTO-
YJeH

Yy=ax"+ax""*+...+a,,

The a4, ay, ..., @,—TOCTOSAHHbIE WYHCJA, Ha3bIBaeMHe K03puyuen-
mamu; n—uejnoe HEOTPHLATENbHOE YHCJO, HA3HIBAEMOE CMeENneHsio
muoeounena. OueBHIHO, YTO 3Ta (YHKIMS ONpejeneHa NpH Bcex
3HAYEHHAX X, T.€. onpejeneHa Ha GECKOHEYHOM HHTepBaJje.

Npumep 1, y=axt-b—aunednas ¢ynxyus. Fpu b=0 nuneiinas ¢ynk-
NS y=ax BHpaXaeT NpPAMYyI NPONOPUHOHANBLHYIO 3aBHCHMOCTb ¥ OT x. Ilpm
a=0 ¢yBxunsa y=>=b eCTb NOCTOAHHAA.
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Mpumep 2. yg=ax?-|bx~c—«readpamuunas pyuryus. Fpadux Ksagpa-
THIHON (YHKHUK ecTh mapaGosa (puc. 21).

JTH PyHKUNN HOAPOGHO PacCMATPHBANNCH B 2HANNTHYECKOH reOMeTPHH,

II. A po6Has pannonanbHasa GyHKLHUs. Ora QyHKIHA
onpexessiercs KaK OTHOIIEHHE ABYX MHOTOUYJICHOB:

_ apx*tapxr-l4...4-qa,
Y= porntbpm it Fbn

JlpoGHoit panuoHanbHON (yHKuUMell sBisiercs, HanpuMep, (yHKUHSA
y=a/x, BHpaxaomas OGPaTHY0 NPONOPUHUOHAJIBHYIO 3aBHCHMOCT.
Ee rpaduk H3o6paxkeH Ha pHc. 22. Z Z
OueBHAHO, 4TO JApoGHAs  pauuo- a>0 a7
HaMbHAsA (QYHKIUS ompeneseHa MpH

BCeX 3HAYEHHAX X, KpoMe TeX, NpH

KOTOpbIX 3HaMmeHaTesnb obpamaercs

B HY/Jb. 4 174 Z
IIl. MppaunuoHaabHad

dynruus. Ecm B dopmyne y= a a)

=f(x) B npaBoii 4acTH MNPOH3BO- Puc. 21.

AATCA ONEPALMH CIOXKEHHS, BHIUMTa-
HUf, YMHOXEHHsl, NeJeHHs M BO3BEJEHHS B CTeNeHb C pallOHaJb-
HBIMH HeleNbIMH TOKasaTedsMH, TO (QYHKLUHSI y OT X Ha3biBaercsd
UPPAYUOHANLHOU. _
2 —
[IpuMepsl WppaUMOHAMbHHX (DYHKIHUIL: y=-2‘—’}—'l"__l-?-V5_x—’:-, y=Vx

H T.I.
3ameuanue 1. INepeuncienHsile TpH BHAa anreGpaHyecKHX
GyHKuMA He MCYepNLIBAIOT BCEX ajareGpauvyecKHX QYHKIHH. Anze-
6pauveckoil pyrxyuell Ha3bi-
7 4 Baercs mobas QyHKuUS Y =
az0 a0 = f (%), KoTOpas yJOBIETBO-
psieT ypaBHEHHIO BHAA

= Py(x)y"+ Py ()y"~*+...
ve e+ P (0)=0, (1)

a &) rae  Py(x), Py(x), ...
<+ y P,(x) — HeKOTOpHIE
Puc. 22. MHOTOYJIEHH OT X.

MoxHO JOKasaTbh, 4TO

Kaxpas u3 yHKUUH NepedHCIeHHBIX TPeX BHAOB YAOBJETBOpPSAET He-

KOTOpOMY YypaBHeHHIO Buja (1), HO He Bcsikasd (DyHKUHMS, YAOBJIETBO-

psiouiast ypaBHeHHIO BHAa (l), fiBisercas ¢yHKIMe# OZHOro W3 me-

peuHcTeHHbHX BHJOB.

3ameuanue 2. DyHKUMA, He SBJAIOMAACA anreGpauueckoil,

HasbIBaeTCA MPAHIYEHOeHMHOL.

IMpumeprl TpaHcUeHASHTHHIX (yHKuuA: y=cosx, y=10¥ u T.m.
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§ 10. INonspHas CHCTEMa KoopauHaT

Ilonoxenue TOYKH HA MJOCKOCTH MOKHO OINpeJesUTh C MOMOLLbIO
TaK Has3biBaeMOH NoAApHOL cucmembt Koopouram.

Ha nJjockoctn BbIGHpaeM HeKoTOpyld Touky O, HasniBaeMylo no-
A10COM, W BHIXOASIYI0O H3 3TOfl TOYKH MOJYNPSAMYIO, Ha3LIBaeMYIO
noaaproii ocoro. Tlonoxenne Toukn M Ha IJIOCKOCTH MOXHO OIpe-
JeJTh ABYMsl YHCJIaMU: YUCJIOM O, BEIPAXKAIOIUM PacCTosiHue Touku M
OT NOJIOCa, H UYHCJOM (— BEJMYHHOH Yrja, 06pPasoBaHHOrO OTpes-
KoM OM ¢ monsipHo#t ockio. ITonoxnTeNnpbHLIM HanpaBJeHHeM OTCYeTa
yria ¢ CUATaeTcsl HanpaBJ/IeHHE NPOTHB YacoBOW CTPeNKU. Umcna p
H @ HasbLBAIOTCA noAApHbimu koopOunamamu Toukn M (puc. 23).

7 {\
N M

> A

A (3
»

w>0 2 £ -2
) 4 g Z=0008 @
Puc. 23. Puc. 24.

Paauyc-ektop p OylneM Bcerja CuMTaTh HeOTpHIATeJbHHIM. Ecimn
NoAApHBIA yros ¢ Gparb B mpejenax 0<C ¢ < 2x;, TO Kaxpod Touke
NJIOCKOCTH, KpOMe NOJI0Ca, COOTBETCTBYET BIOJIHE ONpejeseHHas napa
uyncen p 4 . Jas momoca p=0, ¢ — npoussoJbHOE.

YcTaHOBUM CBSI3b MEXAY MNOJIIPHBIMHU H HPSMOYTOJNHHHIMH JieKap-
TOBLIMH KoopjuHaTaMu. ITycTh Hauaso mpsiMOYroJibHOH CHCTEMBI KO-
OpPAHHAT COBNAJ@eT C MOJIOCOM, a MNOJIOXKHTeNbHOE HalpaBJeHHe OCH
Ox —c noasipHofi ocelo. M3 puc. 24 HemocpeicTBEHHO CjenyeT:

X=pcosQ, y=psing

H, 06paTHo, p= Vx”—l— ¥, lgo=yx.
Ilpumeuyanue. [Ipu HaxoXJEHUH @ HYKHO YUHUTHIBATh, B KaKOH
YeTBEPTH HAXOAMTCS TouKa, H 6PaTh COOTBETCTBYIOMlEE 3HAYCHHE Q.
YpaeHenue p = F (9) B IONSIPHOH cHCcTeMe KOOpPAMHAT oOmpenenser
HEKOTOPYIO JIHHHUIO.

INpumep 1. YpaBHenne p=a, rae a=const, onpefenser B NONAPHHIX
KOODAHHATaX OKPYXHOCTb C LEHTPOM B NOJIOCE H PajuycoM @. YpaBHEHHE ITOH
okpyxHocTd (pHC. 25) B IPSMOYroJIbHOM CHCTeMEe KOOPAMHAT, PaclOJOKEHHOH TaK,
KaK ykasaHo Ha puc. 24, Gyzer V x*F-y2=a wau x2 12 =a?.

pumep 2. p=a@, rae a=const. CocraBuM TaGauny 3HayeHUd P NpH
HEeKOTOPHIX 3HAYCHUSAX @:

o0 n/4 /2 3n/4 n 3n/2 2n 3n 4n

p f 0] ~0,78a| ~1,57a | ~2,36a | ~3,14a | ~4,71a | ~6,28a |~9,42a| ~12,56a
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CooTBercrpyiomas KpuBas u300paxeHa Ha puc. 26. Sta Kpupasg Ha3bIBACTCH CnU-
paasto Apxumeda.

pumep 3. p=2acos@. ITo ypaBHeHHe OKPYXHOCTH pajuyca @, UEHTD
KOTOpOii HAXOEMTCA B TOuKe po==a, =0 (puc. 27). Hanuwem ypasuenue sTok

Zh

. -
AA @ /l;- et

7 iz &

Puc. 25. Puc. 26. Puc. 27.

OKPYXKHOCTH B NPAMOYTOJbHHX KoopAauHaTax. [ToActaBngas B JaHHoe YpaBHeHue

=V #F17, cos qazv.—:——-z-, GylieM HMeThb Vx2+y2=2a7—:—7
x4 y2—2ax=0. Fry wt

HIH

YopaxuHenusn kK raase |

1. Nana ¢yuxuus f(x)=x2+6x—4. TIposeputs, uro f(1)=3, f(3)=23.

2. f(R)=x241. BbNHCJme 3Haqemm a) [ (4). Oms. 17. 6) [ (V 2). Oms. 3.
B) f(a+1). Oms. a®+2a+2. 1) f(a)+1. Ome a2+2 n) f(a®. Oms. a*+-1.
e) [f(a)]2 Oma. a4+2a2—|—1 X) f(2a) Ome 4a% 1.

@ (x)=(x—1) (3x45)—1. Hanucate Bupaxenus ¢ (1/x) n 1/@ (x). Oms,

¢(l/x) (I—x) 3+5%)~%; 1/@ (x) =(3x+5) (x—1)~*.

L y(0)=V 214 HanucaTb Boipaxenust P (2x) u P (0). Oms. P (2x) =
=2V 24 T; $(0)=

5. f(8)=tg 0. ITpoBepuTs paBeHcTBO f(29)=.T2f[;%).]_2.
6. p(x)=1lg i . Iposeputs pasenctBo @ (2)+¢ (b) = a+:b

7. f(x)=lgx; (x)_x3 Hanucarb BHpAXKeHHS: a) f[(p (2)1. Oms. 31g2,
6) f[q>(a)] Oma. 3lga B) @[/ (@)]. Oms. [Iga]®.

. Haiitu ecrecTBennylo o6nacte onpenenenus ¢yuxuun y=2x241. Oms.
—o0 < x < 4o,

9. Hajitu ecrectBenHbie oGnacTu onpejeseHus (GyHKuuit: a) YV 1. Om.

—l<x<+1.6) V3fz+y/ T—x Oms. —3<x<T.8) 3/ x+a—3/x—b.

Oms, —wo < x< 4. T) +i. Oms. x #a. n) arcsin®x. Oms. —l<<x<l.

e) y=Igx. Oms. x > 0. x) y=a* (@ > 0). Oms. —w <.x <+ 0,

Mocrpouts rpaduxu GyHKIUMA:

10. y=—3x45. 1L y=§x2+l. 12, y=3—2x%. 13. y=x242x—1,
14. yTl/(x—l). 15. y=sin2x. 16. y=cos3x. 17. y=x2—4x}-6. 18 y=

=1—" 19. y=sin x+%) . 20. y=cos (x—%) . 21, y=tg§-x 22, g=
=ctg(x/4). 23. y=23%. 24, y=2-%2,25. y=1log, (1/x). 26. y=x3-4-1. 27. g=4— 13,

28 y=1/x% 29, y=1% 30. y=15. 3. y=V x. 82. y=(V %) 83. y= /.

NS
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4. g=[x|, 35 y=log, |x]. 386. y=logy(1—x). 37 y=3sis (2:—}—%).

38, y—4 cos x+-;£).
39. MNoctpouts rpadur ¢yuxuun f(x), onpenesennoidr Ha eoTpesxe [—Ig 1)
caenylomuM o6pasoM:
fR)=14x nmpu ~1<rx<0)
f(x)=1—2x nmpp O0<<x< 1.

40. Tloctpouts rpajux oysknun [f (x); onpefiencnHoli Ha oTpeake [0; 2]
eieAyiomuM 0GpasoM:
=2 mn I<x<y
f(x)=x nmpn lexg2,
ITocTpouTs KDHBEIE, AaHHHE NONAPHHIMM YPaBHEHHSMH?
41, p=ajp (sunepboauseckas cnupass). 42, p=a® (wo0zapudmuseckes cna-
paav). 43. p=aV cos2¢ (aemnuckama). 44, p=a(l—cos@) (xapduouda).
45. p=asin 3¢.



FIABA II
MPEAEJI. HENPEPBIBHOCTD & YHKLHHA

§ 1. Npepen nepeMeHHON BeJTHYHHBI
BeckoHe4yHO GoJbllag nepeMeHHas BeJIHYHHA

B srom mnaparpade Mel GyaeM paccMaTpuBaTh YMOPsiIOYEHHBIE
nepeMeHHbe BeJUYHHE!, H3MEHSIOmKeCs CrennalbHeIM 06pasoM, KOTo-
pHii OmpefensieTcs TEPMHHAMM «IepeMeHHas BeJMYHHA CTPEMHTCA
K npeneny». Bo Bcem panpHefimmeM Kypce NOHsATHE Npeiesa MNepemMeH-
HO# OymeT urpaTh (QyHAaMEHTaJbHYIO pOJb, TaK KaK C HHM Hemo-
CPEJCTBEHHO CBSI3aHH OCHOBHBIE MOHATHS MATEMaTHYECKOTO aHa-
Jiu3a — NPOU3BOJAHAs, HHTErpasj u Ap.

Onpenenenue 1. [NoctosiHHOE YHCO @ HA3BIBaeTcs npederom
nepeMeHHOM BENMYMHBI X, €CJMUM IJI KaXAOro Hanepex 3aJaHHOTO

NPOM3BOJIHO  MaJOro  MNOJOXKHTEJIbHOrO P
HHC/Ia € MOXHO YKasaTb TaKOoe 3HaueHHe *; S = A e
nepeMeHHOH X, 4TO BCE MOCJEAYIomMe 3Ha- C[’a:/-al
YeHHA nepeMeHHOH OYyXyT yJOBJIETBOPSTH Puc. 28.

HepaBeHCTBY |x —a| < e.

Ecnu yHC/IO @ ecTb npeiesl NepeMEHHOH BEJUYHHBI X, TO TOBOPAT,
YTO X CTPEMHTCA K mpejely @, U OHWYT x—a W limx=a#¥*).

B reoMeTpHyecKuX TepMHHaX oOIpeJe/seHHe Impejesa MOXeT OblTh
chopMyTHPOBAHO CJEAYIOMIUM 00pas3oM:

ITocTostHHOE UMC/IO @ ecTb npedea nepeMeHHOH, ecau AJja moGOR
Hamepes, 3aKaHHON KaK YrojHo MaJioi OKPeCTHOCTH C LIeHTPOM B TOUKE 4
H pajuycoM & HaiJercs Takoe 3HauyeHHE X, UTO BCE TOYKH, COOTBET-
CTBYIOIIME MOCJEAYIOUIHM 3HAYECHUAM NepeMeHHOH, GyAyT HaXOZHTHCSH
B 9TOi OKpecTHocTH (pHc. 28). PaccMoTpuM HecKOJbKO MPHMEpPOB
nepeMeHHBIX, CTPEMAIUXCA K Npejeny.

MMpumep 1. Tlepemennast BesMUHHA X MOC/EAOBATE/bHO MIPHHUMAET SHAYCHHN

1 1
=141 s=ldg, n=ltg, ay G=lds, .

*) glims ecTs CORpameHWe AATHHCKOro cnosalimes—npezen.
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HoxaxeM, 9T0 5Ta NepeMennas BeNWUWHA HMeEET Npejes, paBHHI eaunuue. HMmeem
1 1
14—=)—1|=—.
( + n ) n
Hnst moGoro € Bce mocienyiomue 3HAaYeHWsT NEDEMEHHOHN, HayMHas C HOMepa n,
rie 1/n < e, mm n > 1/, GyAyT yAOBNETBOPATH HepaBeHCTBY | x,—1| < €, uTO

u Tpe6oBaNOCh ROKa3aTb, 3aMeTHM, YTO 3/leCh NepeMeHHas BeJHYHHA CTPEMHTCS
K npejeny, yGhiBas.

I pEMepD 2. Hepemeﬂﬂaa BeJHYNHA X NIOCJENOBATE/IbHO NPHUHHUMAET 3HAYEHUA

lx,,—l I=

1 1 1 1 1
x1=l-—2—, x2=1+'§T5 X3=1—F, X4=1+—2'4—, o0y x,,=1+(——1)”2—n, oo
Ara nepeMeHHass MMeeT INpefie], paBHLI €fHHHIE. JleficTBuTeIBHO,

[ta—LI=](1+(=1)"/2")—1|=1/2"

Jas aioGoro €, HaunmHast C HOMepa 1, YJAOBJETBOPSIOMIETO COOTHouenuio 1/27% < e,
H3 KOTOPOTIO CJEAyeT

2%>1/e, nlg2>lg(lje), wm n> lg](glée)’

BCE NMOCJeAyIOmue 3HaueHHs] ¥ GyAyT YHOBJIETBOPATh COOTHOWeHHIO |x,—1] < &.
OTMeTHM, uTO 3leCh 3HAUEHWS NepeMeHHON BeJUuYHHH TO GoJblue, TO MeHble
npenena. [lepemeHHast BenuuyuHa CTPEMHTCSA K Npefeny, «KOJeGasACh BOKPYr Hero».

3ameuanue 1. Kak yxkasmBanocs B § 3, ra. I, nocrosiHHyio
BEJMUHHY ¢ YaCTO PacCMaTPHUBAIOT KaK IePEMEHHYIO BEJHuYMHY, BCe
SHAUEHHs1 KOTOPOH OAHUHAKOBHI: X=C.

OueBHHO, YTO NPENEN MOCTOSIHHOM OGYyAeT paBeH CaMoi MOCTOsH-
HOH, TAaK Kak BCErJa BINOJHSETCS HEePaBeHCTBO |x—c¢|=|c—c|=
=0 < e npu mo6om e.

3ameuanne 2. M3 onpenenenns mnpejena ciaefyer, 4ro mepe-
MEHHas BEJHYMHA He MOXKeT HMeTb JABYX npejenoB. llelicTBuTeNbHO,

-a‘
§ z5
< e e T
Zs 28 J— 1 u +—f
/4

5~ 1
8<7

Puc. 29. Puc. 30.

e limx=a n limx=>b (a<b), To X ROMKEH YAOBJECTBOPATDH
cpasy ABYM HepaBEHCTBaM

|x—al<eu |x—-b|<e

npu NpPOHM3BOJBHO MaJioM €, a 3TO HEBO3MOXKHO, €CNH & < (b—a)2
(puc. 29).

3ameuanne 3. He creayer AymaTh, YTO Kaxkjasi nepeMeHHas
peanunHa umeer npenen. [TycTh nmepemeHHasi BeIMYHHA X IOCJIEJOBa-
TeNbHO NPUHMMAET CJEAYIONHE 3HAYeHHS:

1 1 1 1 1
xl'.=_2—’ xz"l—T’ x,,=-8-, ey x2k=l—'2—2k', x2k+1=27m
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(puc. 30). Ilpu nocratouHo GosbiioM k 3HAYEHHE X,, M BCE TNOCJE-
Ayiollne 3HayeHHs C YeTHBIMH HOMepaMH OyAyT KaK YroAHO MaJjio
OTJIMYATbCA OT EIUHHUE, a CJefylollee 3HaUeHHe X,,,, W BCe mocJje-
AylouMe 3HAYeHUS X C HeYeTHbIMH HOMepaMH GYAYT KaK yroAHO MaJo
oTsMyaTbcsl OT HyJasA. CnegoBaTenbHO, NepeMeHHash x He CTPEMHTCH
K npeneny.

B omnpepeneHnyn mnpesena yKasaHO, UTO €CJH NepeMeHHas BeJH-
YHHA CTPEMHTCS K Npeneny a, To a — NocTosiHHoe uucsio. Ho nonsitue
«CTPEMHTCS» ynoTpeGJsieTcss U AJs XapaKTePHCTHKH APyroro cnocota
H3MEHEeHUH NepeMeHHOH BeJHYHHBI, YTO BUAHO U3 CJEIYIOUEro Omnpe-
JeJIeHHU .

Onpenenenue 2. [lepemeHHass x cTpeMHTCS K GECKOHEYHOCTH,
ecqM AJf KaxJOro Hamepel 3aJaHHOIO MNOJIOXKHTENbHOro uuciaa M
MOJKHO YKa3aTb TaKOe 3HaueHHe x, HauHHasi C KOTOpOro, Bee MocJe-
Jylolie 3HauyeHHsl MepeMeHHoH OyAyT YAOBJETBOPATh HEPaBEHCTBY
[x] > M.

Ecnun nepemMeHHasi X CTPeMHMTCHI K GECKOHEUHOCTH, TO €€ Hashi-
BalOT OecKoHeuno 60abul0li IEPEMEHHOH BEeJMYMHOH W MHUIYT X — 00,

Ilpumep 3. IlepemenHas BequuuHAa X TPUHUMAET 3HAYEHUS
xi=—1, x=2, x3=-38, ..., x,=(—"n, ...

Aro—GeckoHeyHo Gosbillasg TepeMeHHas BeJMYMHA, TaK Kak NPH TPOM3BOJNBHOM
M > 0 Bce 3HaueHHs] NePEMEHHOH, HaYWHasA C HEKOTOPOro, MO aGCoJ/IOTHOH BeJH-
uyuxe 6yayT Gosbue M.

IlepeMenHass BeJHYMHA X «CTPEMHTCA K IVIIOC GECKOHEUHOCTHY,
x—»—]—oo, €CJIH NIpH MNPOU3BOJHLHOM M> 0 Bce nocjeaymomue 3Ha-
UeHHs [MEPEeMEHHOH, HauMHasi C HEKOTOPoro, OyAyT YyAOBJETBOPATHb
HepaBeHCTBY M < x.

IlpumepoM mepemeHHON BeAMUHMHBI, CTPeMsiedcd K IJIOC GeCKOHEYHOCTH, MO-
JKET CIYXHUTh NepEMEHHasl BeIMYMHA X, NPHHUMAIOWas 3HaueHus xj=1, x,=2, ..,
ceey Xp=0, ...

IlepeMeHHas BeJANYMHA X «CTPEMHTCA K MHUHYC O€CKOHEYHOCTH, X-—>— 00,
ecau Wpu npousBoiibHOM M > 0 Bce mnocaepyioumlye 3HaueHUs TepeMeHHOH, HauM-
Hag ¢ HEKOTOpOro, 6yAyT YHOBJIETBOPSITb HepaBeHCTBY x < —M.

Hanpumep, nepemenHas x, NMpUHHMAOWAs 3HAuYeHUS x;=—1I, x=—2, ..,
veey Xp=—MN, «.., CTPEMHTCH K MHHYC GECKOHEUHOCTH.

§ 2. MNpepen dynxnun

B stom naparpade 6yaem paccmMaTpHBaThb HEKOTODHIE CJAYYaH H3-
MeHeHHs (QYHKUMH NpPH CTPEMJIEHHH apTyMEHTa X K HEKOTOPOMYy Ipe-
Jeny a uiau K GecKOHEYHOCTH.

Onpenenenue 1. Ilyctb dyHknus y={(x) onpenenena B He-
KOTOPOH OKDECTHOCTH TOYKH @ MJIM B HEKOTOPHIX TOYKaX 3TOH OKpecT-
HocTH. Pynryus y=7[(x) cmpemumes K npedesy b (y—b) npu x,
cmpemawenca K a (x—-q), €CaM AN KaXAOTO TOJNOXKHTENbHOro
ypcaa €, Kak Obl MajJo OHO HH Obl1o, MOXKHO yKa3aThb TaKO€ MO0JIO-
XKHUTeNbHOE 4ucao 8, yTo AN BCEX X, OTIMYHBIX OT @ U Y[OBJIETBO-

2 H. C. Muoxyno~, 7. I
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paolMX HepaBeHCTBY *) |x—a|<< 0, HMeeT MecTO HepaBeHCTBO
|f(x)—b|<e. Ecnu b ectb npedea pynxyuu f(x) npy x—a, TO
aumyT

limf (x) =b

um f(x)—b npy x—a.
Ecau f(x) — b npu x— a, To Ha rpaduke dynxkuuu y=f(x) ato
HJUTIOCTPUPYETCs caeRylomumM obpasom (puc. 31): Tak Kak u3 Hepa-
BeHcTBa |x—a| <8 caexyer He-

y y::/f@) paBeHctBo |f(x)—b|<e, To 3TO
&+ 3HAYUT, YTO JJs1 BCEX TOYEK X,
b & 4 i/ j@ OTCTOSIIMX OT TOYKH a He JaJjee
v-e } Y . uem Ha §, Toukn M rpajuka Pynk-
— mud  y={f(x) Jnexar BHYTPH Io-
JIOCH IUMPHHOA 2e, oOrpaHHYeHHOMH
npsMbIMHE  y=b—& U y=b-te.
3ameuanue 1. Ilpegen dyuk-
s | 2 o Iuu f(x) npu x— a MOXHO oOIpe-

0 a-¢ @& a+d & [eJUTb U CJAeLYIOIHM o6pasoMm.
Puc. 31. ITycTb nepemeHHasi BeJIMYHHA X

NpUHUMaeT 3HaueHHs Tak (ymo-
psiloueHa Tak), 4yTo ecam |x*—al|>|x*—al, To x** ectb nocie-
Ayioulee, a x* — Mpejb/yllee 3HauYeHHe; €CliH Xe |x*—a|=|x** —a|
H x* < x**, To X** ecThb nocijeayioulee, a x* — npeabiayee 3HayeHHe,

Hpyrumu cioBamH, H3 JABYX TOYEK YHCJIOBOH NpsSIMOi mocJenyio-
mefi sBJAsfETCS Ta TOYKa, KoTopass 6Juxe K TOYKE a; NpH PaBHBIX
paccTosiHMSX ToCJeAyollas — Ta, KOTopasi NpaBee OT TOYKH d.

Ilycte ynopsimodeHHasi TakHM oGpasoM INepeMeHHasi BeJHYMHA X
CTpPeMHTCHl K npefeny a [x—a um limx=al.

PaccMorpum, nanee, nepeMeHHyio BequuuHy y={f (x). Ilpu atom
GyleM CcuMTaTh, KaK H BCIOAY B JajibHelieM, YTO H3 JBYX 3HaYe€HHH
(GYHKIHMH NOCJAELYIOUIUM SBJSETCH TO 3HaYeHHe, KOTOPOE COOTBETCTBYET
noc/enyolueMy 3HaYeHHIO apryMeHTa.

Ecnu onpeaenenHasi Tak nepeMeHHasi BeJIMUHHA Y IPH X — @ CTpe-
MUTCA K HeKoTopomy mpepeny b, To GyxeM mucarb

lim f(x)=0b

X —>a
H TOBODHTH, 4To (yHKuMs y={f(X) cTpemurcs K npeaeny b npu
xX—a.

*) 3mech uMeIOTCA B BHAY Te 3HaueHHs X; Y/JOBJETBODAIOME HEDABEHCTBY
|x—a]| < 8, xoTopnie NpHHaANeKaT o6nacTu onpefeaeHus GYHKUUH, AHajoruy-
Hele oGCTosTe/NBCTBA GYRYT BCTpeuaTbesl M B fanbHeiileM. Tak, mpu paccmorpe-
HUM TOBefieHUsl (QYHKIMH TPH X —>00 MOXKET CAYYHTBCHA, YTO QYHKHMS onpefe-
JIeHa TOJIbKO NPH IeJHX IMOJOXHTeNbHBIX 3HaueHuax x. ClefoBaTesbHO, B 9TOM
clydae X —»c0; NPUHHAMAA TOJLKO MeJble MOJIOXKHTeNbHble 8HadeHus. OroBopok
06 3TOM MHl B JajbHeilleM JejiaTb He GyjeM.
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Jlerko Jnokasarth, 4TO 0Ga onpeneseHHsl npefena QyHKUNH SKBH-
BaJICHTHHI.
3ameyanue 2. Ecimn f(x) crpemurca k npepeny b, npu x,
cTpeMsiLemMcsi K HEKOTOPOMY YHCJAY @ TaK, YTO X NPUHHMAET TOJbKO
3HayeHHs, MeHbIuHe a, To muuyT lim f (x) =
x->a-0 7, .
= b; ¥ Ha3LIBaIOT b; npederom pyuxyuu f (x) 4
6 mouke a creéa. Eciu x IpHHHMAeET TOMBLKO
3HayeHu s, 66abwiMe @, To numyrt lim f (x) =
xX—>a+0 é‘.
= b, ¥ HasbBalOT b, npedesom Gyukyuu 8

mouke a cnpasa (puc. 32). Bmecro x — 04 4

40 x—0—0 obbryHo mUWYT X— 40 u -~

x__)_o' V/ a A4
MoXHO J0Ka3aTh, UTO €CJIM Tpejen crpa- Puc. 32.

Ba U NpeJeJ CJIeBa CylIeCTBYIOT H PaBHHI, T. €.

b;=b,=b, T0 b u Gyaer mpexenoM B CMEIC-

Jie JaHHOTO BbIILIE ONIpeieNIeHn s Tpejesa B Touke a. M ofpartHo, ecan
CyLIecTBYeT mpeies GYHKUHH b B TOUKe @, TO CYWIECTBYIOT MpefesH
(QyHKUHH B TOYKE @ CIPaBa H CJeBa H OHHU DPaBHHI.

Mpumep 1. Jdok axem, yro lim (3x--1)=7. [deficTBUTeJbHO, NYCTh 3aan
x—>2

npoussoabHoe € > 0; JIS TOro 4ToGbI BEITIONHAJIOCH HepaBeHCTBO | (3x+1)—7| < &;
HeoGXOMHMO BHIIOJHEHHe CJeAYIOmHX HepaBeHCTB: |3x—6] <&, |x—2] < ¢€/3;
—¢€/3 < x—2 < /3. Takum o6pa3om, npu JOGOM € AJS BCEX 3HAYEHHH X, YAOB-
NIeTBOPSAIOWMX HepaBeHCTBY |Xx—2| < €/3=0, 3HaueHHe ¢yHKuuH 3x-}1 Gyner
OTIMYaTbCs OT 7 MeHblle YeM Ha €. A 3TO W 3HAYMT, 4TO 7 ecTb npefen GyHKUHH
npu x — 2.

3ameuanue 3. Jlna cymectBoBaHHA mnpegena (GYHKUHM TNpPH
x—>a He Tpefyercsi, 4ToOH (YHKUHA ObBLa ONpeXeseHa B TOUKe
x=a. Ilpn HaxoxJeHHU Npefena paccMaTpPUBAIOTCA 3HaueHUs (QYHK-
IHH B OKPECTHOCTH TOYKH @, OTJIHYHBIE OT @; 3TO MOJIOXKEHHE HaIVISAHO
HJIIIOCTPUPYETCST CJAEIYIOIWHM NPHMEpPOM.

Mpumep 2. [oxaxkem, uTO lirn2 (x>—4)/(x—2)=4. 3pecp dyHxuua
X -

(x2—4)/(x—2) ne onpexmeneHa npu x=2.
HyXHO J0KasaTb, YTO OPH NPOH3BOJbLHOM & Haijercs Taxoe §, uro Gynerw
BHINOJIHATLCS HEPABEHCTBO

2
,’_;:_24 —4|<e, )
ecmn | x—2] < 8, Ho npn x # 2 HepapencTso (1) 9KBHBAa/JIEHTHO HepaBEHCTBY
| £=261D 4| et a—ti<e
x—
HIH
[x—2] <. @

TakuM o0pa3oM, IPH NpOH3BOJLHOM € HepaBeHCTBO (1) OGyleT BHNOMHATLCH;
eclu GyAeT BHIMONHATBCA HepapeHCTBO (2) (smece 8=e). A 310 u 3Haumt, uTO
AaHHAA QYHKUMS OPH X —> 2 HMeeT NPeAeoM 4HCIo 4.

2¢
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PaccMOTPHM HEKOTOpHIe CaydaH H3MeHeHHs! QYHKUHUH TPH X — 00,
Onpepnenenue 2. Pynxyus f(x) cmpemumcs & npedeay b
npu x—- 00, €CJH LISl KaXIOro IMPOH3BOJBHO MAaJIOTO NOJOXKHTENb-
HOTO YHCJIa & MOXKHO yKasaTb Ta-
7 KO€ NoJIoXKHTenbHoe yucio N, 4ro
JJIs BCEX 3HAUEHHH X, yJAOBJIETBO-
psiomux HepaseHCTBY |x|> N,
6yJeT BHINOJHATbCS HEPABEHCTBO
IF (x)—b]<e.

O o ot G s Gt s G

=1

4 Ilpumep 3. JoxaxkeM, uTo
. x+1
lim (———— =1 uau, B HHOH 3anHCH,
Puc. 33. K - o X .
xll_l;lim (H— 7) =1

HyxHO JoKasaTh, 4TO NpPH NPOU3BOJBHOM £ GyJeT BHINOJHATHCS HEPABEHCTBO

|@+%)—1<a )

ecnun ToabkO |x| > N, npuuem N onpepenserca srGopom €. Hepasencteo (3)
SKBUBAJIEHTHO CllefiyioueMy HepaBeHCTBY: | 1/x| < &, KoTopoe GyJeT BHIIOMHSTHCH,

ecau | x| > 1/e=N. 3ro u 3nauut, yro lim (l—l— 7)= lim x+l=1 (puc. 33).
X > o

X -+

3Hast CMBIC/I CHMBOJIOB X — - 00, X —>— 00, OYEBH/IHbIM SIBJISICTCA
M CMEBICJ BbIpayKeHHH
«f (x) crpemurca K b npu x—s -+ oco» H
«f (x) crpemurcss K b npu x——oo»,
KOTOpble CHMBOJIHYECKH 3aNHCHIBAIOTCS TaK:
lim f(x)=b, lim f(x)=0b.
X+ ® X—>—-®

§ 3. PynkuMsa, cTpemamascs K GeCKOHEYHOCTH.
Orpanyyennbie (GyHKIHH

Meur paccmoTpenn cayyan, Koraa GyHKumus f (X) CTpeMuTCS K HEKo-
TOpoMy npefeny b mpu x—a WM IpPU X — 0O.

Paccmorpum Teneps chayuait, Korga ¢yHkuus y=f(x) cTpeMutcs
K GECKOHEYHOCTH NPH HEKOTOPOM CNocofe H3MEHEHHs apryMeHTa.

Onpepenenne 1. Ddyukuus f (x) crpemurcss K 6eCKOHEUHOCTH
NpH X —a, T. €. ABJSIETCs 6eCKonedHo 60AbLL0ll BETMUHHON pH X — a,
€C/IH AJISl KaXAOTo MOJIOXKHTEBbHOro 4hcsa M, Kak Obl BEJHKO OHO HH
6bl0, MOXKHO HaHTH Takoe § > 0, uTo Ansi BceX 3HaueHHil X, OT/HY-
HbIX OT @, YJOBJIETBODSIOIIUX YCJOBHIO |X—a| <8, umeeT Mecro
HepaBeHCTBO |f (x)| > M.

Ecau f(x) cTpemutcsi K GECKOHEUHOCTH NPH X— @, TO NHLIYT

lim f (x) = oo

um f (%) — oo npu x— a.
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Ecan f(x) crpemurcst K GECKOHEUHOCTH NPH X— @ M NPH 3TOM
TIPHHHMAET TOMBKO NOJIOXHTENbHBIE HJH TOJBKO OTPHLATENbHEIE 3HA-
YEHHsI, COOTBETCTBEHHO MuwyT lim f (X) = + oo mum lim_f (x)=—o0.

X—>a xX—>a

Mpumep 1. Hokaxewm, uto lim (1—x)~2=+ oo, JleicTBHTeJbHO, PH JIIO-
X

=1
G6om M > 0 Gynem umets (1—x)=2 > M, eciu tomero (1—x) < YM, |1—x] <

< l/Vﬁ:é. ®ynxnus (1 —x)~2 npUHEMaeT TOALKO MOJOXKUTeNbHbIE 3HAYCHHS
(puc. 34).

4
12
i
! M
I
il .8
1! Sr—>2
;M: E
u—/ | { M :
1 l - )
g 7v -
Puc. 34. Puc. 35.
Npumep 2. Hoxaxem, uTo linol —%) =00, Jle#icTBHTeNLHO, NPH JIOGOM
X

M >0 6yaem umers |—1/x| > M, ecan Toabko |x|=|x—0] < 1/M=34. 3necp
(—1/x) >0 npn x <0 u (—1/x) <0 mpu x> 0 (puc. 35).

Ecmu ¢ynkuns f(x) cTpemuTcss K OGeCKOHEYHOCTH NpPH x—> 00,
TO NUIWIYT

lim f(x) = oo,

X > ®

M, B YaCTHOCTH, MOXeT OBITb

lim f(x)=4o00, lim f(x)= 400, lim f(x)=—oo.
X >+ X—>-® X =+ o
Hanpuwmep, lim x*=-+4o00, lim x*=—o0 u T. m.

X > ®© X > -

Sameuanue 1. ®yHkuusa y=f(x) Npu x— @ UK NPU X — 00
MOXKEeT He CTPEMHTbCS K KOHEUHOMY Mpefesy HJH K GeCKOHEYHOCTH.

INpumep 3. Oyuruus y=sin x, onpeleseHHas Ha GeCKOHEUHOM HHTepBaJe
— o < x<-o00, NPH X—> 00 HE CTPEMUTCS HHU K KOHEUHOMY Ipeleny, HH
K Geckoneunoctu (puc. 36).

1
IMMpumep 4. Oyukuug y=sin—, ONpefe/CHHAA TP BCEX 3IHAUCHHSIX X,

KpoMe 3HaueHHS x=0, He CTPeMHTCH HM K KOHEUHOMY Ipeje]y, HH K GecKoHeys
Hoctu npuH x — 0. I'paduk stoit Gynkumu usobpaxken Ha puc, 37
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Onpenenenune 2. ®ynkuusa y=7{ (x) HasbBaeTCA 02pAHUUEH-
HOU B HaHHOH OGJACTH H3MEHEHHS apryMeHTa X, €CJH CyLIeCTBYeT
v y=shz noJioxuTeabHOe uHci0 M
N\ Takoe, 4YTO AnA BceX 3Ha-
> yeHHH X, MPHHALJIEKAUX

g0 - V3 (4 < ’ o
NS NS0 AN N paccMaTpHBaeMo#i o6nacTH,
Puc. 36. OyzeT BHIMOJHATLCA Hepa-
BeHctBo |f (x)|<<M. Ecau
ke Takoro uncna M He cymecTByer, To (yHKuHs [ (x) HasbBaercs

HeozpaHu4eHHol B JaHHOH 00JacTH.

NMpumep 5. Pyskuus y=sinx, onpefefeHHasg B GeCKOHEYHOM HHTEpBaJe
- 0 < X < - o, ABAfETCA OrpaHHYeHHOH, TaK KaK IIpH BceX 3HAUCHHAX X

Isinx|<1=M.

Onpepenenne 3. Dynkuus f(x) HasuiBaeTcs o02paru4eHHoll
npu x— @, €CIH CyIIeCTBYeT OKPECTHOCTb C LEHTPOM B TOYKe 4,

B KoTopoil JaHHas (QyHKuHs ”\

orpaHHMYeHa. 1 y=sink
Onpenenenne 4. Oyuk- T

uusi y=7f (x) HasblBaercs oe-

PAHUYEHHOU hnpU X— 0o, €c- P

JH CYIECTBYeT TaKoe YHCJIO ~% £ ®

N >0, 4to npu Bcex 3Haue-

HUSAX X, YAOBJETBOPSIOIIHX He- vl A

paBeHcTBY |x|> N, ¢yHruus Puc. 37.

f (x) orpanuueHna.
Bomnpoc 06 orpanHueHHOCTH GQYHKIHH, cTpeMsmeidicss K mpeaeny,
pemtaercs chaenylomell TeopeMoil.

Teopema 1. Ecau lim f(x)=b, npu smom b ecmov koHeuroe
xX—>a

uucno, mo Gynkyus f(x) aersemcs ozpanuvenHoll npu x—a.
HokasarteabctBo. M3 paBenctsa lim f(x)=0 caepyer, uro
x->a

npu moboMm & >0 Hafigercsa Takoe §, 4TO B OKPECTHOCTH a—8 <
< x<a+406 O6yper BHIOMHATbCA HepaBeHCTBO |f (x) — b| <e, uau
If(x)|<|b|l+e. A 310 u 3Hauut, uro QyHKuUHA f(X) OrpaHHueHa
npu x—a.

3ameuanue 2. V3 onpepenenus orpanuueHHoft dyHkuuu f(x)

cnepyet, 4to ecau lim f (x) = oo uan lim f(x)=o0, T. e. ecau f (x)
xX—->a X > ®

ecTb GeckOHeyHO GoJbluasi, TO OHa siBJseTCs HeorpanudeHHol. OGpar-
HOe He BepHO: HeorpaHHYEHHAs (PYHKUHS MOXKET M He ObiTb Gecko-
HeYyHO GOJbIIOH.

Hanpumep, ¢yHKuus y= xsinx mnpu x — oo ABJIseTCS HEOTPaHHU-
4eHHOH, TaK Kak Ajasa Joboro M >0 MoxHO HaliTH Takue 3Haye-
HUsg %, 4to |xsinx|>M. Ho ¢yukuus y=xsinx He sBasercs
GeckoHeyHo GoJbLIOH, NOCKOJBKY OHa ofpalliaeTcsi B HYJb npH x=0,
n, 2m, ... Fpapuk dynkuMm y= xsinx u3oGpaxeH Ha puc. 38.
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Teopema 2. Ecau lim f(x)=050, mo ¢ynxyua y=1/f (x)
X—>a
ecmo 0ePaHUveHHAR (PYHKYUA npu x— a.

JdoxasareabcTBo. M3 ycnoBus TeopeMhl ciefyeT, YyTo NpH
npousposbaoM & >0 B
HEKOTOPOil OKDPECTHOCTH
TOUKM x=a GyjeM UMeTb
If (x)—0b] <e, HJIH
17 ()1—Ib]|<e, nm
—e<|f(0)]—1b]<e,
nm [b|—e<|[ ()< -fa
<|b|+e.

W3 nocneaunx Hepa-
BEHCTB CJIEAYET

1 1
5= = 1T&T ~

e

b m e e e e e

1
~ToiFe °

1
B35IB, HalpuMep, e=m|b|, noJiyyaeM

0

10 1 1
o161~ TF@T = TIfer *
A 310 ¥ 3naunt, uro dysxkuus 1/f (x) orpaHuuena.

§ 4. BeckoHeuHo Majibie M HX OCHOBHbiE CBOHCTBa

B srtom maparpade Gynem paccMaTpuBaTh GyHKIHH, CTpeMsILHeCs

K HYJIO NPH HEKOTOPOM XapaKTepe H3MeHEHHs apryMeHTa.
Onpenenenune. Pynkuua a=o (x) HasbIBaercs OeCKOHEUHO
Manoli IPH X — @ WJIH TIPH X — oo, ecau lim a (x) =0 num lim o (x)=0.

xX—>a X—>x

W3 onpenenenus npefea CleAyeT, 4To ecau, Hanpumep, lim a (x)=0,
x—>a
TO 3TO 3HAUYHT, YTO JJI% JIOGOTO Hanepes 3aJaHHOro IPOU3BOJbHO MaJIOro
TN0JIOKUTENBHOTO € HaitaeTca § >0 Takoe, 4TO AJ1s BCEX X, YAOBJETBOPSIIO-
X ycloBmio | x—a| < 8, 6yzer yaoBaeTBopAThes yenoBue | a (x) | < .
INpumep 1. Oynknua a=(x—1)®> ecTb GecKOHeYyHO Majasg npuH x —> I,

TaK Kak lim o= lim (x—1)2=0 (puc. 39).
x—>1 x->1

NMpumep 2. Pyuxmusas o=1/x ecrp GecKOHEYHO Manasg MpPU X —> @
(puc. 40) (cM. npumep 3 § 2).

YcTaHoBHM BaxKHOE ISl AajbHEHIIero COOTHOIIEHHE:

Teopema 1. Ecau ¢ynxyus y={f (x) npedcmasrsemca 6 sude
CYMMbL NOCMOAHHO0 Yucaa b u GeckoHeuHo masold o

y=b+a, (1
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mo
limy=>b (npu x—a uiu x— oo).
O6patHo, ecau limy=>b, mo mosHo Hanucams y=b<-a, 20e
o, — OeCKOHeUHO marasn.
HokasarteasctBo. U3 pasencta (1) crenyer |y—b|=|a|.
Ho mpn mnpousso/bHOM € Bce 3HauyeHHs o, HayuHas C HEKOTOPOro,

)

{ N

V7 Vs -
e
17277 2
Puc. 39. Puc. 40.

YIOBJIETBOPSIOT COOTHOIIEHHIO |a| <&, ClefOoBaTeNbHO, AMS BCeX
3HAyeHHH y, HayuHas C HEKOTOPOro, GYJeT BHINOJHSATHCS HepaBeH-
ctBo |y—b| <e. A 310 M 3Hauut, 4rO lim y="b.
O6patHo: ecau lim y=>0, TO npH NPoU3BOJLHOM & AJs BCeX 3Ha-
YeHH#l y, HauMHas C Hekoroporo, 6ygmer |y—b|<e. Ho ecan oGo-
3HauuM y—b=a, TO, ClefoBaTe/bHO,
g3 7 NS BceX 3HAuYeHHM o, HauyHWHasA C He-
y=T+z KoToporo, Gyner |a|<e, a 31O 3Ha-
9UT, UTO o.— GEeCKOHEYHO MaJjas.

IMpumep 3. Ilycrs pana yuknus

1}, o (puc. 41) y=l—|—;, 'rornaxlimwy——_l. H Hao-
1(‘ Gopot, Tak Kak lim y=1, To nepemennyio
X > ®
». Y MOXHO NpeJCTaBHTh B BHJAE CYMMH Ilipejeia
7 Z @ 1 B GeckoHeyHO MasoOfl €., paBHOH B JAHHOM

cayyae 1/x, 1. e. y=1+4a.
Puc. 41.
Teopema 2. Ecau oa=a(x)

cmpemumcs K Hyao npu x—a (usu
npu x— oo0) u He obpawjaemcs 8 Hyas, mo y=l/a cmpemumcs K
beckoneurocmu.

JokaszarteabcrtBo. Ilpu moGom kak yroaHo Gosbuiom M > 0
OyJeT BHIMOJIHATbCA HepaBeHCTBO 1/|a|> M, ecnu Toabko Gyaer
BBINOJIHATbCA HepaBeHCTBO |o| < 1/M. Tlocnennee HepaBeHCTBO GyeT
BHUIOJIHATHCA AJA BCEX 3HayeHUH «, HauHWHAsg C HEKOTOPOro, Tak
Kak o (x) — 0.

Teopema 3. Ancebpauueckan cymma 08yx, mpex u 8000uje onpe-
Oenentoeo uucra OeckOHeuHo maaelx ecmo (PYHKYUA OGeCKOHeuHO MAras.

HdokasatenbcTBo. IlpoBeaem RokasareabcTBO AJis JBYX Clia-
raeMpiX, Tak Kak JJjs Jo6Or0 4HCJ/JIa C/lara€MblX OHO aHa/IOTHYHO.
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Iycre u (x) =a (x) +P (x), rre lime (x) =0, lim B (x) =0. Joka-

K€M, YTO NPH INPOH3BOJILHOM KakK YyrofHo MaJjiom & > 0 Haiifercs
6 >0 Takoe, uTO mpH YJOBJETBOPEHHH HepaBeHCTBa |x—a|< §
GyaeT BBINOJHATbCA HepaBeHCTBO |u| < &. Tak Kak o (x) ecTb Gecko-
HEYHO Majasi, To HafiieTcs Takoe §;, YTO B OKPECTHOCTH C LEHTPOM
B TOuKe a U paguycoM O, Gyzer

| (x) ]| < €/2.

Tak kak P (x) ectb GecKoHe4HO MaJasi, To HafizeTcs Takoe §,, 4TO
B OKDECTHOCTH C LEHTPOM B TOUKe a M pajuycoM §, Gyzer

|B ()] <e/2.

BosbmeM 8 paBHBIM MeHbiuedl u3 BeauuuH 8, H §,, Torsa B okpecr-
HOCTH TOYKH a ¢ paauycoM O OyAyT BBINOJHATHCS HEpaBEHCTBA
|| <e/2; |B| < e/2. CnepoBaresbHO, B STOH OKPECTHOCTH GyAeT

lul=le () +B ) |<|o®)]|+]B ()] <e2+e2=e,

T. €. |u| <e, 4T0 H TpeGoBanoCh NOKa3aTh.
AHaJIOrHYHO NpPHBOAMTCS JHOKa3aTeJbCTBO M JJs CJydas, KOrja

lim o (x)=0, lim B (x)=0.
x> ® &> ®

3ameuaHnue. B ranpHefimeM HaM npufieTcs pacCMaTpUBaTh TaKue
CYMMbI OECKOHEYHO MaJbIX BEJIHYHH, YTO C YMEHbIIICHHEM KaxKAOro cJja-
raeMoro 4HcCJjoO cjaraeMblX yBEJHYHBACTCH. B 3rom CJy4yae yTBepxKjae-
HHE TEOPEMbI MOXKET OKa3aTbCsl H HEBEPHBIM. paCCMOTpHM, HanpuMep,

1 1 1
u =;+—; + ... +?, TAe X NPHHHUMAET TOJbKO [[eJible MOJIOXKHUTENb-

X c:ﬁ‘rraemux
Hble 3Hauewus (x=1, 2, 3, ..., n,...). OueBugHO, 4UTO Kaxmoe
cjlaraeMoe npH xX—> 0o €cTb GecKOHeYHO MaJjasi, HO cymMma u =1l
He ecTb GECKOHeYHO MaJjias.

Teopema 4. Ilpoussederue Geckoreurno maroll pynkyuu o=a. (X)
HA oepanuueHHy Gynkyuw z2=2(x) npu x—a (uaL x— oo) ecme
beckoredno maaasn eeauduna ((pynxyus).

HokasartenbcTBo IlpoBeseM JoKa3aresbCTBO AN cCJyyas
x—a. s HekoToporo M >0 Hafiercss Takas OKPECTHOCTb TOYKH
x=a, B KOTOpPOH GyjeT YHOBJETBOPATbCA HepaBeHCTBO |z| < M. [lna
BcsiKoro & > 0 Ha#fijeTcss OKpecTHOCTb, B KOTOPOH GYJET BBINOJHATHCS
HepaBeHCTBO |o|<e/M. B MeHbuleli M3 3THX JABYX OKpECTHOCTEi
GYZET BBIIOJIHATBCS HEPaBEHCTBO

laz| < - M=Ee.

A 3710 M 3HauMr, 4TO €.z —GeckoHeuHO Manas. Ilas ciyuyas x—s oo

AOKasaTe/IbCTBO IIPOBOAMTCS aHAJOTHYHO. Us nanuHoit TeOopeMbl BhITE-
KaroT:
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Cneacteue 1. Ecau lima=0, limp=0, mo limapfp=0, Tak
KaK P (x) ecTb BeJUYHHA OTPaHHUEHHasA. DTO COpPaBEJJIUBO AJis JIOGOTO
KOHEYHOTO YHCJIa MHOXKHTeJNeH.

CanegctrBue 2. Ecau lima=0 u ¢=-const, mo limca=0.

Teopema 5. Jacmnuoe o (x)/z (x) om Oeserus GeckoHeuro manoil
eeaudunol o (x) Ha pyHkyuo, npedea KOMOpoU OmMAudeH om Hyas,
ecmo BeaudUuHa OECKOHEUHO Maaas.

HoxkasateabcTBo. Ilycrs lima (x)=0, limz (x)=b0. Ha
ocHoBaHHH TeopeMmbl 2 § 3 caenyer, yto 1/z (@) ecTh BeNMUKMHA OTPaHH-

yenHas. [TostoMy Apo6b ((x)) o (x) 5 (lx) €CTb NpPOU3BEJeHHE BEJH-

ypHB GECKOHEYHO MaJjiofi Ha BeJMUMHY OTpPaHHYEHHYIO, T. €. BeIHUMHA
OECKOHEYHO MaJiasi.

§ 5. OcHoBHbie TeopeMBl O npejetax

B sToM naparpade, Kak H B NpEAbIAYIIEM, MbI OyJAeM paccMaTpH-
BaTb COBOKYNHOCTH (YHKIMH, KOTOpPBIE 3aBUCAT OT OXHOTO H TOTO
e apTyMeHTa X, NpH 3TOM X —>a WJH X— oo,

Mbl GyneM npoBOAMTb JIOKA3aTeNbCTBO /IS OKHOTO H3 3THX CJy-
yaeB, TaK Kak JJis APYroro J0Ka3aTeJbCTBO NPOBOAUTCS aHANOTHYHO.
HMNuorga Mbt BooOOme HE OymeM nucaTb HH X —@, HU X—> 00, MOA-
pasyMmeBasi TO HJIH JPYToe.

Teopema 1. [Ipeden anrcebpauueckoli cymmo 08yx, mpex u
8006uie ONpedeseHH020 4UCAQ NepeMeHHbiX pasen areebpauyeckol cymme
npedenos amux nepemenHbix:

lim (u,+u,+ ... +up)=limu, +limu,+ ... +limy,.

HoxasatenbcTBo. [IpoBeseM JoKa3aTeNbCTBO IJisi ABYX CJja-
raeMblX, TaK Kak JJId J00Oro 4YHcJa CjaraeMblX OHO NMPOBOAMTCS TaK
xe. Iycrs limu; =y, lim 4, = a,. Torna Ha ocHOBaHHHK Teopemsi | § 4
MOKeM HamnucaTb

Up=0a; 40y, Uy;=0y+y,
rae o, u a,—GeckoHeuHo Majble. CrepoBartenbHO,

ui-+u, = (a;+ a,) + (o, +a,).

Tak Kak (a,-a,) ecTb NOCTOsIHHas BeJHUHHA, a (o, + o,) —BeAuunHa
GeCKOHEYHO MaJjiasi, TO CHOBa mo Teopeme 1 § 4 3ak.ouaeM, uyTo

lim (4; + u,) = a, +a,=limu, +lim u,.

INpumep 1.
2

im ST gim (1—1-3): lim 14 lim 3=1+ lim £=1_|_0_,
X X - o0 X X > o x

X = o0 X = oo

Teopema 2. ITpeder npoussedenusn 06yx, mpex u 6006uye onpe-
0eNEeHHO020 4UCAQ NEPEMEHHbIX pader Npous3eedexuro npedeaog smux
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nepemMenHbix:
limug-u,. ... uy=limu;-limu,-... .limu,.

HokasatenbcTBo. Jlas COKpamieHHs 3amucu MPUBEAEM JOKa-
3aTeNbCTBO AN ABYX MHoxureneit. Ilycte limu;=a,, limu,=a,.
CregoBaTesbHO,

Ur=a;+oy, U,=0,+,
utt, = (a7 + o) (ap + ) = 2,0, + 0,2, + 3,0 + 0,2,

IMpoussefeHue a,a, ecTh BeJMYMHA TIOCTOsHHasi. Bennuuua a,@, -
-+ a,a, +o,0, Ha OCHOBaHUH TeopeM § 4 ecTb BeNMYHHA GECKOHEYHO
manas. CnenoBatenbHo, limuu,=a,a,=1limu;-limu,.

CnepctBue. I[TocmoanHbill MHOMCUMENL MOKHO 6biHOCUMb 34
3HaK npedeaa.

HeiictButensHo, ecau limu;=a;, c—nocrosiHHasi H, CJejfoBa-
tenbHO, lime=c¢, 10 lim (cu;) =limc-limu;=c-limu,, yro u Tpebo-
Ba/oCh JOKa3aTh.

MMpumep 2. Im! 5x3=5 lim x3=5-8=40.

X =2

Teopema 3. Ilpeder uacmnozco 08yx nepemexHolx paser Hacmi-
HOMY npedenr0s8 3MUX NEPEMEHHOLX, ecal npeder SHAMeHameas omau-
4en om Hyas:

11m—-=-.—-—v—, ecau limv =40,

Noxkasarteanctso. Ilycts limu=a, limv=5bs0. Caeno-
BaTeNbHO, U =a-+a, v=>b-+4f, rae o u f—OGecKOHEUHO MaJjbie,
HanmueM TOXJECTBa
__a+ta —i (a—i—a_i) ob—Ba
EE = e G s ) e A
HITH
u _ab—Ba_
v b S oTE b(b+p) °
a ab—pBa
Jpobn - €CTb NOCTOSIHHOE YHCJIO, a 1po6b S GFp) O TeopeMam 4ub
§ 4 eCTb GecKOHEeYHO MaJjiasi NepeMeHHasl BelHYHHA, Tak Kak ab—fa

ecTb GecKOHEYHO MaJsasi, a 3HameHateab b(b-+f) umeer mpemesom

5 s o4 e  limu
b £ 0. CaegoBarennuo, lim =% = Tmo "

Mpumep 3.
lim (3x+5) 3 li 5
lim x5 o GTO) St _3145_8_,
et =2 7 lim @r—2 " 4lmx—2 ~L1— 2- 2
x> X -

3aech MBI BOCMOJBL30BAJNCh JOKa3aHHOR TeopeMofi O npegene ApoGH, Tak Kak
npefies1 3HaMeHaTeas NpPH x — 1 oTauueH oT Hynad. Ecau ke npefen sHameHaTesns
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€CcTb HyJMb, TO TeopemMa O mOpefene ApPoGH He MoxeT 6HIThb mpHMeHeHa. B stoM
cayyae TpefyeTcss NPOH3BOAHTD CNEUHAJbHbIE PaCCMOTPEHUS.
INpumep 4. Haittn lim (x2—4)/(x—2). 3aech 3HaMeHaTeNb M YHCIHTENb
x—>2

npu x —> 2 CTPeMATCA K HYJIO M, CJNEOBaTeJbHO, TeopeMa 3 menpmMenuma. Ilpo-
H3BeLEeM CJefyiollee TOXIECTBEHHOE MpeoGpasoBaHHe:

—4_ (x—2)(x42)
e a—z  t%

dto mpeoGpasoBaHHe CIPaBeAJHBO NPH BCEX 3HAUEHHAX X, OTIHYHBIX OT 2,
IMosTomy, HMess B BHAY onpefie/ieHHe Npejesna, MOXeM HamHCaTh

. ox2—4 . (x—2) (x42) .
E—} —_— = =4,
Jim, =y = Jm, Sy = i, 6D

Npumep 5. Haiitn Iimlx/(x—l). IIpu x-— 1 3HaMeHaTeNb CTPEMHTCH
X =

K HyJ0, 3 YHCJHTEJb K HYJIO He CTPEMHUTCS (YHCIMTENIb CTPEMHTCS K €AHHHIE).
CrepoBaTesbHO, Npeaes oOpaTHOH BEJNHYHHBI €CTh HYJMb, T. €.

li —1

. x—1 xgnl x=1) 0

lim = - =—=0.

x-»>1 X lim x 1
x—->1

Otciona Ha OCHOBAHWM “TeOpeMHl 2 mpeAnifyuwero naparpada GyaeM uMeTs
lim x/(x—1)=o0.
x->1

Teopema 4. Ecau mewndy coomeemcmeyrouum 3HAUCHUAMU
mpex ¢pyukyuil u=u(x), 2=2z(x), v="v(x) eunosnaOmcs HepaseH-
cmea u<Lz2<<v, npu amom u(x) u v (x) npu x— a (uau npu x — o)
cmpemames & o0HoMy u momy e npedeay b, mo z=z (x) npu x—a
(urn npu x— oco0) cmpemumcs K momy dxHe npedery.

JdokasatenbcTBO. [na omnpeneneHHocTH OyAeM paccMaTpH-
BaTh H3MeHeHHWe GYHKuMH npn x— a. M3 HepaBencTs u<Cz<{v
cnenyloT HepaBeHCTBa u—b<Cz—b<Cv—b; no ycaosmio lim u=2b,

X—>a

lim v=»5. CaepoBatensHo, npu Job6om &> 0 HaifigeTcs HekoTopas

xX—>ra
OKPECTHOCTb C LEHTPOM B TOYKe @, B KOTOPOH GYHET BHINOJNHATBHCA
HepaBeHCTBO |u—b| < e; Tak Xe HaHAETC HEKOTOpass OKPECTHOCThb
C LEHTPOM B TOYKe @, B KOTOPO#l GYNET BHINOJHATHCS HEPABEHCTBO
|v—b| < e. B MeHblied H3 yKa3saHHBIX OKPECTHOCTEH OYyAYT BBINOJ-
HATbCS HEPaBEHCTBA — & < u—b<eu —e<v—b<e, acneiopa-
TeJbHO, OYAYT BHIIONHATbCA HepaBeHCTBa —e < z—b<e, T. e.
limz=0.
X—ra
Teopema 5. Ecau npu x—a (uru npu x— co) Pynkyus y
npunumaem ueompuyamenvroe 3Hauenus y=0 u npu smom cmpe-
mumes K npedeay b, mo b ecmv Heompuyamesoroe aucro: b=0.
IlokasateabcTBo. [Ipexnonoxum, uto b < 0, Torna |y—b|=
>|b|, T. e. monyap pasHocTH |y—b| Goablie NOJOKHTENBHONO
yucaa |b| u, caegoBaTeNbHO, He CTPEMHTCS K HYJIO NPH X — 4.
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Ho Ttoraa y npu x— a He cTpeMHTCS K b, 4TO MPOTHBOPEUYHT YCJIO-
BHIO TEOpEMbl. 3HAUUT, mpejnoJoxenue, uro b < 0, mpuBoauT K 1po-
THBOPEYHIO. C.ne,zxosaTeJleo b>=0.

Ananoruuno jaoKaswiBaetcsi, yto ecau y<<O0, To lim y<<O.

Teopema 6. Ecau mewmdy coomeememsyrouumu 3HOMEHUAME
0syx ¢yHryuil u=u(x) u v=uv(x), cmpemawuxcs K npederam npu
x—a (uau npu x—» 00), GbLINOAHACMCA HEPABEHCMBO U Z= U, MO UMeem
mecmo limo >limu.

Jdokasarteansbctso. I[lo ycmomo v—u>0, crenoBarensbHo
(no1 teopeme 5), lim (v—u) >0, uau lim v—hm u > 0, T. e. limv >
=limu.

Ilpumep 6. Hokaxkem, uro limsin x=0,
x>0

U3 puc. 42 caepyer: ecmu OA=1, x > 0, To AC=sinx, AB=x, sinx < .
OueBupHO, 4TO npu x < 0 Gyner lsln x| < lx] M3 sTHX HepaBeHCTB Ha OCHOBa-
Hua TeopeM 5 H 6 caepyer, 4to hmosmx 0.

IIpumep 7. HokaxeM, 4TO llmosln (x/2)=
Heficreutensro, |sin (x/2)| < |sinx|. C.nersaTe.nbﬂo, lmh sin (x/2)=0.
IIpumep 8. Nokaxkem, uTO lxm cosx=1; 3ametuM, uto cosx=1—2sin?(x/2),

-0
caenosatenbio, lim cos x= lim (1 —2sin? (¥/2))=1—2lim sin? (x/2) =1—0=1.
x>0 x—>0 x>0

B HeKOTOpBIX HCC/Ie0BaHHUSAX BONPOCA O Npejesie NepeMeHHbIX MpH-
XOAHUTCS pelaTh JB€ CaMOCTOSITE/bHbIE 3aJayH:

1) JnOKa3wpBaTh, 4YTO IIpefes MepeMeHHOM
CYHIECTBYET, U YCTaHABJHUBATh IPaHHUIbl, BHYT-
p¥ KOTOPBIX paccMaTpUBaeMhlfi Npexes Haxo- 2
JUTCS;

2) BBIYUCJATH paccMaTpPUBaeMbIl Npejen o

HYXKHOH CTENneHbl0 TOYHOCTH. Z
HWHorga nepBriif Bompoc pemaercss ¢ mo-

MOIIbIO CJeAyioleli, BaXKHOH AJs AanbHefinre- z

IO TEOpEeMSI. g c g
Teopema 7. Ecau nepemennas 8eauduna Puc. 42.

v 6o3pacmarowias, m. e. 8ciaKoe ee nocaedyoujee
3Hauenue Ooabuie npedvidyuwieeo, U €CAUL OHA O02PAHu4eHa, m. e.
v< M, mo sma nepemennas 6earuquna umeem npeder limv=a,
20e a<{ M.

AnaJsoruunoe YTBEpXK/ICHHE HMeeT MeCTO M AJs yObiaiomedi orpa-
HUYEHHOH NepeMEeHHOH BeJHUMHE,

HokasaTenbpcTBO 3TOH TeOpEMbl Mbl 3/ieCh He NMPHBOAHM, TaK Kak

OHO OCHOBBIBA€TCSl Ha TEOPHH JEHCTBUTE/IbHHIX YHCeN, KOTOPYIO MH
3hech He Jgaem *),

*) IlokasaTennCTBO 3TOf TEOPEMHl NPHBEAEHO, Hanpumep, B KHure: ® U X T e H-
roabu I'. M. OcHoBbl MarteMatuueckoro ananmsa, T. 1.— M.: Hayka, 1968.
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B caenyomux nByx maparpadax GyAyT MOJyYeHHI Npefessl ABYX
¢yHKIMHA, uMerouye GoJblloe NPUMEHeHHe B MaTeMaTHKe,

§ 6. MNpenea bynxuun s—i%‘—‘ npy x — 0

in x
dysxuns s—x— He onpezeneHa npu x=0, Tak KaK YHCJUTEJb U

sHaMeHaTesb ApobGH obpamaloTcs B HyJb. Hafinem npesen aroit pysk-
uun npu  x— 0. PaccMOTpUM  OKpPY:KHOCTb
pamuyca 1 (puc. 43); 0603HaUUM ULEHTpaJb-
£ Huiii yron MOB uepes x, npu 3tom 0 < x < 7/2.
& M3 puc. 43 HemocpeacTBeHHO cJenyer

7 nomaas A MOA < naomanu cekropa MOA <
< maowazun A COA. (1)

z

7 74 IMaowans AMOA=-;—OA-MB=

Puc. 43. = l-l-sinx:—é—sinx.

ITnomane ACOA=—;—OA-AC=%~1-tg x=-;—tg X.

Hepagencta (1) mocsie cokpameHus Ha !/, mepenucHBAIOTCA TaK:

sinx < x < tg x.
PaspenuM Bce 4JIeHBI Ha sin x:
X 1
1 < sin x < cos x?
HJIH
sin x
1> > cos x.

X

Mu BbIBeJlH) 3TO HEPaBEHCTBO B NPEANONOXKEeHHnH, 9To x > 0; 3ameuas,
sin (—x sinx

40— == H# cos (— x) =cos x, 3aK/oYaeM, 4TO OHO BEPHO
Hnpu x< 0, Ho limcosx=1, liml=1.
x=>0 x>0

sinx
CJIeAOBaTeJleO, rnepeMeHHas P 3aKJI0Y€HA MeXAy ABYMA BEJH-

YHHAMH, HMEIOWHMH OJMH H TOT XK€ npenen, paBHH# 1; TakuMm oGpa-
30M, Ha OCHOBAaHHH TeopeMmbl 4 NpeAblfyliero naparpaga

lim Sinx__l
x>0 * ’

I'padux ¢yHruun y=Si—2f usobpaxkeH Ha pue. 44.



§71 YHCJIO e 47

ITpumeps.

. tgx .. sinx 1 . sinx . 1
1. lim _g__=11m . =lim .
x—+0 X -0 X COS X x>0 X x-0COS X

2. 1im SRE i pSIEE i SNk (k=const).
x>0 X x—+9 kx x>0 (kx)
(kx—0)
Ir, .
- SN2
="z
—ZNE ﬂ[ T " 2T n —x
Puc. 44.
1 — cos x 2sin? X sin x
3. lim =1lim =lim sin - =1.0=0,
xX-0 x X-0 Xj X0 !i‘_ 2
2
sin ax sin ax
. sin oax a ox a x-0 OX
4, =]lim — ¢ —_— -
i smpr %0 B SaPx By snbr
Px x-0 Px
=% . —i—:% (o =const, § =const).

§ 7. Yucao e

PaCCMOTpHM NepeMEeHHYI0 BEJUYHHY
1\n»
( 1 + _,;) ’

rAe n—Bo3pacTaioniasi nepeMeHHasi BeJHYUHA, MPHHUMAIOMAs 3Haye-
HHfl M3 HaTypajbHOro psiga uucen 1, 2, 3, ..

Teopema 1. Ilepemennas eeauduxa (1+%)'l npu n-— oo

umeem npeden, 3axatouennslii mendy 2 u 3.
HokasartearcTBo. Ilo ¢opmyne GurHoma HeioroHa MoxkeM
Hanucartb
1\n__ nl | an(n—1) 1\2 , n(n—1)(n—2)71\3
(1+7) —1+17+T'(7) +—W3—-(7) +..

+n(n—1) (n—2)...[n—(n—1)] (_I_)n. (1

1:2¢,..2n n

e
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IpousBeasi oueBHuHBIE anreGpauyeckHe MpeoGpa3oBaHHs, NOJYUHM
(1+%)"=1+1+Tf—2(1—%)+1-_;—.3(1—%)(1—%)+...
ot (1) (1-—%) (=) @

U3 mnocneanero paseHCTBa CJefyeT, YTO NepeMeHHas BeJHYHHA
1\~
( l+7) — Bo3pacTaiomasi NepeMeHHasl BeJMYMHA NpPH BO3pPacTaio-

meM n.
JleficTBUTENLHO, NIPH Nepexole OT 3HaueHHs n K 3HaueHuwo n- 1
KaxJioe cjaraeMoe NocjefHeld CyMMbI BO3pacTaer:

(=) <gs(l—s) v &
H Jjo6aBisiercsi eme ofuH uJeH. (Bce uneHbl pa3snioxeHHs— noJio-
KHUTeNbHBIE.)
Tlokaxkem, uTO mNepeMeHHasi BeJHYHHA 1+—,11—>n OorpaHHYyeHa.
3ameuas, 4To (1—%) <1 (I——-rll—) (1—% <l wnr 1, us BH-
paxkeHusi (2) mosyyuM HepaBEHCTBO

1\» 1 1 1
(H'T{) <l+l+mgtmst - troes

3ameuasi, jajee, 4TO

1 1 1 i 1 1
T23<%3 T334 ' [0 n<mD

MOXKEM HallhcaTb HEPABEHCTBO

(1+2)'<l+1+5+m+.- +5r

ITopuepkHyThle usieHBl NpPaBOH 4YaCTH 3TOrO HEPABEHCTBAa OGPa3ylOT
reoMeTPHUYECKYI0 MPOrPeccHr0 CO 3HameHaTeJeM ¢=1/2 u nepsuiM
yJeHoM a = 1, nostomy

(1+2)'<t+[1+ 545+ - +5=] =

CnenoBaTeNbHO, [J1 BCEX 7 IOJydaeM

(1+1)'<s.
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s paseHcTBa (2) caepyer, 4To

( 1+ %)” >2.
TaxuM o6pasoM, NoJyuaeM HepaBeHCTBa

o< (14 4)"<3. @)

1\n
DTuM YCTaHOBJIEHO, YTO NEpEeMeHHasl BEJHYHHA (1 + 7) OrpaHnyeHa.

Hrak, mepemeHHasi BeJHYHHA (1 + %)" — BO3pacTalolias u orpa-
HUUeHHas, II03TOMy Ha OCHOBaHHU TeopeMmbl 7 § 5 oHa HMeeT npeped.
dror npexea ob6osHayaercs GyKBoOH e.

Onpeaenenue. Ilpenen nepeMeHHOH BENTMYHHDI (l + iﬂ)n npu
n— oo HasblBaeTcs *) uucaom e:

. 1\n
e=lim (1 + —) .
n—»®o n

U3 uepasencta (3) Ha ocHoBaHHM TeopeMmul 6 § 5 caeayer, urto
M UHCJIO € YIOBJeTBOpsieT HepaBeHCTBY 2 < e < 3. Teopema pokasana.
Umncsno e—wuppanuoHaiabHoe uucao. ITosanee Gyaer ykasan meron

ero BHIUHCJIEHHS C JI00OH CTEneHbl0 TOuHOCTH. Ero 3Hadenwe c pe-
CATbIO BEPHBIMH 3HaKaMH IOCJE 3allsITOM:

e—2,7182818284...

Teopema 2. Pynxyus (l—l- %)x npu x, cmpemauwemcs k bec-
KOHEHHOCIU, CMpeMumcs K npedery e:

lim (l—l—%)x=e.

X

1\n
JlokaszaTeabCTBO. DBUIO ycTaHOBJEHO, 4TO I+7) —e

npu n— 0o, €CJM N NPHHUMAET IleJble NOJOXKHTEJbHble 3HaueHMus.
[lycte Tenmepb x cTpeMuTCs K GECKOHEYHOCTH, NPHHHMAs Kak ApoG-
Hble, TaK H OTPHIaTeJbHble 3HAaYeHHS.

1) Ilycte x— 4 0co. Kaxkzaoe ero 3HaueHHe 3aKJIOYEHO MEXKIY
JABYMsi IOJIOKMTEJbHBIMH LeJABIMH YncaaMu: n< x < n- 1. Tlpu atom

1\~
*) MoXHO IOKa3aTb, 4TO <1+7 — e pU n —»-}- 00, ecau n He ABARETCH
MOHOTOHHO BO3pacTalollel NepeMeHHOH BeJIHYHHOMH,



50 TIPEJIEJI. HEMPEPBIBHOCTb @ YHKLUA [ra. It

GYAyT BBHIUIOJHATbCS HEPaBEHCTBA
1

1 1 1 | 1
;>7>m, 1+;>1+7>1+n—+1;
1 \n+1 1 \x 1 n
(3> (127> (1)
Ecmu x— o0, TO, OueBHaHO, u n— oo. Haiizem npenensl nepemeH-
HBIX, MEXJIY KOTODBIMH 3aKJ/IOUeHa mepeMeHHas (l —{——)1; %,

lim (1+7‘l-)”“.-_— lim (1+%)”(1+%)=

n—>+ o n—>+ o

= lim (1+%)". lim (l+%)=e-l=e,

n—>+® n->-+o
1 n+1 1 n+1
; Cye_ o ()™ ()™
lim (l+;l_—l——l) = lim 1 = i =T=e'
n—>+® n—>+® l+n+l nETm (l+n_+_l)
cnefoBaTesbHO (o Teopeme 4 § 5),
. 1\x
—) =e. 4
Jim (1+5) = @
2) Ilyctb x——o0. Beegem HOByi0 nepemeHHyio {=— (x4 1)
wm x=— (¢ +1). IIpu ¢ — 4 oo Gyner x ——oo0. MokeM HanucaTb
. 1y .. 1 \-t-1_ .. ¢ \-t-1
Jim (143) = tim (1—7) ™7 = i () =
T [ A e T R 1\t 1Y\ _
= tim, (57) "= i, ()™ = i (1) (147) =
=e-1=e,
7\

7-(1+3)”

e
AN/ 4
Puc. 45.

Teopema gokasana. I'paduk ¢yHkuuu y=(l -l-%)jE H300paXkeH Ha
puc. 45,
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Ecan B paBencrse (4) monoxutbh 1/x=o, TO NPH X-— CO HMEEM
a—0 (H0 @ 5£0) u Mbl moayuaeM lim (I4a)/*=e,
a0

Npumepmns

. lim (1+%)"“=1im (1+%)"

n->ow

—

X . X X
J—_ P> 1\ 1\x
=t (1) dm (1) am (1) meeeme
3. lim (1+3)”= lim (1+i)2“’=e2.
X=>00 X Yoo Y
4, lim x+3)x+a=1im ("_‘1_‘!'_4)”3___ im (12 4 )x+§=
x>0 x—1 X—> 00 x—1 X-> 00 x—1
i 4 \@-D+a_ . 4 \y+a
=im (14+52) =lm (142)"""=
=1m (142)"- 1im (142) <et1 =t
Yoo Yy e y

3ameuanune. IlokasarenpHas QyHKIHSA C OCHOBAaHHEM e,
y=e¢%,

MIpaeT HCKJIOUNTENbHO GOJBIIYIO POJb B AasbHeHIIeM Kypce MaTeMa-
THKH. DTa GyHKUUA HrpaeT GOJbIIYI0 POJb NPH H3YUYEHHH passiny-
HBIX SIBJIEHHH B MeXaHHKe (TeopHus KoseOaHUil), B 3JIEKTPOTEXHHKE H
pPajiHOTeXHHKe, B PAJHOXHUMHH H T. A. vk
Sty GYyHKUHIO 4acTO Ha3bIBAIOT IKCNO-
Hewmou (exponential function). I'padu-
KH MOKas3aTeNbHOH ¢QYHKIHH y=é€* H
noKasaTesJbHOH QYHKLIHH y = e~* u306-
paxeHH! Ha puc. 46.

§ 8. Harypaaphbie Jorapudmbl

B § 8 raaBu 1 6bina onpepenena ygeﬂ’ 1 Y=o
Jorapugmuueckas QyHkuua y = log, x. -
Uncao a Ha3EB2e €Sl OCHOBaHHEM JIOFa- 0 &
pudmoB. Ecan a = 1V, To y HaswbiBaeTcs Prc. 46.
JeCATHYHBIM JlOrapudmMoM uucaa X H

o6osHavaetcs y = Ig x. VI3 mKosbHOrO Kypca H3BecTHH TaGauubl 3Ha-
YeHUH JAECATHYHBIX JIOTapH(MOB, KOTOpble Ha3hIBAIOTCH O6puz206biMu,
no MMEHH aHIVIMiCKoro yueHoro Bpurra (1556 — 1630).
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Jlorapugmel ¢ ocHoBaHueM e = 2,71828. .. naswiBaloTCsi Hamypase-
HolMU, IR Henepoebimu aoceapugmamu, NO UMEHH OFHOTO W3 MEPBHIX
usobperateneii  Jorapudpmuueckux Tabauu, Marematuka Henepa
(1550 — 1617). CnepoBatenbHO, ecai e¥ = X, TO y Ha3BIBAIOT HATYypaJb-
HBIM JiorapHMoM 4YHCJa X H NHWYT y=Inx BMecrto y = log, x. I'pa-
¢uxku QyHKuuit y=Inx u y=I1g x moctpoeHsl Ha puc. 47.

A y=hz__,

/ , - w_—‘

Ael\r o
% Y \g10=1

g &6 7T a8 & un =&

Puc. 47.

YcTaHOBHM, Jalee, 3aBHCHMOCTb MEXNY JAECATHYHBIMH U HAaTypa/b-
HBIMH Jiorapu¢MamMi OHOro M Toro e uucia x. Ilyctb y =Ig x, nan
x= 107, IlposnorapupmMupoBaB JieByi0 H NpPaBYyI0 YacTH HOCJEAHEro
paBeHCTBA IPH OCHOBaHHH e, mnoayduM Inx=yIn10. Onpegensiem

1
V=110 In x, M, noacraBiAs 3HaYeHHe y, umeeM Ig x = o Inx.

Takum oGpasoM, ec/H H3BeCTeH HATypaJsbHBIH Jorapudm yuca x,
TO JeCATHYHBIA Jorapu®M 3TOro 4McJa HaXOAUTCS NMyTEM YMHOMXEHHS
1 .
Ha MHOXHTeNb M= o ~ 0,434294, He 3aBucsuuit ot x. Yucao M
Ha3blBaeTCs MoOyaem nepexoda OT HATypaNbHBIX JIOrapupMOB K JHecs-
THYHBIM:

Igx=MIinx.

Ecnu mooxXuM B 3TOM TOXKIECTBE X=e¢, TO IOJY4HM BHPaXKeHHEe
uncaa M uepe3 necATHUHBIE JIOrapHGMBL:

lge=M (lne=1).
Harypanbarie sorapudMel yepes JecSATHYHBIE BBHIPAXKAIGTCH TaK:
1
Inx=—4-lgx,
rje
o 7 2,302585.

3ameuaHnue. [lJa BEUHC/IEHHS HATYPAJbHEIX JOTapU(MOB YHCe

CYIECTBYIOT crenuajbHele Tabiauuel (Hanpumep, cM. B pon-

mreids U.H. u Cemenpgser K. A. CnpaBounuk no matema-
Tuke. —M.: Hayka, 1980).
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§ 9. HenpepbiBHOCTb (yHKLMiA

ITycte dpynruus y = f (x) onpeneneHa npu HEKOTOPOM 3HAYEHHH X,
M B_HEKOTOPOH OKDEeCTHOCTH € UEeHTpoM B X, Ilycts y,=f(x,).
Ecau x monyduT HeKoTopoe moJio-

KHTeJIbHO® HMJIM OTpHlaTesbHoe — Ges- I\ V
PasJIM4HO — TpHpalleHne Ax U NDpUMeT 4
3HauYeHHe X=X, Ax, Tou QyHKIHSA y %, A‘,y
NOJIYUHT HEKOTOpoe mpupailenue Ay.

HoBoe, HapamenHoe 3HaueHne GpyHKIHH

oyner y,+Ay=[(x,+Ax) (puc. 48). Z

INpupamenne dyHKUHH Ay BLHIpasuTCs v

popmyaot Ay = [ (x,+ Ax) — f (x,). 4z
Onpenenenne 1. Oyukuus y =

= f (x) Ha3biBaercs Henpepoiéroil npu

3HaueHuu x=1x, (WIH 6 mo4Ke X,), Puc. 48.

€cqM OHA onpejelieHa B HEKOTOPOH

OKDECTHOCTH TOYKH X, (O4eBHJHO, H B CaMOH TOuKe x,) H eCju

V4 z ptdr z

lim Ay=0 (1)
Ax—>0
HJIM, 4YTO TO K€ caMmoe,
Jim [F (x4 — f (x)] =0. @

VYcaosue HenpepblBHOCTH (2) MOXKHO 3amucaTh M TakK:
lim  (x, +Ax) = (x)
Ax —>0

HJH
lim £ ()= f (%), @)
HO
x,= lim x.

X—> Xo
CnenoBaTenbHO, PaBeHCTBO (3) MOXKHO 3amucaThb Tak:

lim f(x):f(lim x\, )

X = Xo X X

T.e. ANA TOro, 4TOOH HalTH Npeje] HeNpepeIBHOH (QYHKUHH mpH
X—>X,, JOCTaTOYHO B BHIPaKeHHe (PYHKLUMH MOACTABHTh BMECTO
apryMeHTa x ero 3HauyeHHe X,.

OnucarteqbHO reoMeTPHYECKH HENpepbLIBHOCTb (PYHKUHH B JaHHOH
TOUKe O3HAYaeT, YTO PasHOCTb OPAMHAT rpaduka QyHKUMH y= [ (x)
B TOYKaxX X,+Ax u x, GyzeT no aGCOIOTHOH BeJHUHHE [IPOU3BOJIBHO
MaJioif, ecsH TOJbKO |Ax| OyJeT A0CTaTo4HO. MaJo.
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Mpumep 1. MokameM, uto GyHKUHMA y=x HempepEIBHA B NPOH3BOMLHOM
TOUKe Xy. JleHCTBUTENBHO,

Yo=x% Go+Ay=(xo-FAx? Ay= (xo+Ax)*—x}=2xAx+Ax?,

lim Ay= lim (2xAx+Ax?)=2% lim Ax4 lim Ax: lim Ax=0
Ax—->0 Ax—>0 Ax =0 Ax—~>0 Ax—>0

npu jnioGom cnocobe crpemienns Ax x myio (puc. 49,a u 0).

71 Lasl L0 Z 1420490

Puc. 49.

Mpumep 2. JlokaxkeM, uro dhyHKnus y=sin x HeNpepEIBHA B MPOH3BONBHON
TOuKe Xo. JIefICTBHTENBHO, Yo =sin Xy, Yo+ Ay=sin (xo-}Ax),
2

bBoiio nokasaso, q'l‘oA lim sin %i=_-o (npumep 7 § 5). ®yHKIHA COS (x-]-%f)
X =0
orpanuuena, Cregosarennno, lim Ay=0.
Ax—>0

Ay=sin (%} Ax) —sin xy =2 sin Ax . COS (xo +A;-) .

AnanoruuHsiM 06pa3oM, paccMaTpHBasi KaX/Ayi0 OCHOBHYIO 3JIeMeH-
TapHYi0 (PYHKIIMIO, MOXKHO 10Ka3aTh, YTO KaXKJas OCHOBHas dJIeMeH-
tapHas QyHKOUS HenpephlBHa B KaXJo#l TOYKe, B KOTOpOA OHa
onpenesieHa.

JIlokaxeM jajee CJAEAYIOILYIO TeOpeMy.

Teopema 1. Ecau ¢pynxyuu f;(x) u fy(x) Henpepoieror 8 mouxe
Xy Mo cymma §(x) = fi (x) 4, (x) maxwe ecmo nenpepoisras ¢ynk-
yus 8 mouke Xx,.

IHokasateabcTBO. Tak Kak f,(x) u f,(x) HempephBHH, TO
Ha OCHOBaHUH paBeHCTBa (3) MOXeM HamucaThb

xli’g fi()=Fi(x,) u xli_)nlfz (%) =F3 (%0)-

Ha ocuoBannu Teopemnl | 0 mpefenax MoxeM HamucaTh
lim () = lim [, (1) 4+, (] = lim [ ()4 lim fo(9=
= f1 (%) + 12 (%) =P (%,).
Urak, cymma ¢ (x) =f, (x)+f,(x) ectb HenpepniBHasg (yHKIUS.

Teopema nokasaHa.

Kak creactsue oTMeTHM, YTO TeOpeMa COpaBeAJHMBa AJIs JIOGOro
KOHEYHOT0o 4YHcJja claraeMblXx.

Omnupasch Ha CBOACTBAa NpeAesioB, TaK Ke MOXKHO JOKa3aTh Cle-
LytOlllie TEOPEMEH:
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a) Ilpou3ssederue Osyx HenpepoleHbix (PyHKYu ecme PYHKYUUR He-
npepoleHas.

6) Yacmnoe 0syx Henpeposrolx ynxyuil ecms (QyYHKYus Henpe-
POIBHAR, eCAl BHAMEHAMENb 8 PACCMAMPUBAeMOLL MOuKe He 00paiyaemcs
8 Hy”b.

B) Ecru u=@(x) HenpepoisHa npu x=1x, U f(u) HenpepvieHa
6 mouke u,=qQ (%), mo cromuas Qyukyus flo(x)] Henpepoiena
€ mouxe X,.

Hcnonb3yst 3TH TeOpeMbl, MOXHO JOKa3aTh CJEAYIOLIYIO TEOPEMY.

Teopema 2. Beakas anemenmapHas YHKYUsL HenpepoiBHA 8 Kaji-
doti mouxe, 6 Komopoil oHa onpedesena *).

NMpumep 3. Pyskuus y=x2 HenmpepriBHA B JI0GOA TOUKE Xo H NOTOMY
lim x?=x%, lim a?=32=9,
X > Xy x—>3

NMpumep 4. Pynxuusa y=sin x HenpepuiBHA B J1060# TOYKe U NOTOMY
lim sin x=sin (v/4) =V 2/2.
4

x— 7/

Mpumep 5. Pynkuusa y=e* HenpepbHiBHa B KaXJOH TOUKe M NOTOMY
lim e*¥ =2,
x—>a

Mpumep 6. Iim 2 T0 i Lin a4 )= tim 0497, Tax
x>0 X x->0X x>0

kak lim (1-+x)*/*=e n dysxuua Inz nenpepripHa npu z > 0 H, CIEIOBATENBbHO,
x—>0

npn z=e, TO

i 14x)*]=In[ lim (1 Y] =lne=1.
xllr:loln[( +x) } n[meo( + x) ] Ine=1

Onpenenenue 2. Ecnmu ¢ynkuusa y = f (x) HempephiBHA B Kax-
Joll TouKe HeKoToporo HHTepBana (a, b), rae a <b, TO0 rosopsar,
4TO QYHKIMS HenpepbisHa Ha mom uxnmepeare.

Ecnu ¢yHKUHS onpejesieHa M NIPH x=a, ¥ npu 3tom lim f(x)=
X—>a+ 0
= f(a), T0 roBopsT, uTo f (X) B TOUKe X =a Henpepoiera cnpasa. Ecim

lim f(x)={(b), To roBopsaT, 4TO GQYyHKUHA [(X) B TOukKe x=>b He-
x—>b-0

npepoleHa cresa.

Ecnu ¢yukuus f(x) HempepblBHa B KaXJAOH ToOuUKe HHTepBana
(e, b) ¥ HenpephBHAa Ha KOHIIaX HHTepBaja COOTBETCTBEHHO CIpaBa
U CJIeBa, TO TOBOPAT, UTO OYHKLHA [(X) Henpepovira Ha 3aMKHY-
mom uxmepeasre Wnu ompeske [a, b

Mpumep 7. Pyukuus y=x® HenpepuBHa Ha JoGoM oTpeske [a, b}, uto
crenyer u3 npumepa 1.

Ecru B Kakoii-To TOUKe X =x, A1 PYHKUMH y= f(x) He BunoJ-
HfieTCS 1O KpaiiHefl Mepe OZHO M3 YCJOBHH HeNpPephBHOCTH, T. €. €CJH

*) DtoT BOMpOC MOAPOGHO H3NOXKeH B Kuure: PuxteHroasu L M,
OcHoBH MaTeMaTHYeCKOro anaausa, 1. 1.—M.: Hayka, 1968.
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ipy X=X, QYHKUHS HE OnpejeseHa HJIH He CYLIECTBYeT NpeAen

lim f(x), nam lim f(x) 5~ f(x,) OpH NPOM3BONILHOM CTPEMJIEHHH
X = Xo X = Xo
X —» X,, XOTSl BbIpaXKeHHsl, CTOsLIME CIpaBa M CJeBa, CYIeCTBYIOT,

TOo NpH x=1x, GyHkuusa y=7;(x) paspowra. Touka x=x, B 3TOM
c/y4yae HasbIBAeTCs MOouKoll paspold QyHKIHH.

Mpuwmep 8. Oynxkuus y=1/x paspuBra npu x=0. [JeficTBuTenbHO, NpH
x=0 ¢yskuus He onpegenera: lim 1/x=-o, lim 1/x=— o0, Jlerko no-
X—>+0

Xa3aTh, YTO 3Ta (YHKIUS HempephiBHA NMPH JIOG0M 3HayeHHH x 7% 0.

INMpumep 9. OyHrnus y=21/" paspbiBia npn x=0. JleficTBuTeNBHO,

lim 2Y*=o, lim 2Y*=0. Ilpn x=0 Qynknus ne ompexenena (puc. 50).

&= +0 x> =0

Npumep 10. Pacemorpum dyukuuio f (x) =x/| x|. Mpu x < 0 6yzer x/|x] =
=—1; npu x > 0 Gyzer x/| x|=1. CnenosarebHo,

lim f(x)= lim x/|x|]=—1, lim f)= lim x/x|=1;
x> ~0 xX=>~0 X=>+0 X=>+0

npu x=0 ¢yHkuusa He onpeneseHa. TakuMm o6pasoM, MBl YCTaHOBHJIH, YTO (PyHK-
uua f (x)=x/| x| paspuiBHa npu x=0 (puc. 51).

¥
k7
y=zi ]. ,Z/—‘-fﬂ')
7
Puc. 50. Puc. 51.

Mpumep 11, Oyuxuus y=sin (1/x), paccmorpennas B mpumepe 4 §3, pas-
pHiBHa npH x=0.

Onpenenenue 3. Ecan pyHkuusd f (x) TakoBa, 4TO CymeCTBYIOT
KoHeunble mpexesnt lim f(x)=f(x,+0) u lim f(x)=f(x,—0),
0 >X0—0

. x-»xo.+ X
Ho mwan lim f(x)s= lim f(x), unau 3HayeHue pyHKuuHU f(x) npH
X—>Xq+0 X—>Xq—0

X=X, HE ONpeAeseHO, TO X=X, Ha3blBaeTcs mouKoi pa3pow.a 1-20
poda. (Hanpumep, ana ¢yHkuuu, paccMoTpeHHoit B mnpumepe 10,
Toyka ¥=0 ecTb TOuka paspeiBa l-ro poxa.)

§ 10. Hexotopble cBoiicTBa HenpepbIBHBIX (yHKIHH

B stom maparpade paccMOTpHM HeKOTOphle cBoficTBa (yHKIHi,
HemnpephIBHBIX Ha OTpe3ke. DTH CBOHCTBa OyAyT CGHOPMYJHPOBAHBI
B BUJe TeopeM, KOTOphle MHI NpHBOAMM Ge3 AoKa3aTe/lbCTBa *).

*) Jloka3aTeJbCTBa 3THX TEOpeM MOXHO HaHTH B KHure: QPuxTeH-
roasn I'. M. OcuoBnl MaTemaTHueckoro anaiausa, 1.1.—M.: Hayka, 1968.
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Teopema 1. Ecau ¢pyuxyus y=f (x) Henpepoiera Ha HeKoOmMopom
ompeske [a, b] (a<<x<b), mo na ompesxe [a, b] naidemcs no
Kpaiinet mepe 00HQ MOYKA X=X; MAKAA, 4MO 3HA4EHUe (QYHKYUU
e amoii mouxke GyOem ydosaemeopsme COOMHOULEHUIO

(e 27 (x),

20e x —aobas Opyeas mouka ompeska, u Haidemcs no Kpatinel mepe
00Ha mouKa X, maKas, 4mo 3Havenue yHKyuu 6 amot mouxe Oydem
Y0082EMBOPAMb COOMHOUEHUIO

f () < FAx).

3Hauenne GyHKUHH [ (X,) OyaeM Ha3bHIBATb HAUGOALULUM 3HAMEHUEM
dbynkuuu y=f(x) Ha oTpeske [a, b], 3HaueHune pyHKuHH [ (X,) OyaeM
Has3blBaTh HAUMEHbUIUM 3Haueruem (DYHKLIHMH Ha oTpeske [a, b].

KopoTko 3ty TeopeMy ¢(opMyJHpPYIOT Tak:

Henpepoisrias na ompeske a << x < b ¢pynkyus docmueaem na smom
ompeske no mexouiel mepe 00ur pas Haubosbwezo 3HaveHus M u
HAUMEHbULE20 3HAYEHUS M.

Z} ML 700
7k
Vi)
M — z 4 i
V4

m . g A “

944 4 % bz Mz ()

Puc. 52. Puc. 53.

CMBICAI 3TOH TeOopeMbl HarJSAHO HJUIOCTPUpYeTCs Ha puc. 52.

3aMeuyaHHUe. YTBEpKAEHUE TEOPEMB O CYIECTBOBAHHH HaHGOJIb-
mero 3HaueHds QYHKIMHM MOXET OKasaTbCs HEBEPHBIM, €CJIH paccMmart-
puBaTb 3HauYeHHs (PYHKUMH Ha uHTepBaje a < x < b. Tak, Hanpumep,
ec/Ii Mbl 6y/IeM paccMaTpuBaTh GYHKUMIO ¥ = X Ha HHTepBase 0<x <1,
TO CpeiH ee 3HaUeHHH HeT HauOoJbliero H HeT HauMmeHbnero. Jlefcr-
BUTEJbHO, Ha HHTEpBaje HET HH HaWMEHblIero, HH HauOGOJbIIEro
sHauenuii x. (Her xpaiineli JieBofi TOYKH, Tak KakK, KaKyio Gbl HH

o o X
B34JIH TOYKY x*, HauJEeTCsl ToUKa JieBe€ B3ATOU, HAIPUMED TOYKA —5- ;

TaKxe HeT KpaiiHeli mnpaBo#l, a cjenoBaTeNbHO, HET HH HAHUMEHb-
mero, HU HauGosbLIero 3HayeHHH (QyHKUMH y = X.)

Teopema 2. ITycme ¢ynxyus y=f (x) Henpepoiéna Ha ompeske
[a, b] u Ha konyax smozo ompeska npunumaem 3HAUEHUS PABHOLE
3HaKo8, mozda mendy mouxamu a u b naddemcs no xpained mepe
00HQA MO4KA X=C, 8 KOmopol (yHKyus o00pawaemca 8 Hyav:

fl=0, a<e<b.
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dra TeopeMa HMeeT NPOCTOH reoMeTpuueckuil cMeica. I'paguk He-
npepeiBHOM (GYHKIHM y = f (x), coepunsiomuii Touku M,[a, f(a)] n
M,[b, F®)], te f(@ <0 w @ >0 (um () >0 u f(b) <0),
nepecekaer ocb Ox no KpafiHelt Mepe B OfHOH Touke (puc. 53).

Mpumep. Jana ¢pyskmusa y=x3—2; y|,_1=—1, y|,=,=6. Ha orpeske
[1, 2] ona HenmpepriBHa. CllefoBaTeNIbHO, HAa 3TOM OTPe3Ke CYLIECTBYET TOYKa, TIAe

y=x3—2 ofpaumaerca B HyJb. Jleficteutensso, y=0 npu x= ]3/ 2 (puc. 54).

Teopema 3. ITycme pynxyus y = f (x) onpederena u Henpepoiena
Ha ompeske [a, b]. Ecau Ha Konyax smozo ompesxa (ynkyus npu-

7 Humaem Hepasroie 3nauenus f(a)= A, [ (b) =B,
mo, KaKoso 6ot HU ObLAO HUCAO W, 3AKAIOMEHHOE
& mencdy uucramu A u B, naiidemcs maxas mouxa

X=Cc, 3aKaouennas mexwdy a u b, umo f (c) = p.

CMBICT JaHHOH TeopeMbl OTYETIHBO HJLIIOCTPH-

pyercs Ha puc. 55. B jgaHHOM cayuae Beskas

npsiMas y = nepecekaeT rpaduk (GyHKUHH y =

= (x).

3ameuanue. OrmernMm, uTOo Teopema 2 AB-

., JIieTCsl 4aCTHLIM CJIy4aeM 3TOi TeopeMhbl, TaK Kak

7| 1/,\ 2z % ewum A m B umelor pasHble 3HaKH, TO B Ka-

iy yecTBe P MOXHO B3ATh 0 M Torpa p=0 Gyzer 3a-
7T KJIoueHo Mexay uucjaamu A u B.

Prc. 54 CnencrtBue teopeMmn 3. Ecau ¢ynxyus

- o y=7[(x) HenpepbieHa Ha Hexomopom urmepease

U npunumaem HaubOAbUIEE U HAUMEHbULEE 3HAUEHUR, MO HA IMOM

unmepeasre OHa npunumaem no Kpained mepe o0un pas aw06oe

: LN\

# 4 w=f1e) o N
A
p/ a ¢ V] &z d {ud O e
al 2 Zp Zs b &
Puc. 55. Puc. 56.

BHaueHUe, 30KAOMEHHOE MENOY ee HAUMEHbUUMU U HaAubGoAbLLUUMY
BHAUEHUAMU .

HeiictButenbro, nyctb f (x,) =M, f(x,)=m. Paccmorpum orpe-
30K [x;, %,]. Torna mo Teopeme 3 Ha 3TOM OTpe3ke QyHKuHs y = [ (x)
NpUHUMaeT JoGoe 3HaueHHe W, 3akJoueHHoe Mexny M u m. Ho
OTpPe3oK [Xj, X,] 3aKMoO4YeH BHYTPH paccMaTpPHBaeMOro HHTepBana, Ha
KotopoMm onpezeneHa ¢yHruus f(x) (puc. 56).
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§ 11. CpaBHeHHe GecKOHEYHO MaJbIX

ITycTb OZHOBPEMEHHO HECKOJbKO OECKOHEYHO MaJsibiX BeJHYUH
a, B, v, ... ABIAIOTCS (GYHKUHUSMH OJHOrO M TOTO e apryMeHTa X
H CTpeMATCS K HYJIO NPH CTPEMJIEHHH X K HEKOTOPOMY Tpeleny &
K K GeckoHeuHocTH. OxapakTepusyeM CTpeMJIeHHE 3THX IMepeMeH-
HbIX K HYJMIO, paccMaTpUBasi UX OTHOIIEHHs *).

Bynem nonp3oBaThCcsl B AasbHeHIIEM CAeRYIOMHMU ONpee eHHsIMH .

Onpepnenenune 1. Ecaun orHomenue P/o. MMeeT KOHEUHEIH H
OTJIMYHBIA OT HyJs mpenen, T.e. ecau limP/a=A£0, a crenosa-
tenbHo, lima/B=1/A5=0, T0 GeckoHeuHO MaJibie U O Ha3bLIBAIOTCA
feckoHeuHo Manvimu 00H020 nopadka.

Mpumep 1. Mycts a=x; B=sin 2x, rae x— 0. Beckoneuno mansie a u P
OJIHOTO MOpAAKA, TaK Kak

x>0 QO x—+0

IMpumep 2. Ipu x— 0 GeckoHeuHO MaJiHe x; sin 3x, tg 2x; 7In(I4-%)
AIBJISIOTCSE GECKOHEUHO MaJILIMH OHOTO M TOrO e MopsAKa. JIokasaTeJbCTBO HPOBO-
JAUTCA aHaJOTMYHO TOMY, KaK 3TO CAeJlaHO B MpHMepe 1,

Onpenenenue 2. Ecan oTHomeHHe ABYX GECKOHEYHO MaJIBIX
p/@ crpemutcsi K Hymo, T.e. ecad limf/a=0 (a lima/f=o0), TO
6eCKOHeUHO Majias § Ha3bIBaeTCA OECKOHEHHO MAAOL BEAUYUHOL Bbic-
wez20 nopadka, 4em OeckoHeHO manras ., a GECKOHEYHO Majasi o
HasbiBaeTcsl GECKOHe4HO MAAOll Hu3Wwiez20 nopadKka, 4em OGecKOHe4HO
manan B.

Mpumep 3. Iycts a=x, B=x", n > 1; x— 0. BeckoHeuno Manas P ecro
GeCKOHeYHO Majlafi BHICIIErO0 MOpSAfKa, ueM GeCKOHeYHO Majiad o, TaK KakK
lim x#/x= lim x#*—1=0.
x>0 x =0

Ilpu 3TOM GecKOHeYHO MaJiast ¢, ecTb GecKOHEYHO Majlast HH3ILIero MNopsiAKa,
uem GeckoHeuHO MaJsast f.

Onpenenenue 3. BeckoneuHo mManas § Ha3bIBaeTCs 6eCKOHEYHO
manoil k-20 nopadka omrocumenrsHo GecKOHedHO Mairoll o, eclid B u
a* — GeCKOHEYHO MaJible OJHOro MopsaKa, T.e. eca lim f/a*=A %0,

MpuMep 4. Ecim a=x, B=x3, 10 nmpn x — 0 Geckoneyno Manast B ectb
GeCKOHEYHO Majlasi TPeTbero MOPSfKa OTHOCHTENBHO GECKOHEYHO Masofl a, TaK Kak

lim B/ad= lim x*/(x)®*=1.
x—>0 x>0

Onpenenenue 4. Ecau oTHomeHHe ABYX GECKOHEYHO MaJbiX
B/a cTpemurcs K enuHupe, T.e. ecau limP/a=1, To GeckoHneuyno
Masble B M O HA3LIBAIOT IKEUBANEHMHOIMU OECKOHEHHO Marbimu **) u
numyT o =& f.

*) Byzem npexnosaraTh, uTo GeCKOHeYHO MaJjas, CTOSmas B SHAMeHaTele,
He obpaliaeTcss B HYJb B HEKOTOPON OKPeCTHOCTH TOYKH 4.

**) B atoM caydae o M [ HHOrla HA3BIBAIOT PABHOCUAbHLIMU GECKOHEUHO
MaJIbiMA,
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Mpumep 5. Iycrs a=x u B=sin x, rre x—> 0. Beckoneuno manue a n

P SKBUBANEHTHH, TaK KaK
. sinx
lim =1,
x>0 X

Mpumep 6. Iyets a=x, f=In(1-4x), rae x—> 0. Beckoneuno Manwe
o u f SKBUBaJeHTHH, TaK Kak

lim BA+2_,
x>0 X
(cM. nmpumep 6 § 9).

Teopema 1. Ecau o u B — skeusarenmnoie bGeckoreuro manvie,
mo ux pasrocms o — B ecme beckoHeuHO MAAAA BbiCUIE20 NOPAOKA, HeM
a u 4em P.

JokasaTteabcTBO. [eficTBuTeNbHO,

.. o—p . .
lim == =-lim (l ——E> —1—tlimP—1-1=0.
(22 [+ 22

Teopewma 2. Ecau pasuocmoe 08yx GeckoHeuno marolx o — b ecmo
beckornedHo maras evicuiezo nopsadka, wem o u dem P, moo u P cymeo
aKeusarermuole OECKOHEYHO MaANbLE.

HokasateabcTBo. Ilycts 1imaf:ﬁ=0, TOrja 1im(1 —%):
=0, H.rml—lim§=0, HJH 1=1im%,'r.e.ocz[3. Ecnu]ima—gg=

. o . o
=0, 10 lim (—ﬁ—— )=0, llmF=l, T.e. o =~ P.

NMpumep 7. Mycts a=x, B=x-+ %, rae x— 0. Beckoneuno manue o u f
SKBHMBAJIEHTHHl, TaK KaK HX pasHoCcTh B—a=x3 ecTh GeCKOHEUHO Maliaf BhICLIEro
nopsiaka, yeM o H 4yem f. JleicrBuTeNbHoO,

. —a %3 .
lim E———: lim — = lim x2=0,
x>0 O x—->0 X x>0
3 2
—a X x
tim E=%— tim X — Jim =0,
X >0 ﬂ x—>0x+x3 x—>01+X2
x+1 1
Npumep 8. [Ipu x— co GecKOHEUHO Majbie o= el ﬂ=7~axausa-
x+1 1 1
JIeHTHHle GECKOHEYHO MaJjble, TaK KaK MX pa3HOCThb a—5=——xz——7=;§-

ecTh GeCKOHeUHO MaJjiasi BBHICLIEro mopsiika, ueM o H ueM f. Ilpesen oTHowenus o
u § paBen l:

x+1
.o 2 x+l i)__
Jm = dim = im 2 im (147 ) =1,
X

3ameuanune. Ecau orHomeHne [BYyX OECKOHEYHO MaJblX f/o
He MMeeT Ipefesia M He CTpeMHTCA K OecKOHe4yHocTH, To f M o He
CPaBHUMBI MEXJ1Y COGOH B YKa3aHHOM BBILIE CMBICIIE,
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Mpumep 9. Ilycre aa=x, B=xsin (1/x), rre x — 0. Beckoneuno Manne @
H § He cpaBHHMHI, TaK Kak uX oTHomeHHe P/oe==sin (1/x) npu x— 0 He cTpe-
MHTCS HH K KOHEYHOMY nNpefielly, HM K GecKoHewHoctu (cM. mpumep 4 § 3).
Ynpaxunenus kK raase II

BLIUHCHTD YKA3aHHHE Tpemel:
2
1. 1m 2245

x_tzll——x—g_i_—l—. ms. 4. 2, limﬂ[?sinx—cosx—!—ctgx]. Oms. 2.
x>
x—2 . 1 4
% lim . Om.0. 4. lim (%74—7) ) Oms. 2.
— 2
5. tim 2=22F ome 26 tim 2Tl ome. 1. 7. tim L2 R
X > ® 3x3 —5 3 x>0 X n-» o n?
2 2 2 2
oms. L. 8 ym LEZHEL..F0 4, L
2 N o n 3

9 Ykasanue. Hanumem ¢opmyny (k4 1P —k3=3k24+3k+1 pgaa k=0, 1,
y eeey M

13=1;
9 _13—=3.1243.141;
38—23=3.224-3.241;

e 4 o & s e s

(n—;- 1.)3—n3=3n2+3n+.l.
CKJlaAblBaﬁ JIeBbI€ H NpaBbIe 4YacCTH, MNOJYYHUM
(110 =3 (12424 ...+ +3 (1 +24 ... n)+ (a4 1),
(1P =3 424 ..t 3 2O ),

OTKyAa
12+22+...+n2=”_(’i'-"6—(2-"-"'—1’-.

9. xlimm-’%j—_’;;—‘. Oms. ». 10, xlimwﬂx%il—. Ome. 0.
1. Jim Aok ome .12 tim 2=t ome 4 13 tim E=L
Oms. 3. 14. xli_x:12;;ff_-_:lg—ii—go . Ome. % . 15, xlgnggzi_%)-. Oms. 1.
16. ylim_zfyj—_ﬁf%. Oma. ——:—. 17. u}jT2:¢3T_i_2‘§u;——i__4_3t;" Oms. 0.
18. hninow. Oms. 32 19, lim [T_l—x—-r:a;a—] . Ome. —1,
20. gigxl x::l Oms. n (n—uenoe  MNOJOKHTEIbHOE  YHCJIO).
o, am VIR g L gy gy V2FTI3 0 2VE

x>0 x 2 >4y x—2—V2 3
2. 1im LELP—P oms. L. 24, lim V! 2

Sl L. Oms. %
x>0 Y B gi—yg Vi—1 3

=

&~+1
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" x—"a n/a TFxFx2—1 1
% im VTV o YO 6 tim ‘—/ij_—- me. 5 -
x-a xX—a ma x=+0
V=3 Ve+1
27, it —— . L. im ————, .
x-»Too e Oms. 1. 28, xlimm po) Oms, 1 npu x — -} o0,
—1 mpu x——oo, 20, lim (V2F1—-ViE—1). Ome. 0.
X—> o
30, lim x(V @+ 1—x). Ome. -;— npH x —»+ 00, — 0 NpPH X—>— oo,
X = 00
2
a1, Iim 3% ome. 1. 32, lim S Ome. 4. 33, lim S ope, 1
x>o0tg€x x—-0 X x>0 9
34, lim x/Y 1—cosx. Oms, V2. 35. lim xctgx. Oma. 1.
x—>+0 x>0

%6, lm L=295Y  ome VI, 87 lm(—2)tg 2. Oms 2.
v—»-ﬂ:— sm(v—%) 21 2 *
3

8. Gim 23T o, 2 g0, lim S@ED—SIn@=Y 4. 9eosa,
x>0 3x 3 X0 X
tg x—sin x 1 . 2 \x .
s0. tim T Ome. o 41, lim (1+7) . Oma. &,
. 1\*¥ 1 . x \* 1
42, xlimw(l——-?) . Oma. e—. 43. xllmm (m) . Oms. -e—.
1 \7+8
44, lim (l«l—;) . Omg. e. 45. lim {n[ln(n+1)—Inn]}. Oms. 1.
n - oo n - o
46. lim (1-cosx)3secx, Omeg. €3, 47. lim M. Oms. a.
x> /2 %0 x
+1
48, lim (2—"'-*‘-1)” . Oms. e. 49, lim (1+3tg? )€ %, Ome. &3,
X > 2x+1 X0
(1
50. lim (cos —"-)"'. Oms. 1. 51.  lim In(+e o npH a—s—~-co,
m - o m o > © [+
X —
0 mpr & —»— oo, 52. lim_ ‘:’;‘g’; . Oms. . 58 lim L @>1). ome. +oo
npu x—>+0; 0 mpu x—> — oo. 54, lim n[ a*/"—1]. Oms. Ina.
n -» o
— b — b
55, lim %",  Oms. a—p. 56. lim — " _ . Oms. 1.
x>0 x % - 0 sin ox—sin Px

Onpepennts TOYKH PaspeBa QyHKUHII

x—1
57, y=_x_(7-l_:1)(7—7)-' Oms. PaspuBm npn x=-2; =13 03 2
58. y=tg—;c-. Oms. PaspuBn mpu  x=0 ® x=:l:-ﬁ-;
2 2
tgrieed E PTESI R

59. Haiith Touku pasphiBa (yHKUHU y=l+21/" H NOCTPOHTb rpaguk i
dynknuu, Ome. Paspus npu £ =0 (y — -+ npu x—4-0, y _p_)o‘ npﬂpqu_,,_s'rgf
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60. Mexny caenylomuMH GeCKOHeyHO MaJuiMH (npu x—>0) BeJIHYHHAMH

2%, V x(1—x), sin 3x, 2xcos x 1/ tg? x ; xe?* BLIGpaTh GeCKOHEUHO MaJible OJHOrO
nopsiAxa ¢ GeCKOHeYHO MaJofi X, a TaKiKe BHICIUEr0 M HH3LIEro NOpSAKa, 4eM X.
Oms. BeckoHedHO MaJible OZIHOTO MOpsiAKa C x: sin 3x M xe?¥; GeCKOHEYHO MaJbie

3/7
BEICLIErO MOpfAJKa IO CpaBHEHHIO C x: x% H 2xCOS x;/ tg? x, GeckoHeuHO MaJast

HH3Wero Mopsfika No cpasHerHo ¢ x: VY x (1 —x).
61. Cpeau ykasaHHEIX GeCKOHewHO MasbX (npd x — 0) BeJuuuH HaiiTh Gec-

KOHEeYHO MaJjible; paBHOCHJbHbIE GeCKOHeYHO MaJjoft x: 2 sin x; -—2-tg 2%y  x—3x?

VIETR, In(14x), #4304, Oms. otg2x, x—34% In (142,

62. YGenutbca B TOM; 4TO HpH x — | GeCKOHeuHO MaJinle BeJHYHHE 1—x m
3 -
1—1/ X GYyLyT ORHOTO mMOpPSAAKAa MaJOCTH. DyAyT /i OHH SKBHBAJICHTHHI?

—X
Oms. lim —_—3 == 3, clIeoBaTe/bHO, JaHHble GECKOHEYHO MaJble OLHOI0 MO-
x—->1]__ l/ x

pAAKa; HO HE 3KBHBAJICHTHHI.



TJTABA 111
NPOU3BOAHAS H JHPPEPEHLIHAJI

§ 1. Ckopocth ABMMKEHHS

bynemM paccmarpuBaTh NpsSMOJHHEHOe JBHXKEHHE HEKOTOPOro
TBEPAOrO TeJa, HanpuMep ABHXKEHHE KaMHs, GpPOIEHHOTO BepTH-
KaJIbHO BBEPX, WJH JABMXKEHHE NOPIUHS B IHJIHHADE ABHIATENS U T. .
OTBneKascb OT KOHKPETHBIX pa3MepoB H ¢(OPMH Tesa,

Mbl OyfeM B JaJbHEHLIEM NPEACTaBJAATbL €ro B BUAE JBH-
xymedcs Toukn M. PaccrosiHHe § ABHXKYWESCsS TOUKH,
OTCYHTHIBAEMOE OT HEKOTOPOTO Ha4asJbHOTO €€ MOJIOXKEeHHS

M M,, Gyner 3aBHCeTb OT BpeMeHH 7, T.e. s GyJAeT (yHK-

As{[ ueil BpeMeHH ¢:
1% "T

s=f (o). ()
$ Ilycte B HEKOTOpHIA-MOMEHT BpeMeHH *) { By as-
M cf Toyka M HaxoguJacb Ha pPacCTOSHHH S OT HayaJb-

o

HOro mnojoxeHuss M,, a B HEKOTOPHIH CJEeAyIOUHH Mo-
MeHT ?-+Af TOuKa oOKasajacb B MNOJOXeHHMH M,—Ha
Puc. 57. paccTosgnuu S-+As OT HayaJbHOro noJoxeHus (puc. 57).
Takum o6pa3om, 3a IPOMEKYTOK BpeMeHH A{ paccTosiHHE §
U3MEHHJOCh Ha BenuuuHy As. B 3tom cayyae rosopdr, uTo 3a mpo-
MeXYTOK BpeMeHH Af BeJMuMHA § MOJyuHJia npupameHde As.

As
PaccMoTpum OTHOLIEHHE A7 OHO JAaeT HaM CPEIHIOI CKOPOCTb
JBHXKEHHSI TOUKH 3a BpeMs Af:

A
Uep=17; - @

Cpenusisi CKOPOCTb He MOXKET BO BceX CJydasX TOYHO OXapakTe-
pusoBaTh GBICTPOTY nepemeineHuss ToukHn M B moment f. Ecau, Ha-
npuMep, TeIO B Hayase NMpoMexyTKa Af nepemeranoch oueHb GHICTPO,
a B KOHIE OYeHb MEIJIEHHO, TO CPeJHSAS CKOPOCTb, OYEBHIHO, HE.CMO-
€T OTPasUTb YKa3aHHBIX OCOOEHHOCTEH JBHXKEHHS TOYKH H JaTh
HaM OpaBHJIbHOE NpeJCcTaBjeHHe 00 HCTHHHOH CKOpOCTH €e IBHXKEHHS

*) 3pech, KaK M B JajibHellleM, KOHKDeTHOE 3HaueHHe NepeMeHHOH MEI GyheM
0603HauaTh TOi ke OYKBOH, UTO M caMy HepeMmeHHylo,



§13 CKOPOCTb NBW)XEHUSA 65

B MoMeHT {. Jlasi Toro yTOGBI TOYHee BHIPa3HUTh 3Ty HCTHHHYIO CKO-
POCTb C NOMOIIbIO CpPeiHell CKOPOCTH, HaA0 B3fTh MEHbIUMH NpoMe-
KyTok BpemeHn Af. HanGonee mosHO xapakTepusyeT CKOPOCTb ABH-
JKEHHUS TOYKH B MOMEHT { TOT npejes, K KOTOPOMY CTPEMHTCS CPERHSA
ckopocTb npu Af—0. DrtoT npenes ¥ HasbBalOT CKOPOCTHIO
ABUXEHHS B AaHHBIH MOMEHT:

as, &)

Takum oGpasoM, ckopocmsto deusceruss 8 OAHHbUL MOMEHM HA3HIBAETCS
npejesl OTHOLIEHUS [pHpalleHUss NyTH AS K NpPHPALIEHHIO BpeMeHH
At, Korza npupauieHue BpPeMeHH CTPeMHTCSl K HYJIO.

Hanumem paBenctBo (3) B paspepHyToM BHAe. Tak Kak

As=F (t+A)—F (8),
TO
_ tim [EFAD—T (@) ’
L 7

d10 M GyJeT CKOPOCTh HEPABHOMEDPHOrO JBMKeHHs. Takum o6pa-
30M, Mbl BHIHMM, YTO NOHSATHE CKOPOCTH HEPaBHOMEPHOIrO ABHIKEHHS
OpPraHHYeCcKH CBSI3aHO C TNOHATHEM npeena. ToabKO € INOMOIIbIO
NOHATHA Mpejesa MOXHO ONpEAeNHTb CKOPOCTb HepaBHOMEPHOrO
JBHKEHHS.

U3 ¢opmyast (3') chiemyer, 4To v HE 3aBUCHT OT NpHPAIIEHUS
BpeMeHH Af, a 3aBHCHUT OT 3HaueHHs1 ¢{ M Xapakrepa ¢yHKuuu f(f).

Mpumep. HallTu cKOpocTh pPaBHOMEPHO YCKOPEHHOrO ABHMKEHHS B NPOM3-
BOJIbHBII MOMeHT { H B MOMEHT /=2 C, €C/Id 3aBHCHMOCTb NyTH OT BpPEMEHH Bbi-
2

paxkaercs (opmyJioi s=%—.

t
Pemenue. B momedT ¢ wumeem s=g2 ; B MOMeHT {-+Afl noayuum

s Aszg(t-;At)2= g (42t At AP)

2
Haiigem As:
3 2 2 3
As = g (242t At} At?) —‘i=gtAt—]- g At .
2 2 2

CoCTaBUM OTHOLIEHHE 2—;:

As_ gt At+(gA22) 1

A At =gl+5 g,

. As 1
no onpejefeHuio uMeeM v= 1 —= li — —
pen v= Jim T=lm (g4ggat)=gt.

Takum o6pa3oM, ckopocTs B J0Goii MOMEHT BpeMeku ¢ paBna v=gt,
Ilpu =2 umeem v|;_p=g-2=9,8.2=19,6 M/c,

3 H.C TNuokynoE, 7. §
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§ 2. OnpepneneHue 1POU3BOAHOM

[Tycte MBI HMMeeM (YHKLHIO
y= f (x)i (l)

onpejeNeHHyI0 B HEKOTOpoM IpoMexyTke. IIpH KaxaoM 3HaueHHU
aprymMeHTa X M3 3TOro npomexyTtka ¢yHKuus y=f (x) uMeer ompe-
JleleHHOe 3HaueHHe,

Ilycte aprymeHT X nOJy4HJ HEKOTOpPoe (MOJNOXKHTENbHOE HJIH
oTpHiaTeNbHOe — Ge3pasanyno) mnpupaimenve Ax. Torma ¢yHkuus y
[OJIYYHT HeKoTopoe npupaiieHne Ay. Takum oGpasom:

NpH 3HaueHUH aprymMeHTa x OyAeM HMeTb y = f (X),

NpH 3HaYCHHH aprymeHTa x4+ Ax 6yaem umetb y +Ay=[ (x4 Ax).
Haiinem npupamenne ¢ynkunu Ay:

Ay=F[(x+Ax)—] (x). @
CocraBHM OTHOLIEHHE NpHpalleHHss (YHKUMH K NpHpaLIEHHIO apry-
MeHTa:
Ay _ F(x+A0)—[ ()
AT A @)
Haiinem npegen sroro orHomenus npu Ax—s 0. Ecan atoT mpepen

CyIlIecTByeT, TO €ro Ha3blBalOT NPOH3BOAHOH AaHHOH QYyHKIHH
f (x) u o6osnauaior f’ (x). Takum oGpasom, Ho onpeaeNeHHIO

, . A
F o9 i
HJIn

Ax—>0

CneznoBarenbHo, npoussodHoll nanHoH GyHKUMH y= f(x) no apry-
MEHTy X Ha3blBaeTCsi MNpejes OTHOLIEHHs NpHpauleHust GyHKuuH Ay
K [pHPAlleHHI0 aprymeHta Ax, KOrja MOCJAELHEE NPOU3BOJNbHBIM
00pasoM CTPEMHTCS K HYJIO.

3ameruM, yTo B OCILiEM CJydYae AJsi KaxJIOTO 3HAYEHHS X MPOU3-
BonHasi [’ (x) HMMeeT onpejeneHHOe 3HaueHHe, T. €, NPOH3BOAHAs
ABNSETCS TakXke QYHKIHEH OT X.

Hapsiny ¢ oGosuauenueM f' (x) Ansi NPOH3BOAHON YHOTPEGASIOTCS

u Ipyrue oGo3HaueHHs, Hampumep ¥’y Yy, d—)yc. KonkperHoe 3naue-

HHe NPOM3BOAHOM NpH x=a oGosHauaercss f' (a) uau y'|,._,.

Onepanusi HaxXoxXKJeHUs NPOH3BOZHOM OT (YHKUUH [ (X) Hasb-
BaeTcs Ougepenyuposaruen 3tofi GOYyHKIHH.

INIpumep 1. Hdana ¢yHxuua y=x?%; HaiiTH ee NpPoOuU3BOAHYIO ¥’}

1) B mpousBOJIbHON TOUKE X,

2) npu x=3.

Pemenne. 1) IIpu 3snaueHuu aprymenTa, paBHoM x; umeeM y=x2, Ilpu
BHAYeHHH apryMeHTa, paBHOM X--Ax; HMeeM y-Ay= (x--Ax)2. Haxoaum mpupa-
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mienve OyHkmun: Ay= (x4 Ax)2—x2=2x Ax-}-(Ax)®. CocraBisem OTHOleHHEe
Ay , Ay _2x Ax-(Ax)?

- _ =2 Ax.

r - Ax Ax x-}—A x. Ilepexoast K mpegneny, HaiiieM NPOH3BOAHYIO

oT panHoil QyHxumu: y’ = lim Y — lim (2x+Ax)=2x. Hrak; npousBopHas
Ax—>0 Ax  Ax oo

OT GyHKINH y= x> B NPOH3BONLHO{ TOUKe paBHa y' =2x.
2) IMpu x=3 noayunm y' | x_3=2-3=6.

IMpumep 2. y=%; Hafity y’,

Pemenue. Paccyxpaas Tak ke, Kak B NpelblAymeM IpuMepe, NOJyYaeMm

y=$s !/+A!/=;_ﬁ'c,
A 1 ___1___‘x—x—Ax_ Ax
A x x(xFAx) x(x+Ax)’
Ay 1
Ax~ x(xFAx)’
T Ay .. . 1 . _l_
Y= lim A= hm, l_ x(x+Ax)]"_ P2

3ameuanune. B mpempiaymem mnaparpade GbIO YCTaHOBJEHO,
UTO €CJIi 3aBHCHMOCTb PAacCTOSIHHSI S JBHXKYIIeHCS TOYKH OT Bpe-
MeHU { BBIpaxaercs Qopmysoit s=f(f), To CKopocTb U B MOMEHT ¢
BhIpaxkaeTcs QopmyJioi

— lim 28— lim 1¢+8)=7T®
At—>0 Al =0 At

CnenoBatenbHo, v=S;=f' (), T. €. CKOpOCTb PaBHa NPOH3BOLHOH *)
OT NyTH N0 BpeMeHH f.

§ 3. leomeTpnyeckoe 3HaueHHe NPOH3BOAHOIH

Mu mozomM K NMOHATHIO NPOM3BOAHOH, paccMaTpuBas CKOPOCThb
JBHXKywerocs TtejMa (TOYKH), T.e€. HCXOAd H3 ME€XaHHYECKHX
npencraBiaeHuii. Tenepb Mbl gaauM He MeHee BaXKHOe TeoOMeTp H-
YeCKOe HCTOJKOBaHHe NMpOou3BOAHOM. HJs atoro HaM mpexnae Bcero
norpebyercss onpenesieHne KacaTeJdbHOH K KpHMBOH B JaHHOMH
TOUKe,

IlycTs MMeeM KpPHBYIO M Ha Hell ¢HKcHpoBaHHYIO Touky M,. Bo3b-
MeM Ha KpuBoii TouKy M, u npoBexem cekymyio M M, (puc. 58).
Ecnu Touka M, HeorpaHH4eHHO NpPHOJIKaeTcst o KPUBOH K Touke M,
To cekymas M,M, 3aHumaer pasiauuHble nosoxenus M M;, MM n
T. A. Eciu npu HeorpaHWuYeHHOM NPHOIMKEHHH TOYKH M, 1O KPHBOH
K Touke M, c n11060% CTOpPOHB CeKyiias CTPEMHUTCS 3aHSTb IO-
JoxXeHHe onpeaeneHHoi npsamod M,T, to mnpsamas M,T Ha3biBaercs

*) Koraa Mbl roBOPHM «NPOM3BOJHAA NO X» N «IPOM3BOAHAdA IO BpemeHnu I»
M T. A., TO TIOA 3THM MBI NOApa3yMeBaeM, 4TO NpPH BHIYHC/IEHHH TNPOH3EBOJHOM Ml
CUHTaeM apryMeHTOM NEpPEMEHHYIO X HJH BpeMs ¢ H T. [.

3*
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KacameabHoll K KpUBO# B Toyke M, (NMOHSATHE «CTPEMHUTCH 3aHATbY
OyZeT YTOUHEHO HUIKE).

PaccMotpuM  dyHKIMIO f (X) B COOTBETCTBYIOULYI0 3TOH (yHKUMH
KpHUBYIO
y=F(x)

B MpsAMOYyroJbHOH cHcTeMe KoopauHat (puc. 59). Ilpu nHekoropom
3HaYeHUH ¥ QYHKUMA HMEeT 3HayeHHe y=f(x). DTHM 3HAYEHHSIM X

Puc. 58. Puc. 59.

M Yy Ha KpuBOil cooTBercTBYyeT Touka M, (¥, y). Jamum aprymenty x
npupawenue Ax. HoBomy 3HaueHHIO aprymeHTa x--Ax cooTBercT-
BYeT «HapalleHHoe» 3HaueHHe O(yHKuMH y-+Ay=f(x+Ax). Coot-
BETCTBYOILEH €My TOYKOH KpuBoH Oyaer Touka M, (x+ Ax, y4-Ay).
[Mpoeegem cexymyio M, M, 1 0603HaYUM dYepes @ yroJi, o6pa3oBaHHbIH
ceKyllell ¢ MOJIOKUTENbHbIM HampaBJjieHneM ocH Ox. CocTaBUM OTHO-
A

1IeHHe —A—i . i puc. 59 Henocpexnctsenno
ycMaTpuBaeM, 4TO

A
=180 ()

Ecnu tenepp Ax GyAer cTpeMHThbCS K
HyJI0, To Touka M, 6yjer nepeMemarbcs
BIOJb KpHBOH, npubamxkasace k¥ M,. Ce-
Kymas M M,; Gyner moBopauuBaThCs BOK-
pyr Touku M, u yroha ¢ GyAeT MeHATb-

Prc. 60, cs1 ¢ usmeHenneM Ax. Ecau npu Ax—0

yroJ @ CTPeMHTCS K HEKOTOpPOMYy mpeje-

Jy o, To npsiMasi, Mpoxoasmas uyepes M,

W COCTaBJsiomasi C TOJIOKHTEJNbHbBIM HalpaBJeHHeM OcH abcuuce

yron a, O6yner uckomoll kacareabHod. HeTpyaHo HafiTu ee yrioBoi
KOo3(pUILHeHT:

/

. . Ay '
tga= lim tgp=lim =< =§' (x).
go=lim tgg= lim 7 ' (x)
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CrnenoBaresbHO,
f' (x) = tg @, (2)

T. €. 3Havenue npouseodnol [’ (x) npu danHom 3HAUEHUU apeymeRma X
PABHAEMCA MmaHzeHcy yeaa, o6pa308aHH020 KacameavHoll K epapury

pynxyuu f(x) 6 coomeemcmsyrowed mouke M, (x, y) ¢ noroxumens-
Holn Hanpasaenuem ocu Ox.

Mpumep. Haitty TaHreHcH yrJjoB HAKJIOHA KacaTeNbHOR K KPHBOH y=x2

B Toukax Mj (1/2, 1/4); M, (—1, 1) (puc. 60).
Pewenue. Ha ocHoBanuu npumepa 1 § 2 umeeM y’ =2x; cjefloBaTeNbHO,

tg al:y’ Ix=1/2= ]’ tg Gzzy' |x=—1=_2'

§ 4. Auddepennupyemoctp GyHKUMIA

Onpeaenenne. Ecan Pynkuus

y=F[(x) 8Y)
HMeeT NpPOM3BOJHYI0 B TOUKE X =X,, T.€. €CJH CYIIECTBYET
lim 3¢ — fjm [tota9—7(9 @)
Ax—>0 X Ax—>0 Ax

TO Mbl TOBOPHM, UTO NpPH JAHHOM 3HAYeHHH X=X, (QYHKuus Ougp-
eperyupyema uaH (4TO PaBHOCHJIBLHO 3TOMY) HMeeT IPOH3BOAHYIO.

Eciu ¢yuruus audxpepennupyema B Kax JZOH TOUYKE HEKOTO-
poro oTpeska [a, b] uaum wuHTepBana (@, b), TO roBOpsT, YTO OHa
OQugpeperyupyema Ha ompeske [a, b] niau COOTBETCTBEHHO 6 uHmMep-
eanre (a, b).

Teopema. Ecau ¢pynkyus y=_f(x) oupdepenyupyema 6 Hexo-
mopoti mouke X=X,, MO OHA 8 IMOL MO4KE HenpepoiHa.

JleficTBHTENBHO, €CJIH

A ,
lim 52 =F' (%),
TO
A ,
-A_!A/C- = f (xo) + Vs
rie 7 €CTb BeJHuMHa, cTpemsmlascs K Hymo npu Ax— 0. Ho Toraa
Ay =]"(xo) Ax+-7Ax;

orciofia caeayer, uto Ay — 0 npu Ax— 0, a 370 ¥ 3HaYHT, 4TO (YHK-
nus f(x) HenpepbiBHAa B Touke X, (cM. § 9 ra. II).

Takum obpasoM, B TOYKaxX paspbiBa PyHKIHA HE MO-
JKEeT MMeThb Nnpou3BoaHOI. OGpaTHoe 3aKJiOueHHE HEBEPHO,
T. €. 3 TOTO, YTO B KakOi-HHOGYAb Touke X = X, GyHkuus y=7f(x)
HenpephiBHA, €ile He cCJeJyeT, 4To B 3Toi TouKe OHa audbepen-
pupyeMa: QyHKuus f(xr) MOXKET H HE HMETb IPOM3BOJHOH B TOUKE X,.
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IOast Toro uToObl YGEIHTBCA B 3TOM, PACCMOTPHM HECKOJBKO MpH-
MepOB.

Mpumep 1. Oyuruus f(x) onpegenena na orpesxe [0, 2] crepyromum
oGpasom (puc. 61):

fx)y=x mpn 0<<xr<<l,
f(x)=2x—1 mpr 1 < x<<2.

dra ¢yHKUuA npn X=1 He uMeeT NPOU3BOJHOH, XOTS M HENpepLHIBHA B 3TOH TOUKeE.,
HelictBurenbHo, npu Ax > 0 umeem

lim JOEAOTM) g RAFAY—N—[21-1 %__-2‘
Ax—0 Ax Ax-0 Ax Ax—0 Ax
npu Ax < 0 nonydaem
fim LAEAD—FM) o (AL g Ax
Ax—»0 Ax Ax—->0 Ax Ax—>0 Ax

TakuM o6pasoM, paccMaTpuBaeMblil npefel 3aBHCHT OT TOTO, KaKOB 3HaK Ax, a 3To
3HAuMT, 4YTO B ToYKe x==1 (QyHKuus He uMeeT mnpousBojHoi *). 'eoMeTpuyecku

Puc. 6l. Puc. 62.

3TOoMy COOTBETCTBYeT TOT (akT, 4TO B Touke x=1 JaHHasfi «KpuBasi» He uMeeT
onpeJeJeHHOR KacaTeJbHOHR.
HenpeprBHOCTE ke GyHKIHHM B TOuKe x=1 cieayer H3 TOro, uTo

Ay=Ax npu Ax <0, Ay=2Ax npu Ax >0,

u, CJeAoBaTesbHO, B o6oux cayyasx Ay—-0 mpu Ax—0.

IMpumep 2. Oyuknusa y= %/7, rpaguk KOTOpO#i wu30o6paxkeH Ha puc. 62,
omnpenesNeHa ¥ HempephiBHA Il BCeX 3HaueHuir He3aBHCHMOH nepeMmeHHOH. Brisic-
HuM, uMeeT Jiu 3Ta (YHKIHUS TPOU3BOXHYIO npH x=0; AJas 3TOrO HaiifieM 3Haye-
Hust ¢yHkuuu npu x=0 # npu x=0-4-Ax; npu x=0 umeem y=0, npu x=0-}Ax
HMeeM y-+-Ay= ]3/ Ax. CnezosarenpHo, Ay= ;/Ec

Hafizem mpegfen oTHOmeHust NpupaieHnsi GyHKIHH K NPUpaNEHHIO apryMeHTal

3/ Ax

Ay : 1
lim ——= lim ———= lim ——== |00,
Ax—»0 AXx  Ax»o0 Ax Ax—>0 i/sz

o Ay
*) Ilo ompegeseHuI0 TPOU3BOXHOH TpeGyeTcs, 4TOGHL OTHOLIEHHE -A_i cTpe-

MuJoch npH Ax —» 0 K OJHOMY ¥ TOMY 3Ke Hpellely He3aBHCUMO OT TOTO, KAKUM
06pazom CTpeMuTCs K HyJ0 Ax.
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TakuMm 06pa3oM, OTHOWIEHHE NpHUpameHuss QYHKUMM K NPUPAEHHI0O apryMeHTa
B Touke x=0 cTpeMuTca K GecKoHeuHOCTH npn Ax —s 0 (4, 3HAuuT, Npejesa He
umeer). CnenoBaTesnbHO, paccMaTpuBaeMas @yHKIuSA He AuddepeHlupyeMa B TOUKe
x=0. KacatenbHass X KpHBO# B 3TOii Toyke oGpa3yeT ¢ OCbi0 abcuucc yroa /2,
T. €. coBnagaer ¢ ocbio Oy.

§ 5. MNpoussopnasa oT QyHKUUH Y= X"
NpH 72 LeJOM H TNOJOXHTEJbHOM

Jns HaXoxjaenus NPOU3BOLHOH OT JaHHOH byHKunu y=f(x),
HCXOAs U3 OOGLIEero OnpenesNeHHs] NPOU3BOAHON, HEOOXOAMMO NpPOH3-
BECTH CJIEAYIoUiHe JEeHCTBHS:

1) natb aprymeHTy x npupaumenue Ax, BHIYHCAUTD HapalleHHOe
3HayeHHe QYHKIHHU:

y+A8y=f(x+Aax);
2) HafiTH COOTBETCTBYIOLIEE NpHpalleHHe (yHKLHU:
Ay =F(x+Ax)—F (x);

3) cOCTaBUTb OTHOLIEHHE NpupaieHus (PYHKIHHM K NPHpaLleHHIO
apryMeHra:

Ay _ fx+A9—F(9,
Ax Ax ’

4) HaliTM mpejgesl NaHHOTO OTHoweHus mpu Ax— 0:

g = lim 2% _ fjm [G&EM =)
Ax—>0 BX  Ax—>0 Ax

Mul npumeHuM 31ech W B CJeqyIOMIMX maparpadax 3TOT obuiui
crnoco6 A/ BHIYUCJAEHUS MPOU3BOAHBIX OT HEKOTOPBIX 3J€MEHTapHBIX
GyHKIUHA.

Teopewma. I1poussodnas ¢Gyuxyuii y= x", ede n—uyeroe noao-

HUMEAbHOe 4UCR0, PasHa nx"~!, m. e.
ecau y=x", mo y' =nx""1, 4))
HokazarenbcTBo. Mmeem dyHKuUIO
y=x"
1) Ecmu x noayuyaer mpupamesue Ax, TO
Y442y =(x+Ax)".

2) Tloab3ysce qopMydoii 6uHoMa HbloTOHa, Haxoaum
Ay = (x4 Axyr —xn =

=x"—}—-’ll x"‘le—l—'—z(nT;ﬂx"‘z Ax34 ... 4+ (Ax)r—x»
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HJIH

n(n—-—l)

Ay=nxn—1Ax+—-— x""2 (Ax)*+ ... 4+ (Ax)".

3) HaxomuMm orHOmIEHHE
A - —1 _ -
—A—i= nx" 1—l—n—(';fflx" PAxH .. (Ax)"N
4) HaiineM npenen 3TOro OTHOIIEHHSA

y = lim AY _ fim [ruc"'l—!—M x""2Ax+ . (Ax)nT 1]

A0 A% Axso
crenoBaTesibHO, y' =nx""1, yro H TpeGOBaNOCh AOKa3aTb.

ITpumep 1. y=xb, y—5x5 1—5x4

T 101

—_ nxn -l,

Mpumep 2. y=x, y' =1x2—1, y' =1. ITocienHnii pesynbTaT HMeeT HpocToe
reOMeTpHUYECKOe HCTOJNKOBAHME: KacaTe/lbHas K NPAMOH Y=x HIpH JI060M 3Hauye-
HUH X COBHAjaeT C TOR IMPAMOA M, CJIEAOBaTebHO, 06pPasyeT C HONOXKHTEJbHEIM

HanpaBneHueM ocu Ox yroJ, TaHreHC KOTOpOro paseH 1.

OtmernM, uto dopmyna (I) BepHa H B ciyyae n ApOGHOrO H OT-

punarejbHoro. (1o 6yzeT RoKasaHo B § 12

Opumep 3. y=V *.
IpeacTaBuM JaHHYIO GYHKLHMIO B BHAE CTENEHW:

y=x'%
Toraa no gopmyse (I) (YUuTHBasf TOJBLKO 4TO CHEJAHHOE 3aMeYaHue) IoJyyaeM
—-1
74 =% x?
HJIH
y=—
2V %
1
Npumep 4. y= =.
p pty V=
IMpeacraBum y B Buje crenennéit GyHKmuu:
y=x"372,
Torna
/= 3x--:_-1——_ix-?5.—.—__3—.
Y 2 2 22 x

§ 6. IMpoussopubie oT PyHKUMI y=sinx; y=cosx

Teopema 1. ITpoussodnas om sin x ecme cos x, m. e.

ecau y=sinx, mo y' =cosx.

(In
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Hdokazarenbctpo. [JaauM apryMmenTy x npupauleHne Ax;
Toraa

1) Y+ Ay =sin(x+ Ax);
2) Ay =sin(x+Ax)—sinx=2 sinx+A2x_x cosx+A2x+x=

.. Ax Ax\ |
=2sin ——C0s (x+—2—) ;

. Ax Ax Ax
3 _A_y_—2sm—2—cos(x—l——2—>_sinT o x—]—éf-)-
Ax Ax - Ax ¢ 2/
2
sin H—
Ay s 2 . Ax
4 = lim == = lim - lim cos <x+—)
) v Ax—0 Ax Ax—>0 %’ﬁ Ax—>0 2/
HO TaK Kak
. Ax
Sin =~
lim =1
Ax»0  Ax ’
2
TO

= lim cos (x—i—%_f) =Cos X.
Ax->0

IMocnennee paBeHCTBO mMoJiyuaeTcss Ha TOM OCHOBaHHM, 4TO COS X
ecTb HenpephbiBHas (QYHKIHA.
Teopema 2. IIpoussodnas om cos x ecme —sinx, m. e.

ecau y=cosx, mo y' =—sinx. (I11)
HokaszartenbcTBO. J[aguM apryMeHTy x npupauieHue Ax,
TOrAa
y+ Ay =cos (x+Ax);

—x . A
x+A2x xsmx—[— 2x—[-x=

Ay =cos (x +Ax) —cosx = —2sin

= —2sin2sin (x J,-%’—‘-) ;

2
sin Ax
Ay _ 2 A_)
Ax T ThAx sin (x+ 5 )
2
sinB%
Ay . Ax . . f Ax
*— lim 2 = lim —— sm(x ——):——lxm sm(x —);
y AA—»OA Ax—>0 [_3.'\_ + 2 Ax—>0 + 2

2
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VUHTEHIBasl, 4TO SiNX €cTb HempephiBHasg (YHKUHSA, OKOHYATENbHO
NOJIYYHM

Yy =—sinx.

§ 7. MpounssogHble NOCTOAHHOIN, NMPOU3BENEHHS NOCTOSHHOM
Ha (yHKUMIO, CYMMBbl, NIPOM3BeJeHHSI, YacTHOro

Teopema 1. IlpoussoOnas nocmosuwol pasHa Hyawo, m.e.
ecau y=C, e0e C=const, mo y =0. (1V)

HNoxasarteabcTBo. y=C ecTb Takasi (QyHKUHS OT X, 3Haye-
HHSA KOTOpOH mpu Bcex x paBHbl C.

CrenoBaTesbHO, MpU J0GoM 3HaueHHH x y=f (x)=C.

Hanum aprymenty x npupamenne Ax (Ax==0). Tak kak ¢yHk-
Mg y coXpaHserT 3HayeHHe C NpH BceX 3HAYEHHSX apryMeHTa, TO
y+Ay={f(x+Ax)=C. 3nauut, npupamenne GyHKUUH paBHO Ay=
=f (x+Ax)—f (x) =0, oTHoweHnne npupamenusi QyHKIMH K NpHpa-

INEHUIO apryMeHTa Ay

. Ay
g =0, u, crepoarensio, y' = lim = =0, 1. e.

Ax—>0 Ax
y' =0.

TNocneanuit pesysbTaT HMEET MIPOCTOE TeOMETPHUYECKOE HCTOJKO-
Banue. I'pajuxkoMm ¢yHkuuu y=C CAyXKUT npsMas, napajieibHas
ocu Ox. KacaresbHasi K rpaguky B J0G0OH ee TOYKe, OYEBHUJHO,
COBNajaeT ¢ 3Toi mnpsMo#l M, CcJefoBaTeJabHO, oGpasyer ¢ ocvio Ox
yroJ, TaHI'eHC KOTOpPOro Yy’ paBeH HYJIIO.

Teopema 2. [locmoanubul MHOJNCUMENRb MOJNCHO 6bIHOCUMb 3G
BHAK npoussodHoti, m. e.

ecru y=Cu(x), ede C=const, mo y =Cu (x). (V)

JoxasatenbcTBo. Paccyxpaasg Tak ke, Kak H NpH J0Kasa-
TeJIbCTBE NpeAblAyILell TeopeMbl, GyZeM HMETb:
y=Cu(x), y+Ay=~Cu(x+Ax),
Ay=Cu(x+Ax)—Cu (x)=Clu(x+ Ax)—u (x)],
Ay c (x+Ax)—u (x)
- Ax ’

Ax
y = lim %=C lim u(x—}-—Aﬁ—_u_(x_)’ T. e. y' =Cu’ ().
Ax—>0 Ax—>0
INNIpumep 1. y=3 V!;
0 ’ __1_ ! 1 —-i--l -i
y'=3( 1/1.;> =3 (x 2) =3<——2-)x 2 =——%x 2’
T. €
, 3
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Teopema 3. IIpoussodnas cymmoel KoHeuHozo uucaa Ouggepen-

yupyemoix QyRKUUL pasHa coomsemcmeyouiell cymme NpoU3OOHbLL
amux QyHKyuil *).
Hnst cnydyass, HanpuMmep, TPeX CJaraeMbelX HMeeM

y=u(X)+o(@)+w ), y=u x)+ov @+ x®. VI
IokasaTenbcTso. [as 3HaueHHil apryMeHTa X
y=utvtw

(aprymeHT x B 0603HAa4eHMH (QYHKIHMH AJ5 KpaTKOCTH NuCbMa OIy-
cKaem).

Jia sHaueHHst aprymeHTa x-Ax umeem
y+Ay= (u+Au) 4 (v+Av) 4 (w 4 Aw),
rne Ay, Au, Av u Aw—npupamenuss GyHKUME y, U, U 1 W, COOT«
BETCTBYIOLIHe NpHpaieHnio Ax aprymenra x. CrepnoBaTesbHO,

_ Ay  Au , Av | Aw
Ay =ButBo+Aw, o=+ g +a
. Ay . Au . Av . Aw
'=lim =% = lim —+4 lim —— 4 Jim —
y Ax—>0 Ax Ax—>0 Ax +Ax—>0 Ax +A -0 Ay
HJH

y'=u (x)+v () +w (%).
MMpumep 2. y=3x4—31-/—1—;~,
y"=3<x4)'—(x'7> =3-4x3—(—§) P

1

xy/ %

Teopema 4. [Tpoussodnas om npouseedenus 0syx Oudgpeper-
yupyemolx Qynkyull pasia npoussedenuro npou3sodnol nepeott pyHK-

yuu Ha emopyro QYHKYU nanc npoussedeHue nepeoll ynkyuu Ha
npouseodHyro om eémopoll pynkyuu, m. e,

¥ = 12x3—|-%

ecru y=uv, mo y' =u'vtuv'. (VII)

*) BupaxeHune u (x)—v(x) paBHOCHABHO y=u (x)4+(—1)v(x) 1 ¥ =

=)+ (=) v W] =a’ @)+ 0 () =1 () — ' ().



76 NMPOU3BOAHAA U IUPOEPEHUNAN fri. 1

HokasartennbcTBo. Paccykpasi, Kak M NpH JOKasare/bCTBe
NpeAbIAYILed TeopeMbl, NOJYYHM
y=uv,
y=+Ay = (u+Au) (v+Av),
Ay=(u-+Au) @+ Av)—uv=A~Auv+ uAv+ Au Av,

Ay  Au Av Av
-U———v-l-u—-{—Au ,

lim 2% — 1im 2% v+ lim 2224 tim Au
y Ax—>0 Ax Ax—>0 A Ax—>0 Ax + AL—>0
( lim 2” )v—}-u lim =2+ lim Au lim <2
Ax—0 Ax—>0 A Ax~>»0 Ax—>0 A

(Tak Kak # ¥ U He 3aBHCHT OT Ax).
PaccmoTpuM nocJiefHHi y/leH B NPaBoOH 4acTH

lim Au lim 2"
Ax—>0 Ax—>0

Tak kak u (x)—uddepeduupyemast QyHKUHs, TO OHa HempepHBHA.
Cnenosaresibho, lim Au=0. Kpome Toro,
Ax—>0 Ao

lim = =0’ 5 o0,

Ax—~>0
Takum o6pasoM, paccMaTpuBaeMblil 4JieH paBeH HYJO, W Mbl OKOHYa-
TeJbHO mnosyyaeM y' = u'v-uv’. Ha ocHoBaHMHK JOKa3aHHOH TeopeMbl
JIETKO MOJIy4aeTcsl npaBuJio AuddepeHiiipoBaHu s1 NPOU3BEAEHH A MobOTO
yncaa QyHKUHi.

Tak, ecnu MmeeM npousBelieHne Tpex QYHKUHN Yy = Uvw, To, Npes-
CTaBJAsl MpaByl0 HaCTb KaK MDOW3BEJEHHE U M (vw), noJy 4hM
Yy = u' (vw) + u(vw) =uv'vwtu@'wt+ow’)=u"vw -+ uv'w+ uvw’,
Takum npueMoM MOXeM NOJYYUTb aHAJOTHUHYIO GOpPMyJy IS NPOU3-
BOJAHOHA TNpou3BeneHHS Jo6oro (KoHeuyHoro) uucnaa ¢yHkiui. Mmenno,
€CIH Y=1UlUy ... U,, TO

Y =Ully cos Uy ylly-FUslly oo Uy Uyt FUl, oo U, Uy,
INIpumep 3. Ecau y=x2sinx, To

y' = (x%)’ sin x-- x2 (sin x)’ = 2x sin x+ x2 cos x.
TMpumep 4. Ecm y=V xsin xcosx, 10

y =(V %)’ sin xcos x + ¥ x (sin x)’ cos x4V x sin x (cos x)! =

=2V1._ sin x cos x4 xcos xcos x+ YV xsin x (— sin x) =
X
1 —_ sin 2x
= —sin xcos x+ ¥ x (cos? x—sin? x) = — X €OS 2x,
S Vi )=tV

Teopema 5. ITpoussodnas dpobu (m. e. wacmuozo om OeseHus
deyx ynkyuil) pasna 0pobu, y Komopoli 3Hamenamenv ecmo Keadpam
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sHameHamens OanHoil Apobu, @ 4uCAUMENb ecrmb PASHOCTL MEHOY
npousgedexuem 3HAMEHAMEN HA NPOUBOOHYIO HUCAUMENR U npou3ee-
Oeruem uucaumers HA NPOU3BOOHYIO 3HAMEHAmMEAs, m. e.
u u'v—uv'
ecau y=—, mo Yy =—p7p—. (VIII)
HokasareanbcTBo Ecau Ay, Au u Av cyTs npupameHus
dbyHKuMi y, 1 ¥ v, COOTBETCTBYIOIHE NPHpAaIleHHI0 Ax apryMeHTa ¥, T

u-t+Au

y+Ay =777
Ay— utAu  u vAu—uAv
v-+Av v v(+Av) ?
vAu—ulv -A—uv—u'éﬂ-
Ay Ax _ Ax Ax
Ax T v(oFAY)  v(vtAv) ?
-A—uv—-uézi— v lim —A—u—u lim Ao
yl= lim _A_y_= lim Ax Ax — Ax -0 Ax Ax - 0 Ax
Ax >0 DX Axso U(oAY) vAgi_n:o (v+Av) )

Orciona, samerus, 4To Av— 0 nmpu Ax — 0 *), noayuyaem

,_ wo—uw'
y=—p—":
Mpumep 5 Ecm y= s
,__(x%)' cos x—x3(cos x)’ _ 2x%cos x-}-x®sin x
y= cos? x - cos? x :

3ameuanue. Ecau uMeeM GyHKUHIO BHA2

rae sHameHatenb C ecTb NoCTOsiHHAsA, TO, AuddepeHuHpys 3Ty DyHK-
M0, HeT HajgoGHocTu mnpumensaTs ¢opmyay (VIII), a nenecooGpas-
Hee mpuMeHATb Gopmyay (V):

, 1 ’ 1, u’
y=\¢ct") =cv=7c"

Koneuno, sToT pesysbTar moaydaercs u no copmyae (VIII).

=

’
Npumep 6. Ecan y=co7.ﬂ’ 10 Y’ = (CO;JQ o six;x .

*) Alim 0Av=0, TaK Kak v (x) —Auddepennupyemas u, cJIeL0BaTe/IbHO, HENpe-
X =
pbiBHAas QyHKHHUS.
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§ 8. TNpouzeoxHas JorapupmuuecKod yHKUHH
Teopewma. I1poussodnas om pyrxyuu log, x pasra Ti' log, e, m. e.
ecau y=log,x, mo y = 71{ log, e. (IX)

HokasateabcTBo. Ecau Ay ecTb npupaiieHue (QYHKUHH
y=log, x, COOTBETCTBYyIOIlee NpHpalleHuio Ax -apryMeHra x, TO

y+Ay=log, (x+Ax);
Ay=1log, (x+ Ax)—log, x =log, xtAr_

20— Llog, (1 +é-j) .

YMHOXKHM U pa3jieIMM Ha X BbIpa)keHHe, CTOsilllee B NMPaBOH HacTH
NOC/EIHEero PaBeHCTBA:

Ay 1 Axy 1 x/Ax

i TAx log, (1 +—x‘) = log, (1 +—= )

OGo3HauuM BeJHUHHY éx)—c yepe3 a. OuesnzpHo, o — 0 npu Ax—0 u
nanHoM x. CnegoBaresibHO,

& _ 1 og, (1+aye,

logﬂ(l +%) ;

Ho, kak usBectno (cM. § 7 ra. 1I),

lim (14a)/=e,
a—0

Eciu ke BolpaxeHHe, crosinee nojJ 3HaKoM Jjorapudma, cTpeMuTCS
K udcay e, TO JjorapudM 5TOro BbIpaXKeHHs CTpeMuTcs K log,e
(B CHJIy HenpepuBHOCTH Jorapugmuueckoit gpyuknun). [Tostomy oKoH-
YaTeJbHO MOJyYaeM

Y VR 1
y'= lim A= O1‘1_n’10 = log, (1 o) =—log, e.

1
3amerus, uTo log, =1, noJyueHHYIO GOPMYJy MOXKHO NEPENHCaTh
TaK: ' =~ —
Y =% Tha-
OrMeTHM BaKHBIH 4YacTHBHIA cJyuyail 3Toil (OPMyJIBI: ecan a=e,
T0 Ina=Ine=1, 1. e.

ecau y=Inx, mo y'=—}c—. (X)
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§ 9. MNpoussoanas 0T CHOKHOH (PYHKUUH

ITycte pana cnoxnaa ¢ynkuus y=f(x), T. e. Takas, 41O ee
MOXHO NPEACTaBHTb B CJEAYIIEM BHIE:

y=F @), u=¢()

wi y=F[@p(x)] (cm. rn. I, § 8). B Buipaxkenun y=F (1) nepe-
MEHHYIO 4 Ha3bIBAIOT NPOMENCYMOUHIM QP2YMEHIMOM.

YcraHoBuM mnpaBuJio auddepeHIy poBaHHS CJIOXKHOM (YHKIHH.

Teopema. Ecau ¢ynxyua u=q@ (x) umeem 8 HeKomopoli mo4-
Ke x npousgoOuyn u,=@' (x), a ¢ynrxyus y=F (u) umeem npu coom-
sememeyowem 3HadeHul u npoussodnyr y,=F'(u), mo cromnas
pyuryus y=F[@(x)] 6 yxasauuoli mouxe x maxice umeem npous-
800nyw0, Komopas pasHa Y.=F; (u) ¢’ (x), 20e emecmo u dorxro Goimo
noocmasaeno eoipascerue u=q (x). Kopomxo,

Y= Yul,

m. e. npoussoOHas CAOKHOL PYHKYUL pABHA NPOU3BEOEHUI0 NPOU36E0-
HOU OQHHOU (YHKYUU NO NPOMEICYMOUHOMY APSYMEHmY U HA NpPous-
BOOH IO NPOMENCYMOYHO20 AP2YMEHMA RO X.

Hdoxasatenbctso. [IpuonpenenenHoM 3HaueHUH x 6yaeM HMETh

u=¢(x), y==Fr(u).
[Tpn HapameHHoM 3HaYeHHH aprymeHta x-+Ax
utAu=g(x+Ax), y+Ay=F (u+Au).

Takum oGpasoMm, npupameHHio Ax COOTBETCTBYeT Npupamenue Au,
KOTOPOMY COOTBETCTByeT mpupaienue Ay, npudeMm npu Ax —- 0 Gyger
Au—0u Ay— 0,
ITo ycnoBuio
. Ay ”
lim ==y,
Au—>0 Au Yu

VI3 3TOro cooTHOlEHHUS, MOJb3YACh ONpefeseHHeM Npeaea, noJyyaeM
(mpu Au = 0)

= yita, )

rie o —0 npu Au— 0. Tepenumem paBenctBo (1) Tak:
Ay=y,Au+tcalAu. 2)

PagenctBo (2) cnpasefiuBo ¥ npu Au=0 npu npous3BoJLHOM &, TaK
Kak oHO mnpespamaercsi B ToxzaecTBo 0=0. IIpu Au =0 Gyaem nona-
ratb o =0, Pasjenum Bce uneHbl paBeHCTBa (2) Ha Ax:

Ay , Au

Au
A= Ve nr %A G
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ITo ycnoBHio llm %_u,‘, lim a=0. [lepexoas K npeneny mnpH
Ax Ax—>0
Ax—0 B paBeHCTBe (3), moayuum

Yy = Yulls. 4)

Mpumep 1. Iycrs aana dyuxuus y=sin (x?). Hafizem Y. Jaunyio GpyHk-
LHIO TpEACTaBUM KaK qyynxumo oT ¢yHKOMH CJeAyIOWHM 06pasoM: Y= sin u,
u=x%. Haxonum yu__cos u, uy=2x. CaefoBaTeasHo, no dopmyJe (4) yxu yuux_
= cos u-2x. ITopcrasnsisi BMECTO 4 ©TO BHIPaXKeHHe, OKOHYATENBHO TOJydYaeM
Y= 2x cos (x2).

NMpumep 2. Mana ¢pysruns y=(In x). Haiigem s

llaxmyxo (GYHKIMIO NpeicTaBuM cnenyroumM obpasom: y=u3, u=Inx, Haxo-

InM y, =3u?, uy= = CrnenoBarenbno, yy=3u? == 3(Inx)®—

Ecaun dynkuus y= f (x) TakoBa, 4TO ee MOXKHO NPEACTaBHTDb B BHJE
y=Fu), u=9@), v="y(x),
TO HAXOXJEHHE MPOU3BOAHOH Y, MPOU3BOJUTCS NyTeM MOCJIEAOBATENb-
HOrO NpHMEHEHHs NpeAbIfylIed TeopeMbl.
ITo poxajaHHOMY NpaBHy HMeeM Y= yuur HpuMeHﬂﬂ 3Ty XKe
TEOpeMy IS HAaXOXIEHHS u,, OyJeM HUMeTb u,= u,v,. IloicraBass
BhIpaxK€HHe u; B NpPEAbIAyLiee PaBEHCTBO, NOJyyYaeM

Y= YulkoUs ®

= Fu () @, (0) b ().

INpumep 3. Maua cpyHKupm y=sin [(In x)?). Haiizem yy. Tpeacrapum Aan-
HyIo cbym(umo caiefyromuM o6pasoM: y =sin u, u=0% v=Inx. Haxonmi y,,_cos u,
uy=32, vy=1/x. CuegoBateapno, mo (opmyse (5) monyuaeM yy= YultoUx =

1
= 3 (cos u) v? — 7 WIH OKOHHaTelbHO yx=cos [(In x)*}-3 (In x)? i 3ameruM, u4To
paccMoTpeHHas GYHKIHs OnpefeseHa TOMAbKO mpH x > 0.

W

§ 10. Mpoussonpubie dpyHkuuit y=tgx, y=ctgx, y=1In|x|

Teopema 1. Ilpoussodnas om Qynrxyuu g x pasna oy M
1
ecru y=tgx, mo y’=c-(m (XI)
JdokaszarteabcTBo. Tak Kak
__sinx
~ cosx ?

TO MO NpPaBHIY nmpcpepeﬂunpoaaﬂnﬂ: apodu [em. popmyay (VIII) § 7]
NoJIyyaeM

(sin x)’ cos x—sin x (cos x) €OSs x cos x —sin x (— sin x)
y cos? x cos? x

_cos®x+4sin*x 1
cos? x T cos?x”
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TeopeMma 2. J1pouseodrnas om ¢pynrkyuu ctg x pasna —-g—l-—

5 M€
1
14
ecau y=ctgx, mo y'=— 5. (XII)
COS X
JdokxasareabcTBo. Tak Kak y= e’
s _ (cosx)’ sinx—cosx(sinx)’ = —sinxsinx—cosxcosx _
y= sin? x - sin® x -
_ sin®x+4cos?x 1
- sinfx ~  sinix’

Mpumep 1. Ecm y=tgV %, 10

, 1 - 1 1
= —— X) == ——=
y coszl/'x(y- ) 2V xcostV x
Npumep 2. Ecmn y=Incigx, 10
1 A 12
y= clgx (ctg %)= ctgxk—sm%)_“cosxsinx'——smk'

Teopema 3. IIpoussodras om pyunxyuu In|x| (puc. 63) pasra
1/x, m. e.

ecau y=In|x|, mo y =1/x. (XHI)

IokasaTtenbcTBO. a) Ecit x>0, 1o |x|=x, In|x]=Inx
n nostomy y' = 1/x.

6) Ilycte x <0, Toraa | x|=— x. Ho In| x| =1n(— x). (3ameruwm,
uyto ecan ¥ <0, 10 —x>0.) IlpeacraBum dynkunio y=In(— x)

y
y=Injz|
: :
~z* -1\0o| /1 z* »
Puc. 63.
KaK CJIOXHYI0 QYHKIHIO, NOJNIOXHB Yy =Inu, u=— x. Toraa y,=y,u,=

1 1 1 .
= (—D= — —1= = Hrak, nns oTpHuATEeNbHHIX 3HAYEHHH X

TaKXX€ HMeeT MecTo paBeHCTBO y,= l/x. CnenosarenabHo, ¢opwmy-
aa (XIII) nokasana mas moGoro sHaueHust x=0. ([Ipu x =0 dpyuk-
mua In| x| He ompeaeneHa.)
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§ 11. HesaBnas ¢ynxuus u ee auddepeHuuposanne

IlycTh 3HaYeHHS] ABYX NEPEMEHHBIX X M Y CBsi3aHbl MeXAy coboi
HeKOTOPBIM YypaBHEeHHeM, KOTOpPoe MBI CHMBOJIHYECKH O0O3HaUHM TaK:

F(x, 5)=0. (1)

Ecan ¢pynkuns y=f(x), onpeneyeHHast Ha HEKOTOpoM MHTepBae (a, b),
TakoBa, 4To YypaBHeHHe (l) mpu MNOACTaHOBKE B HEro BMECTO Y
‘6/ 3

7

~a 4 z

N ]
L4 v a z

Puc. 64. Puc. 65.

BEIpaXkeHHs [(x) o6pamiaeTcs B TOXKIECTBO OTHOCHTENBHO X, TO QYHK-

musi y=f(x) ecTp HeasHas ¢yukyus, onpeieseHHasi ypaBHeHueM (1).
Tak, HanpuMep, ypaBHEHHE

X+ y*—a*=0 2)

HesIBHO OMpejiesisieT C/IeAyIoLue 31eMenTapHble QyHKuuu (puc. 64 u 65):
Yy= Va2 —x? ’ (3)

y=—Va —x=. “)

HeficTBuTENbHO, NMOCJE NOACTAHOBKH B ypaBHeHHE (2) 3TMX 3HAYEHHH
NoJiy4yaeM TOXJECTBO

x4 (@ —x?)—a2=0,

Buipaxkenuss (3) u (4) nosyuHJHCh TyTeM pelleHusi ypaBHeHus (2)
oTHocHTeNbHO Y. HO He BCsIKYI0 HesiBHO 3ajaHHYI0 (GYHKIHIO MOXKHO
NpeACTaBUTb $BHO, T. €. MOXHO MNpEACTaBHTb B BHAE y= [(x)*),
rie f(x) ectb sjemeHTapHas (QyHKUHSA.

Tak, HanpuMep, QyHKIUH, 3aJJaHHEE YPaBHEHUSAMH y°— y—x2 =0

WM y—x—- sin y =0, He BEIpaXKaIOTCS Yepes 3/eMeHTapHbIE QyHK-

LMH, T. €. 5TH YPaBHEHUS HeJb3s Pa3peliuTbh OTHOCHTENLHO Y.
3ameuanue 1. OTmeTHM, 4YTO TEpMHHBI «sBHasi (QYHKUHS» U
«HesiBHasi QYHKUHS» XapaKTepPHU3YIOT He NPUPOAY (YHKIHH, a cnocod

sajanus. Kaxpasa siBHass ¢GyHKuMA y=f(x) MOXKeT GHITb HpeiCTaB-
JeHa W Kak HesiBHas y—[ (x)=0.

*) Ecan QyHkuua 3ajgana ypaBHeHueM BHAA y={ (x), TO roBopsT, YTo QyHKe
HUS 3aJaHa B A8HOM 6ude HJIM SIBJIACTCS ABHOU,
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VkaxeM, Jajee, TNPaBUJIO HAXOXKJEHHS INPOM3BOJHOH HesIBHOH
¢yHKuuH, He npeo6pasoBbiBasi ee B SBHYIO, T. €. HE NpPEACTaBJAA
B Bue y="_(x).

HonyctuM, 4TO (YHKIMA 3aJlaHa YpaBHEHHeM x*+ y*—a?*=0.
Ecau 3gech y ectb GYHKUHMA OT X, ONpejelsieMas 3THUM DaBEHCTBOM,
TO 3TO PaBEHCTBO €CTb TOXKAECTEO.

Juddepennnpys obe 4acTH 3TOro TOXK/JECTBA MO X, CUHTasd, YTO Y
ecTb (YHKIHS OT X, NOJAYYHM (MONb3YSICh NpPaBHIOM AH(dEepeHIHpOo-
Bauusl caoKHOM OyHkuun) 2x+42yy =0, otkyna y = —x/y.

3ameTum, uTO ecau Obl MBI CTajaH AubdepeHnupoBaTh COOTBETCT-
ByIOIYI0 SIBHYIO (yHKUHIO y=l/a2—-—x2, TO mnoayuuan Ol Y =
=——2 =% T e. TOT Xe pesyJbTaT.

Va—x Y

PaccMoTpuM ellie OAMH NpPHMep HesBHOH (QyHKIMH y OT x: y°—
— y—x2=0 : 6y —y —2x=0

y—x . Nudgepeniupyem mo x: 6y°y'—y x =0, oTkyaa

2x

’
y = 6 —1 °

3ameuaHue 2. M3 npuBeneHHbIX NPHUMEPOB CcJeAyeT, 4YTO AJsS
HAXOX/IeHHs] 3HAUEeHHsI NPOM3BOJHOH HesBHOM (QYHKUMH NpPH AaHHOM
3HaueHMH apryMeHTa X HYXXHO 3HaThb M 3HaueHHe (QYHKIHH Y NpH
JIAHHOM 3HauyeHHH X.

§ 12. MpoussoxHbie cTeneHHOH (GyHKUHH
npu Jo6oM JeHCTBHTENbHOM IOKa3aTele,
NoKa3aTeJbHOH (YHKUHMH, CJIOKHOH NOKa3aTeJbHOH (QyHKLHH

Teopema 1. [Ipoussoduas om ¢ynkyuu x*, 20e n—awboe
delicmeumenbHoe 4uca0, pasHa nx"~t, m. e.

ecaw y=x", mo Yy =nx""1 1"
HoxkasateanctBo. Ilycte x>0. Jlorapudgmupys AaHHYIO

¢yHkiuio, Gyiem uMeth Iny=nlnx.
Huddepenimpyem o6e’ YacTH MOJIyYEeHHOTO paBeHCTBA IO X, CYUH-

I .Y 1 ’ 1
tafg y QyHKuHeHd or x: G=hEs Y=g IMoacraBass  cioaa

3HaueHHE y=X", OKOHYATeJbHO mosnyyaeM y'=nx""1. Jlerko noxasats,

yro 3Ta QopMysa BepHa U Aas x < 0, ec/u TOJBKO X” MMeeT CMbica *).

Teopema 2. I[Ipoussodnas om ¢yunkyuu a*, 20e a >0, pasra
a*Ilna, m. e.

ecau y=a*, mo y' =a*Ina. (X1V)

HdokasateabcTBO. Jlorapugmupyss paBeHCTBO y=a*, NOJy-
unM In y=xlna. JduddepeHnupyem nosyueHHoe paBEHCTBO, CUHTas Y

dyHRUMEH OT x: —;-y’=lna, y'=ylna um y’ =a*lna.

*) Ora ¢opmyna Oba paHee jokasana (§ 5) Ana cayvas, Koraa r sBjafieTcs

yenvim noaoscumesvioim uncaom. Tenepb dopmyna (I) mokasana B ofluem ciayuae
(A J0GOT0 NOCTOSHHOIO SHCJA 1),
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Ecmu ocHoBanue a=-e, TO Ine=1 u Mel noyuum dopmysy
y=e*, y =e-*, (XIV')

Mpuwmep 1. Jana dynkuus y=e** IpeacraBuM ee KaK CJAOXKBYI QyHK-
[HI0, BBEAS INPOMEXKYTOUHBII aprymeHT u: y=e®, u=x2; Torjaa y,=e¥%, uy=2x
H, C/IEJOBATENbHO, Yy=el 2x=2e**.2x,

Croxctioll noxasamenvrotl HKyuerl Ha3biBaeTcs GYHKIHSA, Y KOTO-

. y

poit u OCHOBaHHME JI NOKa3aTe/b CTENEeHH SBISIOTCS QYyHKUHMSIME OT X,

Hanpumep, (sinx)*, x%* x* (Ilnx)*, BooGue, BCcsiKasi GyHKIUS BHAA
y= [u (x)]v (%) = v

eCTh CJIOXHasl NoKasaTeibHass (yHkuusa *).
Teopema 3.

Ecau y=u®, mo y =vu? ' 4uv Inu. (XV)
HoxasareabcrtBo. Jlorapupmupyem ¢QyHKUHO y:
Iny=vlnu.

HuddepeHuupys nosydyeHHOe paBEHCTBO No X, GyJAeM HMeETh
| - | ’
Sy =vgu 49" Inu,
OTKyZa
ul
Y=y (v 7+v’lnu) .
[MoacraBass cioja BHpaXkeHHe y= u?, NMOJyYaeM
Yy =ou*" ' 4 uv' Inu.

Takum oGpa3oM, NpoH3BOZHAs CJIOKHOH NMOKa3aTeNbHON (yHKIHH
COCTOMT M3 JBYX CJaraeMblX: IlepBOe CJlaraeMoe NoJiy4aeTcsi, ecsu OpH
auddepeHPOBaHHH NPEANONOKHUTE, YTO 4 €CTh (YHKIHSA OT X, a U
ecTb MOCTOSHHasA (T. €. ecaM paccMaTpHBaTh 4’ KaK CTemneH-
H Y10 QYHKIHMIO); BTOpOE CJiaraeMoe MoJiyyaeTcsi, eCJH NPeANON0XKHUTb,

4TO © eCTb (YHKUHA OT X, a u=const (T. e. ecau paccMarpuBarh
uY KaK NMOKas3aTeNbHYIO (YHKIHO).

Mpumep 2. Ecnu y=x%, 1o y =xx*=1 (x')4 2% (x') In x nan
Yy =x¥4+x*Inx=x%(14Inx).
Opuwmep 3. Ecan y=(sin x)*% T0
y' =x2 (sin x)**~1 (sin x)’ -} (sin x)** (x2)’ In sin x=
= x2 (sin x)**~1 cos x -} (sin x)**-2x In gin x.

IlpueM, npumeHeHHbI B 3TOM maparpade IJ1s HaXOXJeHHUs [po-
H3BOJHBLIX H COCTOfIMA B TOM, YTO CHayaja HaXOAST INPOU3BOIHYIO

*) Yacro Taxkyio GYHKUUIO HasblBAlOT NOKAa3aTeJbHO-CTENEHHOA HJIH CTENeHHOs
MoK asaTeabHO.
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JAorapudMa JaHHOH (YHKI MH, WHPOKO NPHUMEHSETCS NpH
audbepenuupoBaHun GyHkiui. [lpuMeHenue 3TOro npueMa HepeaKo
3HAYMUTENBHO YNPOULAeT BLIYMCJAECHHS.

Mpuwmep 4. TpeGyerca HaiiTH MPOU3BOARYIO OT DYHKIHH

e A
T e

Peme nue. JlorapnhpMupys, Haxomum
Iny=21n (x4 1)+ 5 In (x— 1) —3In (x+ 9 —x.

Iuddepeniypyem o6e 4acTH NOC/JEAHEr0 paBeHCTBA:

-'Z'_—- 2 1 _ 3 _
y—x—|—1+2 x—1) x+4 L
2Y x—1
YMuoxag Ha Yy NOJACTaBIASTE %‘g%x—l BMECTO Y, noJnay4aeMm
R A

2 1 3
(x+4)%e¥ [x+1+2(x—1)"x+4""1]‘

’
3ameuaune. Brpaxkenue %— = (Iny)’, sBasoUeecs NPOH3BOA-

HOll MO X OT HAaTypaJbHOro JorapudMa JAaHHO! OQYHKHHH Y=y (X),
Ha3bIBAETCS 202aPUGMULECKOL NPOU3BOOHOLL.

§ 13. O6parnas ¢yHkuus 4 ee auddepeHuupoBanne

IMycrb pana Bospacraiomas (puc. 66) mnu yOwBaiomas ¢yHkuus,
y=F), (M

onpeJesieHHass Ha HEKOTOPOM HHTepBase (a, b) (a < b) (cm. § 6 ron. I).
Myers f(a)=c, f(b)=d. das onpenenexsHoctn 6yseM B JajbHeHAIEM
paccMaTpuBaThb BO3PACTAOMYI0 (yHK- 7
LHIO.

PaccmoTpuM ABa pa3jIHYHLIX 3Haye-
HHA X, U X,, NPHHAJJIEKAIMUX HHTEp-

Bany (a, b). Y3 onpezesienus Bospacraio- %

meit GYHKUUH CAelyeT, 4TO eclH Xy < ) / 4

<X 1y, =[(x1), y.=[ (%)), T0 y; < & Ilu5 &z &
< Y,. CnenoBaTesbHO, ABYM Pa3JIMYHBEIM

3HAUEHHSM x; H X, COOTBETCTBYIOT [IBa Puc. 66.

Pas/uyYHbBIX 3HaueHHS OYHKUMH Yy, H
y,. CnpaBegmuBo u oOpaTHoe, T. e.
ecmu Y, <Y, Yi=[(x), a y,=f(x,), TO H3 omnpeieneHus BO3-
pacraiomeii QyHKIHH cJeayeT, YTo x; < X,. TakuM o6pa3oM, MEKIY
3HAYEHHUSIMH X H COOTBETCTBYIOUIMMH MM 3HAUEHHSMH Yy YCTaHABJM-
BaeTcsi B3aHMHO OJHO3HAYHOE COOTBETCTBHE,
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PaccmaTtpuBas 3TH 3HaueHHMs y Kak 3HauyeHHs apryMeHTa, a 3Ha-
YeHHs x KaK 3HayeHHsA (QYHKLHH, nojydyaeM X Kak (QyHKLHMIO y:

x=9(y). @

Ora ¢yHKuus HaspBaeTcs ob6pamuol nns GyHruuM y = f(x). Oue-
BHJHO, 4TO U (QYHKHHS y={[(x) sBaseTca oGpaTHOH AJs GYHKIHH
x=0¢ (y). Paccyxnas aHaJoruuHelM o6pasoM, MOXKHO JOKa3aTbh, 4TO
H yObiBalomasi QyHKuus uUMeeT oGpaTHYIO.

3ameuanue 1. YkaxkeMm 6e3 J0KasaTeJbCTBa, YTO eCAll 603-
pacmarowjas (Mnu yowiearowan) Qyukyua y=Ff(x) HenpepuisHa Ha
ompeske [a, b], npusem [(a)=c, f(b)=d, mo obpamnas pynkyus
onpederena u Henpepolsna Ha ompeske [c, dJ.

IMMpumep 1. Mycte Aana dynkums y=x3, dra qayﬂxunﬂ—sospacraxoama_ﬁ_

?a Ge(csl;ouequom uHTepBase — o < ¥ < -0, OHAa uMeeT OOPaTHYIO X= 1/ y
puc. 67),

3ameruM, 4to OOpaTHas (GYHKUMS X =@ (y) HaAXOJUTCA NyTeM
pelleHHsl ypaBHEeHHS y = [ (X¥) OTHOCHTEAbHO X.

=,Z’3
Zh %lz,z‘i,? ¥/ gee®
&'=L".‘I/ /
/
//
/
- / y=lnz
174 z ‘——/1 /
0 /{ s &
7

Puc. 67. Puc. 68.

IMMpumep 2. Ilycres pana dyukuus y-=e*. d1a GyHKUUsI — BO3pacTaomas
Ha GeCKOHEYHOM wHHTepBaie — o < x < - oo. Ona umeer obpaTHyio x=Iny.
O6nacts onpexneneHuss obpatHoit dynxuuu 0 < y <+ oo (puc. 68).

3ameuanue 2. Eciau ¢yHkuus y=f(x) He sBnserca HH BO3-
pacraioiieii, HM yObIBalOlled Ha HEKOTOPOM HHTepBaJse, TO OHa MOXKeT
HMETb HECKOJEKO OGpaTHHIX (PYHKUHUH *),

NMpumep 3, Oyuxuus y==x2 omnpeleseHa Ha GECKOHEUHOM HHTepBase
— o < x<-}oo, OHa He sBJASETCS HM BO3pacTalomei, Hu yOhBalOUIEH U He
umeer obparnoft. Ecim Mbl paccmorpuM mHTepBan 0<Cx <o, TO 3fiech PyHk-
nusA SIBJfAETCH Bo3pacraiouieii u oGpaTHON Aja Hee Gyrer x=Vy . Ha unrepBane
ke —oo < x <0 ¢yHkuus— y6oiBaromast, H o6paTHOH And Hee Gyaer QyHKUHA

x=—Vy (puc, 69).

*) ITopuepkHeM eme pas, 4TO, FOBOPA O TOM, YTO Y ecTh (PYHRUUS OT X, MBIl
HOHHMaeM OJHO3HAYHYIO 3aBHCHMOCTb Y OT X,
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3ameuvanue 3. Ecau oyukuun y=7{(x) u x=¢ (y) aBasiorcs
B3aUMHO OGpaTHBIMH, TO rpadukaMy HX SABJSETCS OJHA H Ta XK€
kpuBas. Ho ecin aprymeHT o6partHoil ¢pyHK- .
LMK MBI 0GO3HAYHM CHOBAa Yepe3 X, a (yHK- g =
IHUIO yepe3 y M MOCTPOMM HX B OJHOH KOOp-
JUHATHOH cucTeMe, TO MOJYYHUM yXKe JBa
pasJyHBIX rpaduka.

Jlerko BujeTh, 4TO rpaduku OGYyAyT CUM- <=7 z=
METPUYHBl OTHOCHTEJIbHO OHCCEKTPHCH Iep-
BOro KOODJAMHATHOTO YyIJa. -

ITpumep 4. Ha puc. 68 mnocrpoexsl rpaduxu

¢yHKUMH y=e* (I x=Iny) u of6paTHOR 11A Hee Puc. 69.
¢yuknuu y=Inx, pacCMOTPEHHBIX B mpumepe 2.

‘si

L

Vs

Jokaxem, panee, TeopeMy, IO3BOJSIONIYI0 HaXOAUTb NPOH3BOA-
Hyl0 y={ (x), 3Hasg NPOHU3BOAHYIO OGpaTHOH (PyHKLHH.
Teopema. Ecau 0aa pyuryuu

y=1(x) )
cywecmeyem obpamuas QYHKYUS
x=9 (), 2)

Komopas 8 paccmampusaemoil mouke y umeem npousodnyro ¢’ (y),
OMAUYHYIO OM HYAR, MO 8 coomeemcmayioujell mouke x (GYHKYUA

y=1{(x) umeem npoussoduyio ' (x), pasuyr ('—7%/—) , M. e. cnpasedausa
copmyra
1
" (X)) =7 XVI
P =5 (XV])
Takum o6pasom, nmpousBofHasi OJHOH H3 JBYX B3aHMHO OGPAaTHBHIX
¢dyHKuuil paBHa eXMHMIE, JAeJIEHHOH Ha NMPOM3BOJAHYIO BTOPOIl H3 3THX

(YHKUMH OpH COOTBETCTBYIOIIUX 3HAUEHHAX X H y ¥).

HdokasaTenbcTBO. Bosbmem mnpupamenue Ay, Torna Ha
OCHOBaHHH (2)

Ax=0 (y+Ay)—o ).

Tak kak @(y) ecTe ¢yHKIHSA MOHOTOHHas, To Ax==0. Hamumem
TOXECTBO

Ay 1
'A_x__A_x' (3)
Ay

r
*) Korga Mbl numeM [’ (x) WIM gy, Mbl CYHTaeM, 9TO NPH BHIYHUCJEHUH IPOHS3-
BOZHOH B KauecTBe He3aBHCHMOH INepeMeHHOH OepeTcsi X; KOTAa XK€ Mbl ITHIIEM

¢’ (y) WM X, TO MBl CYMTaeM, YTO NpH BHYMCJEHHH NPOM3BOAHON DOb HE3aBH-
CHMOH nNepeMeHHO# wurpaer y. 3aMeTuM, uTo nocJjae aAuddepeHuupoBa-
HMf MO Yy, YKa3aHHOro B npaBoil uacTu popmyan (XVI), nago
BMECTO §¥ NOACTAaBHUTH [ (x),
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Tak Kak ¢yHKuus @ (y) HenpepniBa, T0 Ax— 0 mpu Ay — 0. ITe-
pexonas K npegeny npu Ay—-0 B 06eux yacTsx paBeHCTBa (3), MONYUHM

, 1 , 1
=— HJH X) =——=,
Y= F =
T. €. noayuuau gopmyay (XVI).
3ameuanue. Ecaun noabsoBarbesi TeopeMoit o nuddepeniupo-
BaHUH CJIOXKHOH OQYHKuuH, To (opmyay (XVI) MoxkHO monyduTb Tak.
JudpdepeHnupyem o6e yacTH paBeHCTBa (2) mo X, cuuTas y QyHK-

upeit ot x. Ionyuum 1=¢’' (y) y;, OTKyAa y;=m.

[TonyyeHHBIfi pesysibTaT HardsiiHO HJLTIOCTPUPYETCS reoMeTpHye-

cku. Paccmorpum rpaduk pyskuuu y =f (x) (puc. 70). dta xe xpusas

v . 6yzeT rpajpuxkom ¢yHKIUHM x =@ (y), TAe X pac-

4 =) cMaTpHBaercs yxKe Kak (QyHKIHs, a y—Kak He-

3aBUcHMasi InepeMeHHasi. PaccMOTpHM HeEKOTo-

sy pyto Touky M (x, y) 3roi {(pnsoﬁ. 060?:Ha'lHM

yrJbl, 06pa3oBaHHbIE JAaHHOH KacaTeJbHOH C no-

A JIOXKUTENbHbBIMU HanpaBieHusimu oceit Ox u Oy,

cooTBercTBeHHO uepe3 o H P. Ha ocHoBanuu

A pesyJbTaToB § 3 0 reoMeTpHYeCcKOM 3HaYeHHH
34  TPOH3BOAHOH UMeeM

')=tga, ¢ (y)=1tgp. 4

U3 puc. 70 caepyer, uro ecnn a<5°2—, TO

B

o
3
a

Puc. 70.

ﬁ=—g——a. Ecmu xe oc>321, TO, KaK Jerko BHJETb, [5=3%—-a.
CnepopatennbHo, B JioGoM caydae itgf=ctga, otkyna tgatgf=
=tgactga=1 nm tg C={p - IlogcraBnsis BhipaxkeHus AJs tga
u tg f us gopmyasl (4), norydaem

F () =z

§ 14. OGpaTHble TPUroHoMeTpUUecKHe (YHKIUH
H ux jauddepen nuposanue

1) dynkuusa y=arcsin x.
Paccmorpum ¢yHKIHIO

x=siny (1)

u noctpouM ee rpadHk, HanpoTus och Oy BepTHKaNbHO BBePX (pHc. 71).
Dra pyHKuUS onpeseseHa B GECKOHEYHOM HHTepBane —oo < y < oo,
Ha orpeske —n/2 <<y < /2 pyHkuus x=sin y— Bo3pacraiomas, ee
3HAUeHHs 3amoJHSIOT oTpesok —I1<Cx<1. Tlostomy QyHKUMA
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X = siny Hmeer oGpaTHyI0, KOTOPYIO O0O3HAYaIOT TaK:
y=arcsin x *).

dra ¢yHxuus onpeneneHa Ha orpeske —1 <K x<1, ee 3nHaueHus
3arnoJHAIT OTpe3sok —mn/2 <y << m/2. Ha puc. 71 rpapuk dpyskuun
y=arcsinx H306paxKeH XHUDHOH JIMHHEH.

Teopema 1. Ilpoussodnas om pyuk-

. 1 4r
uu arcsin X pasHa ———, m. e.
4 P Vi=x é—z
1
—— H r__ s, .
ecru y=arcsin x, mo y' = Vi y=trsing
(XVII)
=7 7 7 =
HoxasarenbctBo. Ha ocHoBanuu
paBeHcTBa (1) Haxomum
Xy;=CO0SyY. __27_1’.
IMo npasuny muddepenunpoBanus o6paTHOM z=sing
Py K Puc. 71
. 1 1 o
Y= ;y‘ =5y’
Ho cosy=)T—sin® y= 1—x%, nostomy y,= Vl =5 nepen

KOpHeM Oepercsl 3HaK IUIOC, TaK KakK (DYHKIHS y= arCsin x NpuUHH-
MaeT 3HaueHH:A Ha oOTpeske —/2 < y< /2 M, ClefOBaTENbHO,
cos y=0.

IMpuwmep 1.
1
=arcsine¥, Y =-———{(e*)" =
y=arcsine*, y V_l—( ) = Vl—
Mpumep 2.
2 1 1y\' 1
y=(arcsin%) , y’=23r_csin%————(—) = —2 arcsin —

T \x fxVe—T1
I—5

2) dyuKuMA y=arccosx.
Kak ¥ BhlIIe, paccMOTpHUM (PYHKIHIO

X=cos y 2)

*) OTMeTHM, YTO M3BECTHOE M3 TPHUTOHOMETPHH PaBEHCTBO y=— Arcsin X ecth

Apyras 3amuce paseHctBa (1). 3nech (npu AaHHOM x) y 0GO3HAYaeT COBOKYMHOCTH
3HAYCHHR YTJOB, CHHYC KOTOPHIX paBeH x,
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U nocrpoum ee rpaduk, HanpaBuB ochb Oy BBepx (puc. 72). Ira

$yHKUMSA onpejeseHa B GECKOHEYHOM HHTepBaje — oo < y < -+ oo.

Ha orpeske 0<C<y<Cm ¢yHKuus x=cosy—yGbBaomas H HMeeT
00parHyo, KOTOPYIO OGO3HAYaloT TakK:

/ t4 Y = arccos x.
T
Ora ¢yHKRuMS onpengevieHa Ha orpeske —I1<C
< x<C 1. 3HaueHus] QYHKIHUU 3aNOJNHSAIOT OTpe-
éz:‘ 30Kk n > y=>0. Ha puc. 72 rpadux pyHKUHH
Yy=arccos x Hu300paxKeH XUPHOH JIHHHEH.
y=areeos 2 Teopema 2. [Ipoussodnas om ¢yHKkyuu
arccos X pasHa — ————, m. e.
-7 2 /, z V-l — x? :
Z=00sy ecau y=arccosx, mo Y =-————0rH.
Puc. 72 Vi—z
ne. 1= (XVIII)
HdokasatenbcTBo. Ha ocHOBaHUH paBeHCTBa (2) HaXOAUM
X, =—siny.
CiiefoBaresbHO,
/ 1 1 1
Ye= x;,  sing Y T—costy

Ho cos y=x, nosromy
, 1
==y

B pasenctse sin y=} 1—cos?y nepen KopHem Gepercsi 3HaK MJIOC,
TaK KaK 3HaueHHs (YHKIHH y=arccosx 3amoJHAT oTpesok 0<C
< y<m u, caegoBarenbHo, siny>=0,

IIpumep 3.
P SR S
V i—tg% V1—igix c0s?x’

3) ®ynkuua y=arctg x.
Paccmorpum ¢yHKIHIO

y=arccos (tg x),

=1igy ©)
n nocrpouM ee rpapuk (puc. 73). dta GyHKIHS ONpeLeseHa NPH BCeX
3HayeHUusX y, KpomMe 3HaueHH# y=(2k+l)—g-(k=0, +1, +2, ...).

Ha unrepsane —m/2 < y < m/2 ¢yHKuus x= tg y—Bospacraromas
U uMeeT OOpaTHYW, KOTOPYIO 0603HAYalOT TaK:
y=arctg x.

dra GyHKUMS onpejeseHa Ha HHTepBaje — oo < X < 4 oco. 3HaueHHs
GyHKUHH 3anOJHSIOT HHTEpBaN —m/2 < y < m/2. Ha puc. 73 rpapux
‘QyHKUMH y=arctg x H300pa’keH >KUPHOU JHHHEH.
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1
T M

(XIX)

Teopewma 3. [1poussodnas om pyuryuu arctg x pasna

1

ecau y=arctg x, mo y’ =3

HokasatenbctBo. Ha ocHoBaHuu paBeHcTBa (3) HaxoauM
)=
Y7 cos?y’
CnenoBare/ibHO,
L1 2
Y= — = cos®y,
Xy
HO
oSt Y= e =
y_seczy_ 14tg2y?

TaK Kak tg y=x, TO OKOHYaTeJbHO MOJyYaem:

r 1
¥=17=

Mpumep 4. y=(arctg x)4,
y' =4 (arctg x)? (Ig x)' =4 (arctg x)31—,1—2.
T X
4. Qyukuusa y=arcctg x.
PaccMotpum ¢dyukiuio
x=ctgy. 4)
Ora (yHKUHs OnpeleseHa NPH BCEX. 3HAUEHHSX Y, KpOMEe 3Haue-
Hull y=rkn (k=0, &=1, £2, ...). I'padux sroit Pyukuuu naobpaxkex
il y

————— — 2

Z=tgy \

Puc. 73. Puc. 74.

Ha puc. 74. Ha nnreppane 0 < y < m ¢ynxuus x =ctg y— y6isaio-
as 1 uMeeT O6GpaTHyIO, KOTOPYIO CGO3HAYaIOT TaK:

y=arcctg x.
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dra (QyHKUMs, C/leJOBaTeNbHO, OnpejeseHa Ha GEeCKOHEYHOM HHTep-
Bajie —oo < X < —-00, €e 3HA4YeHHs 3aNOJHAIOT HHTEPBa 0<y < .

Teopema 4. Ipoussodnasn pyurxyus arcctg x pasa —-—r—

l—l—-xﬂs ’
m. e.
1
ecru y=arcetgx, mo Y =—i7=;. (XX)
HoxasarenbctBo. HUs (4) monyuaem
;L 1
Xy=—
. 1 1
[ 2 —_ —_
CnenoBarenbHo, y,= —sin®y= cosety = — TFoigy Ho ctg y=
=x. Ilostomy
, 1
Ypg=— T2

§ 15. TaGuauua ocHoBHbIX (opmya auddepenuuposanns
OGbepunum Tenepb B OAHY TaGJHIy BCE OCHOBHEIE (POPMYJIHI M Npa-
BUJa AHGdepeHIMPOBaHHsl, BbIBEJCHHbIE B NPEABAYIIUX naparpadax.

y=const, y =0.
Crenennas ¢yHxuus:
y=x% ¥ =ax*
B YaCTHOCTH,

y== yl =T
Tpuronomerpuueckue QyHKUUH:
y=sinx, Yy =cosx,
y=cosx, Yy =—sinx,
y= tg X, yl = Ea‘;ﬂy

' 1
y=cigx, Y =— 5

O6parHbie TpuroHoMeTpHyecKHe QYHKUHH:
1

- ¥ —
y=acsing, Y =,
1
— 4 TS e cm———
y=arccosx, Y = Ta—
1
y=arctgx, ¥ =y,

, 1
y=acctgx, y'=—7ya-
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IlokasarenbHasi QyHKUMA:
y=a*, Yy =a*Ina;
B YacTHOCTH,
y=-¢€*, y =ex.
Jlorapudmuueckas ¢yHkuus:

, 1
y=log,x, y =-—log,e
B YaCTHOCTH,

’_1
y=Inx, =

OGuye npaBuiaa AudepeHIPOBAHHUA:

y=_Cu (x), y =Cu' (x) (C =const),
y=utv—w, y=u+v—v,
y=uv, Yy =uvvtu,
u , uv—u’
= y=——
A BRPEIACTA)
y=uv, Yy =o' +uvv Inu.

Ecmu y=f(x), x=¢(y), rae [ 1 ¢—B3anMHo oOpaTHbE (YHK-
UM, TO

I’ (x)=q,—,1@. rae y=/{(x).

§ 16. IMapamerpuyeckoe 3amaHue (PyHKUHH

JaHbl 1Ba ypaBHeHHS
x=0(), y=v(@), (1)

Tle { OpHHHMaeT 3HaueHus, cojepxauuecs Ha orpeske [T,, T,].
Kaxpomy sHaueHuio { COOTBETCTBYIOT 3HaueHusi X H y (byHKUUH @
H P npexnojaraeM ofHosHauHeIMH). Ecin paccmMaTpuBaTh 3HaueHHS X
H y KaK KOODAHHATBl TOYKH Ha KoopAuHaTHo#l miockocTH Oxy, TO
KaxJoMy 3HaueHHIO ¢ OyJeT COOTBETCTBOBAaTb ONpefie/ieHHasl TOuKa
nnockocti. Koraa ¢ usmensiercsi or T, go T,, 3Ta TouKa Ha MJIOCKO-
CTH ONHCHIBaeT HEKOTOPYIO KpHBYI0. ¥ paBHeHus (1) HasslBaloTCA napa-
Mempu4ecKuMu Yy pasHeHusmy 3Toil KpHBOH, ¢ Ha3bIBaeTCs napamempom,
a crnocob 3apaHust KpHBO# ypaBHeHusIMH (1) HaselBaeTcsi napamempu-
qecKum.

ITpepnonoxkum, panee, uro ¢yHKuHs x=¢(f{) uMeer 06GpaTHYIO
t=®(x). Torpa, oueBumHO, y sBJAseTc (yHKHHeR OT X:

y=v[@ ] @
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TakuM obpasom, ypaBHeHHs (l) onmpenensiioT y Kak (QYHKUHIO OT X,
M TOBOpPAT, YTO QYHKUHSA y OT X 3ajaercs NnapaMeTpHYecKH.

Bripaxkenue y = f (X) HenocpeACTBEHHOH 3aBHCHMOCTH Y OT X MOXKET
MOJYYHTHCS MyTeM HCKJIOYeHHs napamerpa ¢ u3 ypasHenwuid (1).

IMapameTpuyeckoe 3ajaHHe KpPHUBHIX LIHPOKO NpPHMEHsSIETCs B
mexanuke. Ecau B miaockoctH Oxy ABHXKeTCs HEKOTopas MaTepH-
albHas TOYKA M HAM H3BECTHbl 3aKOHbl JBHXKEHMs NPOEKUHH 3TOH
v TOYKH Ha OCH KOODAHHAT,

1 x=9(), y=1v(), (1)

rge mnapamerp ¢ ecTb BpeMsi, TO ypaBHEHHS
(1) sBAsIOTCA NapaMeTPHYECKMMH YypaBHe-
HUSIMH TPaeKTOPHM JABHKYLIEHCA TOYKH.
% Wckmouass U3 3TUX ypaBHeHUH napamerp f,
y MOJIyUHM YypaBHEHHe TPaeKTOpHH B (Qopme
y=1(x) wam F (x, y)=0. Paccmorpum, Ha-
npuMep, TakKylo 3ajady.
3agxaua. Onpeneauth TPaeKTOPHIO H MECTO
najgeHusa rpysa; c6pomeﬂﬂoro C camoJeTa, ABHXKY-
Puc. 75. LIErocsi TOPH3OHTANBHO CO CKOPOCTBIO Uy Ha BHICOTE
Yo (CONPOTHBIIEHIEM BO3JyXa MOXHO mpeHeGpeub).
Pewmenne BosbmeM cucremMy KOOpAMHAT TaK, Kak MOKasaHO Ha pHC. 75,
npexnonaraﬁ; 4yTO CaMoJier cﬁpacusae'r rpys B TOT MOMEHT, KOrjla OH InepeceKaeT
ocb Oy. OueBHAHO, YTO rOPH3OHTAJBHOE TlepeMellenHe Tpy3a GYJeT paBHOMEDHEIM,
C NOCTOSIHHOH CKOPOCTbIO Up: X==0Upf. BepTHKanbHOe TNepeMelleHHe TNajaAomero
2

T~ G

rpy3a NOJA BAHSIHHEM CHJIE TSXKEeCTH GYAeT BHIPaXaTbCs (OPMYJOH s=% . Cue-
ZOBaTeJIbHO; PacCTOsIHME Ipy3a OT 3eMJH B JIOGOH MOMEHT BpeMeHH OyJleT BhIpa-
xKaTbCs opMyJIof y= yo—-%z— .

JlBa ypaBHeHus

£2
x=1l; y=yo-g7‘

GyAyT MapaMeTPHYECKHMU yPaBHEHHAMY TPaeKTOPHH. UTOGH HCKAIOUHTH NapaMerp £,

x

U3 NEPBOTO yPaBHEHHS HAXOJMM 3HAUeHHe f=—_— H NOACTAB/EM 5TO SHaueHHE
0

BO BTOpoe ypasHenue. Torja mosydHM ypaBHEHHe TPaeKTOpuH B (opme

y=yo—-2—§%- x2,

Sro—ypasHenne napabontt ¢ sepumno#t B Touke M (0, yo), mpudeM ocs Oy cay-
AKHT OCbI0 CHMMETPHH NapaGoJkl.

Onpenennm Beanuuny orpeska OC. O6o3naumm aGenpccy Touku C uepes X,
3aMeTHM, uTO opAuHaTa 310 Touku y=0. I[ToacTaBnAs 3TM 3HaueHHs B Npexbl-
aywyioo ¢opmyay, 6yAeM HMeTb

OTKyZa
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§ 17. YpaBHeHHs: HeKOTOPBIX KpPMBBIX B NapameTpH4ecKoil (opme

OKpy®HOCTH, JlaHa OKPYXHOCTb C LEHTPOM B Hayajie KOOPAMHAT H pa-
auycoM r (puc. 76).

OGoanauuM uepe3 ¢ yroJ, o6pa3oBaHHH{l PajiHyCcOM, NPOBEJEHHHIM B HEKOTO-
pyio Touky M (x, y) OKPYXHOCTH, H ocbio Ox. Torna KOopAMHATHI JOGOH TOUKH
OKPYKHOCTH BBIpa3fiTCSl 4epe3 mapaMeTp ¢ CJAeAYIOLHM 06pasoM:

x=rcost, y=rsint, 0<ti<<2m.

910 —— papaMeTpHYeCKHe YpaBHEHHS OKPYXKHOCTH. Ecim MH HCKJIOYHAM U3

.ﬂl
/g
lig
Meey} 2 My

r Y T

¢ - al ¢/ Fhp @
g —z— 3
Puc. 76. Puc. 77.

STHX ypaBHeHHHl mapametp f; TO NMOJNYYUM YypaBHEHHe OKPYKHOCTH, COfepiKamee
TONLKO X ¥ y. Bo3Boiss B KBagpaT NapaMeTpHuecKue ypaBHEHHS H CKJajblBasi,
HaxoJuM

x2+4y? =r? (cos? ¢-}-sin? ¢#)

HIH
Brtyr=r2,
danunc., Jarvo ypaBHeHHEe 3JIHHCA
x2 y2
= T =L M
Monoxum
x=acos t, )

Ioxcrasnsis 5710 BEpameHue B ypaBHenue (1) H npou3soAs Heo6xofumHe Npeopa-
80BaHUS, MOJYYHM
y=bsint, 2"
YpasHeHus
x=acost, y=bsint; 0<<i<2m,

SIBJITIOTCS NapaMeTPHYECKHMH YPaBHEHHANH 3JIIMICA.

BuisicuuM reomMeTpHueckmit cMbica mnapameTpa f. IlposefieM JABe OKPYMKHOCTH
C leHTpaMM B Haua/Je KOOPAMHAT M pajvycamu a u b (puc. 77). ITycTb Touxka
M (x, y) nexur na snaunce, a B—Touka 60MBIIONK OKPYKHOCTH, HMEIOMAS TY XKe
abcuncey, uto u Touka M. OGosnaumm uepes ¢ yrou, o6pasoBanmhli paguycom OB
C ocbio Ox. HemnocpeAcTBeHHO H3 pHCYHKA cleayeT

x=O0P=acost [sTo—ypaBHenue (2')],
CQ=bsin t.
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Ha ochoBannu papenctBa (2”) aakaiouaem, uro CQ =y, T. e. npamas CM napan-
JgenbHa ocu Ox.

CnenoBateéinHo, B ypaBHeHHsX (2) ¢ ectb yros, o6pasoBaHHbiii paguycom OB
H OCbl0 abcimucc. Yros ¢ MHOrA@ Ha3blBAIOT IKCUEHMPUHECKUM YSAOM.

Iluxnouga. Lukaoudoi Ha3uBaeTCs KPHBasi, ONucaHHas TOYKOM, Jexamiei
Ha OKPYXHOCTH, €CJH 3Ta OKPYXKHOCTb KaTHTCSi Ge3 CKOJbXEHHS 1O NpsMOH
(puc. 78). IMTpepnosoxknm, uTo Touka M KaTfmefici OKpYXKHOCTH B Havase HBH-
XKeHHsI COBMajalla C HayaJoOM KOOpAauHAT. OnpefeanM KoOpauHaTh TOUKH M nocae

Yy
e
N a
M LK
I z

Puc. 78.

TOro, KaK OKPYKHOCTb NOBepHyJaach Ha yroa f. O6o3HauuM uepe3 @ Pajipyc Kartg-
ugeiicst okpyxHocTH, Kak BuAHO u3 puc. 78,

x=0P=0B—PB,
HO TaK KaK OKPYXHOCTb KaTHTCS G€3 CKOJIbKEHHS, TO
OB=MB=at, PB=MK=asint.

CaenosatenbHo, x=at—asin t=a (t —sin ).

Hanee,

y=MP=KB=CB—CK=a—acost=a (l—cosi).
YpaBHeHus
x=a(t—sint), y=a(l—cos?t), 0<<i<<2m, ©)

SABNSIOTCH MapaMeTPHYECKMMM yDaBHEHUsIMM UHKJIOMAH, Ilpu usMeneuuu ¢ or 0
IO 2;t Touka M OnHIeT OAHY apKy LHKJIOHAHL

Hckmounm napamerp ¢ U3 NOCJEAHHX YPaBHEHHI H TOJY4UM HENOCPEACTBEH-
HYIO 3aBHCHMOCTB x oT y. Ha orpeske 0<<?{<<n ¢yHKuMa y=a (1 —cos #) umeer
o0paTHyio:

a—
t=areccos y.
a

IoxcTasasisi Bhipaxenwe s § B nepBoe u3 ypaBHeHuit (3), monyumm

a— a—
X=aqaarccos 2 y—-asln (arccos 2 y)

HWIH X=@aarccos

a;y —V 2ay—y?® npu 0<< x << na. HenocpescTsento us puc. 78
3aMeyaeM, YTO NpH @ << X << 2na

x=2na— (a arccos ‘L:—y—]/bay_yz) ]

3amerum, uT0 GyHKUHA x=a ({ —sin {) UMeeT aOpaTHYIO, HO OHa He BEIPAXKAETCH

uepe3 anemeHTapHble GyHKUHH. TTosToMy n QyHKIUS y= (x) He BHpaXaeTcs uepe3
®JieMeHTapHbEe (YHKIHH,
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3ameuanue 1. Ha npumepe uUuKJIOHABI Jerko yGeAUTHCHA, YTO B HEKOTO-
PHIX CJydYasiX AAfl HCCIEA0BaHHS GYHKIMI M KPUBLIX NapaMeTPHUECKHEe YPaBHEHHS
yhoGHee, ueM HeNOCPe/CTBEHHast 3aBHCHMOCTB
Y OT X HJH X OT Y.

Acrtpoupna. Acmpoudoi HasbiBaeTcs
KpHUBas, 3aJaHHas ClIeYIOIUMH HapaMeTpuyec-
KHMH YpaBHEHHSIMH:

x=acos®t, y=asin®t, 0Ll 2n. (4)

Bo3Boas Bce uieHHl OGOMX ypaBHeHHIl B CTe-
neHb 2/3 ¥ CKAanniBas, NOJYYUM 3aBHCHMOCTb
MEXIy X U Y-

x¥/3 4 23 = g¥/3 (cos? t+-sin? £),

WJIH

x2/3 _]_ya/a —q2/3, )

Huxe (cM. § 12 ra. V) Gyzer nokasaso, uTo Puc. 79.

gra Kpusas umeer dopMy, H3006paxkKeHHYIO Ha

puc. 79. dra KpHBag MOXeT OHITh MOJyYeHa

XaK TPaeKTOPHsI HEKOTOPOH TOYKH OKDYIKHOCTH pajguyca a/4, karsmeiics Ge3 CKOJb-

JKeHHS IO ADYroil OKPYXHOCTH pajHyca a TNpHYEM MeHbUIas OKPYKHOCTB BCe
BpeMsi OCTaeTCsi BHYTPH Goubineli; cM. puc. 79).

3ameyanue 2, DrmeruM, uTo ypasHeHus (4) u ypasHuenue (5) ompege-
JSIOT He OfHy ¢yHKuuIO y=/ (x). OHH ONpefeNsIOT JIBe HenpephBHLIE GYHKIHH
Ha oTpeske — a < ¥<<--a. OnHa H3 HHX NPHHUMAET HEOTPHIATE/NbHLIE 3HAuCHHUS,
ZApyrasi— HeNOJIOKHTENbHEe,

§ 18. HNpoussosnas GyHKuHM, 3aJaHHOH NapaMETPHYECKH

ITyctb pyHKUMSA y OT X 3ajaHa NapaMeTPHUYECKHMM ypaBHEHHSIMH
Tlpennonoxum, 4To 3TH (PYHKIUH HMMEIOT NPOH3BOZHBE H UYTO (yHK-
uusi x=q (f) umeer obpatHyio { =@ (x), KOTopass TakXe HMEET Npo-
H3BOAHYIO. TOrza ompegesieHHYI0 NapaMeTpHYeCKHMH ypaBHEHUSAMU
¢yHKUHIO y="f(X) MOXHO pacCMaTpHBaTb KaK CJIOXKHYI0 (QyHKUHIO
y=1v (f), t =0 (x), {—NpOMEXKYTOUHHI! apPryMeHT.

Ilo npaBuay puddepeHHPOBaHHS CHOKHON (YHKIHHM NOJYyUHM

Ye=Yit;=": (t) Oz (). @

Ha ocroBanuu teopembr 0 auddepeHuupoBaHuH o6paTHOH (QyHKLIHU

caenyer @j (x) =m. IToncraBnsaa mocseHee BhIpaXKe€HHE B paBeH-
t

cTBO (2), mosyvyaem y;=w W

@' ()
o __ Yt
x X; . (XXI)

BriBenenHas ¢opMmysa jaeT BO3MOXKHOCTb HaXOAHTb TNPOH3BOJ-
HYIO Y5 OT GYHKIHH, 3alaHHOH MapaMeTpUyecKH, He HaXOAs BhIpa-
JKEHHS HENOCpPEeACTBEHHOA 3aBHCHMOCTH Y OT X.

4 H. C. Nucxynos, 7. 1
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Mpumep . dynkuusa y or x 3afaHa NapaMeTPHYECKHMH YpPaBHEHHAMH
x=acost, y=asint, 0i<m.

Haiite npoussoanyio Z—z 1) mpu moGom 3Havenuun £; 2) npn f= % .
Pemenue.
+_(asin?)’ —acost
D Yx={acosty —asinf ctgh

2) yilt= = —ctg (n/4) =—1.
Mpumep 2, Halitn yrnosoi xosdduunent kacateabHol K IMUKIOHZ®
x=a(t—sin ),
y=a (1 —cos i)
B npousBo/bHON Touke (0<<f<<2m).
PemeHue. Yriosoii KoafbHLIMEHT KacaTelbHOH B KaX/oift TOUKe paBeH
BHAUEHHIO TNPOM3BOAHON Yy B TOH TOUKE, T. €. PaBeH

4

ve=4,
Xt
He
xt=a(l—cost), yr=asini,
CrenoBaresibHOg
t t
»  asint —2sln§-cos—-2—_-t t—t n ¢
Yr=F—cost) 2sm°—2’- _cg?“g(?"?)'

CnenoBaTeibHO, yryioBol KO3bQHIMEHT KacaTeAbHOH X NHKJOHAE B KaxzO#h ee
7 t
Touke paseH tg T3 ) e t—3HaueHHe napameTpa, COOTBETCTBYIOIEe 3TOMH

rouke. Ho 3T0 8HauuT, YTO yros O HAKJIOHA KAcaTeAbHOM K OCH X paBeH -’21-—-;-
(ans 3HaveHuil ¢ Mexay — 7 H w) *),

§ 19, I'mpnepGosmueckue yHKIUH

Bo MHOTHX OPHJIOKEHHAX MaTeMaTHYECKOIO aHaJH3a BCTPEYAIOTCHA

. 1 - 1
KOMOHHAIMH OKa3aTebHEIX QYHKINHA BHAA 5 (&*—e ) n 5 (e*4-e7%).
dri KOMOGHHALMM PacCMaTPHBAIOT KaK HOBblE QYHKIUH H O003HAYaioT

TaK:

X —p=% —x
shx=25"—, chx=-%. (1

*) [eiicTBATe/IbHO, YIJI0BO# KOs(HIHMEHT paBeH TaHreHCY yria O HaK/OHA
KacaresbHOlt K ocH Ox. IMoatomy

tga=1g (%—-;-)

t
" a=%—5 AJsL TeX 3HaueHu# f; AJAA KOTODHIX %-——;- NeXRAT Mexkay O u .
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Tlepsyio us ¢ynkuuit (1) HaseBalOT eunepboruteckum Ccumycom,
BTOpYIO —2unepboauteckum ocunycom. G mOMOWBIO 3TUX (yHKIHI

MOMKHO ONpefeNuTh eme ABe GyHKmuM th x=$——z u cthx=$—j§:

—_—

ex X o
thx= F e aunepboaudeckuli mareenc,

—x (1)

eX-e Y
cthx= ‘;C—i—e_—x —eunepbosudeckuil KomareeHc.

®dynxkuun shx, chx, thx onpenenensl, oueBHnHO, NS Bcex 3Ha-
yenuit x. @ynxnua xe cth x onpenenena Bciogy, 3a HcKJOYeHHEM
ToukM x=0. I'padukn runepGonuyec-
KHUX GyHKIMHA npeAcTaBieHsl Ha puc. 80,
81, 82.

M3 onpenenenusi ¢yukuuit shx u
chx [dopmyner (1)] caenyior cootHo-
IIeHHs, aHaJOTHYHblE COOTHOMIEHHSAM

1

\

i\
\
\

Pt Rt G S B T Wee P e Y

y=tha

g &,

S e e et ot St (0t Jue PP Pt e PO S
-

Puc. 80. Puc. 8l1.

MEX]Y COOTBETCTBYIOIIMMH TPHUTOHOMETPUYECKHMHU (yHKIIU IMU:

ch®x—sh?x=1, @)
ch (@+4b)=chachb+4shashb, )
sh(a+b)=shachb<chashb. 3"
JeiicTBHTENBHO,
e¥fe=% \2  [e¥_g=¥\2
ch“‘x—sh’x=( 3 ) —( 3 ) =

— e2x 2 +e—2x:ezx+2_e—2x — l

Hanee, sametuB, uToO

—a-%
ch(a.{_b):ﬂ-z_e_a__’

48



100 TIPOM3BORHAS U AUGOEPEHIHAI [T 1t

noay4daem: ’
a —-a b -b @ __p=C gb__p—
chachb4shashb=LE2 Ee o &7 =
ea+b+e-—a+b+ea-b+e—a—b+ea+b_e-a+b_ea—b+e—a—b
7 =

ea+b+e-a—b

5 = ch (a +0b).

AHanoruyHo JOKa3biBaeTcsi H CNpaBejJIHBOCTb COOTHoIeHHs (3').
Haspanue «runepGosmuueckue ¢pyHK-
d LHH» OOBSCHAETCH TeM, 4TO (yHKUHUH
sht u ch¢ wurpaior Ty Xe posap ans
napaMeTpPH4yecKoro NpeACTaBNeHHsI TH-
nep6oJbl
r—yr=1,
y=ctha
KaKyl0 TPHUTOHOMETpHYECKHe (YHKIUH

sin¢ M cost—ana nmapaMeTPHYECKOro
NPEACTaBJIEHUs OKPYKHOCTH

x4 yt=1.

HeficTBUTENBHO, HCKMOYasi napa-

MeTp ¢ H3 ypaBHEHHH
x=cost, y=sint,
Moy 4YuM
x*4 y?=cos?t +sin%*t,
unu x> y?=1 (ypaBHeHHE OKPYKHOC-
TH). AHaJOrM4YHO ypaBHEHHS
x=cht, y=sht

-~~.-¢~.—-T-—————-——--'

g &

S ot et o oot rees o] s Bt T D SN Geng Dren
-

Puc. 82.
ABJAIOTCA NapaMeTPUYECKUMH ypaBHe-
HUSIMH THNEpOOJbL.
HeficTBUTENBHO, BO3BOAS MOYJEHHO B KBaJpaT 3TH ypaBHEHHA U
BbIYHTAsl H3 NepPBOro BTOpOe, MOMYyYHM:

x*—y?=ch?®t—sh?¢.

Tak Kak Bblpa)keHHe B NpaBOH 4aCTH Ha OCHOBaHHMH (opMmyanl (2)
PaBHO €JHHHIE, TO, CJIEJOBaTeNRHO,

St—yr=1,

a 3T0 H eCTb ypaBHEeHHEe T'HnepGOoJBbl.

PaccMoTpuM oKpykHOCT ¢ ypaBHeHHeM x*+-y*=1 (puc. 83).
B ypaBHeHHAX x=cosf, y==sin{ napaMerp ! YHCJEHHO pPaBEH LEH-
TpanbHoMy yray AOM wau yhBoeHHOH myoilaghn S cekropa AOM,
TaK Kak f=2S.
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OrvernM Ge3 foKa3aTenbCTBa, YTO B MapaMeTPHUECKHX YpaBHe-
HUAX rHnepGoanbl x =ch?, y=sh ¢ napamerp ¢ Takxe uncleHHO paBeH
VABOGHHO! MJIOMaAM «runepGonuyeckoro cexkropas AOM (puc. 84).

1?

Puc. 83. Puc. 84.
ITpousBoanbie runep6onHYecKHX QYHKIHMA omnpejensiotces ¢op-
MyJlaMH
’ ’ — 1
(th) =chy, (th X) = ez ®

i (XXII)
(chx)’=shx, (cthx)'=—

shzx ?

KOTOpLI€ BBITEKAIOT U3 CAMOI'0 OIpeAC/ICHU S runepﬁonmxecxnx q)yHK-

X —p—X

uuit; Hanpumep, Aas dynkumn shx =2 ; HMeeM
X __p—%x \?! X -X

(shx)’=(e 2e ) =2 +2e =chx.

§ 20. Quddepenuunan

Ilycrb dyukuna y=7{(x) nudpdepeHnupyema Ha orpeske [a, b].
Ipoussoanass sroft (QyHKIMH B HEKOTOPOH TOYKe X OTpe3ka [a, b]
onpejesieTcsi PaBeHCTBOM

. Ay ,
lim 2=} ().
Ax—>0 Ax f ( )

OrHoenue % npu Ax — 0 cTpemutcs K onpejeieHHOMY 4ucay f' (x)

H, CJefioBaTe/IbHO, OTJIHYaeTci OT NPOHM3BOAHOH [’ (x¥) Ha BeJMYHHY
6ECKOHEYHO MANyIo:

=i @®+a,

rae & — 0 npu Ax — 0.
YMHOKas BCe WIeHBI NOCTEAHEro paBeHCTBa Ha Ax, HOJy4YHM

Ay=f" (x) Ax+oaAx. (1
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Tak kak B o6mem caydae f’(x) 0, TO NpH NOCTOSHHOM X H mepe-
meHHoM Ax — O mpousBegeHue [’ (x) Ax ecTb GECKOHEYHO Majasi Be-
NMYHHA TIEPBOTO NOpsiiKa oTHocHTeJbHO Ax. IlpousBenenue ke alAx
ecTb BCErja BeJHYHHAa GECKOHEYHO MaJjiasl BBICHIETO MOPAJKA OTHOCH-
TeqbHO Ax, Tak Kak

lim 2% — fim @=0.

Ax—0 x Ax—>0

Takum oGpasoM, mpupameHne Ay GyHKIHH COCTOMT H3 JBYX cJjarae-
MbIX, M3 KOTOPHIX IepBoe cyiaraemoe ectb [npH f' (x) #=0] Tak Hasbl-
BacMafg TJaBHAs 4YacThb MpPHPAIIEHAs, JHHeHUHas OTHOCH-
teabHo Ax. IlponsBenenue f' (x) Ax HasbiBalOT fHGdepeHUHANOM
¢$yHKIUMH H O0GO3HayaloT Yepe3 dy HAH df (x).

Takum o6pa3oM, ecau QyHKHHSA y = f (x) HMeeT npou3BoaHyIO [’ (X)
B TOUYKE X, TO IMPOM3BeNeHHe NMPOU3BOAHOM [’ (x) Ha mpupameHue Ax

aprymMeHTa HasbiBaetcsi Ougeperyuarom ¢GyHKHUH U oGo3Hayaercs
cuMBoJioM dy:

dy=[' (x) Ax. @
HafigeM nuddepennnan ¢yHKIHH y= X; B 3TOM ciaydae
y'=w"=1,

H, ciefoBaTesbHO, dy=dx=Ax um dx=Ax. Tarum obpa3oMm, 1 u -
pepeHnHaN dc He3aBHCHMON NepeMeHHOH x coBnajaeT
cee npupamenunem Ax. PasenctBo drx=Ax MOxHO GbI0O GH
paccMaTpHBaThb TaKxe KaK onpefejeHue auddepennmasa HesaBHCH-
MOl TlepeMeHHOH, H TOTAA DPACCMOTPEHHLIH NpPHMEP MNOKa3biBala OHI,
4TO 3TO HE NPOTHBOPEYHT ONpeAeNeHHIO AutpbepeHnHaNa (yHKIUH.
B moGoM cayyae ¢opMmyay (2) MBI MOXeM 3amucaTh TaK:

dy={[" (x)dx.
Ho u3 3TOro COOTHOWIEHHS CJERYeT, 4YTO

F =2

CnepoBarebHO, MPOU3BOAHYIO [’ (¥) MOXHO paccMmMaTpH-
BaTh KaK OTHomeHHe JupbepeHnunana PyHKOHH K
AndpdbepeHnHaNy He3aBHCHMOH NepeMeHHOM.
Bepuemcs K BbipaxeHHio (1), Koropoe ¢ yueroM (2) mepemumem
TaK:
Ay=dy 4o Ax. 3)

Takum o6pasoM, mpHpalieHHe (QYHKIHH OT/AHUYaeTcs oT Auddepen-
nuana QyHKIHH Ha BeJHUHHY GecKOHEYHO MaJyio BHICHIETO MOpSifKa
orHocuTenbHO Ax. Ecau [’ (x) =0, To alAx sABAseTca GecKOHeuHO
MaJlof BBICIIET0 MOpPSiAKa H OTHOCHTENbHO dy H

lim 2% — 14 lim 2% _— 1+ lim

7 TN = 1.
Ax-+0 9Y Ax»o [ () Ax ax->0 1 ()
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TlosToMy B NMpHOIUKEHHBIX BHIYHCJIEHMAX HHOTAA MOJB3YIOTCH MNpH-
GJIH2KEHHBIM PaBeHCTBOM
Ay~ dy, 4
HJIM B Pa3BEPHYTOM BHJAE
f(x+Ax)—f (x) = [' (x) Ax, ()
YTO COKpAlllaeT BBIYUCJIEHHUS.

IMMpumep . Hafitn nuddepennnan dy u npupamenre Ay dyugnun y=x%
1) npH npoH3BOJNBHHX 3HAUEHHAX X U Ax:
2) npu x=20, Ax=0,1.
Pemenne. 1) Ay=(x+Ax)?2—x2=2x Ax+}Ax?,
dy=(x?)’ Ax=2x Ax.

2) Ecim x=20, Ax=0,1, To

Ay=2.20.0,140,12=4,01,

dy =2-20-0,1 =4,00.
IMorpewnocts npu 3amene Ay Ha dy pasma 0,01. Bo MmHorux cayuasx

MOXHO CYMTaTh €e Majoi mno cpaBHeHHio ¢ Ay=4,01 H mnpeneGpeub ero.

PaccMoTpeHHas 3a7aya HATVISAHO HJUTIOCTDH-
pyetcs puc. 85. 4z

XAz =V

B npuGanKeHHBIX BHIYHMCJIEHHAX MOJb- %
3YIOTCSl TaKXKe NPUGIKEHHEIM PaBeHCT- 7
BOM, KoTopoe nosyuaercs u3 (5), %

f(x+Ax) = [(x)+[" (x) Ax.  (6) @ 2

ITpumep 2. Ilycte [(x)=sinx, Toraa
f' (x)=cos x.

B arom cayuae mpubGauxenHoe paBeHcTBO (6)
NpUMET BUJA z

sin (x4 Ax) = sin x-}-cos x Ax. @ Puc. 85.

7
Briuncaum npubnuxennoe 3navenne sin 46°. ITonoxnm x=7 (u4To cooTsercTByeT

yray 45°), Ax=%)- (cootBerctByeT yray 1°), x+Ax=%—i—%). IMoacraBass

o — T ) osinZEt T oos &
B (7), Gyaem HMeTb sin 46 —sin(‘t-}-lso).~,31n4-{—180cos4 HIH

sinas” Y24 Y2 07671 40,7071.0,0175 = 0,7191.
2 2 180
Mpumep 3. Ecan B dopmyne (7) monoxum x=0, Ax=c, To noayuum
NPUGIHKEHHOE PaBEHCTBO:
sina = o.

NMpumep 4. Ecmu f(x)=1tgx, To no dopmyse (6) moayuaem caeiyromee
npubJMKEHHOe PaBeHCTBO:

1
tg (x+Ax) = tg x-}-m Ax;

npn x=0, Ax=0a nojyyaeMm
tg oxa.
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Npumep 5. Ecmm f(x)=Vx, 10 (popmy.na (6) maer
Vitax=Vx + =
V
IMonaraa x=1, Ax=uo, noayyaem NpHOJHIKEHHOE DaBEHCTBO

Vitax l-]—-é—a

3agzaua HaxoxJeHUs Au(pdepeHnuata QyHKUUH PaBHOCHJIbHA Ha-
XOKJAEHHIO IPOU3BOAHON, TaK KaK, YMHOXHB INOCJEJHIOI Ha jaudde-
peHIHan apryMeHTa, noayuuM JAuddepennuan o¢ynkuuu. Cneaoa-
TeNbHO, GOJIbIIHHCTBO TeopeM H (PopMyJ, OTHOCAIMXCA K MPOHU3BOA-
HbIM, COXPaHSIIOT CBOIO CHJy H JJia auddepennnanos. Tak, Hanpumep:

Hupgpeperyuar cymmor 08yx Ougpgpeperyupyemoix ¢ymcquu uuv
pasen cymme Ougpeperyuanos smux Qynxyui:

du<v)=du+tdv.

Hugpdepernyuar npoussedernus 0syx ougpgeperyupyemoix pynxyud
u u v onpedersemca gopmynrol

d(uv)y=udv<+tvdu.

Hokaxem, Hanpumep, mocjenHioro dopmyay. Eciu y=uv, To
dy=y dx=(uv' +vu')dx=uv' dx++vu'dx, HOV dx=dv, u’' dx=du,
nostoMy dy=udv+vdu.

Ananoruuso JoKasbIBalOTCA W Apyrue Gopmy.bl, Hanpumep ¢op-
MyJia, onpeaensiouiass augdepeHnHas 4acTHOro:
vdu—u dv

u
ec y=-—, TO dy= =

Pemym HeckoJbKO NpHUMEpOB Ha BbluHcieHHe AH(depeHnuana
¢$yHKUHH.

1
p— 2 —_—
IMpumeép 6. y=tg?yx, dy_2tgxcosz

dx.

X
L 1
2Y 1+Inx *

Hafinem sBhipaxkeHne ajs JAuddepeHnHana CJaOKHOA QyHKIMH.
IMycrs

Mpumep 7. y=V 1+Inx, dy= dx.

y=F @), u=9(x), nm y=flo(x)].
Torga mo npaBuay pu(depeHHPOBAHUA CIOXKHOH (YHKIUH

Y i@ (),

caeposarenbio, dy=f, (u) ¢’ (x)dx; Ho @' (x)dx=du, wo3TOMY
dy=f' (u)du.

Takum oGpasoM, Ougpgepenyuan cromnoil Pynkyuuw umeem mom
ace 6ud, Kakoi on umer Go. 8 mom cayuae, eCau Got nPOMeEdCY MOUHbLLL



§2i] TEOMETPUYECKOE 3HAYEHHE JUOOEPEHLIHUAJIA 105

apeymenm u Goin Hedasucumoll nepemennoil. Vlnaue rosops, gopma
Oupepenyuara He 3asucum om moezo, A6AREMCA apeymenm Pynkyuu
Hesaeucumoll nepemenHoli usu ynrxyueld Opyeoeo apeymenma. 1o
BaxkHOe CBOficTBO Au(depeHnnana, HasbIBaeMOE UHEAPUAKRMHOCITIGIO
¢opmor Qugppeperyuara, 6yAeT IWHPOKO HCMONL3OBAHO B AaJIbHEHIIEM.

INMpumep 8. ana dbynknusa y=sin ¥ x. Hairu dy. _
Pemen ne. Ipeacrasus fanHyIo GYHKIUIO KaK CIOKHYIO: y=sinu, 4=V ¥,
HaXOIHM |

2V x

dx=du, no3TOMy MOXHO HamHCaTh

dy=cosu

dx;
|

2V x

HO
dy=cos udu wmu dy=cos (V'x)d(V ).
§ 21, Ieometpuueckoe 3Hauvenue AupdepeHynana
Paccmotpum dyHKuuio

y=1F(x)
M COOTBETCTBYyKOIYi0 efi KpuByio (puc. 86).

BospMeM Ha KpuBoii y={(x) npousBoabHyi0 Touky M (x, y),
NpoBeleM KacaTeJNbHYI0O K KPHBO#l B 3TOH TOUKe M OGO3HAYHM uepes
o yroJ*), KOTophlil KacarteqbHasi oGpasyeT C IOJIOXKHTeNbHEIM Ha-
npasienneM ocu Ox. Jlagum He3aBMCHMOH NEPEMEHHOH MpHpalleHue

4

0
Puc. 86. Puc. 87.

Ax; Toraa ¢yHkuus mnoayuur npupamenne Ay= NM,. 3nauenusm
x+Ax, y+Ay Ha KpuBoii y={f(x) Gymer COOTBETCTBOBATH TOUKA
Ml(x'l-Ax, !/+A!/)-

U3 tpeyrosmbhnka MNT wnaxopum NT=MN tga; Ttak Kak
tga=f" (x), MN=Ax, To NT =" (x)Ax; HO coriacHO omnpenee-
Huio audepennnana f' (x) Ax=dy. Takum o6pasom, NT =dy. Ilo-
ClieflHee PaBEHCTBO O3Hauaer, 9to OJugpdpepenyuanr Pyuxyuu f(x),
coomsemcmeyrowguti 0anHoIM 3HaqeHusm x u Ax, pasen npupaweruso
opdunamst Kacameavroii Kk Kpueoil y={f(x) ¢ danHotd mouxe x.

*) Ilpeanonaras, uto GyHKOUA f(x) UMeeT KOHEUHYIO NPOM3BOAHYIO B TOUKE X,
riofiyyaem o, # /2,
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W3 puc. 86 HemocpeactBeHHo cieayer, uto M,T=Ay—dy. Tlo
JIOKa3aHHOMY paHee MNITT——»O npu Ax— 0.

He cnexyer pymarb, uto Bcerga Ay Gosbiue dy. Tak, Ha puc. 87
Ay=MN, dy=NT, npuuem Ay < dy.

§ 22. IlpousBogHble Pa3aHYHBIX NOPAAKOB

Iycts ¢yHkuua y=7{(x) AudibepeHnHpyeMa Ha HEKOTOPOM OT-
peske [a, b]. 3HaueHua npousBogHoH [’ (x), BooOuie roBops, 3aBH-
CAT OT X, T. €. IpoU3BOAHAA [ (xX) nmpeAcTaBJasieT coboi
Toxe GYHKIHUIO OoT x. JuddepeHuupys 3Ty ¢yHKuH0, Mbl IO-
JyyaeM TaK Ha3blBaeMyl0 BTOPYIO INPOM3BOAHYIO OT (QYHKIHH f (x).

IlpousBogHasi OT mepBOH NPOH3BOAHOH HA3EIBACTCH MpPOU3B00HOLE
6mopozo nopsadka UJIH emopotl npousso0Holl OT NepBOHAYaAIbHOH (YHK-
nuH U oGosHawaercs cuMBosioM y¥* uaH [’ (x): y' = (¥') =" (x). Taxk,
HanpuMep, eciu y= x5, 10 y' =5x*, y' = (5x*)" = 20x%.

IIpousBomHass OT BTOpOH MPOU3BOJHOH Has3bIBAeTCS NpoU3B00HOLE
mpemoeeo nopadka WM mpemvel npou3eo0Hoi W 0603HaYaeTcs
yepes y''! uwmm ' (x).

Boo6ie, npoussodnotl n-eo nopadxa om ¢pyuxyuu f (x) HasbiBaeTCs
npousBojHas (MepBOro NopsaAaKa) OT NPOH3BOAHOH (n — 1)-ro mopsiaka
¥ oGosHayaeTcss CHMBOJOM y'® uau f'? (x):

Yo = (ynD) = fm (x).
(TTopsizok mnpousBonHOH Oepercss B CKOOKH AJsi TOTO, 4YTOGH €ro
Henb3sl OBbLIO MPHHATH 32 NOKAa3aTeNb CTENeHH.)

IlpousBogHbEIE 4E€TBEPTOro, NATOrO H BBICIIMX NOPSAAKOB 06GO3Ha-
4aloTCsl TaKXke ¢ nomowbio pumckux uudp: 1V, v, yv4, ... B takom
cayyae MOPSIIOK NMPOM3BOZHOM MOXKHO nHcaTh 6e3 ckoGok. Hanpuwmep,
ecan y=x% To y' =5x* y' =20x% y'"'=60x2 y'V=y? =120y,
yYV=y®=120, y® =y =...=0

IMpumep 1. Jana dyukuns y=ek* (k=const). Hafith BHpaxeHue ee
TPOKU3BOAHON JII06OTO nopsifixa 1.

Pemenue., y =kek¥ y'=k2ekx, ..., yn)=knekx,

INpumep 2. y=sin x. Haiita y™.

Pemenne.

14
y' =cos x=sin (x—{—?),
o
Yy’ =—sin x=sin (x+2§) ,
19
y'''=-—cos x=sin (x+3§-) )

yw:sin x=sin (x+4%) ,

") = sin (x+n g—) .
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AHanorHyHe BHIBOAATCA (GOPMYABI AJs NPOH3BOAHBIX JIIOOOro mo-
psAAKa H OT HEKOTOPHIX APYTHX 3JeMeHTapHeIX (yHkuuii. Yurarens
caM CMoxeT HafiTH (opMyJsl JJisi NPOM3BOAHBIX 71-TO MNOPSAAKA OT
¢yHRuuit y=x*, y=cosx, y=Inx.

Ha cayuaft npousBOAHBIX JHOGOTO MOPsAKA Jerko OGOGIIAIOTCS
npaBuJa, yKasaHHee B Teopemax 2 u 3 § 7.

B faHHOM c/iyyae HMEIOT MeCTO OoueBHJHEIE (OPMYJILII

(24 0)® = u® -9, (Cu)™ = Cu™.

BuiBenieM ¢opmyay (rak HaswiBaeMmyio ¢opmyry Jleiibruya), naio-
MO BO3MOXHOCTb BHIYHCJHTH NPOH3BOAHYIO N-To IOPsAKa OT Hpo-
u3BEJieHHs ABYX (QyHKuuit u (x)v(x). Haa Toro uToGEl BHIBECTH 3Ty
¢dopMyJly, MHl HaiileM CHayajAa HECKOJbKO HPOHM3BOAHBIX, a 3aTeM
YCTaHOBHM OOMIMH 3aKOH, MPHUrOAHLIA AJI BHIYHUCJEHUS OPOH3BOAHON
Jio6oro mopsiKa:

y =uv,

y' =u'v 4uv,

Y =u"v +u'v" +u'v +u" =u"v42u'v +ur’,

ylﬂ=uﬂlv+ullvl +2ullvl +2ulvﬂ+ulvll+avlll=
=u'"""v43u"v +3u't 4-uv'’’,

YV =uVo 444" - 6u"V" - 4u'v" - uvtV.

3aKOH COCTaBJEHHA TIPOU3BOAHBIX COXPaHSETCS JASA MPOU3BOAHBIX
JIO6Oro NMopsifka M 3aKJIOYaerTcsi, OUeBHUAHO, B CJIEXYIOIIEM.

Hapno Bripaxenue (¢ -f- v)* pa3noxuth 1o ¢opmyae 6uHoma HoioTona
H B IOJyYeHHOM pPa3jIOKEeHUH 3aMEHHATb NOKa3aTeJH creleHedl fis u
H U YKasaTeJsIMH NOPSAKA TPOHM3BOAHLIX, MPHUEM HYJIEBHIE CTENEHH
(u®=1°), BXoAsmiMe B KpallHHE UYJIeHH Da3A0XKEHHUs, HaJ0 3aMEHHTHb
camuMH (QYHKUMAMH (T. €. <IOPOM3BOAHBIMH HYJIEBOTO MOPSAKay):

Y = (u0)™® = u®y 4 nu-vy’ 4 _’1(_7%_1_)_ Uy 4, 4 uo™,

10 u ecTh opmyra Jelibruya.

Crporoe nokasarenbcTBo 3ToH (OPMYJBI MOXKHO Ghlo GBI mpo-
BeCTH METOJIOM IIOJIHOM MaTeMaTHyeCKoHW HMHIAYKUMH (T. €. JOKas3aTb,
9TO H3 CHOPaBEJIMBOCTH 3TOH (OPMYJH IS NOPAAKA N CAELyer
CNpaBeANHBOCTh ee AJA mopsaka n--1).

IMMpumep 3. y=e®*x2, Haiity upoussognyw ),

Pemenue,

u =e%*, v =x2,
u'=aet*, v =2%,
u"=a%%, v'=2,

e e e s e e . o &
v
um =gneax, o' =tV =, =0,
n{n—I1
y(”):aneaxx2+naﬂ—le¢x. 2x+_(_____)_. an—zeax.Q‘

1.2
HAR
Y =e®* [anx® 4 2na"~1x+n (n—1) a*~2).
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§ 23. JMuddepenunansl pasIHYHbIX NOPAAKOB

Ilycts umeeM ¢yHKuMIO y=f(X), Te X — He3aBHCHMas MepeMeH-
nasa. Juddeperuuan sroit ¢yHRuuu dy=f" (x) dx ecTb HeKoTOpas
(QYHKIHA OT X, HO OT X MOXET 3aBHCETb TOJbKO NepBblil COMHOXMU-
Tesb [’ (x), BTOpoii e COMHOXHTeNb (dx) sBAsieTcsl NpHpalleHHeM
He3aBUCHMOH NepeMeHHOH X M OT 3HaueHHsl TOH NepeMeHHOH He 3a-
BucuT. Tak Kak dy ectb QYHKIHA OT X, TO MBI HMeeM NPaBO T'OBOPUTH
o puddepennuane 3roi (QYHKIIHH.

JHuddepennuan or auddepennnana QyHKIHH Ha3bIBaeTCs MIOPLIM
Oudppepenyuarom unu  Jugpepenyuarom 6mopoeo nopsdka 3ToH
¢yHKIuY H o6osHauaercs uepes d?y: d(dy) =d*y. Haiinem Beipaxke-
Hye Broporo auddepeniyana. B cuay obmero onpexnenenus audipe-
pennuana umeeM d*y=|[f" (x) dx]' dx. Tak kaK dx OT x He 3aBHCHT,
To dx npH JuddepeHIHPOBAaHMH BHIHOCHTCS 3a. 3HAK NPOH3BOAHOM,
H Mbl moaydaem d*y= f" (x) (dx)?. IlpunsTo, 3anuckiBas crenenb Audg-
¢depeHunana, omyckatb CKOOKH; Tak, Hanmpumep, BMmecTo (dx)® mpu-
HATO nucath dx?, NOZpasyMmeBasi MOJA 3THM KBaJpaT BHIpaKeHus dx;
BMecTO (dx)® mumyT dx® U T. A.

Tpemoun Ougpepenyuarom MMu Ouppepenyuarom mpemoezo no-
padka GyHKOUM HaskiBaeTcs: AHddepeHuHan or ee Broporo audde-
peHiuana:

Py=d (@) =[f" (x)de] de=f"" (x)d*.

Boobue, dugpdeperyuarom n-20 nopadxa HasbBaeTcs NepBHIA Qug-
¢epennuan or auddepennnana (n— 1)-ro nopsaka:
dhy=d(d'y) =[f""" (x) dx"] dx,

dry= [ (x) dx. )

Tloabsysick auddepeHUHANTaMH Pa3JHYHBIX NOPSAAKOB, NMPOH3BOAHYIO

JmoGoro mopsjxa MOXKHO NpPeACTaBUTh KaK OTHOILLeHHe AuddepeHIna-
JIOB COOTBETCTBYIOIIEro Nopsjxa:

Fw=%, F@=2% . " 0=2%. @

3ameuanue. PaBencrBa (1) u (2) (npu n> 1) BepHH TOJBKO
JJsl TOTO cJydasi, KOTAA Xx SABJsAeTCS He3aBHCHMOH IepeMeHHOil.
JeficTBUTEIbHO, NYCTh UMEEM CJIOXHYIO (QYHKIHIO

y=F (u), u=9(x). 3

Mzl Bupesn, uro auddepeHuHan NepBOro IOpsiAKAa HMeeT HHBa-
pHaHTHYI0O (opMy, He3aBHCHMO OT Toro, OyjeT JM 4 HE3aBHCHMOH
nepeMeHHOM HJM (yHKuHeH oOT X:

dy=F, (u)du. 4)

Bropoit auddepeHunan u nocheayoomue AnddgepeHnHaNBl 3THM
CBOHCTBOM He 00./1aAaioT.
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JelicTBUTENbHO, Ha OcHOBaHuH (3) U (4) monyyaem d*y=d (F,(u)du).
Ho 3meck du=¢' (x)dx 3aBHCHT OT X, U MNOTOMY MBI MOJy4aeM
d*y =d (F;, (u)) du+F, (u)d (du) unu

d*y =F, (u) (du)® 4 F;, (v) d®u, rre du=9q" (x) (dx)*. (5
AnanoruyHbiM o6pa3oM HaxoasaTcs d®y M T. A.
HNpumep 1. Haiitu dy n d2y cnoxuolt dyuxnuu

y=siny, u=Vx.
Pewmenye.
1

2Vx

dy =cos u » dx=rcos udu.

Hanee, no dopmyse (5) monyuaem
d?y =—sin u (du)®+cos u d?u=— sin u (du)?4-cos u-u" (dx)® =

. 1 2 1
=-——smu<2 V;) (dx)z-l-cosu(——‘ixT/z)(dx)’.

§ 24. IpousBoansie Pa3NHYHBLIX NMOPSAKOB OT HeSIBHBIX (yHKuHH
d (yHKIHHA, 3a0aHHBIX NapaMeTPHYECKH

1. IMokaxem Ha mnpumepe cnocod HaXOXKAEHHS IPOHU3BOAHBIX
PasJIHYHBEIX MOPSJKOB OT HEesABHH X QYHKIHH.
Ilycte HesiBHasA (YHKLHMSA y OT X ONpeJeNseTcs PaBEeHCTBOM

2 2
Zt+E—1=0. )

HOuddepennupyeMm no x Bce YJEeHB 3TOrO PaBEHCTBA, NOMHS, 4TO Y
ectb yHKUHUA OT X:

2x |, 2y dy .
R
OTCIOA3 HaXOJHM
dy b2x
rriaiarrk 2
Iocnepnee paBeHcTBo cHOBa aupdepeHHHpyeM IO X (MMes B BHAY,
4TO Yy €CTb (QYHKUHA OT X):

Y
2y » YV
dxz — a2 42 .
IMoacraBnsieM ciofa BMecTO MPOHU3BOAHOM Z—% ee BbIpaxK€HHE H3 pa-
BeHCTBa (2), monyyaeM
b x
d2y e VT Ey
@ @t ¢ !
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WM 1OCJe YNpPOLIeHHs
d2y _ b%(a%y®+b%x?)
de® — T a%y3 *
Us ypaeuenus (1) caenyer, uro a’y®-b2x*=a®?, nosromy BTO-
PYIO IPOM3BOAHYIO MOXHO IPEJCTaBHTb B BHAE
Ly _ b
dx® ~ a3’
JuddepeHupys mo x MocjaefHee PaBEHCTBO, HaileM —g—i%— HT. I
2. PaccMoTpuM Temeph 3afady O HaXOXAEHHH NPOM3BOAHBIX BIC-

ILMX MOPSIAKOB OT G YHKI UM, 3alaHHON NapaMeTpPHYECKH.
IMycts $yHKUMSA y OT X 3ajaHa NMapaMeTPHYECKHMH yPaBHEHHSAMH

npuueM GyHKuus x =@ (f) Ha orpeske [{,, T'] umeeT o6paTHyIO QyHK-
uuio ¢t =D (x).

B § 18 Obuo noKas3ano, 4TO B 3TOM CJydae NPOHM3BOAHAs Z—ch
onpefienisieTCsl paBEHCTBOM

L
dy  dt
dx iii_. 4)
dt
o . d?
Jlna HaXOXKAECHUS BTOPOH MNpPOU3BOJHOH —&;%— JuddepeHIHpyeM
[0 x paBeHcTBO (4), HMes B BHLY, 4TO ! eCTb (QYHKUHSI OT X:
gy L
ay _df ar \_ d(ar )a 5
dx® " dx\ dx | dt \ dx [dx’® (®)
dt dt
HO
dg \  4x d d_y)_ﬂi 21) de dy  dy dx
d [ df |\ _ df dt \dt dt dt \df ) _ "dt di* _dt ar
@\ & )T L TE
i dt dt
dt 1
T
dt

[oacraBnss mMociefnue BhipaxeHHs B dopmysy (5), moaywum:
dx d?y dy dx

d2y _ dt aif _dt ae

dx* 21)3 '
(@
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IMocnenneft dopMyne MOXKHO NMpUAATL CcJeAyioMiA, Gosee KOMIAKT-
HBIf BHJ!
Py _ 9 OV O—Y ()" (%)
dx? o’ OF ’
A3y diy

AnanornuHEIM 06pa3oM MOXHO HAHTH POH3BOJHbIE —% , —-T HT.A.

INpuMep. Pynknusa g or x 3agaHa napaMeTpHUYECKH:
x=acost, y=bsinl.

. dg d%
Haiite mpoussonuue e’ dEe
Pemenue.

dx dx dy dy

Et———asinf, W——GCOS t, -d-t——b cos £, F—— bsin t,
dy _bcost b
Zr —asmi - a"€h

.‘_1351-("' asin f) (—bsinf)—(bcosf) (—acost)_ b 1

dx® (—asin #)3 T T atsindt

§ 25, MexaHu4ecKoe 3HaueHHEe BTOPOH NPOH3BOXHOM

ITyte s, npolifeHHbl MOCTynaTelbHO ABHXKYIIHMCA TE/OM, B 3a-
BUCHMOCTH OT BpeMeHH [ BbIpaxkaercsl (opMyJiof

s=F(t). (1)

Kak yxke m3BecTHO (cM. § 1), CKOpOCTb ¥ TeNa B JaHHHI MOMEHT
paBHa NepBOil NPOW3BOJHOH OT NMyTH MO BPEMEHH:

ds
U=F . (2)

[Tycts B HeKOTOpHIE MOMEHT ! CKOPOCTb Tena Oblia paBHa v.
Ecnn npuxeHne He SBJIAETCS pPaBHOMEPHBIM, TO 3a MPOMEXYTOK
BpeMeHH Af, MCTeKIUMil ¢ MOMeHTa f, CKOPOCTH H3MEHHTCH M MOJY-
YHT npupaieHHe Av.

Cpednum ycxopenuem 3a BpeMs A¢ Ha3blBaeTCs OTHOLIEHHE MpPH-
palieHuss CKOpPoCTH Av K NpHpAIEHHI0 BpeMeHH:

__ Ao
acp—'Kt— e

Ycxopenuem 6 Oanroui momenm Ha3bIBaeTcsl TNpPeleN OTHOIUEHHS MPH-
pallleHHs! CKOPOCTH K NPHPAIEHHI0 BPeMeHH, KOTAa NOCJefHee cTpe-
MHTCSl K HYJIO:
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MHaye ropops, YCKOpPeHHe (B AaHHEIA MOMEHT) PaBHO NPOM3BOJHOH
OT CKOPOCTH IO BPEMEHH:

HO TaK Kak U=~§%, TO, CJiefOBaTeJbHO,
am b (8 _ s
Todt \dt )] de2?

T. €. YCKOpeHue NPAMOAUHEIINO020 OBUNCEHUS PABHO 6mMOpoil npous-
800not om nymu no epemeru. Vicxops u3 paeencrsa (1), moayuaem

a=f"(t).

IIp umep. Halith ckopocTh v B ycKOpeHHe & CBOGOJHO HajalOHIETO TeJa,
€CJIH 3aBHCHMOCTb DacCTOSIHHSI S OT BpeMeHH ! jaeTcs hopmyJoi

s=%gt2+vot+so, 3)

rAe g<=9,8M/c?—yCcKOpeHHe 3eMHOTO TATOTEHHST, a So= S|f—o— 3HAUYEHHE S IpH

Pemenmne. Juddepenunpys, Haxoxum
ds
v=_; =gt +vo] “)

H3 10 GOpMyJH CeAyeT, HTO Up= Ult=o.
Juddepenuupys eie pas, HaXOLHM:

3aMeTuM, 4T0, O6paTHO, €C/H YCKOpeHHE HEeKOTOPOTo ABHIKEHHS MOCTOSHHO M paB-
HO g, TO CKODOCTb BhIpaxaeTcsi paBeHCTBoM (4), a paccrosmue— paBeHcTBoM (3)
OpH YCJAOBHH, UTO Ultmo=Ug H S|t_o==Sq.

§ 26. YpaBHeHHs KacaTeJbHOH M HOPMaJH,
JUIMHBI nojgKacaTeAbHOH H NMOZHOPMAJHM

PaccMoTpuM KpHBYIO, YpaBHEHHE KOTOPOHl €cTb
y=1(x).

Bosbmem Ha 3roit kpuBo#t Touky M (x4, y,) (puc. 88) u Hammmem
ypaBHEeHHE KacaTelIbHOH K JaHHOH KpHBOH B Touke M, mpeamosa-
ras, 4To 3Ta KacaTejbHasi He MapaJjiebHa OCH OpAMHAT.

¥YpaBHeHnHe NpsMOfi C YrJIOBHIM KOIDGHLHEHTOM £, NpPOXOASMIIEH
uepes ToukKy M, umeer BuA y—y,=k(x—x;). Jasa xacarenbHoi
(cm. § 3) k=f'(x,), nosToMy ypaBHEHHE€ KacaTeabHOH Hmeer
BUA_y—y,= [ (x)(x—X,).

Hapsagy ¢ kacaTembHoH K KpHBOH B JaHHOH TOYKe OY€Hb 4acTo
NPUXOAUTCS PaccMaTpHBaTb HOPMaJb.
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Onpenenenne. Hopnareto K KpHBOH B JAHHOM TOYKE HA3Hl-
BaeTCs NpsiMasi, MPOXoAsmasi 4epes NAaHHYI0 TOYKY M INepleHAUuKYy-
JsApHasA K KacaTeJibHO# B 3TOH TOUKE.

.V

y=a*
A=Ammy
ol /1 %
Puc. 88. Puc. 89.

U3 anpenenenuss HopMaau cjejyeT, 4YTO €€ yIJoBOH KodbdHIHeHT
k, cBsizaH ¢ yrJoBeM KoaddumuedtoM k; KacaTenbHOH paBEHCTBOM
1

kn= -—"Et-, T. €. kn=—m .

CnenoBaTeNlbHO, YpaBHEeHHEe HOPMaJaM K KpuBoid y=f(x)
B Touke M (x;, y,) UMeeT BUR

1
Y—Yi=—Fy (x—x,).

IMMpumep 1. Hanucats ypaBHeHusi KacaTelbHOH M HOPMaJi¥ K XpPHBO¥
y=x> B Touke M (1, 1).

Pewmenne. Tak kak y' =3x%, To yrjoBoit Koa{pdHIHeHT KacaTeabHoll pa-
BeH Y'|y_1=3.

CnenoBatenibHO, ypaBHEHHe KacaTelbHOI?

y—1=3(x—1) mm y=3x—2.
Vpasuenne HopManu: y—1=— (x—1)/3 uan y=—%x+-§ (pnc. 89).

Hmuna T orpeska QM (puc. 88) kacaTenbHOM, 3aK/IOYEHHOTO
MeXKAy TouKoH KacaHusi U ocbio Ox, HasbiBaeTcs OAuUHOU Kacamens-
noi. Ilpoeknus aroro orpeska Ha ocb Ox, T. e. oTpe3ok QP, Ha-
spiBaeTcs nodkacamenvuol; AJUHA TOAKacaTeNbHOH o06Go3Hauaercs
yepes Sy. Jauna N orpeska MR HaswBaercsi Oaunol Hopmaiu,
a npoekuus RP orpeska RM Ha och Ox Ha3biBaeTcs nodHOpMAALIO;
JJIHHA TIORHOpMaJH oGo3HauaerTcs uepe3 Sy.

Haiigem Besmuunsl T, Sz, N, Sy ans kpusoit y=f(x) 1 ToukH
M (x;, yy).

Us puc. 88 BuaHo, uro

QP=|yctgal=|gL|=|%|,
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MO3TOMY
2  ——
sr=|4]. 7=y i+ L= |y,
Y1 % N
Jlanee, U3 3TOro e PHCyHKa SICHO, 4TO

PR=|y;tga|=|yy,l,

T103TOMY
Sv=Ilyils N=VEZ+uw) =0V I+

[CaL 1L

i ¢opmynsl BHBEIEHH B NPEANONOKEHHH, 4TO y; > 1, i > 0.

y O)maxo OHH COXPAHAITCA H B

T ofweM cayyae.
! IIpumep 2. Haittu ypaBHenus xa-
| 2L caTeJbHOH M HOpMaJH, JIAHH KacaTeb-

x=acost, y=bsint )
Pre. 90. B Touke M (x1, yy), AN KoTopoht ¢=m/4
(puc. 90).
Pemenne., U3 ypasrenni (1) Haxogum:
dr_ dy_ dy__ by d4) b
= asint, d—t-—bcos t, L=z £, Artliens =" 3"

HaxomuM KOOpDAMHATH TOYKH KacanHs M:

xf:xlt-.-n/a. =a/V_2: yi=ylt=n/4 =b/V§.
¥YpaBHeHHE KacaTeNbHOIL:
b b a —
—_—_——=— e x———), unm bxtay—ady 2=0.
vz @ ( V3 ) 4
YpaBHeHHe HOpPMAJH!
b a a —
——— = x———, mm (ax—by)Y 2—a?4b2=0,
=y =t () o +
Hmispl MOAKacaTeJbHON M NMOAHOPMAJH:
b

ol

a

_ _| b / _bN\]__ &
s\ ey ol (el
a

aV 2

JIndHE KacaTelbHOR M HOPMAaJIH:

b
S Vg | B )

: &
vl V(T e

~
0l RP @ HoOit M MoxKacaTeNbLHOMH, JJIAHB HOPM2AH H
TMOAHOPMAJIH AJIS 3JVIHICA
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§ 27. leomeTpHuecKoe 3HAueHHE NPOM3BONHON paiHyC-BEKTOPa
N0 NOJSPHOMY YIJiy

Ilyctb uMeeM ypaBHEHHE KPHBOH B MOJISIPHBIX KOODAMHATAX:
p=1(9). (D

Hanumutem ¢opmysisl mepexoga OT MNOMSPHBIX KOOPAMHAT K IMpPSAMO-
YrOJIbHBIM JIeKapTOBBIM: Iv;

x=pcosH, y=psind.

ToacraBnsisi CloZa BMECTO P €ro BEIpaXKeHHe
yepes 0 u3 ypaBuenus (1), Gyzem umern: L

x=1[(0)cos9, y=F(0)sino. ) P

YpaBHeHHd (2) ABASIOTCA NapaMeTpPHYECKH-

MH ypaBHEHHSIMH JaHHOH KpPHBOH, Npuuem ] ®

napamMeTpoM siBJsieTcsl MOMSPHB yrom 6 7 7 %

(puc. 91).
Ecau uyepes ¢ oG03HaYMM YroJ, COCTaB- Pue. 91,

JICHHBII KacaTeJbHOH K KPHUBOH B HEKOTO-

poit Touke M (p, 6) ¢ monoxuTeNLHEIM HampaBJIeHHEM OCH aGCIHce,

To GyneM HMeTb

dy Z—‘g Z—Ssin 0+pcosO
tgo=gr=7, wm tgo=p——0! (&)
—= 20 cos 0—psin 0
a8 pL P

OG6o3HaunM yepes p yroJ MexJy HamnpaB/eHHeM paAuyC-BeKTopa H
KacaresbHoil. OueBHJHO, 4TO p=¢—0,
__teop—tgh
Br=TTtgota0 "

lNoncraBnss ciofa BMecTo tg @ ero BoipaxkeHHe (3) M MPOM3BOAS
npeo6pa3oBaHue, MOJYUUM

$ __(p'sin 0--p cos B) cos 6—(p’ cosO—psinO)sinE)_ﬁ
gn= (o’ cos 8—psin 0) cos 8- (p’ sinO-+pcosB)sinO~ p’ ?

HIU
pe=pctgp. 4
Takum o6pasoM, NpPOM3BOAHAs pAAMYC-BEKTOpa MO MOJSIPHOMY
yIa1y paBHa JJIMHE PaJuyC-BEKTOPa, YMHOXKEHHOH Ha KOTaHIeHC yrJa
MeXJy paiuyC-BEKTOPDOM H KacaTeJbHOH K KPHBOH B JaHHOH TOUKe.
IMpumep. [TokasaTs, 4TO KacaTelbHasi K Jorapu(MHYeCKOl cnHpasy p=ed®
Tiepecekaercsi C paAnyC-BeKTOPOM INOJ ITOCTOSTHHBIM YIVIOM.

Pewenne. M3 ypaBHenus cnupanum Haxogum p’'=ae%®, Ha ocHoBaHHM
dopmyanl (4) monydaem

ctg p=%=a, T. e, p=arcctg a=const.
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Ynpaxuenus K raase Il

Haiitu npoussopusie (QYHKUHH, NOMb3ysCh HEMOCPEACTBEHHO ONpeleNeHHeM
PO# 3BOJHOM:

. y=+% Oms. 3x% 2. y=1/x. Oms. —1/x* 8. y=V x. Oma. 1/2V %)-
4. y=1/V x. Oms. —1/(2xV %), 5. y=sin®x. Omes. 2sin x cos x. 6. y=2x2—x.
Oms. 4x—1.

Onpefe/uTh TAHrEHCH YIJIOB HAKJIOHA KACATENBHBIX K KPHBBIM:

7. y=x% a) Ilpu x=1. Ome. 3. 6) Ilpu x=—1. Oms. 3; caenath YepTeK.

8. y=1/x. a) Ipn x=1/2. Oms. —4. 6) Ilpu x=1. Ome. —1; caenatb uyepTex.
9. y=V x npu x=2. Oms. V 2/4.
Haiitu npousBogHse cpyuxunu
10, y= x‘+3x2-6 Oms. y —4x3—|—6x 11. y=6x%—x2. Ome. y' = 18x2—2x.
12, XKk Ome y=r 2 g3, =Xl
Y=aF6 a—b5 " Y=ars—a=s " - b= 5
2 __ 2
Omg, y' =3x 5 2x‘ 14. y=2ax3—%—|-c. Oma. y'=6ax2—-2?x.
15, y=6x7/21-4x5 1 9x. Oms. y' =21x5/2 410532 +-2. 16. y=V 35+ v/ }.;._‘_,
2 (x—
Oma. y’_ _+ ____— 17, y= (x+l) . Oms. y' = M.
x 3/ 2x8/2
1 m  2x 2n? 3 />
18 y—"—--l" +n2+x2 . Oms. y’=z—ﬁ+n—2——g-. 19. y= .‘/xa—-
3 ,—
—_ 2 1 1 ax? b )/x
—_— 21/. x+5, Oms. y'=-—ﬁ——_— . 20. = —— = — o
33/ x =3 X "Wx Vx

Oma. y'=%ax2’§—%bx-5/2+Fx—”°. 21, y=(14-44%) (14+2+%). Oms. y'=

= 4x (1-4-3x+10x3). 22, y==x(2x—1)(3x+2). Oms. y =2Ox2+}x—1),

23, y=(2x—1)(x®*—6x+43). Oms. y =6x2—26x-112. 24. y=b3—fx—2.
43 (262 — x? — , 2
Om. y’='—(b(2——x_2)%2° 25, y=g—_[_—fc. Oms. y =—@-_ﬁ. 26. [ (f)=
2 2
”1_.:.375' Ome. f«t):%%—}. 27. f(s)—-(s—_ll-_;) . Ome. ['(s)=
(s-|—2)(s+4) 28, y— %42 Oms x4t —2x3—6x2—4x1-2
T GFIR . ~xz—x—2' S )l
P it m . poih
29. y=x—mx_j. Oms. y’— [(:’x”‘f)af")z Pz ] 30. y=(2x2—3)’.

Oms. y =8x(2x*—3). 31.  y=(2}a?s, Oms. y=10x (x24a?)%,

—g—— ’_ X — Py
32. y=Vr+a. Oms, y—-—-——-‘,m. 33. y=(@+xVa—=z
—3x 1-4-x 1
Oms, y=—ns_ . 34. y= . Oms, Y=,
e y T—x S A | B 7
2x2—l l-]—4x2 Q p——
35. = — Oms. ' 36. =5
y AT e T2V atop b=V it
Oms. ¢ ._%i—l:_—____ 37. y=(l+;/x). Oms. y' = l-*—-a—lz ’.
3V (1) V x
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= 1
3s8. y= l/ x+Vx-[—V X Oms. = == ——————D.°

Y=
o) s+V iV

1
%[ 14 ( ) 39. y=sin®x. Oms. y’' =sin2x. 40. y=

= 2sin x--cos 3x Ome. '=2cos x— 3 sin 3x. 41. y=1g (ax}b).
. _sig_x_ [ P —
Oms. y'= ~ cos? (ax—|—b) 42' b= +cosx* Oms. y 14cosx * 3. y=

=sin2xcos3x. Oms. y =2cos2xcos3x—3sin2xsin3x. 44. y=ctg?5x,
Oms. y'=—10ctg 5xcosec2bx. 45. y=tsint4cosf. Oms. y' =1icost,

46. y=sin®fcost. Ome. y =sint(3cos?t—sinf). 47. y=a/ cos 2x.

in 2x .3 @ P P
Oms. yf =— X | 48, r—asin® L. Ome. r’,=asin® -2 cos-&, 49. y=
y Vvosox' 3 ¢ 3 3 y
x x
tg 5 4ctg =
_ =2 2 s 2(xcos x-4sin x) _ A X ,
- Oms. y' = T ein® 1 » 50. y=asin 5 Oms. y' =

=2asin3%cosi2c-. 51. y=%tg2x. Oms. y' =tg xsec®x. 52. y=Incos x.
Omg. y'=—1tgx, 53. y=Intgx. Oms y =2/sin2x. B4. y=Insin?x.

Oms. y'=2ctgx. 55. y=t-gsexc—_xl-. Oms.  y' =sinx-}-cos x. 56, y =
N 14-sin x ,_ 1 _ n i) ‘e

=1 -l—_m. Ome. Yy -—cosx.57. y_lntg(4-|-2 Ome. Yy = os %"
58, y=sin (x+a1) cos (x+a). Oms. y =cos2(x+}a). 59. f(x)—.sin (]ln x).
Oms. P (x) ‘—"—s‘(x“—") 60. f()=tg(nx). Oms. ()= Se_cm

61. [ (x)=sin (cos x). Oms. f’(x)=— sin x cos (cos x). 62. r=—;’-tg3(p—tgq:+q).

Ome. a-_tgﬁp 63. [ (x)=(xctgx)2. Oms. [’'(x)=2xctg x (ctg x— x cosec? x).
64. y=In(ax}b). Oms. y =a/(ax+0b). 656. y=Ilog, (x*+1). Oms. y =

2 1 2
= '(';fi_-iltm—a' . 66. y=In % . Oms. y = —= 67. y=log; (x>—sin x).
J— 2
Oms. 2x—cos x 68. = ln 1+ Ome. 4x

’n,__ o
Y= _—smnms" T—x2* y =1—x

6. y—ln(+x. Ome. 4= 2""“ 70.  y=In (P—2x}5).

T x

Ome '=—'2‘-a:—2— 71 y=xlnx. Oms. y =Ihx-+1 2. y=
. y x3_2x+5. . - . .
3In2x — 1

= /i — = = 2), 3 ——

=In3x. Oms. y Pt 73. y=In (x+Vl +x?). Oms VW

4. y=In(nx). Ome. y' = 5. (=l V 2. Oome. fr (9 =

.y . . Ty =" .

1 V1 —H—x 2

. 76. =In —= Oms. ' (x)=— .

= T =y FO= e

— 2 2 2 2
71. y=}/‘a2+x2—alnq—4—_——z;-§—ﬂ. Oms. y'=Kax—+x-. 78, y=

—_ 212 22
=1n(x+}’x2+a2)—}_/_j;2_+q_. Ome, y,=_&_—}_-_a_' 79. y=_w£+

x2
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1 X , _ sinx ,_ 14sinx
+5intg 5. Ome y'=gr5. 8. y=za3 O ¥V =Fa%

81. y=-;-tg1x+lncosx Ome. y =tgdx. 82. y=e®®, Oms, y =ae®®,

83. g=et¥+5, Oms. y' =4etx+5, 84, y=a*®. Oms, 2xa**Ina. 85. y=T7%*+3%,
Oms, y =2(x+41)7%2+2%n7, 86, y=co*=*% Oms, y =—2xc**-*Inc.

87. y=aeV_x. Omes, y = a_eﬂ. 88. r=a8. Oms, r'=dlna.
2V

dr __ain®Ing 2 p
-d—e-———é-——. 90. y—e"'(l—x). Oms, y=

== ome, y=2 =
V==11" A Py R y="1TFe"
1 _‘_l . W y=g (Hame¥0). Oms, y=-5 (e¥/a-te- ).
94, y=esinx, Oms, y =einxcosx. 95. g=alenr, Oms. ¢ =
=nat€ nxsect nxlna. 96. y=ecoS¥sinx., Oms. Yy’ =ecos X (cos x—sin? x).
97. y=e* Insin x. Oma. y' =e* (ctg x+-In sin x). 98, y==xtesinx,
Oms. Y =xn~lesinx (n+x cos x). 99, y=ux~. Ome, y =x*(Inx+1).

100. y=xV%, Oms. y' =xV* (l—:n x) . 101, y=xIn %, Oms, y' =xInx-1inx2,

89. r=an®  Oms,
=t (1—2x—1%. Ol 0.

Oms. Y =

102. y=e**, Oms, y' =e** (14-1n x) x*, 103. y=(x/n)n%,
, x \P¥ X sin x
Oms. y' =n - l—I—ln? . 104, g=xsin ¥, Omg, xsin ¥ +Inxcosx ).

105. y=(sinx)*. Oms. (sinx)¥ (Insinx-x ctg x) 106. y=(sin x)tex,
2ex

x 2 =
Oms. y _(sm e x (14-sec? x In sin x). 107. g= tgl-}-e" Ooms. y' = (H—ex)’x
X———pr+ 108 y=sin VI=2%%. Oms. o s VI,
1—e* 2y 1=2%
cos?
1+e*

109, y—10% 2%, Ome. y'=10%12%In10 (tgx+ = )
Haiitu npousBoxHbie GyHKIMH, npenaapmenbﬂo JIOTaPHPMHUPYS 3TH QYHKILHH:

3 ST ETTD , x (1) 2
0. y= i(%—-'i-f)'z‘) Oms, =_ x(f:—-i;)z)( +x22-itl x—l)'

1t y= .(.d__l_)s_—. ’(x—'2)s Oma v = (x+l)31/(x—2)3( 3

1/(" —3)? ) v/ (x—3) x+l+
2 (=4 1 ,
o) B
_ ) 624 14x4-5) _ / G—1) )
== )T x+3° 113. y= -:/(x— 2 io'/(x—-S)Z . Oms. ¥y =
— —161x‘+480x—271 114 y= x(l-{—x’)
60 15/(x— 1 f/(x— 9)1 f/(x_;;)xo Vice

2__
Ome. y =-1—(_l_—iv7—)3,2;—c4 . 115,  y=x5(a+3x)° (a—2x)2. Oms, y' =

= 5x% (a+{3x)? (a—2x) (a®+2ax—12x?),
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Haiitu npou3BofiHbie (QyHKIHI:

1
m. 117, y=(arcsinx)2. Oma. y'-_-

2 arcsin x y = 2x
Vi TFE+0

2
= arctg-l-:Q_ix-2 . Oms. 4 =T——{—_'x2 . 120. y=arccos (x2). Oms. y =

— Y
= 121, y=———=, Ome. Y = (x4 ¥ T— 12 arccos )
Vl—x4 X X2 V_—_l -
1

+1 —3 x
= aresin ——:. Oma, = 123. =xV a?—x%*{a?arcsin— .
aresin == MRV ey y=+Y @ taarcsing

116. y=arcsini. Oms, y' =
a

_

118, y=arctg (x241). Oms, 119. y=

—2x arccos x

. 122. Y=

_ X a—x
! = 2 x2 . 24. = 2 — x2 —_— . = —_—
Oms. y' =2 Vaa—t. 124. y V a® =% 4-aarcsin 2 Oms. y atr’
1
125, u=arctg vta . Ome. du_ . 126, y= _arctg xV 3
1—av dv 1402 V3 —x
2
Oms. Y =_i—t1— . 127. y=xarcsinx. Oms, y =arcsin x-l-—x—— .
x4xt4-1 Vi=z
1
128. f (¥) =arccos (In x). Ome. )= ————— .
) ( ( sV 1—In%x
129. f(x)=arcsin V'sin x. Oma. F)=——x
2 V sinx—sinZx
cos x 1
= * I e— = t
130. arctg 1/-1+C‘)sx O<<x<m). Oms. y 5 - 131, x—earctgx,
earctg x —e—¥ , :
Oms. y' _1+ 5 132 y_arctg 5 - Omse. y =___.ex+e_x . 133, y==xarcsin x_

Oma. yr=xarcsinx(arcimx_{_v_]ln:xz). 134. y=arcsin (sinx). Oms, y' =
e e o ot v, 135 y=arolg s SO Oma. /=
=5_+_§4<_:35_§ 136. y:arctg%-{—ln 1/;:_2 Oma. y,=x4_2—a3?1'
137, y—-ln(l—l—i)l/ ____;_arctgx. Oms. y'=l—_"3;. 138. y=§i;}:—l+
+In Y 15x% + arctg x. Ome. y’=-’%.

189, y— In bl retg 21 1 A

3 Ve —x+1+v—3

. —
140, y=In Lpx ¥V 2+ x -|-2arc1fgf—‘/—-—2

I—xV 2+ T
_ x2n —1 2nixi®
141. y—arccosx%_l_l; Oms, PTrE .
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JduddepeHunpoBanHe HeABHBX GyHKUHUN

o dY .
Haiitu dx’ ecJu:
dy 2p dy x
2 y__ce . x2d-y2=a?. Y= 144, b2x2
142, y2=4px. Oms, st 143. x24-y%2=aqa?. Oms ax 7 144. b%x% |-
dy b2x dy 2a
202 — 2b2 G . S — =0. LY 2
+ a’y? =a%*. Oms, P &7 145. y®—3y-+2ax=0. Oms Tty g
146. x2/2-y1i2=ql12, Oms d—y-_—]/-_y 147. x2B4-y2B=qa2B, Oms d —
0 . . dx x . . . . dx

i/7 148, g2 —2xy+62=0. Ome, Y=Y . 149, x44P—3ary=0
=— ';-. . Y XYy =0u. .dx y_x. . xy =V,

dy ay— x?
dx yi—ax’

Oma, 150. y=cos(x+y). Oms, Y _SCHY)

dx 1+sin(x+y) "
151, cos (xy)=x. Oma. d—*‘!=—-l—ty—M.

Haiitu j—i (yHKNRI, 3afaHHEIX NapaMeTPHYECKH:

dy b

152. x=acos ¢, y=>bsin £. Oms. Pt ctg £ 183. x=a(t—sint), y =
=a(l—cos £). Oms. Z—i:ctg % 154. x=acos®t, y=bsindt. Oms. %:
b __ 3at __ Bat? dy 2t
._..—?tgt, 155. x—--l_‘_—tg, y—m Oma. d—x-—- T—#°

156. u=2Inctgs, v=1g s-}-ctgs. ITokaszate; uyrtO %=tg 2s.

Haiiti Tarrencn YrJ0B HAKJIOHA KacaTeJIbHbBIX K KDHBBIM:.

157, x=cos?, y=sin{ B Touke x=—1/2, y= V3—/2 Cnenate ueprex.
Oms. 1/V 3. 158. x=2cos¢, y=sint B Touke x¥=1, y=— V 3/2. Crenats
ueprex. Oms. Y 3/6. 159. x=a (t—sin #), y=a (1 —cos ¢) npu ¢ =mx/2. Caenats
-(;)ep're}x. ?ma. 1. 160, x=acos®?, y=asin®¢ npu ¢{=mx/4. Chenats ueprex.

me. —1.

161. Teno, Gpomennoe mox yrioM o. K FOPH30HTY, B Ge3BO3AYWIHOM IpOCT-
PaHCTBE OMHCAJIO NOX AefiCTBHEM CHJBI TAXKECTH KpUBYIO (mapaGosy), ypaBHeHHS
KOTOpOit: x=(vp oS @) £, y=(vosin a) —g?%/2 (g=9,8 M/c?). 3uas, uto & =60°,
Ug= M/c, OmpejleJITh HampaBJeHMe JBHXKeHHs npu: 1) é=2c¢; 2) =7 c.
Cnenatb  ueprex. Omes. 1) 1g@i=0,948;, @;=43°30"; 2) tg@,=—1,012,
q>3=+l34'3°'

Haiitu puddepennnanst crenyomunx GyHKuHi:

162, y=(a®—=x?)5 Oms. dy=—10x(a®—x?)%dx. 163 y=V) 1|13,

__xdx _ 3 _

Oms. dy—lm. 164. y_-g;tg :—[—tgx. Oms., dy=sectxdx,
xlnx nxdx

165, y—l_x-i-ln(l-—x). Oma. dy——(-—l:x—)g-

Botuncnuts npupamenus u aubdepeHnnansl GyHKuui:

166. y=2x*—x mpu x=1, Ax=0,01. Oms. Ay=0,0302, dy=0,03.
167. Hano [fy=x®-12x. Haiith Ay u dy npu x=—1, Ax=0,02. Oms. Ay =
= 0,008808, dy=0,1. 168. Hauo y=sinx. Haiitu dy upn x=n/3, Ax=mn/18.
Oms. dg=m/36=0,0873.
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169. 3uas, uTo Ssin 60°=V'3/2=0,866025; cos 60°=1/2, HaliTu npubnuxen-
Hple 3HaueHudst sin 60°3’ u sin 60°18’. PeaysbTaThl COMOCTaBUTH C AAHHLIMH TaG-
Jusl. Oms. sin 60°3' =~ 0,866461; sin 60°18" ~ 0,868643.

170. Hafitn npuGnmxensoe sHauenue tg 45°4'30", Oms. 1 ,00262,

171. 3uas, urto 1g200=2,30103, naiitw npuGamkenHoe 3Hayenue Ig200,2,
Oma. 2,30146.

MpoH3BOAHLE PAa3MNHUHKX MOPANKOB
172. y=313 —2x*1-5x—1. Hafitn . Ome. 18x—4. 173. y=y/ #°. Hatirn g
Oms. %x‘12/5. 174, y==x5. Haittu y®. Ome. 6!. 175. y=-§;. Haiitu .
n(n—l—l)C Y 2 ) - _ a?
Oms. —5— . 176 y= VY =% Haiitu y". Oms. e

177. g=2Vx. Haiitu y®. Oms. — 5_ . 1m. y=axt4bxtc.
8V x

6
" — & v —_——
Hafitu y'". Oms. 0. 179. [(x)=In(x+1). Haiitu fIV(x). Ome. rE

180. y=tgx. Haiitu y'". Oms. 6sect x—4sec?x. 181.  y=Insinx.
Haiitn y’”. Oms. 2ctg xcosec?x.  182. fx)= Vsec2x. Haiiru [ (x).
4 = 5— . = [V . . T
Oms. " (x)=3[f (VP°—F (). 183d3 I=7— ::i’xm Y (9. Oms. 5.
24 2 l _ 8 xia, -xla
184, p= (2q +a?) arctg = . Haiitu —5 - Oms. @Fr 185. y= 3 € e,
Haiitu B_ Oma. %. 186. y=cosax. Haiith y»). Oms. a"cos (ax-4-nmn/2).
187. y=a*. Haiitn y\). Ome. l(lna)" a*. 188, y=In (14 x). Haittu y("’ Oma.
=D —a i
(—-l)" L( x)” 189. y—l—_i_)'c. Haiitu y‘"). Ome. (—l) —Wi.
190. y—e*x. Hahitn y™, Oms. e* (x+n). 191. y=x"—llnx. Haittu gy,
Oma. .(i._x_l)'. « 192, y=sin?x. Haltru y». Oms. —27-1cos (2x---mnn/2).
193. y=xsin x. Haiitu y™). Oms. xsin (x-nn/2)—n cos (x+nn/2). 194. Ecau
y=e*sin x, TO J0Ka3aTb, 4T0 y'—2y'-+2y=0. 195. y?>=4ax. Haiitu £y,

2 4 6
Oms. -—9-;3— 196, 62x%-4-a%y?=a?b% Halitn 2y Ly Oms., —- 2. 30

dx? © did a2y3' alys”
2,2 sy LY r a3y
197. x?+4y?=r?, Haiimu e Ome. -5 198. y>—2xy=0. Hajitu R
3 2 4
Oms. 0, 199. p=tg(ptp). Haiitu Z-Tf;. Oma, 2(—5%
200 d’p tg?p—tg?e
. sec@cosp=C. Haiith 2—_ Omes. ~tp - 1. e*f-x=el{y,
. Ay (L—ex+7) (e¥ —eY) - 4%
Hajtu o Oms. CESE . 202, y*4x2—3axy=0. Hairu ik
Oms. ——22H 903, x—q(t—sint), y=a(l—cosf). Haima -9Y
) (ya—{zx)g. ’ ’ ’ dxd °
d%y
———— — 3 — 2 oy _
Oms. Tasmi (/9 204. « acdosst y bslnst. l';oxaaawb, uto -5 =0.
cos
205. x=acos t, y=asint. Halitu —= Ta Oms. e rral 206. Ilokasatp, uTO

dx"‘ (sh x)=shx; W (shx)=chux.
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YpaBHeHHs KacaTeabHOH H HOpDMaJH.
Jdnvine NoAKacaTeNbHON H MOXHOPMAaJaH

207. HanucaTe ypaBHeHHe KacaTe/lbHOH M HOPMaid K Kpupoil y==x3—3x2—
— x+5 B Touke M (3, 2). Oms. Kacarenrnas 8x—y—22=0; nopmaap x-8y—
—19=0.

208. HaiiTn ypaBHeHue KacaTeJIbHOH -M HOPMaJH, MJIAHHE NMOAKAcaTeJbHOH M
NOAHOPMAH OKPYXKHOCTH x2-y2=r? B Touke M (xy, y;). Ome. KacarenbHnas xx;--

. 2 .

+ yy1=r%; nopmamb xy—yix=0; sp=|yi/xl; sv=]x|

209. Iloxkasath, uTo mojKacaresibHas napaGojn y?=4px B JOGOHK Touke Je-
JIITCS BEPLIMHON IIONOJaM M NOAHOPMAaJNb NOCTOSIHHA M paBHa 2p. CrenaTh yepTex.

210. Haiitn ypaBuenne kacaTenbHoll B Touke M (xq, y1): a) K suamuncy

2 2

x? 2 xx x 2 xx
F—‘—%?:l' Oms -‘ITI—!—%:L 6) K rumep6oue 21'2_—%2_=1' Ofns. —3-—
Y
b? )
. 8a?
211. Ha#iTh ypaBHeHHe KacaTeJIbHOH H HOPMalH K <«JIOKOHY» y=4a—2+7

B Touke, rae x=2a. Ome. Kacarennuas x-}2y=4a; Hopmans y=2x—3a.
212. TlokasaTb, yTO HOpMaib K KpuBoi 3y=6x—5x% mnposeiennas B Touke
M (1, 1/3), npoxonuT uepes Hayalo KOOpAMHAT.

o x \» n
213. TloxasaTh, 4TO KacaTeqbHas K KpPHBOH (-E) —{—(i) =2 B TOuKe

b
X,y _
M (a, b) ects —- —|——b =2

214. Haiitn ypaBHeHue TOit KacaTesbHOM K mapaGosie y%=20x, Kotopas 06-
pasyeT yroax 45° ¢ ocbto Ox. Oms. y=x--5 [B Toure (5, 10)].

215. HajiTu ypaBHeHusl KacaTeJbHBIX K OKPYRKHOCTUH X2 y?=>52, napasneinb-
HbiX npamoll 2x43y=6. Oms. 2x+43y + 26 =0.

216. HaliTu ypasHeHHsi KacaTesqbHBIX K runep6ose 4x2—9y2=36, nepnenpu-
Kyasipub'x K npsmoii 2y--5x=10. Oms. Takux KacaTelbHHIX HeT.

217. IToxasaTh, 4TO 3aKJIOUEHHEIH MEXKJIY OCSIMH KOOPAMHAT OTPe30K Kaca-
TeJbHOH K TunepboJie xy=m JACJHHTCA TOYKOH KacaHHs INONOJIaM.

218. [oKasaTb, YTO 3aKJIOYEHHBII MEXJAY OCAMH KOODAHHAT OTPE30K Kaca-
renpHoORt K acTponge x /34y /s=a"/s umeer mocrosmuyo mmmny.

219. ITox KakuM YrJoM O nepeceKaioTcsi KpHBhe y=a* u y=>b%? Ome,
to o — Ina—Inb
ga= 14Ina-Inb’

220. Hajitn andHBl NofKacaTeNbHOM, NMOJAHOPMAJHM, KacaTeNbHOH H HOpPMaJu
HMKJOMAH x=a (0 —sin 0), y=a(l—cos 0) B TOuke, MIA KOTOpOH O=mn/2.
Oms. sy=a; sy=a; T=aV 2; N=a V2.

221. HafiTh BenuuuHH Sz, Sy, T ¥ N ansa acTpouint x=4acos®?, y=4asin3/,
Ome. sy=|4asin®tcost|; sy=|4asin®¢tgt|; T =4asin?¢; N=|4asin’ttgt|.

Pasube 3agaum

Haittu nponsBofHie GYHKIHIL:

sin x 1 nox 1 __ 1
222, y—2—c0—sz—;——2— lntg (z——g) . Oma. Y oz’ 223, y=arocsin ;’.
—— —arcs (o COSY
Oms. y V=t . 224, y=arcsin (sinx). Oms. y Tcosx] "
_ 2 1/'a—b x . 1
225, y_Vaz-—b“‘ arctg( = btg 2) (@>0, b>0). Oms, y =¥ bcosx’
x 1

226, y=|x|. Oms. y’=L,. 227, y=arcsin ¥ 1— 2. Omg. y'=—

I %] Ty i=a
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4
228. U3 dopmyn anst o6beMa M HOBEpXHOCTH Liapa v=-3—nr3 u s=4nr? cne-
eT, 4TO do
Ayer, dr
aHaJOTHYHOE COOTHOIIEHHE MeXAY TUIOMAfbI0 Kpyra H HJMHOH OKPYXKHOCTH.
229. B Ttpeyronmbunke ABC cTOpOHa @ BHIpaXaeTCsi Yepes ABe APYTHe CTOpPO-

Hel b, ¢ m yron A mexay Humu dopmymnod a=7V b2} c2—2bccos A. Tlpu mo-

. da
CTOSHHBIX b U ¢ CTOpPOHA a sBAseTcH ¢yukuuedr yraa A. IToxasars, uto ﬂ=h"’
rie h, €cTb BHICOTa TPEYroJbHHMKA, COOTBETCTBYIOMIasi OCHOBaHHIO a. IloscHHTH
STOT pesyJbTaT reOMeTPHYECKHMH COOGpaKeHHSIMH.

230. ITaab3ysice noHaTHeM AuddepeHIMana, BHACHHTH NPOUCXOXKAEHHE NMpPH-
e b 3, b
GANKEHHBIX (GOpMYJT Vafox a+§a, /a3+b za—l—-ﬁé, rae | 6] ectb umcao
Majioe 10 CpPaBHEHHIO C a.

231, ITepuop koneGaHMss MasfTHHKA paBeH T =umx Vl/g. Kakoe Bausnue Ha
NOrpeLHOCTh NPH BBIYMCIEHHH mepuofa T okaxer morpemHocTs B 1% mnpu uame-
ennu: 1) AAMHGL MasTHHKA [; 2) yCKOpeHHS CHAH TsikKecTH g? Oms. 1) ~ 1/2%;
‘2)) ~ 1/2%.

232, Tpakrpuca o6nafaer TeM CBOHCTBOM, YTO JJIs JIIOGOH ee TOUKM OTPe30K
KacaTeabHoit T CoXpaHsleT MOCTOSIHHYIO AauHy. JlokasaTe 3TO, HCXOns H3

1) ypaBHeHHS TPaKTPHUCH B ¢opme

=8, OGBACHHTb TeOMETPHYECKHit CMBICJI 3TOro pesyJsbrata. Haiitu

P a a_‘/.az_yi
x=Val—pyr+sh———== (@a>0

Vaé—p+ TV (a>0)
2) napaMeTpHYECKHX YPaBHEHHH KpHBOM

x=a(Intg ({/2)+4-cos t), y=asint.
233. IloxkasaTh, uTo QyHRUUA y=Cie~%-4-Coe—2%¥ ynOBJETBOPSAET YPaBHEHUIO

y"+3y’+2y=0 (3mece C; u C;—MnOCTOSIHHEIE).

234. Tonaras y=e* sin x, z=e* cos x, AOKa3aTh paBeHCTBA y'=2z, 2"=—2y,

235. IlokasaTh, 4T0 pyHKIMSA y=sin (m arcsin x) yHXOBJETBOPHET YPaBHEHHIO
(1 =) y"—xy’ +m?y =0.

2 2
236. Jlokasars, 4To ecan (a-}-bx)e¥*=x, o xs%=(x3—i—y) .



FJIABA 1V

HEKOTOPBIE TEOPEMbI
0 NHPPEPEHUHUPYEMbBIX ¢ YHKHHUAX

§ 1. Teopema o KopHsix mpou3BojHoit (Teopema Poaas)

Teopema Ponansa. Ecau gynxyus f(x) Henpepbisra nHa ompesxe
[a, bl, oudgepenyupyema 60 6cex enympennux mouxax smozo ompesxa
u Ha koHyax x=a u x=>b obpawaemca 6 Hyao [f(a)=F({)=0],
mo enympu ompeska [a, b] cywecmsyem no xpaiineld mepe 00HA
mouka x=c, a < c<b, 8 xomopoi npoussodnas [’ (x) obpawaemcs
8 Hyav, m. e. f' (c)=0%).

JdokxasateabctBo. Tak Kak ¢pyHkuus f(x) HempepbiBHa Ha
oTpeske [a, b], To oHa HMeeT Ha 3ToM oTpe3ke HauboJsbllee 3Haue-
Hue M U HauMeHbllee 3HAauYeHUe m.

Ecmn M=m, 10 pyHkuus f(x) mocrosiHHa, T. €. NPH BCEX 3Ha-
veHUsIX X uMeeT mocrosiHHoe 3HaueHue f(x)=0. Ho Torza B /moGoit
TouKe oTpe3ka Gyzer f'(x)=0, u Teopema aoKasaHa.

IMpexnonoxkum, uro M=£=m. Torma no kpaiifgeli Mepe ORHO H3
STHX 4YHceJ He PaBHO HYJIO.

INpexnonoxuM s onpeaeneHHocTd, ytro M >0 u uro dyHknus
NpHHUMaeT cBoe HauGoJibllee 3HayeHHe npu x¥=c, T. e. f(c)=M.
Ipu sToM 3ameTHM, 4TO ¢ He pPaBHO HH 4, HH b, Tak Kak Tno
ycaosuio f(a)=0, f(b)=0. Tak kak f(c)—HauGosbilee 3HauyeHHe
¢yskouH, To f(c-+Ax)—f(c)<<O xak nmpu Ax>0, Tax u npu
Ax <0,

Orciopa caepyer, 4To

Ax)— ’
&tﬁ%ﬁlgo npu Ax>0’ (1)

UC;"AA’Z_‘fLCl>O nmpu Ax <0, (")

*) Uucno ¢ nasmBaeTcs Kopres ynxyuu @ (x), ecan @ (¢)=0.
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Tak KaK MO YCJOBHIO TeOPeMbl NPOU3BOZHAS NMPH X=C CYLIeCT-
Byer, To, mepexois K npegeay npu Ax— 0, noayuum

. Ax)— ,
Alirgoﬂ—”"—,f,%—&ﬂ (<0 mpu Ax>0,

lim &_F—AA%—"(C)—:/” (©)>=0 mpu Ax<DO.
Ax—0

Ho coornomenus f' (¢) <<O u [’ (c) >0 coBMecTHMBI Jullb B TOM
cayuae, ecin [’ (c)=0. CremoBaTessHo, BHYTpH oTpe3ka [a, b]
HMeeTcsl ToYka ¢, B KOTOPOHl npousBoAHast [’ (X) paBHa HYJIO.

Teopema O KOPHAX IIPOH3BOJ-
HOHl HMeeT MPOCTOe IeOMeTPHYECcKoe §
HCTOJKOBAHHME: €CJH HenpephIBHas
KpuBasi, HMelolasd B KaXJ0Hd TOUKe y=f(z)
KacaTeJibHyi0, nepecekaer ocb Ox B
Toykax ¢ abcuuccamu a H b, TO 5
Ha 3Toil KpUBOH HafizeTcs mo kpaii- ’__'_éf'}; l
Heil Mepe ofHAa TOUYKa € abcunuccon
¢, a<c<b, B KOTOpOH Kacarteb- ol e ¢ G ba
Has napaienbHa ocu Ox.

3ameuanune 1. JlokasanHas Puc. 92.
TeopeMa OCTaeTcsi CIPaBeNJIMBOM
H Ana Takoit auddepeHnHpyeMod (GYHKIHMH, KOTopad Ha KOHIaX
orpeska [a, b] He obpamaerca B HyJb, HO NPWHUMaeT PaBHHE 3Ha-
uenus f(a)=7[(b) (puc. 92). JlokasaTesbCTBO B 3TOM Cjyyae Ipo-
BOJMTCA TOYHO TaK Ke, KaK H paHee.

3ameuanue 2. Ecau ¢yHkuus f(x) TakoBd, 4TO NPOM3BOAHASA
CyIeCTByeT He BO BCeX TOYKax BHYTpH OTpesKa [a, b], To yTBepx-
JeHHe TeopeMbl MOXKET OKa3aTbCA HeBepHbIM (T. €. B 3TOM Clyuae

~1 ol iw 0 1 2z
Puc. 93. Puc. 94.

Ha oTpeske [a, b] moxeT He Okas3aTbCsfi TaKOil TOUKH C, B KOTOpOMH

npousBoanas [’ (x) obpamaercs B HYJb).

Tak, Hanpumep, ¢dyHknua y=7f(x)= l—f/?’ (puc. 93) Hemnpe-
peiBHa Ha oTpeske [—1, 1] u o6pamaercs B Hy/Ib Ha KOHIAX OTPe3kKa,

oJlHaKO npousBojHas [ (x)=—§%7= BHYTPH INPOMEXYTKa B HYJb
X
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He ofpamaercsi. 3T0 NPOHCXOAUT OTTOrO, YTO BHYTPH IPOMEXYTKA
cymectByer Touka x=0, B KOTOpofi NpOH3BOAHAs He CYLIECTBYET
(o6pamaercst B GECKOHEUYHOCTD).

paduk, uzoGpaxkenusiil Ha puc. 94, naer HaM elle OAMH MpHMep
GbyHKuMH, Npou3BoJHAsA KOTOPOH He ofpalaercd B HYJIb Ha OTpe3Ke

’

Has srolt yHKIMM Takxke He BBINOJHEHH YCJOBHSI TEOPEMBI
Poansi, Tak Kak B TouKe x=1 (YHKIHS HE MMeeT NPOH3BOJHOH.

§ 2. TeopemMa 0 KOHe4HbIX NpHpauleHHsX (Teopema JlarpaHxa)

Teopema Jlarpauxa. Ecau ¢yuxyua f(x) Henpepoisra Ha
ompeske [a, b] u Ougpdepernyupyema 60 6cex 8HYMPEHHUX MOUKAX
amo20 ompeska, mo enympu ompesxa [a, bl natbdemca no xpaiinei
Mepe o0Ha mouka ¢, a < c¢<b, umo

fO—Ff@={ () (b—a). (1)
JlokasarteabcTBO., OGosHaunm OyKBOH Q uHCIHO Z-(b—z——_%@ '
T. €. TOJIOXHM
b) —

H PacCMOTPUM BCIOMOraTeJbHYI0 OyHKUHIO F (x), ONpefiesleHHYI0

DaBEeHCTBOM
Fx)=fx)—f(@—&—a) Q. )

BuisicHuM reomeTpuueckuii cMbica pyHknuu F (x). Hasa atoro Ha-
nuuieM cHayaja ypasHenue xopianl AB (puc. 95), yuuthiBasi, 4TO €e

yryoBoii Ko3(QGHUHEHT paBeH L(."L__—_ia@ =Q H YTO. OHAa MNPOXOIUT
yepes Touky (a; f(a)):

y—i@=Q (x—a),

y=F@+Q (x—a).

Ho F (x)=f (x)—[f (a) + Q (x—a)]. CnenoBaresrsHo, F (x) ansa Kax-
JOrC. SHaueHHs X paBHsAeTCA Pa3HOCTH OPAMHAT KPHUBOH y=/[(X) u
xopasl y="{(a)+ Q (x—a) AnA ToUEK C OAMHAKOBOH aGCIHCCOM.
Jlerko Buzeth, uro F (x) HenmpephiBHa Ha otpeske [a, b], audode-
peHnupyeMa BHYTPH 3TOro OTpe3Ka M obpalllaeTcsi B HYJb Ha KOHIAX
orpeska, T. e. F (a)=0, F (b)=0. CnepoBarenbHo, K ¢pyHKuH F (x)
npuMeHuMa TeopeMa Posurs. CorslacHo 3To#t Teopeme BHYTpPH OTpe3Ka
CYIECTBYET TouKa ¥ =¢ TaKas, 910 F’ (¢) =0. Ho F’' (x) =f" (x)=Q.
3uaunr, F'(c)=f (c)—Q =0, ortkyza Q={'(c).
IMoacraBasia 3HaueHue Q B paBeHCTBO (2), GyAEeM HMETh:
b)—/[(a , 7
) ()

—_—a -

oTcIoAa
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OTKyJa HemnocpeAcTBeHHO ciaeayer dopmyna (1). Taxkum oGpasowm,
TeopeMa JOKa3aHa.

Yto6bl BEISICHHTb TE€OMETPHYECKHH CMBICA TeopeMH Jlarpanixa,
obpatumcst K puc. 95. M3 pHCyHKa HENOCPENCTBEHHO SICHO, YTO BeJH-

b) —
qnHa f—(—%t%(a—) NpeACTaBseT co00fi TAHTEHC YIVIa & HAKJIOHA XOpHH,

npoxonsuueii yepes Toukn A u B rpadu- V%
Ka c abcuuccaMu a H b. B/,

C ppyroét cTopoHHl, f'(c) ecTb TaH-
FEeHC YLJa HaKJIOHAa KacaTeJbHOH K KpH-
Boil B Touke c aGenuccoit ¢. Takum oG-
pasoM, NeoMeTPHYESKHH CMBIC/ paBeHCTBA
(1) unu paBHOCHJIbHOTO €My paBeHcTsa (1)
COCTOHT B CAEAYIOLIEM: €CaH BO BeeX TOY-
Kax AyrH AB cymecTByeT KacatejbHas,
TO Ha 3TOH Ayre Haiinercs: Touka C Mex-
ny A u B, B xotopoii KacaTtenabHas ol @ ¢ z p =
napaajeibHa XO0pAe, COeUHSAIOIIEH Puc. 95.
Touku A ® B.

3ameTtuM, jganee, ciepyiomee. Tak Kak 3HadeHHe ¢ YAOBJRTBO-
pser ycaosuio a<c<b, 10 c—a<b—a, wm c—a=0(—a)),
rze 0 ectb HekoTopoe umcso, 3akmouensoe mexay O u I, T. e
0<0< 1. Ho toraa ¢c=a+6(b—a), u dopmyae (1) moxHo mpu-
JaTh CJEAYIOMIHH BHA:

fO)—f@=0—0a) [ [a+0(b—a)] 0<OL1L ("

M

)

- v o i s e o

§ 3: Teopema 06 OTHOIIEHHH NPHPANIECHHH ABYX (yHKHUH
(reopema Komn)

Teopema Komu. Ecau f(x) u @(x)—dee ¢pynxyuu, nenpe-
poignoie Ha ompeske [a, b] u Jdudgepenyupyemoe enympu Heeo,
npusen @' (x) Huede srympu ompeska we oOpauaemcs 8 HYarb, mo
enympu ompeska [a, b] naiidemea maxas mouka x=c¢, a < ¢ < b, umo

fO)—i@ _ '@

PO—0@ 7O o
HokasateannctBo. Onpegenum uucio Q paBeHCTBOM
_fO—i@
=20—e@" @

OrmeruM, 910 9 (b) —@(a) =0, Tak Kak B NPOTHBHOM ciyuae @ (b)
paBHsIoch OB @ (a), M TorAa mo teopeMme Ponns mpoussogHas ¢ (x)

oGpamanace Gbl B HyJb BHYTPH OTPe3Ka, YTO NPOTHBOPEUUT YCJIOBHIO
TeopeMbi.

CocTaBMM BCIOMOTaTeJbHYIO (QYHKIHIO

Fx)=f(x)—F@—-Qe(x—9@]
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Ouepuzno, uro F(@)=0 u F (b)=0 (310 BbITEKaeT H3 onpejene-
nua ¢ynkuun F (¥) u onpenenenns uucaa Q). 3amerus, 9To ¢yHK-
nua F(x) yAoBnerBopsieT Ha oTpeske [a, b] BceM yCJIOBHSM TeOpeMbI
Ponnsa, 3akmouaeM, YTO MeXAy @ H b cymecTByeT Takoe 3HayeHHe
x=c (@a<c<b), uro F' (¢)=0. Ho F' (x)=f" (x) — Q' (»), cne-

JAOBAaTEJbHO,
F=1'©)~Qv ©=0,
OTKYZAA
Q=L0.
L0

IMoacrasnss 3HaueHwe Q B paBeHCTBO (2), moJydYnM paBeHcTBO (1).
3ameyanue. Teopemy Kown Henb3sl f0Ka3aTh, KaK 3T0 MOMKET
10Kas3aTbCsl C MNEpBOrO B3IJsAja, NMpuUMeHeHHeM TeopeMbl Jlarpamxka
K YHCJIHTENIO U 3HaMeHaTesNio APo6H
[O)—i@
P0L)—9@ °

JeficTBUTEIbHO, MBI TIOJYYHJIH Ol B 3TOM chydae (Mocjie COKpamieHus
Apo6u Ha b—a) dopmyay

[O—f@ _ ')

eB)—9@ ~ ¢ ()

B KoTopoil a<¢;<b, a<c,<b. Ho Tak Kkak, BooGie rosops,
€; 5= C,, TO NOJyUYEHHBIH Pe3yJbTaT, OUEBHIHO, He JAeT €lll€ TEOPEeMnl
OILIH.

§ 4. Nipegen oTHOWEHHS ABYX GECKOHEYHO MAJbIX BEJHYHH
(«pacxpume HeonpejeJeHHOCTed BHAA —g—»)

Tlycts dyuruuu f(x) 1 ¢ (x) Ha HeKoTopoM oTpe3ke [a, b] yaes-
JETBOPSAIOT yCJOBHsIM TeopeMbl Koimm M 06pamaiorcsi B HYJb B TOUKE
X=a 3TOro oTpeska, T. e. f(a)=0 u ¢ (a)=0.

X

OrHolueHHe oGy HE OmpeleNeHo NpH X=a, HO HMeeT BOJHe
ompejieNieHHEI CMBICH NIPU 3HaueHHAX X7 a. CienoBaTelbHO, MOXKET
6LITb MMOCTaBJieH BONPOC O DasHICKaHHH NpeJesa TOr0 OTHOIIEHHS
npu x—a. BulukcieHde npefesioB TAKOrO THNA HAa3HBaeTCs OGLIYHO

«PaCKpBITHEM Heonpe,ue.neﬂﬂocreﬁ BHAA T)-»'
C Takoro poxaa 3anaqeﬁ Mbl Y€ HMEJIH J€eJI0 U PaHb1ue, HanpuMmep
: sin x
NpH PAacCMOTPEHHH mnpejesia lim —-h;-—, NP HaXO0XIEHUH IIpoOu3BOJI-
x—>0

o X
HHIX OT 3JeMeHTapHBIX $yHRuufi. BripakeHne 3‘%— npu x=0 ne

HMeeT cMbiciia, T. €. QyHkuua F (x)=-Si;—x He onpezeneHa npu x=0,
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sin x
X

HO Mbl BHJEJH, YTO IIPEAEJ BbIPpAXKEHUA

u paBHsiercs 1.

Teopema (npaBuao Jlonutans). [ycme ¢ynxyuu f(x) u
¢ (x) Ha nexomopom ompeske [a,b] ydosremsopsrom ycaosusm meo-
pemot Kowwu u obpawaromess 6 Hyasv 8 mouke x=a, m. e. f(a)=
=¢ (a) =0; moada, ecau cyuwecmeyem npedes OMHOUEHUS ——(fp ,(8) npu

f(x)

x—a, mo cywecmeyem u lim ———= , npuuvem
x>a P

s ) e X
kﬂ¢@‘§ﬂ¢®'

npu x — 0 cyuecTByer

IlokaszaTtenbcTBO. Bo3bmeM Ha oTpeske [a, b] kakyio-HHOYAb
Touky x==a. [lpumenss cdopmyny Komwm, Gysem nmerb

f—=f@ _I'@®
PM—e@ ¢’
rze £ mexxur Mex Ay a4 x. Ho no yciosuio f(a) = ¢ (a) =0, 3nauur
X 1
Ecmu x—a, 10 u §— @, Tak Kak § 3aK/IIOYeHO MEXAYy X U 4.
ITpu stom, ecan lim M) =A, to lim - TaKXXe CYIIeCTBYeT H

x—>a (P,(x) E>a (P’(g)
pasen A. Orcioga sCHO, UTO

@ PO o @ e 0
lim oo =lim oo =" v = Imewm =4

H OKOHYaTEJbHO

lim f () — lim ' (%) .
xX—>a <P(x) xX—>ra cp'(x)
3ameuanne 1. Teopema HMeer MecTo M B TOM CJyuae, €CJu
byHxuuy f(x) M @ (X) He o pexeNeH B npu x=a, Ho lim f (x)=0,
X —>a
Iim ¢ (x)=0.
xXx—>a
Hnst Toro uto6Ll cBeCTH 3TOT cJyudali K pacCMOTPEHHOMY paHee,
MBl poomnpepesnsieM GyHRuMH f(x) U @(X) B TOYKE Xx=a TaK,
4TOObl OHH CTaJd HeNMpPepPH BHBIMH B TOuKe a. [las 3Toro fo-
CTaTouHO nNoJoXKHTh [(a)=limf(x)=0, ¢(a)= lim¢(x)=0, Tak
X—>a X —>a

[ (%) .
KaK, OYEBHAHO, MpPeJeN OTHOWEHHS < TNPH X—a HE 3aBHCHT

OT Toro, ompeneseHsl Ji- QyHKUMH f(X) H ¢ (x¥) B Touke x=a.
3ameuanue 2. Ecmu [’ (@) = ¢’ (@) =0 u npoussogusie [’ (x) u
@’ (¥) YHOBNETBOPSIOT TEM YCJIOBHSIM, KOTOpble ObLIM HAJNOXKEHbI

5 H. C. Iuckynes, T. 1
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B YCJIOBHAX TeopeMbl Ha OYHKIMH f(x¥) ¥ ¢ (x), To, TNpuUMeHAS
’
npaBu/io JlonmuTans K OTHOLIEHHIO TIpHUXOAMM K (opmyJe

tim L — 1im L
x—a® O 59 ()
3ameyanue 3. Eciu ¢’ (a)—O Ho {' (x) 540, T0 Teopema mpH-

JoxuMa K ODpaTHOMY OTHOLICHHIO

@' (0
H T. I.

x
y » KOTOPOE CTPEMHTCS K HY IO

f(
npu x-—a. C.nenosa're.nbno, OTHOILIIEHHE ({)—(X)T CTpEMHUTCA K 0ecKo-
HE4YHOCTH.
. sinbx (sin5x)’ .. 5cosbx__ 5
Mpumep 1. lim =s== lim, (3x)' =3 =3
In(14x) ., —l—
I 2. i =] —=1,
pumep xl?o p xl-rzxo i 1 =1
IMMpumep 3.
X =X X -X X __p=— -
lim ST gy SR gy e gy EEeT 2
x>0 X—sinx x>0 l—cosx x-»>0 Sinx x>0 COSX 1

3xech TpH pasa NPULLIOCH TPHMEHUTH mpasuio JlomuTans, Tak KakK OTHOLIe=
HHSl TePBBIX, BTOPHIX H TPETbHX NPOH3BOJHBLIX NPH x=0 NpPHBOAAT K Heompeae-
JIeHHOCTH -,

3ameuyanue 4. IlpaBuno Jlonurans npuMeHUMO U B TOM CJyudae,
ecau

lim f(x)=0 u lim ¢(x)=0.

x> x

eiictButenbHO, monaras x= 1/z, BuguMm, 410 2— 0 mpu x — oo
Y, CJIeN0BaTeJbHO,
lim f(1/2)=0, lime¢(l/2)=
z2->0 z2—>0

IMpumensss npasuno Jlonurans K OTHOIUEHHIO -(EK(I—//ZZ))—, HaXOJHUM:

) F(1/2) 7 (1/2) (—1/2) 7 (1/2) )
lim oy = lim oy = im ey =y = A e = Im e

4yTO H TpeGoBasjioch JOKa3aTb.

sm'xk' kc“% (_xl—z) 3
= lim = lim kcos —=k&,
X > ® X -+ % X

INNpuwmep 4. #lim
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§ 5. Ilpenen oTHoweHHst ABYX GeCKOHEYHO GOJbIIMX BeJHHKH

(«pacxpmme HeompejeJieHHOCTeH BHAA —:%»)

Paccmorpum, janee, Bonpoc O mpenesie OTHOUIEHHS ABYX (yHKIHH
f(x) u @(x), crpemsiuxca K GECKOHEYHOCTH NPU X — @ (UJH NpH
X — 00).

Teopewma. ITycme ¢ynryuu f(x) u @ (x) Henpepowsrbl u dugide-
PEHUUDPYeMbL BPU BCeX X5~ 8 OKPECHHOCHIL MOYKU @, nPU4em npous-
6o0Han ' (x) we obpawaemcs 8 Hysb;, nycme, danee,

Im f(x) =00, lim ¢ (x)=00
X =>a

x—>a

u nycme cyujecmeyem npeden

Lo )
ii_rfla v A 0
Toz0a cywecmsyem npedea lhim G
x—>a 9 (%)
. fx) 1 f’ (x) _
Jm e = Im g =4 @

JdoxasatenncTBO. B paccmarpuBaeMol OKPeCTHOCTH TOYKH @
BO3bMEM JiB€ TOUYKH @ H X TaK, 4ToOnl ObIO o < x < a (Wl a <
< x < a). INo Teopeme Kowmu Gyaem umersb

f)—Ff(@) _ ()

PO @ T’ @)
rie a < c < x. JleByio yacth paBeHcTBa (3) mpeoGpasyeMm Tak:
[ ()
f—f@ _ 1o T "
PX—¢@ ¢ _9(@°
Y%)

H3 coornowernuit (3) u (4) monyuyaem
A C)
F@ _f) f )
@ 90 _9@-
? (%)

Orcrofa HaxoouM
192 @
fx) @ P (x) 5
0 T T @) ©)
fx)
U3 ycnous (1) caenyer, 4ro npu NpoH3BosibHO MasioM € > 0 noxHO
o. BeIOpaThb HACTOJbKO OJM3KHM K a, 9TO Al BCeX X=c, Iae

o%
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a < ¢ < a, 6yAeT BLINOJHATLCA HEPaBEHCTBO

re
¥ ©) A|<8

HITA

A—e< (2'((?) < A+e.

(6)
Hanee paccMorpum ApoGb
_9®
P (x)
G
f )

3akpenus @ TakK, YTOObI 06€CMeYHBAJOCH BHIMONHEHHE HEpaBeH-
crBa (6), 6ymem x npubamxath K a. Tak Kak f(x) — oo U ¢ (x) — oo
npu x—a, TO

__cp(a;

: Q(x)

i !
f (x)

U, cJe10BaTe/IbHO, NPHU paHee BeiGpaHHOM €& >0 a5 x, AOCTaTOYHO
6M3KHX K a, OGyfeM HMeTb

_ 9 (@
oM
TG
7
HUIan

_9(®)

1——8<;}2%<1+8. )
)

TlepeMHOXKas COOTBETCTBYIOUIHE WieHbl HepaBeHCTB (6) u (7), momyumum
9@
1—
ro T em
O T <A+ i+,
1l

A

HJH Ha OCHOBAHMH paBeHCTBa ()

(A—e) (1—8) <IE < (A+0) (1 49).

Tak kak € — NPOU3BOJIbHO MaJioe 4YHUCJI0 NpH X, J0CTAaTOUYHO OJIH3KOM
K @, TO H3 MOCJAeAHUX HEPaBCHCTB CJICAYET, 4TO

Fx)
lim = ®

=4,
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uaH Ha ocHoBaHuH (1)
lim %) (%) — lim I (x) =A,

x—>a (x) x>a ® ()

yTO ¥ TPeGOBaNOCh JOKa3aTh.
3ameuanue 1. Ecan B yeaoBuu (1) A=o0, T. €.
lim P () = 00,
X—>a (P ( )

TO paBeHCTBO (2) ocraercsi CHpaBelJHBLIM M B 3ToM ciayuae. Jleict-
BHUTEJBHO, M3 NpeAbIAYIIero BhIPAXKEHHs CJeyeTr

¢’ ()

3T1ﬂ() =0.
Tor‘,zxa 1o )10Ka3aHHOﬁ 'reopeme

P ¥ g

Jim 75 = Jlim 5 =0,

OTKy/a

lim f )

x—>a® ()*)

3ameuanue 2. J[lokasaHHas TeopeMma JIeTKO PacrnpoCTPaHsIeTCs
Ha cJayuall, korja x— oo. Ecau lim f(x)=o0, lim@(x)=o00 H
X = ®

W e
Jim oG

CymeCTByeT , TO
I 7 ()
Jm ey = m Gy - @)

,B,oxasa'reanTBo NPOBOAUTCA INyTEM 3aMEHBI x=1/z, KaK 3To
JAeaajioCb MpH aHANOTHYHBIX YCJIOBHUAX B CAy4Yae HEONPEACNCHHOCTHU

BHIA 0 (cM. § 4, 3ameuanue 4).

X Xy’ X
NMpumep 1. Jim £ — tim = lim £=o.
x> 00 X = o () X = o0 1

ameuanue 3. Ormerum eme pas, uro dopmyasl (2) u (8)
CrnpaBeJJIUBEL TOJBKO B TOM Clyuae, eclH Tpejes, CTOSUIMH chpasa
(KOHeuHBIl UM GeCKOHEeuHBIH), cymiecTByeT. MoXeT caydYuTthCs, 4TO
npenes, CTOAIIMHA cJeBa, CYUleCTByeT, B TO BpeMsi KaK Ipejes, CTos-
wuii cnpaea, He cymecrsyer. Ilpusenem nmpumep. ITycTh TpeGyercs
HalTU

lim x-+sin x )

&> ®

3ror Bpelen cymecTByeT H paBed 1. JlelicTBuTeNbHO,
lim x+;inx=lim <1+sinx)

X —=>rw X—=>®
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Ho orHoueHne npousBogHBIX
(x+sinx)’  14-cosx
1
npu x— 00 He CTPEMUTCS HH K KakoMy Impegeny, a KoJebmaercs
mexay 0 u 2.

=1+4cosx

ax?-+b .. 2ax _a
anMep 2 h—l’nwm—xlimm%x——-c—.
INpumep 3.
1
tgx , cos? x . 1 cos23x .. 1 2.3 cos 3xsin 3x
i = 1 T i - =
x—»n/ztg3x x—>m2 3 x>z 3 COS T yome 3 2cosxsinx
c0s23x
— cos 3x lim si.n3x= lim 3s:ln3xi(—I)ZS(—I)!(—1)=3.
&— qf2 COSX x->m/2 SinX x—>m;/2 Sinx 1 1 1
x 1
INNpumep 4. limm—é;-— lim e—x=0 BooGuie, npu Jio6om wpeaom n > 0
,ooxnooaxn=t L oa(n—1)....-1
xll-?!oo'eT_xl-l?lm o —...—xIme ox =0.

K npeapiaymum ciyyasiM cBOZATCA CAydan APYTHX HeonpeseseH-
HocTefl, KOTOpble CHMBOJHYECKH 3alHCHIBAOT TakK:

a) 0,00, 6) 0% B) 00 1) 1%, 1) 00 —o0,

H CMEHICJ KOTOPBIX cocmm B CJejyloLieM.
a) Ilycts hmf(x) 11m ¢ (x)=o00; TpeOyercsa HafiTH

11m [f ® e (x)] Bro— Heonpene.neHHOCTb tuna 0. oo,

ECJII/I HCKOMO€ BbIpaxKeHue nepenucaTb B BHAE

lim[f (1) (9] = lim TG

fP (x)
HIH B BUAS

lim [f (¥ ¢ ()] = lim £,
XxX—>a xX—>a
f(x)
TO npn X —>a Mbl I'IOJ'ly'-IHM Heonpe,ue.nenﬂocrb BHUAA '6- HJIH BUJA %.
1

Inx \ x N
INpumep 5. hmx" lnx= lim = lim ——=— lim —=0,
x>0 | x>0 ___ N x>0
xn xnti

6) [ycte  limf(x)=0, lime(x)=0; TpeGyerca  Haiith
XxX—>a XxX—=>a
lim [f (x)]® ¥, nin, Kak roBOpAT, PaCKPHITh HeoNpeaeneHHoCTb Buaa 0°,
>a
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Tonoxus y=[f (x)]°°, nponorapudmupyem oGe yacTH MONyYeH-
soro paseHcrBa: Iny =« (x)[Inf(x)]. Ilpu x — a nomyunm (cpaBa)
seonpefenenHocTb Buaa 0-oco. Hafing lim In y, nerko nosmyunuts lim y.

x—>a xX—=>a
JlefiCTBUTENLHO, B CHJIY HENPEPLIBHOCTH JOrapudMuyeckoi QyHKIHH,
limIn y=Inlim y, u ecau Inlim y=>b, To, ouesuaxo, lim y=eb. Ecmy,
X—a xX—>a X—>a X—>a .
B YaCTHOCTH, b= - co WM — 00, TO, COOTBETCTBEHHO, limy =+ oo
nan 0,

NMpumep 6. Tpebyercs mafitu lim x*. Tlonoxus y=x*; HaXOAMM
x—>0

In lim y= lim Iny= lim In (x*)= lim (xInx);
P x>0 x=>0 x—>0

1

lim (¢Inx)= lim Fm=— lim x=0,
g0 x—>0

x>0

X
cnefosaTeabHo; In lim y=0, orkyaa lim y=e®=1, 7. e.
x>0 x—>0

lim x¥=1,
x—=>0

AnanorsyHbiv NpHEMOM HaXOAATCHA INpefeJsl H B APYrHX CiyuasX.

§ 6. ®dopmyaa Teitaopa

IlpeamonoxuM, uto dyHKIHUS y = f (X) UMeeT Bce NPOU3BOJHEIE RO
(n+4 1)-ro nopsaka BKJIOYHTEIbHO B HEKOTOPOM INPOMEXKYTKe, COAep-
JKaleM Touky x =a. Haiinem MHorounen y=P, (x) cTeneHd He BhILLE 7,
3HayeHHe KOTOPOro B TOUKE X ==a PaBHseTCS 3HaueHHIO PyHKuunu f(x)
B 3TOH TOYKe, a 3HAYeHHs ero NPOU3BOJHBIX JO N-IO NOpPSAKa B TOYKE
X =@ PaBHAIOTCS 3HAUYEHHSM COOTBETCTBYIOMIUX MPOU3BOJHBIX OT (hyHK-
K f(x) B 3TOH TOUYKe:

P,(@=f(a), Pr(@=["(a), Pr(@=["@, ..., PP @=]"(a). ()

EcrectBeHHO 0XHAaTh, YTO TAKOH MHOTOWIEH B HEKOTOPOM CMEIC/IE
«6mn3ok» K yHkuuu f(x).

Byzem uckarb 3TOT MHOrOu/eH B ¢opMe MHOTrOuJieHa MO CTeNeHM
(¥ —a) c HeompeneneHHHIMU KO3PPUIUEHTAMH:

P,(x)=
=Co+C(r—a)+C,(x—a)+Cy (x—af° +... +C, (x—a). (2

Heonpenenennsie kosdppunuenter C,, C,, ..., C, onpeleanM TakK,
yToGhl YAOBJETBOPSAJHChL ycaoBuda (1),
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INpensapurenbHo Haiizem npoussomubie or P, (x):
Pr(x)=C;+2C,(x—a)+3C, (x—a)*+ ... +nC, (x—a)*7*,
Prx)=2.-1.C,4+3-2C; (x—a)+...+n (n—l)C (x—a)" 2 3)
PP (x) = nn—1)-...-2.1C

IMoxncrasnsis B JeBbie M NpaBbie YacTH paBeHCTB (2) u (3) BMECTO x
3HayeHHe @ U 3aMeHsisl Ha OCHOBaHHMH paBeHCTB (1) P, (a) uepes f (a),
P, (a) uepe3 [’ (a) u T.A., NoayYUM

f(a)“’ 0
['@=C
[" (@) =2-1C,,
f''" @) =—3-2-1C,,
fm@=nmn—1)@n—2)-...-2-1C,,
OTKyJa HaXoAHM

Co=F@), Ci=F (@, Cy=15/" (),
Cszr%'gf"’ @, ..., Cn=1,2_f”,nf(m (a)

[MoacraBnsis Hafigexusie 3uauenwus C,, C,, ..., C, B dopmyny (2),
NOJYyYHM HCKOMBIH. MHOTOYJIEH

P, =f@+ 21 @+ 5L @+ 45% 1 @+ .
S @ )

O6osHauuM uepe3 R, (X) pasHOCTb 3HaueHHH JaHHOH (yHKUuH f(x)
H TOCTPOEHHOTO MHorounesHa P, (x) (puc. 96): R, (x)= [ (x) — P, (x),
orkyaa f (x) =P, (x)+ R, (x), uau B pas-
BEPHYTOM BH/JE

) =1@+572 7 @+ 552 7 @ +..
B ) 4R, (1), (6)

R, (x) Ha3BIBAETCSA OCMAMOYHBIM HASHOM.
Jns Tex 3HaueHHH X, AJig KOTOPHIX OCTa-
TOUHBIH wileH R, (x) Maj, MHOrouseH
P, (x) paer npuOIMKEHHOe NpejacTaBIe-
Hue QYHKIHH [ ().
Puc. 9. Takum o6pasom, dopmyna (6) npaer
BO3MOXKHOCTb 3aMEHHTb (YHKIHIO Yy = f (¥)
MHOTOUJIEHOM Yy =P, (x) € COOTBETCTByIOLleH# CTelNeHbl0O TOYHOCTH,
paBHOIl 3HAYEHHIO OCTATOYHOro 4YjeHa R, (x).

(4)

/
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Hanbrefimas Hama 3ajaya — OLEHHTh BRAWUMHY R, (X) npu pas-
JIMYHBIX 3HAYEHHSX X.

3anuieM ocTaToYHbIH 4ieH B (opme
(x—agr+1

R, () =LE=2 Q (), ™

rae Q (x) ectb HekoTopas (yHKuMs, MOAIEXKaulasi ONPEENEHUIO, U
B COOTBETCTBHH € 3THM nepenuiuem dopmynay (6):

F0)=F@+=2f (a) +("2,“) i (@) +

e f""(a)+(’§;‘_’)‘), Q. (6

IMpu d¢urcupoBanubix ¥ U a ¢ynkuusi Q (X) uMeeT onpexejeHHOe
3HaueHHe; o0o3HauuM ero yepes Q.

Paccmorpum, panee, BcromoratenbHylo yHKIHIO oT ¢ (¢ 3ak/o-
YEHO MEXAY @ M X):

FO)=f) —fO =T 0—S5% o) —

J— —fAn+1
(x t) ]C(n) (t) — xn_il:)l;,’ Q,

rae Q umeeT 3HaueHHe, ONpejeseHHoe cooTHoweHHeM (6); mpu 3ToM
CYHTaeM @ U X ONpeleseHHBIMH YHCJaMH.
Haiinem npousBoznyo F’ (f):
’ ’ ’ ~t 4 2 X— "
O =—1O+F =51 0+ L F o —

(x—t n(x—t)

a2
—EE o+ = (t) + 2 o ) —
— 1) (x—1
_ n!t) f(n+1)(t)+(n‘l(‘nzl_(’l‘)! )" Q,
HJIM mocJle COKpallleHus
F'(t)=— (x;f)" frt () 4 ______(x:!t)" Q. (8)

HUrak, pynkuus F (f) vimeer NPOH3BOAHYIO BO BCEX TOUKAX ¢, JeKaLHX
BOMH3H TOUKH C abcuuccoit a (@a<<t<<xnpua<<x U a> ! >=x npu
a> x).

Janee, 3ameyaem, 4TO (Ha OCHOBaHHH (popMym,I (6"))

Fx)=0, F(a)=

[Mosromy Kk pyHkiuu F(¢) npumernma Teopema Ponns, u, cienosarenbHo,
CYWIECTBYET TAKOE 3HAUEHHE { =&, 3aK/MIOYeHHOE MEeXAY a U X, Npu
kotopoM F’ () =0. Orctopa Ha OCHOBaHHH COOTHOWEHHs (8) nosydaem

__(x;lﬁ) e n (E) _{__(f_;!i Q=0,
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OTKVJa
Q = [+ (B).
[loacTaBasisi 3TO BhpaxeHue B (bopmyny (7), nonyuaem
x—antt
R, () =L e @),

910 — TaK HasbiBaeMast gopma Jlagpannca IJIsi OCTATOYHOTO UJEHA.
Tax Kak § 3aK/MOYeHO MEXIYy X U @, TO €ro MOXKHO NpeACTaBHTb
B opme *)

E=a+0(x—a),
rae 0 —uncao, 3akmouerHoe mMexay O u 1, t.e. 0 <6< 1; Ttoraa
(¢OpMYyJla OCTATOYHOTO WJIEHA NPUMET BHJ

R, () = L= e [a 46 (x—a)].

®opmyna
F=F () +";"f’ @+EE 7 @) + ..

Ll f‘"’(a)+(x(;:)l)v [ @0 —a) (@)

HasuBaercs: gropruyaoti Tedropa nns byHKuuu f(x).
Ecmu B ¢opmyne Telinmopa nonoxute a=0, To oHa 3anuuercd
B BHjE

FO=FO+FFO+5F O+ 2 [ O0) +2 s 172 (00),
(10)

rze 0 sakmoueno mexkay wucaamu O u 1. Dror vacTHmf cayuail dop-
MyJel Telllopa HHorza HaswbBalOT ghopmyrol Makropena.

§ 7. Pasnoxenue no dopmyne Teitnopa dynkuuit e*, sinx, cosx

1. Pasnoxenune ¢yuHxrnuu f(x)=e*. Haxoas nocaexosa-
TeNbHEIE NPOH3BOJHBIE OT [ (X), MOJy4uM

fx)=e, [O)=1,
['®)=e P 0)=1,

j (x) =e*, f™ (0)= 1

TloacraBasia nosmyuenHsle Bhipakenus B dopmyay (10) § 6, Gyzem
HMeThb
xn+1

e=1+7 +2'+3v+ A e 0<e<L

=) Cm. xoHel § 2 HacTosllell IJaBEL
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Ecmu | x| < 1, 10, B351B n=8, monyunm oLEHKY OCTATOYHOrO Y/IeHa:
Ry< 4y -3< 1078,

IMpu x=1 nonyunm dopmyny, Mo3BOMAIOMYIO HAHTH MPUOTHMKEHHOE
3HAUeHHe 4YHCsa e:

e=141+g +arb... 4o

TIPOM3BOJsT BLIYUCJEHUS B JECATHYHBIX APOGSX C LIECTHIO ¥) AecATHY-
HbIMH 3HaKaMH, a 3aTeM OKDYIJsAs pe3yJbTaT A0 MATH ALCATHYHBIX
3HAKOB, HafiieM

e=2,71828.

3/iech MOTpPelHOCTh He MPEBOCXOAHT YHCJIA -gi, una 0,00001.

OtMmeTHM, 4TO, KaKOBO OBl HUM OBLJIO X, OCTAaTOYHBIH 4YJIeH

xh+1
R,

=me"”—>0 npu 1 — oo,

JleficTBuTeIbHO, TaK Kak 0 < 1, to Benuuuna % npu dukcupo-
BaHHOM X orpanuyeHa (oHa MmeHbme e* npu x >0 u menpue 1 npu
x <0).

JlokaxeM, uTO, KaKOBO Obl HHU ObLIO (PMKCHPOBAHHOE YHC/IO X,

xn+1
—(n—m—»O npu n— oo,
Jle#cTBUTENBHO,
|k x X XX
D |~ | T°2°8 " " nt1|”

Ecan x — uKcHpOBaHHOE YHCJIO, TO HaHIETCs TaKoe HeJioe Mo.o-
XutenpHoe uucao N, 4yro

|x|<N.

Beenem oGo3naueHnue lNA=q; torga, samerun, uto 0 < g <1,
MoxeMm Hanucath npu n=N-+1, N+2, N4+3 u 1. 1.

o )22 x x_x |
EDT | | T 278" "' nf1|
M EAREINELD _x |lx 22 <
=ITUIZ3 s IN=1 | N T e | e
x X X X .a.a- I fie gy
<tTT3 v 99 - I=@w=n? '
fIOTOMYy 4TO
X X X
TV'=q’Iﬂ—ll<q”"’lm <q.

*) HWuaye cymmapHast MOTPEUIHOCTb OKPYIVIEHHS NpPH pacyeTax MOXKeT 3Haui-
TEIbHO NpPEeBHCATh Ry (Hampumep, MpPH KOJHYECTBE cjaraemeix, pasHom 10, 3ra
QWKOKAa MOXKeT AOCTHYb BeJHUHHH! 5¢10-3),
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xN-1
Ho Besnunna W—Tyr MOCTOAIHHASA, T. €. He 3aBHCHT OT 1, a g"~ N+2
CTPEMUTCS K HYJIIO IPH 71— 00. nOSTOMy
xntl
el T =0 g

Cunepoarensao, u R, (x) = e%* ——— (n+1)|

W3 npenwinymero caiepyer, uTo npH JMoGOM x, B3siB JOCTAaTOYHOE
YHCJIO YWJIEHOB, MBI MOXKEM BBIYHC/IHTb €* C JIOOOH CTEeneHblo TOYHOCTH.

2. Passoxennue byHknuu f(x)=sinx. Haxogum noce-
JlOBaTeJbHBIE NPOM3BOJHBIE OT f (¥) = sinx:

[ (x)=sinx, f©O)=0
f' (x) =cosx=sin (x—i— i;-) , fO=1,
f” (x) = — sinx=sin (x—l—Zi;-) ,  ["0)=0
[ () =—cosx=sin (x—[—3—’21) , [ (0)=—

—0 nmpu #n— oo.

1V (x) = sinx =sin (x+4—g—) , fV0)=0
{7 (x) = sin <x+n%) , f("’ (O)—sm 5
e =sin(x+ @4 DF), @ =sin(i+@+D ).

ToacraBnss nonyyeHHwle 3HaveHus: B gopmyay (10) § 6, monyuum
passoxenne ¢yHkuuu f(x)=sinx no gopmyne Telopa:
. n+1 .
sm%’i—i—(—’%l)—!sm (E—l—(n—l-])%).

. X3 X8 xn
smx=x—-3—!+5—!-—. .. —}——E

Tak kaxk lsin (E—i—(n—}-l)%) |< 1, To lim R, (x)=0 npu Bcex

3HaYeHHAX X.
IlpuMeHuM moJy4YeHHYIO GopMysy JJisi NPHOIHKEHHOTO BHIYHCJIE-

uusa sin20°. Tlosoxkum n=3, T.e. OrpaHHYMMCS JBYMH NEPBBIMH
. . T 1
wleHaMH pasJioxeHHs: sin20° = sin % ~5—37 (%) =0,342. Oue-

HUM CJ€JIaHHYIO NOT'PEIIHOCTh, KOTOopas paBHa OCTaTO4YHOMY YICHY:
. 1
|R3|=l(g—)4—41Tsm (§+2ﬂ)|<(i;-)"ﬁzo,oooako,om.

Crenosarenbho, norpemnocts Menbme 0,001, 1. e. sin20°=0,342 ¢
Tougocthio g0 0,001.
Ha puc. 97 naubl rpaduxu q)yHKuHH f(x)=sinx n nepBbxx Tpex

npubamkenuit: S; (x) =x, S, (x)_x—ﬁ y Sg(x) = 3' +E = -
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3. Pasnoxenue pyurnuu f(x)=cosx. Haxons snayenus
noc/eoBaTeNbHBIX Mpou3Bofnblx npu x =0 or dynkuuu f (x) =cosx

A
{ " -.w-_f_a;i.,.!_.x’
! / 1% 5%z
1 v/ 1
z g !
1 7/ 4
\ L I
1 NN /
i NN
\73- \\ ’4 .{ v 1 \\\ d ¥ -—
N ¢ 7 2 \J 4 x
NN \
e 1
/ l‘ Y=sin
1
7 Ve~
7 \
1
1
Puc. 97.

H ioicTaBadas B dopMmyny Mak/jopeHa, MOMYYHUM PasJOKeHHE:

2 n n+1
cosx=1—-%+-1—!——...—l——f?cos%'i-i——(,f—mcos (E-l—(n-{-l) 323) ,
[E1<1x].

3necs Takke lim R, (x) =0 npu Bcex 3HaAuYeHHSIX X.

YnpaxHeHnus K raase IV

TIpoBepuTb cnpaBef/MBOCTL TeopeMbl PO A1t QyHKUU:
1.

y=x2—3x-+2 Ha orpeske [l, 2]. 2. y=x3-}5x2—6x ua orpeske [0, 1].
3. y=(x—1)(x—2) (x—3) Ha orpeske [l, 3]. 4. y=sin®x wua orpeske [0, mj.
5. dyukuusa f(x) =4x34x2—4x—1 umeer kopusamu 1 u —1. Haiitu KopeHn
npoussofHoi f’ (x), 0 KoTopoM rosopuTcs B TeopeMe Posus.

o —
6. ITpoBepuThb, 4TO MeXAYy KOPHAMH QYHKIUH y= 1/Jc2 —5x 46 waxopurcst
KOpEeHb €e MPOU3BOJHOH.
7. ITpoBepuTh crnpaBefIUBOCTb TeopeMbl Pounsi ais QyHKn#m y=cos®x Ha
orpedre [—mn/4, +n/4].
5 y—
8. Dynxuus y=1-—1/x4 obpaigaercss B HysJb Ha KOHLax ortpeska [—1,1].

Y6enurbcst B TOM, 4TO NPOU3BOAHAA OT 3TOH GyHKuUMM Hurje B unTepBase (—I1, I)
B HyJb He ofpamaerca. OGbACHMTb, NOYeMy 3fleCh HenpuMeHuMa TeopeMa Poss.
o

9. CocraButb Qopmyay Jlarpanka 1is pyHKuua y=sin x Ha OTpe3ke [x;, Xs].
Oms. sin x;—sin x; = (x3—x1) cos ¢, x; < ¢ < X,.

10. ITposepuTsb crmpasenauBOcTs Gopmy.n Jlarpanxa gd GyHKuuu y=2x —x3
Ha orpeske [0, l].
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11. B kaxoif TOUKe KacaTeqbHasi K KpHBOH y= x" napajJiesbHa XOpAe, CTH-
a
n—‘ll/—n -

12. B xaxoil TouKe KacaTeqbHasd K KpHBOH y=Inx mnapanjelbHa XOpZE,
cTaruBaiomell Toukn M, (1 0) 1 M, (e, 1)? Oms. B Touxe ¢ abcumccoif c==e—1,

ITonbaysicb Teopemoii Jlarpanka, XOKasaTb HepaBeHcTBa: 13. €¥ = 1--x.
14, In(1+x) < x (x > 0). 15, b*—a” < nb*=1 (b—a rIpH b > a. 16, arctg x < x.

17. Hanucate popmyny Komn ans dyukuuit f(x)= ¢ (x)=x% Ha oTpe3Ke
f1, 2] u uaiitu c. Oms. c=14/9.

Briyncute caepylomue npefesni:

rusaloiei Touku M, (0, 0) u M, (a, a®)? Oms. B Touke ¢ aGcumccoii ¢==

18 tim 2L ome. L. 19, lim £ Ome.2. 20. lim XX
x—>1X"—1 n x>0 Sinx x>0 X—sinx*
e"z— sin x
Oms. 2. 21. lim Cost—T . Ome. —2. 22. lim ——————. Oms. Hpellena
x—>0 COSX x>0 Y 1—cosx
we cymectsyer (¥ 2npux——+0,—) 2 npu x ——0).23. lLim dnsimx
T 3—2)6)2
)
1 . a¥—b¥ a . x—arcsin x 1
Ome. —'gg 24. x]l_f:lo P . Om@. ]n—b-. 25, ,}lTOWl Ome. —-é-.
26, lim sm—xTﬂ. Oms, cosa. 27. lim ey_—}—_sﬂy_—l_. Oms, 2.
x—>a X—a y—~o0 In(l+y)
. eXsinx—x 1 . 3x—1 3 . Inx
28. “ll_l;now Oms. 3 29, xlx_:nw It Oms. 5 30. il_r)nw——xr (tzen > 0),
ln(l-}-;) lnf—j—1
Ome, 0. 31, lim ————2, Ome. 1.32. lim ————. Ome. —1.33. lim —Z—.
x—>w arcetg x % = ® ]nx-l y>+o %9
Ome. 0 npu a > 0; o npu a<<0. 34. lim e * . Ome. 1. 35. lim m
x>t oo 65— % xer0 Insinx *
Oms, 1. 3. lim N7 onp g g7 ym E=D=x 4.
>0 Intg2x el tgﬁ . 0.
2x
; X 2 . 2 1 1
88. lim (1—x)tg —. . —. . —_ —
61”( x) tg 5 Ome - 39 xh.r?l[xz-—l x—l]' Ome. o
1 x .
40. }:igll [m—m] Oms, —1. 41, tp—]-ir?tﬂ (secp—tg @), Oms. O.
42, lim [ x ———1—] Omea. i 43. lim xctg 2x. Ome. 1 44, lim 2'3‘1-’.
g>1l¥—1 Inx 2 x>0 2T et
1
Oms, . 45. lim x!=*. Oma. 1 , 46. 11m 1/t2 Oms, 1. 47. lLim ( ! )tgx.
X =1 x=>0\ X
a\x N .
Omeg, 1. 48. Iim (1-}—-;) . Ome, e2, 49, lim (ctgx)ine, Ome, —.
& >0 e
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i sing\ ¥ 1
60. lim {cosx)2 ~. Oms, 1. 51, lim P . Oms, ﬁ.

& ->3T/2 @ -0
o
2
52, lim (tgﬁ"_) . Oms. L.
%1 e

53. Pasnoxuth no creneHaM x—2 Muorouned x*-—>5x3-45x21-x1-2, Oms.
—T (=2 —(—2+3 (x— 9+ (x—2)"

54. Pasmoxuts no cremeHaM x-+1 Muorounen x5 2x*—xZ-fx-1.
Oms. (x+1)242 (x+1)3—3 (x+1)24 (x4 1)5.

55. Hanuca'rb (bopMy.ny Teinopa ana (byﬂxupm y_Vx npu a=1, n=3,
Ome (x—l) x—1%® 3 (x—1)* 15x

2 T 1.2 4 1.2.3 '8 16
X146 (x—1)]~ 72, 0<e<1
56. Hanmucatp ¢opmyny Maxnopena mm dyuknun y=) 1+« npa n=2,

1 l x3
Oms, V 14-x=1 5 X —_— <0< 1.
Vitr=1+ X+ TEPEC
57. Ilonbaysce pe3yJsbTaTaMH INpefbIAYILIETO npmvxepa OLEHHTb MNOTPELIHOCTh

0 pHGIHKEHHOrO paBeHcTBa Vifxal + TX¥—g x2 npu x=0,2.

1
Oms. MeHbmie ———.
2.103
BeIICHUTb NpoucxoMkKeHHe NpPHGJINKEHHHX pPaBeHCTB Npu HeGONbMMX 3HAue«
HHAX X H OLEHUTb norpemﬂocrb 3THX paaenc‘ra
4

58. In cos x ~—-f2———- 59. g x ~ x—l————l— . 60, arcsin x ~ x—l—%s-.

12
X X
61. arclgx ~ x— -’;i 62. §_+_2€__ ~ l+—2——{—ﬁ. 63. In(x+¥Y1T—x2) ~
~ x—)«:2+£xi
l'lom:sy;tcr: ¢dopmyanoit Tefiiopa, BBIYHCIHTD TpeJebl BhIpaxeHuit)

— 2 —_— 2
64, lim —F=S0% __ omg, 1. 65 lim (AR SIX 5,
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F'JTIABA V
HCCJEACBAHHME MOBEAEHUS ¢ YHKUHH

§ 1. Iocranoska 3apgaun

MayueHne Ko/MMYeCTBEHHOH CTOPOHBI PA3JIHUHBIX SBJEHHH npH-
pOJBl NPHBOAMTCH K YCTAHOBJEHHIO U H3YUeHHIO (DYHKI{HOHAIbHOM
3aBHCHMOCTH MEXAY YYacTBYIOIIUMH B JAaHHOM SIBJIEHHH NepeMeHHLIMH
pesnuuHaMu. Ecau Takyio GpyHKIMOHANbHYIO 3aBHCHMOCTb MOXKHO BHI-
pasuTb aHAJUTHUYECKH, T. €. B BHJE ONHOH HJH HECKOJbKUX (opMydI,
TO Mbl MOJy4YaeM BO3MOXHOCTb HCCJENOBAaTh 3Ty (YHKIHOHAIbHYIO
3aBUCHMOCTb CPeJCTBAaMH MaTeMaTHUecKoro aHamu3a. Hamnpumep, npu
HCCNeJIOBAaHUH SIBJIEHHS IOJIeTa CHapsija B NycToTe mosyuyaercsi ¢op-
MyJa, Jaiomas 3aBHCHMOCTb JaJbHOCTH mosjeta R OT yrjia BO3BHI-
HIeHHs] o H HavaJbHOH CKOPOCTH Uj:

2 o
v sin 20
g

(g-—YCKODEHHEe CHUJBI TSKECTH).

INonyuus sty dopmyny, MeI HMeeM BO3MOMKHOCTb BBHISICHHTb, MpH
KaKoM o JalbHOCTb R 6yneT HauGoJbLiell, TPH KaKOM— HalMeHbIIed,
KaKOBBl JO/KHBl OBITb YCJOBHSI, YTOOBl NPH YBEJMYEHHH YIJa o
yBeJHYHBaNach JAJbHOCTh M T. J.

Paccmorpum gpyroit npumep. B pesyabrate usyuenus xoseGanus
rpysa Ha peccope (BaroH, aBTOMOGHJIb) MOJYYHJIH (OPMYJIY, NOK23bI-
BaIIy10, KaK OTKJOHEHHE y Ipy3a OT NMOJIOXKEHHST PABHOBECH S 3aBUCHUT
OT BpemeHH {: y=e~* (A coswt + Bsinof). Bemnuunn &, A, B, o,
BXOJslllie B 3Ty (OpMYJy, HMEIOT BIOJIHE ONpele/eHHOe S3HadeHue
JJisi JaHHOM KoJeGaTeNbHOH CHCTeMbl (OHH 3aBHCST OT yNPYLOCTH
peccopnl, OT BEJHYHHBI Tpy3a M T. J., HO HE H3MEHSIOTCS C Teue-
HUEM BpeMeHH f) U I03TOMY pacCMaTPHBAIOTCS HaMU KaK NMOCTOSIHHEIE.

Ha ocHoBaHHH npuBeseHHOH (GOPMYJbl MOXHO BBISICHUTD, npu
KaKHX 3HAYeHHUSX ! OTKJOHEHHE Yy YBEJHYHUBAETCA C yBeJHueHHeM f,
KaK MeHfeTCsl BeJHYHHA HauOOJbLIEr0 OTKJOHEHHSI B 3aBHCHMOCTH
OT BpPeMeHH, NPH KaKUX 3HaueHUX { HAGJIONAIOTCA 3TH HauGOoJblIHe
OTKJIOHEHHSI, NP KaKHX 3HAYEeHHAX ! INOJNYUYaAIOTCA HauGOJbLIHE CKO-
POCTH IBMKEHMS I'Py3a U Psj APYTHX BOIPOCOB.
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Bee mnepeuncieHnbie BOMpOCH BXORAT B TOHSTHE (HCCJEAOEATh
nosejieHHe QYHKUHU» . OUeBH/HO, BBISICHATD BCE 3TH BONPOCH, BHIUKCISS
8HaueHusl QYHKUMH B OTAENbHBIX TOYKAaX (M040GHO TOMY, KaK MbI 3TO
fZenamt B ra. lII), BecbMa 3arpyauuTenbHo. Llenbio HacTOsmiel IJaBbl

AIBJISIETCS1 yCTaHOBJIeHHe OoJsee OOLIMX NPHEMOB HCCJENOBAHHS TIOBe-
AEeHHST (PyHKUME.

§ 2. Bospacranne u yGniBaHHe (yRKUHM

B § 6 raaBn I Ghuio nano omnpenesnenue Bo3pacramouieii W yObI-
paiomell GyHKuMi. Tenepb Mbl NMPHUMEHHM HOHSITHE NMPOU3BOAHOH AJIS
KCCJIeJOBaHU I BO3pacTaHUA M YObIBaHUS (PYHKIIHH.

Teopewma. 1) Ecau ¢yuxyus f(x), umerowjas npoudsodHywo Ha
ompeske [a, b, eospacmaem wna smom ompeske, mo ee npou3e00Hasn
Ha ompeske [a, b] ne ompuyamenvna, m. e. f' (x) =0.

2) Ecau ¢ynxyus [ (x) Henpepeisna wa ompeske [a, b] u Oucpe-
penupyema 6 npomewcymxe (a, b), npusem [ (x) >0 02a a < x < b,
mo sma (ynxyus eospacmaem ra ompesxe [a, b].

JokasaTenbcTBo. JIOKaXeM CHauasa NepBYIO 4acTb TEOPEMHI.
IMyctb f(x) Bospacraer Ha orpeske [a, b]. Ilpuganum aprymenty x
npupaienne Ax W pacCMOTPHM OTHOLIEHHE

Fx+Ax—F(x) (1)
Ax ’

Tak Kak f(x)—dynkuusa Bospactaiomas, To f(x-Ax) > (x)
npu Ax >0 u f(x+Ax) < f(x) mpu Ax <O.
B oGoux cayuasx

a cJenoBaTenbHoO,
lim LOEAI=F() — ¢
Ax — 0 Ax
T.e.f (x) =0, uro u TpeboBanocs noKasath. (Ecin Gbr GbIIO f (x) <0,
TO MpH JOCTAaTOYHO MajblXx 3HaueHHsX Ax oTHoweHue (1) Gbiio Gbi
OTPHIATENBHEIM, YTO IPOTHBOPEUHT COOTHOLIEHHIO (2).)
NlokaxeM Tenepb BToOpylo 4acTb Teopemsbl. Ilycts [’ (x) >0 mpm
BceX SHAUYEHHSIX X, NPHHALJEKAMHX NPOMEXYTKY (a, b).
PaccMoTpuM 7iBa JIOOBIX 3HAYEHHS X; M Xy, X3 < X, MPHHALTeE-
wamux orpesky [a, b].
IMo Teopeme JlarpaHxa o0 KOHEYHBIX NpHPAIUEHHSX HMeEM

F)—F )= @) (x;—x), % <EL X,
o ycaosmo ' () > 0, crepoBarensHo, f (x,) —f (¥,) >0, 2 stou
8HayHuT, 410 [ (X)—BoO3pacTawomas GyHKIHUS.

Anasiornunasi TeopeMa HMeeT MeCTo W AJisi yOuBawomed (aupdepen-
nupyemoit) (yHKIHH, a UMEHHO:
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Ecau f(x) ybowaem wna ompeske [a, b], mo f' (x) <O na smom
ompesre. Ecau [’ (x) <0 6 npomexcymxe (a,b), mo [ (x) ybvieaem na
ompeske [a, b]. (KoHeuHo, Mbl M 37ech npennoJaraeM, 4r0 (yHKIHUS

AY Ay

v
70 a 7 b@ 0

Puc. 98.

HenpepulBHa BO BCeX TOYKax oTpeska [a, b] u auddepenuupyema
Bcioay Ha (a, b))
3ameuanue. [lokasanHas Teo-
4 op? peMa BHIpa)XkaeT CJEAYIOUHH reoMeTpH-
7= ueckuii ¢akT. Ecim Ha oTpeske [a, b]
¢yHkuas f(x) Bospacraer, TO Kaca-
TeMbHasi K KPHBO#H y=/f (X) B KamaoH
TOYKE Ha 3TOM OTPe3Ke 00pasyeT ¢ OChio
Ox ocTpb#i yroa @ HIH—B OTAENb-
HBIX TOYKaxX — FOPU30HTaJIbHA; TaHTeHG
¢ ¢ _ 3T0TO yIJla He oTpuuareneH; f’' (x) =
\ 0 / Z =1tgp>=0 (puc. 98, a). Ecau ¢yn-
Kuua f(x) yGeiBaeT Ha oTpeske [a, b],
Pre. 9. TO YroJ HaKJOHAa KacaTeJbHOH—Ty-
nol (MNH—B OTHENbHBIX TOUKAX —
KacaTelbHast TOPH30HTa/bHA); TAHTEHC 3TOTO yrIJa He TMOJOXKUTEJNeH
(puc. 98, 6). AHaJOTHYHO HJIMIOCTPUPYETCS M BTOPAs 4acTb TEOPEMBI.
Teopema no3BosisieT CYIAHTb O BO3PacTaHMM WM YObIBAHMH (YHKUIHH
Mo 3HaKy ee IMPOU3BOAHOM.

INlpumep. Onperennts 06/1aCTH BO3pacTaHuUS ¥ YORIBaHUA (QyHKHHH
y=x4

Pemenue. IIpoussoxHas paBHa y =4x%; npu x > 0 umeem y’ > 0—@yHK«
uus Bo3pacraer; npu ¥ < 0 umeeM y' < 0—dyHKuHusA y6wisaeT (puc, 99).

§ 3. MakcumyM M MMHHUMYM QyHKUui

Onpenenenne Makcumyma. PyHknusa f(x) B Touke X
uMeeT maxcumym (maximum), ecqH 3HayeHHe OYHKIHH f (X) B Touke
x; GoJblue, 4eM ee 3HaueHHs BO BCeX TOYKAaX HEKOTOPOro MHTepBana,
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COZepKalHero TOuKy x,. VMuaue roBsops, dyHkuus f(rx) HMeer axax-
cumym npu x=1x;, ecau f (x;,4+Ax) < f(x,) nopu mo6eix Ax (HoJ0-
JKHTENbHBIX M OTPHLATEJbHBIX), AOCTATOYHO MaJbiX MO aGCOMOTHOR
BeJIMYHHe *),

Tak, nanpumep, QyHKIHA y=f(x), rpaduk KOTOPOH H30GpaKeH
na puc. 100, uMeeT MakCHUMyM NpH X = X,.

Onpenenenne MmuHuMmyMma. OyHkuus [ (x) umeer munumym
(minimum) npu x=x,, ecau

f(r4A4%) > f (x,)

npu JmoObX Ax—KaK TOJIOXKHTENbHbIX, TaK M OTPHLATENbHBIX =~ XO-
CTaTOYHO MaJbX N0 abcoJoTHOH Benuuuue (puc. 100).

Hanpumep, ¢yHKIua y=x*, pacCMOTpeHHasi B KOHILE NpeABIAY-
mero naparpada (cM. puc. 99), npu x=0 uMeeT MUHHMYM, TaK KaK
y=0 nmpu x=0 u y >0 npu Apyrux 3naueHvsx x.

N d JA ,

.
e @ & b& Jla o o2 o33, & @

Puc. 100. Puc. 101.

B cBf3u ¢ onpejeneHUSIMH MaKCHMyMa M MHUHHMyMa CJAEAYET
o6paTuTh BHHMAaHHE Ha cCJjiefylomue 0oGCTOSATE/NbCTBA.

1. dynkuus, onpejeseHHass Ha OTPe3Ke, MOXeT AOCTUraTb Mak-
CHMyMa ¥ MHHHMYMa TOJIbKO INpPH 3HAYeHUAX X, 3aKJIOYECHHEIX
BHYTPH paccMaTpUBaeMOro OTpesKa.

2. He caenyer aymath, 4TO MakCHUMyM H MHHHMYM QYHKLIMH £B-
JISIIOTCSl COOTBETCTBEHHO €e HAUGOJIbIIUM H HAaUMEHBIIUM 3HaueHH MU
Ha pacCMaTpHBaeMOM OTpe3Ke: B TOUKe MAKCHMyMa (PYHKIMS HMEET
HauGoJ bllee 3HAaYeHHE JIMIIb MO CPABHEHHI0O C TeMH 3HAYEHUSIMH,
KOTOphIE OHAa HMeeT BO BCeX TOUKaX, JOCTAaTOYHO OJH3KHX
K TOUKe MAaKCHMyMa, a B TOYKe MHHMMyMa-—HalMeHbllee 3HaueHHe
JHIIb 10 CPaBHEHHIO C TeMH 3HaYeHHUSIMH, KOTOPbHIE OHA HMEET BO
BCeX TOYKaxX, AOCTATOYHO GJHM3KHX K TOYKEe MHHHMyMA.

*) Mnoraa 310 ompefiesenne GopmynupyioT Tak: GyHKuus f (x) HMeeT maxcu-
Mym B TOUKE Xx;, €CIM MOXKHO HafiTH TaKylo OKpecTHOCTb (¢, ) Toukm x; (00 <
< x; < B), uto AN Bcex TOYEK 3TOMH OKPECTHOCTH, OTJIMYHEIX OT X3, BHIIOJIHSETCH
HepaBeHCTBO f (x) < [ (x3).
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Tax, na puc. 101 usoGpaxena pyukuus, onpejeNeHHas Ha oTpe3Ke
[a, b], xoropas

npu X=2x; U X=X, UMEeT MaKCHMYyM,
NpU X=X, U X=X, HMEeT MHHHMYM,

HO MHHHMYM QYHKUMH NpH X=X, GOJblle MakcUMyMa (GyHKUHH MPU
x=x,. Ilpy x=0 3nauenue ¢yHKuMH GoJbiue JOGOro MaKCHMyMa
GyHKUME Ha paccMaTpHBaeMOM OTpe3Ke.

MakcumyMbl B MHHUMYMBI (YHKUHMH Ha3blBalOT dKCMpemymamu *)
HIIH 3KCMpemarvHoimu 3HadeHusmy GyHKIUH.

OKcTpeManbHblE 3HAYEHH ST (PYHKIMHE H HX PACMOJIO?KEHHE Ha OTPe3Ke
[a, b] B usBecTHO! cTenmeHH XapakTepusyIOT H3MeHeHHe (YHKUHHU
B 3aBHCHMOCTH OT H3MEHEHHS apryMeHTa.

Huxe Gyzner ykasaH MeTOX HAXOXKAEHHS 3KCTPeMaNbHBIX 3HAYEHHH.

Teopema 1 (Heo6xoauMOe YyCJOBHE CYyIHEeCTBOBa-
HuA 3KcTpemywma). Ecau oupdepenyupyeman gynxyus y=Ff (x)
uMeem 8 MouKe X =X; MAKCUMYM UM MUHUMYM, MO ee npouseo0Has
obpawaemcs 6 Hyav 6 amoii mouxe, m. e. f' (%) =0,

HJokasaTenbcTBo. [Ipeanosioxxum Ansi onpeneneHHOCTH, uTO
B TOuKe x=X; QyHKuMa uveeT MakcuMyMm. Torza mpu mocrarouso
Ma/IbiX 1Mo a6Co/IIOTHOMY 3HAYEHHIO NpupalleHusax Ax (Ax %4 0) umeer
mecto [ (x,+Ax) < f(x,), 1. e f(x,+Ax)—f(x) <0. Ho B Takom
cjydae 3HaK OTHOLUEHHS

[ (e +Ax)—f (x1)
Ax

OIpene/IAETCHd 3HAaKOM Ax, a HMEHHO:

f(x1+Asz—f(x1) <0 npu Ax>0.

CornacHo ompefieNeHH:0 NMPOU3BOXHOH HMeeM
f (x1+Ax)—F (x1)
Ax *

" (%) = lim
Ax—>0

Ecmu f(x) umeeT mpoH3BOAHYIO NPU X =X;, TO MpPEAEJ, CTOAULUH
crpaBa, HE 3aBACHT OT TOro, Kak AXx CTpeMHTCS K HYJMO (OCTaBasch
TIO/IOXKUTEBHBIM HJIH OTPUIIATENbHEIM).

Ho ecim Ax—0, ocraBasick OTpHIATeJbHBEIM, TO f'(x;)=>=0.
Ecmu ke Ax— 0, ocTaBasich IOJOXHTeNbHHIM, TO [’ (x,) <<O.

Tak Kak [’ (x;) ecTb ompelesieHHOe YHCJIO, HE 3aBHCSULEE OT CIO-
co6a ctpemsienuss Ax K HyJMO, TO ABa TOCJEAHMX HepaBeHCTBA COB-
MeCTHMBI TOJBKO B TOM cJaydae, ecad [’ (x,) =0,

*) Extremum—xpaiinuit (1aT.),
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AnanoruuneiM o0pasoM TeopeMa JOKasbiBaeTca H g cjayuas
MHHHUMyMa (yHKIYH.

Jloka3aHHO# Teopeme COOTBETCTBYET CJEAYIOUIMil OYEBHIHEIH reo-
MeTpHyecKuil (akT: ecsH B TOYKAaX MAKCHMyMa H MUHHMyMa (QyHKUHS
f (x) uMeeT NMPOMBBOAHYIO, TO KacareJbHasi K KpH-

BOH y= [ (x) B 3THX TOYKax napaJenbHa ocu Ox. gh
JleficTBHTENBHO, M3 TOTO, 4TO [’ (%) =1tg =0, y=z?
rae @ —yroa Mexjay KacaTeabHoH H ocbio Ox,

enenyer, uto ¢ =0 (puc. 100).

M3 Teopembr 1 HenocpencTBeHHO BHITEKAeT
CTEACTBHE: €CAl NP 6CEX PACCMAMPUBAEMbIX 3HA-
wenusx apeymenma x pynxyusa f(x) umeem npous- 7
600HYI0, MO OHQ MOXcem UMmems dKCnipemym (max-
CuMyM UAU MUHUMYM) MOALKO Npu mex 3rade-
HUAX, NpU KOMopbX npoussodHas obpaujaemcs 6
Hyas. OGpaTHOE 3aKJIICUeHNe HEBEPHO: He npu 6cs-
KOM BHQueHui, npu Komopom npoussoonas ob-
pawjaemcs 8 Hyab, 00S3AMEAbHO CYLULCHBYem MarK-
cumym uru munumym. Tak, na puc. 100 uso6pa-
XeHa (YHKUWsi, Y KOTOPOH INpH X=X; MpPOH3-
BojHAas oOpamaercsi B HyJAb (KacaTeJbHas TIOpH-
30HTa/bHa), HO B 3TOH Touke (YHKIHS He ¥MeeT HH MaKCUMyMa,
HH MuHHMyMa. TOYHO TaK ke QyHKuus y=x® (puc. 102) mpun x=
= 0 pMeeT NpPOH3BOJHYIO, PaBHYIO HYJIO:

Puc. 102.

y' ]x:o = 3x? lx:o =0,

HO B 5TOH Touke (PYHKUHS He MMEET HH MaKCHMyMa, HM MHHHMyMa.
JleficTBUTENbHO, KaK Obl HU Oblaa 6/HM3Ka TOYKa x K Touke O, Bcerjaa
x# <0 npu x<0u »*>0 npu x> 0.

Y= |z}

0l T

Puc. 103. Puc. 104. Puc. 105.

Mu uccaenosanu TOT cayya#l, KOrAa (yHKIUs BO BCeX TOYKaX He-
KOTOpOTro OTPE3Ka UMEET MPOU3BOAHYIO. Kak xe o6crout JA€J0 B TEX
TOYKaXx, [/Ie IPOU3BOJHAS He cyulecTByeT? Mbl mokaxeM Ha npuUMepax,
YTO B TaKMX TOYKAX MOXKET ObITb HJH MakKCUMyM, HJIH MHUHHUMYM, HO
MOXKET U He ObITb HH TOr'o, HU JPYyroro.

Npumep 1. Oynxnua y=|x| He uMeeT npou3BoAHOH B Touke x=0
(B 3TOl TOuUKE KpuUBAs HE HMeeT ONpeJleleHHOH KacareJbHOH), HO B 3TOH TOuUKe

JaHHag YHKUHA HMeeT MHHMMYM: y=0 npn x=0, Torna Kak AJs BCAKOH TOUKH X,
OTJINYHOH OT HyJas, umeeM y > 0 (puc. 103).
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Mpumep 2. Oysruus y=(1—x2/3)3/2 pe umeer mpoussoauoi mpu x=0,
TaKk Kak y =-— (1—x2/3)1/2x=1/3 oGpamaercss B GecKOHEUHOCTb mpu Xx=0, HO
B 3TOil Touke (yHkuus umeer Makcumym: f(0)=1, f(x) < 1 npu x, oTnMyHOM OT
Hynas (puc. 104). .

IMpumep 3. Oyuknua y= i/x He HMeeT Npou3BoAHOi npu x=0(y’ - o
npit x — 0). B 3roit Touke QYHKIHSA HE HMeeT HH MaKCHMyMa, HH MHHHUMYyMa:
F(0)=0; f(x) <0 ps x <0; f(x) >0 ans x > 0 (puc. 105).

Takum o6pasom, (GYHKIUS MOXET MMeTb 3KCTPEMYM JIMIIb B ABYX
cayqasx: Ju6o B TeX TOYKax, IJe NPOHM3BOAHAs CYLIECTBYeT H paBHA
HyJIO, JUGO B TeX TOYKaX, Ie NPOM3BOAHAS He CYIIECTBYeT.

3ameTuM, 4TO €CJNH NPOU3BOAHAS He CYLIECTBYeT B KaKOH-JHG0
TOYKe (HO CyIIecTBYeT B GJH3JeXalluX TOYKax), TO B 3TOH Touke
MPOM3BOJAHAS TEPIHUT P a3 pPHIB.

3HayeHUs aprymeHTa, NpH KOTOPHIX MNPOH3BOAHAas obpamaercs
B HYJb HJM TepNHT Ppa3pbiB, HA3bIBAIOTCA KPUMUHECKUMU MOUKAMU
HJH KPUMUYECKUMU SHAYCHUAMU .

W3 npepwipymero crenyer, 4To He NPH BCSKOM KPHTHYECKOM 3Ha-
ueHUH (QYHKUHMS UMeeT MaKcuMyM HaM MuHHMyM. OIHaKo, eciM B Ka-
KOH-MN60 TouKe (YHKIHS JOCTHUTaeT MaKCHMyMa HJH MHHHMyMa, TO
3Ta TOYKAa HaBepHAKa sBJsieTcsl KpuTHYecKoii. [TosTomy mnsi pasbicka-
HHUSl S9KCTPEMYMOB (PYyHKUHMH NOCTYNalOT CJEAYIOmHUM 06pa3oM: HaXOAAT
BCe KPHTHYECKHe TOYKH, a 3aTeM, HCCJENysl OTAeJbHO KaXKIylO KPHUTH-
YecKyl0 TOUYKY, BBISICHSIOT, OYAeT JM B 3TOH TOYKE MAKCHMyM HJIH
MHHUMYM QYHKIHMH HJIH Ke He OyJeT HM MaKCHMyMa, HH MHHHMyMa.

HccnenoBanue pyHKIMH B KPUTHYECKHX TOUYKaX ONMHpPaeTcs Ha cre-
Jylolliie TeOpeMBI.

Teopema2 (FOCTaTOYHHE YCJOBUSA CYIMECTBOBAHUS
sKcTpeMmyMma). llycme pynxyus f (x) Henpepoi6Ha 8 HEKOMOPOM UH-
mepeane, co0epicaujem KpUMuU4eCKyo mouKy x;, u Oupeperyupyema
80 6cex mouKax 3moeo unmepeara (Kpome, Obime Modxcem, CAMOU
mouxu x;). Ecau npu nepexode caesa nanpaso 4epes smy mouxy npo-
U3600HAs MeHAeMm 3HAK C NAIOCA HA MUHYC, MO NPU X=X, (PYHKYUS
umeem maxcumym. Ecau oce npu nepexode uepes mouky x, caeea Ha-
npaeo npoussoOHAs MeHAem 3HAK C MUHYCQ HA NAOC, MO PYHKYUL
umeenm 8 3MOL MOYKe MUHUMYM.

Takum oGpasoM,

eca a) f'(x) >0 mpu x < x,, f (x) <0 mpu x> x,
70 B TOUKE X; (QYHKUHS HMEET MAKCUMYM;
ecan 6) f'(x) <0 mpu x < x4, f (x) >0 nmpu x> x,,

TO B TOYKe X, QYHKUHS HMeeT munumym. Ilpu 3TOM Hago uMerhb
B BH]IY, YTO YCJOBHSA a) HJIH G) JOKHBI BHIOJHATLCH AJsl BCEX 3Ha-
YeHH# X, JOCTaTOYHO OJNHM3KHX K X;, T.e. BO BCeX TOYKax HEKOTOpPO#
JOCTAaTOYHO MaJsIOH OKPECTHOCTH KDHTHYECKOH TOUKH X,.
HdokasaTteabcTBo. [IpeqnonoxkuM cHauana, 4To nNPoH3BOAHAS
MeHsieT 3HaK C IJIoca Ha MHHYC, T.e, YTO AJfl BCeX X, AOCTaTOYHO



§3] MAKCHMVYM U MUHUMYM & YHKUNA 151

OMU3KEX K TOYKE X,, UMEeeM
"x)>0 mpu x<x,
f"(x) <0 npu x> x,.
Ilpumensia teopemy Jlarpamxka k pasHocTH f (x)—f (%5), mosyunm
f)—F ) =7 ) (x—xy),

rae §—Touka, Jexamas Mexny X U X.
1) Ilyers x < x,;; Torma

E<x, 7€) >0, () (x—x) <0
H, CNeJOBaTeJbHO,

f(x)—F () <O,
f ) <T(x). (1
2) Ilycts x > x;; Torja
E>x;, [1(6) <0, [ ) (x—x) <0

H, CJEAOBATEJbHO,

HJIH

[ ) —f(x) <0,
f ) <f ). @

CootHowenus (1) u (2) mokasbiBaloT, YTO AJs1 BCeX 3HAYEHHH X,
JIOCTaTOYHO GJU3KHX K X,, 3HaueHHs QYHKIMH MeHble, YeM 3HaueHHs
¢yHKuuH B Touke x;. CllefoBaTeNbHO, B TOUKe x; GyHKUHUSA [ (x) umeer
MaKCHMYM.

AHanoruyHsIM 06pa3oM A0Ka3bIBaeTCsl BTOPasi YaCTh TEOPEMBI O 10-
CTaTOYHOM YCJIOBHH MHHHMyMa.

Puc. 106 HarisigHO MJIIIOCTPHPYET CMBICA TeOpeMbl 2.

ITycTsb B TOuKe ¥ = x, UMeeM [’ (x;)=
=0 W aJs Bcex X, LOCTaTouHO Gau3- 4Y
KHX K TOYKe X,, BEHIMOJNHSAIOTCA Hepa-
BEHCTBA

I'()>0 mpun x<ux,
f'x) <0 mpu x> x,.

Hau

Togﬂ,a npu x < X, KacaTeJbHas K ’0; Zia/ GNp Gz @
KpuBO# o6pasyeT ¢ ocblo Ox OCTpBblil
yroJ— QyHKIUS BO3PAcTaerT, a IpH X > Puc. 106.

> x, KacateabHas ob6pasyeT ¢ ocbio Ox

Tyno# yroa—QyHKuus yObiBaeT; NpPH X = x; QYHKUUS HEPeXOAHT OT
BO3pPacTaHus K YObIBAHHIO, T. €. HMEeT MaKCHMYM.

Ecnu B Touke x, umeeM [’ (x,) =0 u aas Bcex 3Hauenuii x, Ao
CTaTOYHO OJNM3KHX K TOYKE X,, BBINOJHSIOTCS HepaBeHCTBa
ffx)<0 nmpun x<x,,
['@>0 mpu x> x,
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TO npu x < X, KacaTeJbHass K KpuBOH oOpasyer ¢ ocbio Ox Tyno#t
yron—ogyHkuus y6biBaer, a npH X > X, KacaTeJbHass K KPUBOH 00-
pasyer ¢ ocbio Ox ocTpuiii yrom— dyHkuus Bospacraer. Ilpu x=x,
(QYHKIMS Nepexogur oT yObBaHHS K BO3pacTaHuiO, T.€. HMeeT MH-
HUMYM.

Ecnu npu x = x; umeem f' (x;) =0 u a1a Bcex 3HaueHH# x, nocTa-
TOYHO OJIM3KHX K Xg, BBIINOJIHSIOTCA HEpPaBeHCTBa

() >0 npr x<x,
fPx)>0 mpu x> x,,

TO OYHKIUA BO3pacTaeT Kak NpH x < Xz, TaK U OpH x > x,. Ciexo-

BaTeJbHO, IPH X = X, GYHKLHS HE HMEET HM MaKCUMyMa, HH MUHHAMYMA.

ViMenHo Takoit ciyuail uMeer MecTo Al (GyHKUMH y=x® npu x=0.
JeficTBuTeNbHO, npousBogHas y = 3x%, CJefoBaTeNbHO,

y'|x=0=O, yl[x<0>0, y’|x>0>0»

a 3T0 3Ha4uT, yro npu x =0 QYHKIHUSA He HMeeT HM MaKCHMyMa, HH
MHHHMyMa (cMm. Bbime puc. 102).

§ 4. Cxema mucciepoeanus auddepeHuupyemoi QyHxuun
Ha MakcHMyM U MUHHMYM C NOMOLIbIO NepBOH NMPOH3BOJHOI

Ha ocxoBanuu npenpiayiiero naparpadpa MoxHoO chopMyaupoBaTh
cleayoliee NpaBUMO JJisl UCCIeNOBaHUA NuddepeHurpyeMoll QyHKUUN

y="1)
Ha MakCUMyM H MHHHMYM:

1. MineM nepByio npou3BoaHYIO (yHKUHMH, T.e. f'(x).

2. HaxomuM KpuTHuyeckHe 3HaYeHHS apryMeHTa X; AJs 3TOro:

a) npupaBHUBaeM MEPBYIO POM3BOAHYIO HYJIIO H HaXOAHM JEHCTBHU-
Te/MbHbIE KODHH MOJIyYyeHHOTo ypaBHerus [’ (x)=0;

6) HaXONMM 3HAYEHUS X, MPH KOTOPHIX NPou3BoAHaA [’ (x) TepmuT
pasphiB.

3. Hccnenyem 3Hak npousBOAHON cjeBa U CIpaBa OT KPHTHYECKOH
Toykd. Tak Kak 3HaK NPOM3BOAHOH OCTAaeTCs NMOCTOSHHBIM B HHTEpBase
MEXAY ABYMsSI KDHTHYECKMMH TOYKaMH, TO JJs1 MCCJEJNOBaHHS 3HAKa
MPOU3BOAHOM CJeBa W CrpaBa, HANpHMeP, OT KPUTHUYECKOH TOYKH X,
(puc. 106) nocTaTtoyHo ompenenuTh 3HAK MPOM3BOAHOM B TOYKaX & M
(,<a<x, x,<P<x;, roe x; H x,—OJHKAHIIME KPHUTUYECKHE
TOYKH).

4. BoiudciasigM sHaueHue PyHKuuH [ (X) NPH KaxJOM KPUTHYECKOM
3HAYeHUU apryMmeHra.

Takum o6pa3oM, HMeeM CJelyIoulee CXeMaTHYecKoe H300parkeHue
BO3MOXKHBEIX CJIy4deB:
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3uakH npoussonmuok f’ (x) npu nepexofe uepea
KDHTHYECKYIO TOYKY X;

XapakTep KPHTHYECKOA TOIKH

x < Xy X =x X > %

+ M{[ (;;; ;:.xgﬂa — Touka Makcumyma

- ' (x1) =0
— pefapbmﬂa -+ Touka mMuHUMYMa

+ f' (x1) =0 + Her uu makcumyma, un muun-
HJIH Da3pEIBHA MyMa (QyHKnusi Bo3pacTaer)

f ix1) =0 Her un makcumyma, um muHu-
HJIH pa3pbiBHA MyMa (byHKUHs yOuiBaeT)

ITpumep l. Mcenenosate Ha MaKCHMYM M MHHHMYM (QyHKUuiO

)C3
=" —24 8x+ 1.

Pewenwue. 1) Haxogum nepsyio mpoussopuyios
Y =x2—4x+3.

2) HaxopuM JeficTBUTEJbHBIE KOPHHM NPOM3BOXHOMNS
x2—4x4+3=0,

CaenoBaresibHO,
Xy = | y Xg= 3.

IMpoussonHass BCIOAY HempepbiBHA. 3HAYHT, APYrHX KPHUTHYECKHX TOUEK HeT.
3) HccnenyeM KpHTHUECKHe 3HAYGHHMSI H Pe3yJIbTAaThl HCC/AeJOBAHUA DUKCHPY-
eM Ha puc. 107.
HccnenyeM nepsyio KpuThueckyio Toyky xj=1. Tak kak y'=(x—1) (x—3),
TO
npH x < | umeeM y' = (—)-(—) > 0;
npu x > 1 umeem y'=(+)-(—) < 0.
3HaudT, NpH Mepexoje (c/eBa HaNpaBo) yepe3 3HaueHue x; =1 mpoussogmas
MeHfler 3HaK C nuitoca Ha musyc, CirefoBaTenbHo, NPH ¥x=1 QyHKUUA HMeeT MIK-

CHMyM, a HUMEHHO.
Y)x=1=7/3

Hceneyem BTOPYIO KPUTHYECKYIO TOUKY Xa=3:
npu x < 3 umeeM y' =(-+)-(—) < 0;
npu x > 3 umeem y' =(+4)-(+) > 0.
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SHa‘lPlT, npd nepexole uepe3 3HayeHHeE x=3 npou3BoiHadg MeEHSE€T 3HakK
C MHHYCa Ha IIIOC. CJIeI{OBaTeJIbHO, npH x=3 prHKLU/IH HMEET MHHHMYM, 8 HMCHHOL
Y , Xx=3= 1.

Ha ocHOBaHMH IIPOBEJEHHOTO HCC/E0BaHusi CTPOUM rpadux dyukuuu (puc, 107).
ITpumep 2, HccmegoBaTh Ha MakCUMyM H MUHHMYM GYHKLHIO

y=(x—-1) ?/xz.
Pemenue, 1) HaxomuM nepByio nmpoH3BOZHYIO:
y=y a2 Mo
3 1/x 3y x
2) Haxopum KpHTHYeCKHE 3HAYEHHMsI apryMeHTa: a) HaXOAMM TOYKH, B KOTO-
PBIX TPOM3BOAHAf ofpallaeTcss B HY.b:

AY y= 5x—2 -0 x—2*
= T 3/,= =Y 1= 7%
3y 5
Ty =%—3—2:c3+3x +1 £

6) HaXOLHM TOYKH, B KOTOPHIX NPOH3BOAHAA Tep-
nutT paspeB (B JaHHOM caydae ofpamaeTcs B

7

g
gl t)Va?

S

25

Puc. 107. Puc. 108.

GecKOHEuHOCTb), Takoil TOYKOH GyJNeT, OYEBHIHO, TOUKa
x2=0.
(OrmeTum, uT0 NpH X, =0 paccmatphBaeMas QyHKUMS ONpeAeeHa H HenpephBHA.)
JIpyrHX KPHTHYECKHX TOYeK HeT.

3) Hccaenyem xapakTep NOJydYeHHBIX KpHTHUecKHX Touek. Mccnenyem toury
xi=2/5. 3amerus, 4TO

Y | x<os <0 ¥ |ys05 >0,

8aKJII0YaeM, 4TO NpH x =2/5 QyHKUHS HMeeT MHHYMyM. 3HauenHe GyHKIUH B TOUKe
MHHHMyMa PaBHO

2 VT_ 3 i/T
Vrs=(3—)V m=—5V =
Hceneayem BTOpylo KpHTHUecKylo Touky x=0. 3amerus, uto
Y r<0>0 ¥ |es0<0

sakJiouaeM, yto npu x =0 QyHKIHUSA HMeeT MaKCHMYM, NpHieM y]x=0=0, I'padux
pccaenyeMoit GyHKnHH H306paxes Ha puc. 108,
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§ 5. Uccaeposanne QyHKUHH HAa MaKCHMyM M MHHHMYM
€ MOMOIbI0O BTOPOil NPOH3BOXHOM

IMycts npu x=x, npousBogHas ¢yHKuuH y=f(x) obpaimiaercs
B HYJb, T. €. ' (x,) =0. I[lycts, Kpome TOrO, BTOpasi NpousBoAHas [ (x)
CYIIECTBYET M HenpepbiBHA B HEKOTOPOH OKPECTHOCTH TOUKH X;. 10rAa
CrIpaBeAJiuBa Clefyiollas TeopeMma.

Teopewma. [Tycms ' (x,) =0; moeda npu x = x3 pynxyus umeem
maxcumym, ecau ' (x,) <0, u smunumyn, ecau f"(x,) > 0.

JokasarenabcTBO. JJoKaxkeM cHayaja NMepBYIO 4aCThb TEOPEMBI.

IMycts
fx)=0u f" (x,) <O.

Tak Kax, 1o ycJoBuio, f* (x) HenpepblBHAa B HEKOTOPOH OKPECTHOCTH
TOYKH X = X;, TO, OYEBH/IHO, HaJleTCsl HEKOTOPHIH MaJElil OTPE30K, OK-
PYKaIOIIHH TOYKY X = ¥,, BO BCEX TOYKaxX KOTOPOTro BTOpas MPOH3BOJ-
Hasi f’ (x) GyzeT oTpHLaTeJbHa.

Tak kak f” (x) ecTb nepBasi IPOU3BOJHAS OT TMEPBOH MPOH3BOJHOH,
" )= (" (x))’, To us ycmaoBus (f' (x))’ <0 caenyer, uro [’ (x) yOui-
BaeT Ha OTpe3Ke, coxepxameM Touky x=x; (§2)- Ho [’ (x)=0;
cJe0BaTeIbHO, Ha 3TOM OTpe3Ke mpH x < x; umeeM [’ (x) >0, a mpu
x>x; umeeM [’ (x) <0, T.e. mpousBopHas [’ (x) mpu nepexone
yepe3 TOYKY X =X, MEHseT 3HaK C IVIoCa Ha MHHYC, a 3TO 3HAYHT,
4TO0 B TOYKe x; GyHKuus f(x) umeer MakcumyM. IlepBas wacTb
TeopeMsl JOKasaHa.

AHanoruuHeiM 06pa3oM JoKasblBaeTcst BTOpasi 4acTb TEOPeMH, a
uMeHHO: ecan [’ (x,) >0, 10 f"(x) >0 Bo Bcex TOUKax HEKOTOPOTO
OTpe3Ka, OKPYKalolero To4Ky X,, HO Torja Ha 3ToM oTrpeske [’ (x) =
= (f' (¥))’ > 0 u, cnepoBatenvHo, f’ (x) Bospactaer. Tak kak f’ (x;)=0,
TO, 3HAUHT, NIpH Nepexoje 4epe3 TOUKY X; NPOU3BoAHAs f' (X) MeHseT
3HaK ¢ MMHYyca Ha moc, T.e. QyHKuus f(x) MMeeT MHHHUMYM NpH
X = Xg.

Ecnu B Kputnueckoit touke [’ (x,)=0, TO B 3TOHl TOYKEe MOXKeT
OBITb HJIH MAaKCHMYM, MJH MHHUMYM HJH He ObITb HH MakCHMyMa, HH
MHHUMYyMa. B 3ToM ciydae HcesejoBaHue HYXKHO BECTH NEPBBIM CIIOCO-
6om (cM. § 4).

CxeMy HcCeOBaHMS 3KCTPEMYMOB C MMOMOILILIO BTOPOI TMPOH3BOJ-
HOH MOXKHO H300pa3uTh B cjaejyiouell TaGauie:

, XapaKkTep KPHTHYECKOH
7 (x1) P (%) P l;oq?m
0 — Touka MakcHMyMa
0 + Touka MHHHMyMa
0 0 Heusecren

Npumep 1, Heenenonate Ha MakCHUMYM H MHHHEMYM (YHKUHMIO
y=2sin x-}cos 2x,
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Pemenne. Tak Kak OQYHKUUS sSBJSETCH NEePHOLHYECKON ¢ MEPHOZOM 27,
TO JOCTaTOYHO WCCJEAOBaTh QYHKLHIO Ha orpeske [0, 2m].
1) HaxoauM npomn3Boinyio:

y' =2 c0os x—2 sin 2x=2 (cos x—2 sin x cos x) =2 cos x (1 —2sin x).
2) Haxoznm KpHTHYECKME 3HAYEHUs apryMeHTa:
2cos x (1 —2sin x)=0,
x; ==1/6, Xy =71/2, x3=>5m/6, xg=3m/2.
3) Haxopum BTOpYI0 MPOH3BOAHYIO:
y"=—2sin x—4 cos 2x.
4) MccsenyeM xapakTep Kamzof KPUTHHECKOH TOUKH:
" l 1
Y| xy=q6 = —2~§—4-’§'= —3<0
CaefoBaTeNbHO, B TOuYKe x;=11/6 HMeeM MaKCHMYyM:
1 1 3
Y]|s=we=25+5=75"
aslee,
a V| pomgp=—-2-144:1=2> 0,
CnenoBaTesbHO, B TOUKE Xo==71/2 HMEEM MHHUMYM:
Y| xamp=21—-1=L

B Touke x3=>5m/6 nmeem
1 1

Y'|x=syo = —25—45=—3<0.
CnenosaTeabHo, NpH x3=>5m/6 QyHKNHS HMeeT MaKCHMyM:

1 1 3
y' x,=57/6 =2'§'+§ =7-

Hakonen,
y"lx=3n/2=-=— 2 (—1)—4.(—)=6 > 0.
CrnenoBateqbHO, B TOuKe Xy=3m/2 MMeeM MHUHUMYM:
Y| y=3qp=2-(—)—1=-3.
Ipadux uccarenyemoii ¢ynkuum nsobpaxen na puc. 109.
ITokaxkeM, nanee, Ha npuMepax, 4TO eC/IH B HEKOTOPOH TOUKeE X = X;
umeeM [’ (x,) =0 u " (x;)=0, To B 310lf TOYKe (hyHKUHUS [ (X) MOXNKET

HMeTb JIHGO MaKCHMYyM, 1160 MHHHMYM, JIM60O He HMeTb HH MAaKCHMyMa,
HH MHHHMYMa.

ITpumep 2. HccnepoBaTs Ha MakCHMyM H MHHHMYM QYHKIMIO
y=1—x
Pemenne. 1) Haxorum KpHTHYECKHE TOYKH:
Yy =—4x8, —4x*=0, x=0.
2) OnpenensieM 3HaK BTOPOH NPOH3BOAHOH mpH x=0:
Y'=—12x% Y[ x=0=0.
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CirefoBaTe/IbHO, BHISICHUTb XapakTep KPHTHYECKOH TOYKH C MOMOUIBIO 3HAKA BTO=
poit NPOn3BOAHON B MAHHOM CJyyae HeEJb3s.

z--y Y=2sinz +cos 2

S

% \F

Puc. 109.
3) Hccnenyem xapakTep KpHTHUECKOHR TOUKH TepBHIM CIocoGoM (cM. § 4):
Y e<0>0 ¢ |,50<0.
Crneposatesibho, npu x=0 GYyHKUHA MMEET MaKCHMYM, a MMEHHO:
y | r=0="L

Ipapux paccmorpenHoii dyHKuuu usobpaxen Ha puc. 110,

2 /
7 z e
y:]—w’a
7 2
Puc. 110, Puc. 111, Puc, 112,

IMpumep 3. Heenenosarb Ha MaKCHMYM M MUHAMYM (yHKUHIO
y=x5,
Pemenue. Ilo BTOpomMy crmocofy Haxomum
) Y =615, y'=6x"=0, x=0; 2) y"=30x%, |y'|,_,=0.

Crenosare/nsHo, BTOPOH cnoco6 otBeTa He naer. IlpuGeras K nepsoMy crnocoGy,
nosyyaem

Y0x<0<0: ¥ |iso>0.
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CnenoBatesibio, npH x=0 ¢ynkuna umeeT MHHuMy™ (puc. 111).
Tlpumep 4, HccnesoBat Ha MakcHMYyM M MHHHMYM QYHKIHIO
y=(x—1)>%

Pemenne, Bropoit cnoco6:

‘=3 (x—1)2, 3(x—1)2=0, x=1I;
y=6(x—1), ¥|,_,=0;

TakuM 06pasoM, BTOpOil cnocol6 oTBeTa He XaeT. Ilo mepBoMy cnocofy HaXOLuM
y’|x<1>0x y'|x>1>0.

CnenoBaTesbHO, NPH x=1 GYHKUUA He HMeeT HM MaKCUMyMa, HH MHHMMYyMa
(puc. 112).

§ 6. HauGosbilee M HaMMeHbinee 3Ha4yeHHs (QYHKUHM Ha OTpe3Ke

Iycrb GyHKuUs y=f (x) HempepbiBHA Ha oTpe3ke [a, b]. Toraa na
3TOM OTpe3Ke PYHKIUs JOCTHraeT HauGoJbiiero 3Havenus (cm. § 10
ra. 11). Bynem npeanoJsaraTh, 4To Ha JaHHOM OTpe3ke GyHKUus f (x)
UMeeT KOHEYHOe UYHCJIO KPHTHUeCKUX ToueK. Eciau HauGoJbluee 3Ha-

YeHHe JOCTHTaeTcsi BHYTPH oTpeska [a, b], To oue-

Y=23-3z+3 BUJIHO, YTO 3TO 3HaueHHe OYyJeT OAHHUM M3 MaKCHMY-
» MOB GYHKIMH (eC/M HMeeTcsl HEeCKOJbKO MaKCHMY-
7 MOB), a UMeHHO, HaubojbuiuM MakcumymoMm. Ho mo-

JKeT CJy4HTbCSl, 4TO HauboJbllee 3HayeHHe OyAeT
JOCTHUTaTbCsl Ha OAHOM M3 KOHIIOB OTpe3Ka.

Hrak, ¢pyHkuus Ha orpeske [a, b] pocruraer cBo-
ero HauOOoJbIIero 3HaueHHus JU60 Ha OJHOM W3 KOH-
270 1% @ 0B 3TOrO OTpe3kKa, JMGO B TAKOH BHYTPEHHEH TOU-
Ke 3TOro OTpe3Ka, KOTopas fABJseTCs TOYKOH Ma-
kcumyMa. To ke camoe MOXKHO cKas3aTb YW O Hau-
MeHbIlIeM 3HaueHHH (QYHKIUH: OHO JAOCTUTaeTcs JUGO
Ha OJHOM M3 KOHIOB JaHHOTO OTpe3Ka, J100 B TaKOH
BHYTPEHHeH TOYKe, KOTOpas SIBJAETCS TOYKOH MHHHU-
MyMa.

U3 mpenpinymiero BeITEKaeT ciaepyloliee MPaBMiIo:
ecan Tpebyercss HallTH HauboJbllee 3HaYeHHE He-
npephiBHOH (YHKLHMH Ha oTpe3ke [a, b], To Haxo:

1) HallTu Bce MakCHMYyMBl (PYHKIUHU Ha OTPE3Ke,;

2) onpenenuTh 3HaYeHUs (QYHKUMH Ha KOHIAX OT-
pe3ka, T.e. BbHIUHCIHTDL f(a) u f(b);

5 3) M3 BCexX NOJYUYEHHBIX BhIEe 3HaueHHH ¢yHK-

nuyu BHIOpaTh HauOoJbluee; OHO H OyZAeT Npejcras-

Puc. 113. JA8Thb CoOOH HaubGosbliee 3HaueHHe GYHKUHM Ha
oTpesKe.

AnanoriuHeIM 0GpasoM CJelyeT TOCTynaTh M IIpH oNpefene-
HUM HauMeHbLIero 3HaueHHs (QYHKUHH Ha OTpe3Ke.
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I[Tpumep. Onpenenuth Ha oTpeske [—3; 3/2] HauGosbllee H HauMeHbllee
3HaueHusa QyHKumH y=x3—3x-43,

Pemenune. 1) HaxoauM MaKCHMyMbl H MHHHMyMBl GYHKIHMH Ha OTpe3Ke
[—3; 3/2]: y'=3x2—3, 3x2—3=0, xy=1, x,=—1, y'=6x, TorA2 §"| , = =
=6 > 0. Ciaenosatensno, B Touke x==1 uMeer MecTo Mymumym: y|,_=1. Jla-
Jee, l/'|x=.--l =—6 < 0, CnegoBaTe/itHO, B TOUKE X=— ] HMeeT MeCTO MakcCH-
MyM: Y[ pm 1 =5

2) OnpenensieM 3HaueHHE (GYHKIMM HA KOHLAX OTpe3Ka: y,x=3/2=15/8,
9| x=-3=—15. Taxum oGpasom, HauGoJbiee 3HaueH#e paccMarpuBaeMod yHk-
nu# Ha otpeske [—3; 3/2] ectb y]x____1=5, a HauMeHbIIee 3HAUEHHE €eCTh
ylx=_3=—15. Ipaduk paccmatpuBaemolt ¢yHkumu wu3oGpaxen Ha puc. 113,

§ 7. MpuveHenue TeOPHM MAKCHMyMa M MHHMMyMa (yHKuui
K PelleHHIo 3anay

C nomoIpIo TEOPUH MaKCHMyMa H MUHHMYMa pelIaloTcsi MHOTHe 3a-
Jla4yH reoMETpHUH, MEXAHHKH H T. I. PaCCMOTpHM HEKOTOpbl€ H3 TaKHX
3ajau.

3apgaua 1. JameHocts R=0A4 (puc. 114) nonera sgpa (B mycrote), Bumy-
MEHHOTo € HavaJbHOH CKOPOCTBIO Up H3
OpYAHS, HAaKJOHEHHOTO TOJ YIJIOM @ K
TOPH3OHTY, Onpepensercs gopmydoit

_ % sin 29
g

(g —yckopenne cuabl Tsaxectu). Onpe- 01\\/——\"\—-—/1‘1 >
JIeJIUTh YroJl ¢, PH KOTOPOM AaJIbHOCTb
R Gyper nauGoJbliledl NPH IAHHOH Ha-
YaJbHOH CKOPOCTH Up. Puc. 114,

Pemeunune, Bemunna R npen-
craB/sieT coGoit QYHKIHIO NepeMeHHOro
yraa . Hcenegyem sty (yHKUMIO HA MaKCUMyM Ha otpeske 0<<@=m/2:

dR 202 cos 2¢ 202 cos 29
do e g

’

19
KPHTHYECKOE 3Ha4YeHHE @ = T M

4R 402 sin 2¢ d2R 403 0
do* — g © A o= g <7
CnenosaresibHo, NpH 3HAYeHHH @ =m/4 XanbHOCTb NoJeTa R HMeeT MakCHMyM
U‘2
Rlpmm/a=—"«
I(P—ﬂ/‘l g

3navenuss Qyukuun R Ha Kouuax orpeska [0; 71/2] TakoBbli
Rlg=0=0: Rlpp/,=0.

Takum 06pa3oM, HaftleHHHA MaKCHMYM U -eCTb HCKOMOE HAHGOJbIIEE 3Has
ueHue R.
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3anaua 2. Kakde pasMmepnl Halo MPUAaTh LUAMHAPY, UTOGH NPH JaHHOM
ofreMe v €ro NosHasi NMOBEPXHOCTb S Gha HAUMEHbIHEH?

Pemenne. OGosnauasi uepes r paiuyc OCHOBaHHSI LUJNMHApPAa H Yepes h
BHICOTY HuJusiipa, 6yaem umers S=~2mr2-+2murh,

Tak xak oObeM UHAMHAPA 3aJaH, 1O NpH JaHHOM r BeJKuMHA ki ONpeJesseTcs

o v
¢opmynoli v=mnr?h, oTKyAa h=Er_2 . INopcraBass 310 BHIpaxeHue A B dopmyay
v U
anst S, moayuum S=2nr2—i—2m&—,§ , mmm S=2 (nr2+7) .
3necs v—3afanHoe uncao. Takum o6pasom, Mbl NPeACTaEHAH S KaK GYHKUBIO

OJHOii HE32aBUCHMOH NepeMeHHOH r.
Haiipem HauMeHbIn€e 3HaueHue 3Tofi GYHKUMU B NpoMexyTke 0 < r < oo

ﬁ: (Q:rtr-— —Zi,-) s
=)

dar
v 3 v
2ﬂf—-r—2~=0, ry= —275 y
dS

> 0.

dr? r=ry

2v
r=r1—2 (Zﬂ +-’—3)

Crenoeate1bHO, B TOuke r=r; GyHKUAS S HMeeT MHHHMYM. 33MeTHB, UTO

lim S=o n lim R= o0, T. €. YTO NpH CTPEMJEHUH 7 K HYJAI0 HIH K GECKO-
r-—>0 r—> o

HEUHOCTH NMOBEPXHOCTb S HEOrpaHMYEHHO BO3DAacTaeT, Mbl NPHXOAMM K BHIBOAY,
YTO B TOUKE r=r; QYHKLHA S MMeeT HaMMeHbllee 3HAUYEHHE.

Ho ecan r—i/-T TO he=—t =2 VT =2r. Takum o6pasoMm, JIJs
- on ' Tmrr on oopasom, &

TOro ytoGHl NIPH JKaHHOM OGbeMe U IOJIHas TOBEPXHOCTb S HMJMHJApPA Gbl1a HaHMEHb-
e, BEICOTa LMJMHAPA JO/IKHA PaBHAThCA €ro JHaMeTpy.

§ 8. Hccaeposanne (yHKIMM HA MAKCHMYM W MHHUMYM
¢ nomotpsio ¢dopmyant Teinopa

B § 5 6m0 3ameueHo, 4TO ecaM B HEKOTOPOH TOYKE Xx=a
umeeM [’ (@) =0 u f"(a)=0, T0 B 3TOH TOYKE MOXKET GHITb NHGO Ma-
KCUMyM, JUGO MHHUMYM, JHGO HeT HH Toro, HM Apyroro. Ilpu stom
YKa3bIBaloCh, YTO AJIs1 PELIeHHs] BOMPOCA B 3TOM CJIy4Yae Hy:KHO BBECTH
HCCJIEOBAHHE MEPBHIM CIOCOGOM, T. €. MyTeM HCCJIeJ0BaHHs 3HaKa
nepBoii NMPOU3BOAHON C/eBa H CHpaBa OT TOYKH X =d.

Teneps MBI moKaxeM, 4TO MOXHO B 3TOM CJIy4ae MCCJENOBaHue
BecTH M ¢ momompio ¢opmyas Telsopa, BeBeneHHo# B § 6 ru. IV.

Ins Gosblueil OOGUMIHOCTH NPEANOJNOKHM, YTO HE TOJbKO f” (), HO
M BCe IPOM3BOAHBIE JO 1-TO NOPSAJKA BKIOYHUTENLHO OT QYHKIMH | (X)
ofpaialTcss B HyJb NPH X=a:

f'@=f@=...=["(@=0, (1)
f(n+1) (a) = 0.

[pexnonoxumM, jpajee, yTo f(x) uMeeT HenpepLIBHEIE NPOH3BOJ-
Hble 7o (n - 1)-ro nopsika BK/ICUHTEJbHO B OKPECTHOCTH TOUKH X=a.
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Hanumem ¢opmyny Teltnopa ana f(x), nmpuHumMas Bo BHUMaHHE
paseHctBa (1):
=1 @+ L2 e 0 @) @
(nF1)! ’
rae § —uucso, 3aKJIOYEHHOE MeXAY a U X.
Tak Kak f*? (x) HenpepbBHA B OKPECTHOCTH TOYKH @ H [ +1(q)5£0,
TO HalijeTcsl TaKoe MaJioe MOJIOXKHTeJbHOE YHCJO A, YTO NpH JIOGOM
X, YAOBJIETBODAIONIEM HepaBeHCTBY |x —a| < h, Gyzer f"+1) (x)£0.
Ilpu astom ecau f"*V(a) >0, To U BO Bcex TOYKax HHTepBaja
(@—h, a+h) 6ynper f+V (x) > 0; ecan f»+V (a) <0, To BO Becex
TOUKax 3TOro HHTepBasa Gyjer f**+V (x) <O0.
INepenumem ¢opmyay (2) B Buie
(x—a)n+1

f(JC) —f(a)= (nF DI f("+1) (E) (2')

H PacCMOTPHUM Das/IMYHbIE YaCTHHIE CJY4YaH.

IlepBb#l cAyual. n HEUETHOE.

a) Ilycts f»*¥(a) < 0. Torpa nafigercs untepBan (@ —h, a--h),
BO BCEX To4kax Koroporo (n - 1)-s npousBopHasi orpuiatenbna. Ecau
X €CTb TOYKa 3TOr0 HHTepBasa, TO § TOXe HaXOAUTCS MEXAY a — A U
a-+h u, crenoBarenbsHo, f*+Y (E) < 0. Tak kak n -+ 1 — getHoe yuco,
TOo (¥*—a)"** >0 npu x=q, U NO3TOMy NpaBas yacTb B (QopmyJe
(2') orpunarenbHa.

CrepoBarebHO, IPH X~a BO BCeX TOYKax HHTepBana (a—h,
a-h) umeem f(x)—f(a) <0, a 3T0 3HAUMT, YTO NPH X=a (YHK-
ISl UMEeT MaKCHMyM.

6) Iycte f#+V (a) > 0. Toraa npu K0CTaTOYHO MAJIOM 3HaYeHHHU h
BO BceX TOYKax x MHTepBaja (a —h, a -+ h) umeer mecto f#+1 (£)>0,
CnenoBatesnibHO, npaBast yacTb (opMyJsel (2) GyAeT NOJIOXKHTeNbHaA,
T.e. IPH X¥=a BO BCeX TOYKaX YKa3aHHOrO HMHTepBaja Gymer

f(x) —F(a) >0,

a 3T0 3HAYHUT, 4TO NPH X =a (YHKUHS HMeeT MHHUMYM.

Bropo#t cnywaifi. n derHoe.

Torna n+1 HeyerHoe M BesqMyHHA (X — Q)"+ HMEET pasHbe 3HAKH
nmpu x<<a u x> a.

Ecan h pocraTouHo Masio mo aGCOMOTHOM BesluuHHe, TO (14 1)-51
NpoM3BOAHAs BO BCEX TOYKAX MHTepBasa (a — h, a-} h) coxpaHsier Tor
JKe 3HakK, 4To U B Touke a. CrenoBaresbHo, f(X) —f(a) umeer pas-
Hble 3HAaKU npu x < a U 0pu x> a. Ho sro 3nayut, yro npu x=a
HeT HH MaKCHMyMa, HH MHHHMyMa.

3amernM, uTO ecaH HpH n YeTHoM f 7V (a) >0, To f(x) < f(a)
s x<au f(x) >f(@) g x> a.

Ecmu xe npu n gerHom [f%+V (a) <0, 10 f(x) > f(a) mna x < a
u f(x)<f(a) nas x> a.

s IlonyueHHEIe pe3yJbTaThl MOXKHO CQOPMYJAHPOBATH CJEAYIOLIHM
o6pasom.

6 H. C. MNuckynos, 1. 1
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Ecau npu x=a umeeM
F'@=f@=...=f"(@=0

H mepsasi He ofpamiaroascs B HyJb npousBogHas [+ (a) ectb npo-
H3BOJHAasi Y€ THOT O NOpsfKa, TO B TOYKE a

f(x) umeer MmakcumyMm, ecan f#+1) () < 0;
f(x) umeer MmuHuMyM, ecan f»+D(g) >0,

Ecau ke nepBasi He ofpallaoiiasncs B HyJb IPOU3BOAHas f*+Y (a)
ecTb MpPOM3BOJHAs HEUEeTHOTr O NMOPsAKa, TO B TOYKe @ (yHKIUS
HE HMeeT HM MaKCHMyMa, HM MHHHMyMa. Ilpu atom

f(x) Bo3pacTaeT, ecau f»*V (a) > 0;
f(x) y6uBaer, ecan [+ () < 0,

[1pumep. HecaenosaTh Ha MaKCHMYM M MHHHMYM QYHKIHIO
f(x) =x*—4x3+-6x2—4x4-1.
Pemenne. Haiinem xpurnueckue suauenusi GpyHKIHH
P ()=4°— 12224 12x —4 =4 (x*—3x24-3x —1),

W3 ypasuenus 4 (x¥*—3x24-3x—1)=0 nosyyaeM eHHCTBEHHYIO KPHTHUECKYIO
TOUKY ;c:l (rak Kak JlaHHOe YpaBHeHHE MMeeT JIHIIb OJUH JeHCTBUTE/bHbIR
KOpeHbB).

Hccnenyem xapaktep KpHTHYECKOH ToukM x=1:

f" () =12x2—24x+12=:0 mpn x=1,
f’" (x) =24x—24=0 npu x=1,
Vm=24>0 npu moboM x,

Cnegosatenbio, npu x=1 dynkuus f(x) uMeeT MUHMMYM,

§ 9. BoinykjaocTh M BOTHYTOCTb KpuBoil. ToukH nepernGa

PaccmorpuM Ha NMJIOCKOCTH KPHBYIO y = f (X), sBAsIOmYyocs rpadu-
KOM OJHO3HAuHOH auddepeHnUupyeMOll OyHKIHU [ (x).
Onpegnenenue 1. Mol roBopuM, 4TO KpHBas oOpallieHa 6binyKA0-
cmbto 6éepx Ha uHTepBane (a, b), eciM BCe TOYKH KPHUBOH JieaT HH-
¥ XKe JIoO0H ee KacaTeNbHOH Ha 3TOM
: HHTEpBaJe.
M rosopuM, 4TO KpHBas 006-
pauleHa 6binyKAOCHbl0 6HU3 HA HH-
TepBane (b, ¢), ecu BCe TOYKH KpH-
BOA Jexar Bbllie JoGofi ee Kaca-
TeNbHOH Ha 3TOM HHTepBaJje.
[ Kpusyio, ofpalieHHYI0 BEIMyK-
ayg % b ¢ & JIOCTBIO BBepX, GyAeM HasbBaThb
ébinyxa0il, a OOpAIlEeHHYIO BHIYK-
Pue. 115. JIOCTBIO BHHS3 — B02H YMOLL.
Ha puc. 115 nokasana xpuBasi, BhTyKJasi Ha HHTepBajie (a, b)
U BOrHyTtast Ha uHrepBane (b, c).

e G SO PP P —
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Hanpapnenne BLINYKJOCTH KPHBOH SIBJISETCS BaXKHOH Xapakre-
pucTHKOH ee ¢opMel. Hacrosumuii naparpag nocBsiueH ycTaHOBJIEHHIO
NPH3HAKOB, MO KOTOPHIM MOXHO OblIO Obl, HcCIefyd (YHKIHIO
y={[(x), cyAuTb 0 HampaBJEHHH BBINYKJOCTH ee rpajuka Ha pas-
JUYHBIX HHTEpBasax.

JlokaxkeM CJIELYIOLLYIO TeopeMy.

Teopema 1. Ecau 6o ecex mouxax unmepeara (a, b) emopasn
npoussodnas pyuxyuu f(x) ompuyamensna, m.e. f'(x) <0, mo
kpusas y=1{(x) Ha amom unmepsase 00pAUEHA GbINYKAOCMILIO BBEPX
(kpusas eoinyxaa).

JdokaszateanbcTBOo. Bosbmem B uHTepBase (2, b) nmpoH3BOJIL-
HYI0O TOYKY X=X, (puc. 115) u mpoBegeM KacarejbHYyil0 K KPHBOil
B TOYKe C abCuuccol x=x,. TeopemMa OyheT JOKasaHa, €CJAU MhbI
YCTaHOBUM, 4TO BCE€ TOYKHM KPDHBOH Ha HHTepBaje (a, b) jJexkar HHKe
5TOl KacaTeJbHOH, T. €. YTO OpjAHHATa JIOGOH TOUKH KpUBOH y = f (X)
MeHbLle OpPJMHATHI Yy KacaTesJbHOH NpPH OJAHOM H TOM 3Ke 3HAYEeHHH X.

YpaBHeHUe KPHBOH HMeeT BHA

y=TI (). 1)

YpaBHeHHne e KacaTeJbHOH K KPHBOH B TOUKe Xx=Xx, HMEET BUJ

y_f(xo)’——f’ (%0) (x— %)
§=f(x0)+f' (%) (x — Xo). 2)

U3 ypaBuenunit (1) u (2) crenyer, yTo pasHOCTB OpAMHAT KPUBOH
W KacaTeJbHOH NPH OJHOM H TOM Ke 3HaueHHWH X paBHa

y=y=F @) —F(x) = F () (x— x0).

Ilpumensis Teopemy Jlarpamxka k pasHoctH f(x) —f(x,), noayunm
Y—y=1F () (x—x) — " (%) (x— %)

(rme ¢ NeXUT MeXAY X, U X), HJIH

y—y=[F ©—F ()] (x —xo).

K BhIpaxkeHuio, crosiuieMy B KBaApaTHHIX CKOOKax, CHOBA NpHMeHseM
Teopemy Jlarpauxka; Torga
- "
Y—y=1"(c) (¢ — %) (x — x,) ®

(rme ¢; JexuT MeXay X, U C).

PaccmorpuM. cHagana TOT ciaydwail, Koraa x> x,. B 3TOM cayvae
X, < <c<Lx, TaK Kak X —X, >0, c—x,>0 u TaK kKak, Kpome
TO0ro, no yenaosmio, f'(c;) <0, To u3 paBencra (3) caeayer, uTo
y—y<0.

PaccMorpum Tenepp cayuait, Korga x < X,. B atom caydae <L
<< X Hx—x,<0,c—x,<0, arak Kak no ycaosuio [ {¢;) <0,
To u3 paBeHCTBa (3) caexyer, uto y —y < 0.

6%

i



164 HCCJAELOBAHUE MOBEJEHUS &YHKLUNN (1. v

Takum o6pa3oM, MBI AOKa3ajH, YTO Jo6asi TOYKAa KPHBOH JIEKHT
HIJKE KacaTeJbHOH K KPHBOH, KaKOBbI Obl HH OBbIIM 3HAYEHHS X H X,
Ha uHTepBane (a, b). A 3To u 3HAYHT, YTO KpHBas BeiNyKJa. Teopema
JIOKa3aHa.

AHasornuHeiM 06pa3oM JOKasblBaeTCs CleAyiollas TeopeMa.

Teopema 1'. Ecau 60 ecex mouxax unmepsara (b, c¢) emopas
npousgodnas pyukyuu f(x) noroxumesvna, m. e. [’ (x) >0, mo

y AY ,
2, %
% 0|4 %] [0 V% &1 2, [
& T L “ ol o 7 ¢ =
Puc. 116. Puc. 117,

kpusas y={(x) Ha samom unmepsare obpaujeHa BbLINYKAOCMbIO BHU3
(xpusas eoenyma).

3ameu auue. Cogepxanue Teopem 1 u 1’ MOXXHO HJLTIOCTPHPOBATh
reoMerpuyeckd. PaccmoTpuM KpuBYIO Y= f (x), OGpauieHHYIO BBINYyK-
JIOCTBIO BBepX Ha uHTepBase (@, b) (puc. 116). Ilpoussommas [’ (x)
paBHa TaHreHCy yIJa o HaKJOHa KacaTeJbHOH B TOykKe ¢ aGCuuccoi
x, T. e. f' (x)=tga. INostomy [ (x) =[tge];. Ecan f"(x) <0 pas
BCEX X Ha HHTepBaJe (a, b), To 3TO 3HAYMT, uTo tg ¢ yGhIBaeT ¢ Bo3pacra-
HueM x. ['eoMeTpuuecku HarJsjeH TOT (akT, YTO ecJH tg o y6GrBaer
C BO3PACTAaHHEM X, TO COOTBETCTBYIOWIAS KpHBas BhINyKJaa. AHaiu-
THYECKHM JI0Ka3aTeJbCTBOM 3TOro (akTa U sBjsercs Teopema 1.

IToxo6ubIM ke 06pa3oM HJIIIOCTPHPYETCS IeOMETPHYeCKH U Teo-
pema 1’ (puc. 117).

Ipumep |. YcranopuTh WHTepBAJbl BHINYKJOCTH H BOTHYTOCTH KpHBOI,
3aJlaHHOH ypaBHeHHeM y=2—x2,

Pemenue. Bropas npoussopuas y"= —2 < 0 ana Bcex 3HaueHuit x. Cue-
JIOBaTeJqbHO, KpUBas BCIONY ofpallleHa BHIMYKJOCTbIO BBepX (puc. 118).

INNpumep 2. Kpusas 3anana ypaBHeHueM y=e*. Tak Kak y"=e¥ >0 masa
BCeX 3HaueHHH X, TO, CJIeNOBaTeJ]bHO, KpWBass BCIOAY BOrHYTa, T. e. ofpaiueHa
BBIYKJIOCTBIO BHH3 (puc. 119).

[Tpumep 3. KpuBas onpepensiercss ypaBueHueM y=x3. Tak kak y”=06x,
To Yy <O0npu x<0uy >0 nmpu x > 0. CaenoBaresnnno, npu x < 0 Kpusas
ofpauiena BLINYKJOCTbIO BBEPX, a npu x > 0— BRIMyKJIOCTbIO BHH3 (puc. 120),

Onpenenenne 2. Touka, oTAensiomas BHIYKJYIO YaCTh Hempe-
PbiBHOI KpHUBOH OT BOTHYTOH, Ha3bIBaeTCsl mouxoli nepeeuba KPHUBOH.,
Ha puc. 120, 121 u 122 touku O, A u B cyTb TOYKH neperuoa.
OvueBujHo, MTO B TOYKe neperuba kKacareqbHasi, €CJIH OHa CyIe-
CTByeT, mepeceKaeT KPUBYIO, TaK KaK C OAHOH CTOPOHEI OT 3TOH
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TOUKH KpHBasi JIEXKHUT MOJ KacaTeJbHOH, a C JAPYrod CTOPOHBI —
Ha] Heo.

YcTaHOBUM Tenmepb NOCTAaTOYHbIE YCJOBHS TOTO, YTO JaHHAsl TOYKa
KPUBOH SBJISETCA TOYKOH Neperuoa.

Teopema 2. [Tycmo xpusas onpedersemcs ypasueruen y= f(x).
Ecau [ (a)=0 uau ["(a) ne cywecmsyem u npu nepexode uepe3

AY
JA
y=a’
1)/ y=e% Vj z
y=2-x? /
0 %
Puc. 118. Puc. 119, Puc. 120.

3Hauenue x=a npoussodnas [" (x) mensem 3HAK, MO MOUKA KPUBOL
¢ abcyuccoll x=a ecmov mouxa nepesuba.

HokasateabctBo. 1) Ilyets f'(x) <O mpux <auf’(x)>0
npu x> a.

Torna npu x < a xpuBas obpallleHa BBIMYKJOCTBIO BBEPX H IMpH
X > a — BeINyKJocThi0 BHU3. ClefoBatesnHo, Touka A KpHBo#l ¢ abe-
HUCCOl x=a ecTb TOYKa meperuGa (puc. 121).

YA YA A
A
a) )
0 a 7 0 a ’z
Puc. 121.

2) Ecmn f"(x) >0 npu x<b u f"(x) <0 npu x>b, T0 npn
x < b xpuBas obpameHa BbIMYKJOCTbIO BHH3, & NMPH X > b — BBINyK-
JiocThio BBepX. CriefoBaTesqbHO, Toyka B KpuBOH ¢ abcuuccodl x==5b
ecTh To4yka meperuba (cM. puc. 122).

Mpumep 4. Haitn TOUKH nepern6a ¥ ONpEAENHTb HHTEPBAJbl BHITYKJIOCTH
H BOTHYTOM KpHBO#H y=e~*" (kpusas [ aycca).
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Pemenue. 1) Haxogum nepsyio u BTOpYIO MPOH3BOAHBIE:
Y =—2xe=%%,  yf=2e=%2(2x2—1),
2) Iepsas u BTOpast NpousBOAubIe CymecTByioT Belony. Haxolum snatenns x,
IpH KOTOPHX " =0: 2e~%% (2x2—1)=0, x;=—1/} 2, x,=1/Y 2.
3) Hccnenyem nomyvennbie 3HaueHHus:
npu x < —1/V 2 umeem y” > 0,
npu x >—1/V 2 umeem y" < 0;

BTOpas NMPOHM3BOJHAA MeHSET 3HAK NpH Iepexoje dYepe3 TOUKY X, CJAEROBATENbHO,

npu x;-:—--—ll/' 2 Ha KpHBOfI HMeeTcs Touyka neperH6a; ee  KOOpPAMHATHL:
(=UV'E, e,

npu x < 1/V 2 umeem y” < 0,

npr x > 1/V 2 nmeem y” > 0.

CrenosatenbHo, npu x;=1/V 2 na KPHMBOH TaKKe HMeeTcs TOyka meperuba: ee

xoopmunatii: (1/) 2, e~/2). Bupouem, cymecrsoBande BTOPOH TOUKH mepern6a
BHITEKaeT HeNOCPECTBEHHO H3 CHMMETPHH KDHBOH OTHOCHTENbHO ocH Oy.

23 B gk B
o) 4
J 5 C ] ] z
Puc. 122,

4) V3 mpepspigymmero ciexyer, 4To
npu —0 < x <—1/V 2 xpusas BormyTa,
npu —1/V 2 < x < 1/V 2 xpuBas Bumykaa,
npu 1/V 2 < x < 4~ xpusas sornyTa.

5) V3 BuIpaxenusi nepBoil mponssofHolt y' = —2xe—** cienyer, uro

y' >0 npu x < 0, T. e. GYHKIHS BO3pacTaer,
g <0 npu x >0, 1. e, byHKuus yGLBaer,
'=0 opu x=0.

B 57108l TOuKe (PYHKOHA MMeET MaKCHMYM, a HMeHHO: g=1.
H?Q%cnoaamm NPOBE/IEHHOTO HCCJIEJOBAHHS JIErKO MOCTPOHTh IpaduK KPUBOi
He. .
® l'Ipu)Mep 5. Haiitu Touku meperu6a KpHuBoil y=x2,
Pemenne, 1) Haxogum BTOpyI0 mpoHsBojuylo: y” = 12x2.
2) OnpenenseM TOuKH, B KOTOpHX y'=0: 12x2=0, x=0,
3) Hccaenyem mosnyyenHoe sHauenue x==0:

y” > 0 npu x < 0—KpHBasg BOrHYTa,
y" >0 npu x > 0—KpHuBasi BOrHyTa,

CnegosaresibHO, KpHBast He HMeeT ToueK nepernGa (puc, 124).
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Tipuwmep 6. Haiitn Toukn nepernGa kpusoi y=(x—1)1/3.

Pemenmne, 1) Haxogum nepBylo 1 BTOPYIO NpOHM3BOAHBIE:
e 1 -3/3 n__ 2 -5/3
Y=g &=D""" y=—g-1""".

2) Bropasi mpousBojgHas Hurae He ofpamaetcd B HyJbs NPH x=1 oHa Be
cywecreyer (¥’ = L o).

¥
e
L 7 e %
Z 2
Puc. 123
z
iy 7 S
y=.z.4 V‘
J 7 B
7 z —
Puc. 124, Puc. 125,

3) Hccaenyem 3navenme x=1:

y” >0 npu x < 1 —KpHuBag BOrHyTa,
y" < 0 npu x > 1 —xpusasg BHNYKJa.
CnenoBaTenbio, npu x=1 uMeeTcsi Touka meperuGa; ato—rtouka (1;-0).

3ameruM, uTO Y’ =00 NpH x=1, T. €. KpHBasg B ITOH TOYKE HMEET BEpPTH~
KalbHyI0 KacaTelbHYlO (puc. 125).

§ 10. AcumnTOoTHI

Ouenb 4aCTO NMPUXOAMTCS HCCHAENOBaTh (GopMy KpHBOH y= (x),
a 3HAYHT, ¥ XapakTepP H3MEeHeHHs COOTBETCTBYIOUleHl (QYHKLIHH NP u
HeOrpaHHUYEeHHOM BO3pacTaHHHU (10 aGCOJIOTHOH BesNyKHe)
aB6CHUCCH WJIH OpAMHATHI TNEpeMEeHHOH TOYKH KPHBOH MJIM abCIucchl
U OpAMHATH ofHOoBpeMeHHO. IIpM 3TOM BaXKHBHIM YacTHHIM cJyyaeMm
SIBISI€TCA TOT, KOrja Hcchaeayemasi KpuBasi NpH yHaJeHHU ee Iepe-

MeHHOH TOYKH B GeCKOHeYHOCTb *) HEeOorpaHHYEHHO NpHOJMKaeTcs
K HeKOTOpo#H MNpsAMOi.

*) Mpbl rOBOpHM, UTO NepeMeHHas Touka M IBuXKeTCH MO KpHBOfi B GECKOHEu-

KHOCTb, €cau paCCTOﬂHPIe 3TOH TOYKKH OT HauaJja KOOpAHHAaT HEOrpaHu4€HHO BO3-
pacraer.
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Onpenexenue. Ilpsivas A HasbiBaercst acumnmomoii KpHBOH,
ec/iM paccrosiHMe § OT nepeMeHHOH TOukH M KpHBOii 10 3To MpsAMOft

npu yAajeHUH TouykH M B OGECKOHEUHOCTb CTPEMHTCS K HYJIO
(puc. 126 u 127).

Puc. 126. Puc. 127.

Mel GyseM B pajbHefilleM pas/iMyaTh aCHMNTOTH 62PMUKANbHOLE
(r. e. mapawiensHbleé OCH OPJAMHAT) H HAKAOHHble (T. €. He napan-
JleNibHbIE OCH OPJAHMHAT).

1. Beprukaabhse acumMnToTh. U3 onpenenenus acumnTorst

caenyer, uro ecan lim f(x)=oo0, wmmm lim f(x)=o0, wum
X=>a+0 X —>a-0

lim f(x)=o00, TO nmpsAMas x=a
A¥ x>a

€CThb aCHMNTOTa KpUBOH y = f(x); u
=w_€-3 o6paTHO, €clH TMpsAMas X=a ecTb

aCHMMNTOTa, TO BBINOJHSETCS OJHO H3

HaIUCaHHbIX PaBEHCTB.
g CrenoBaresbHO, A OTHICKAHHSA
— 7 %  BEpPTHKaJbHEIX acCHMOTOT HYXKHO HAaHTH
TaKMe 3HaueHUs X =a, NPU NPubIHKe-
HHM K KOTOpPHIM OyHKuHA y= [ (x)
cTpeMuTcss K OeckoHeuHocTH. Torga
npsaMasg x=a OyJAeT BepTHKaJbHOH
aCHUMITOTOH.

2
Puc. 128. IMTpumep 1. Kpusasa y = T Hueer
BEeDTHKAJbHYIO acCHMITOTY X=05, TaK Kak
y— o0 npu x — 5 (puc. 128).
IMpumep 2. KpuBasg y=1g x uMeeT GeCKOHEUHO MHOrO BEPTHKANBHEIX aCHMII-

ToT: X=+ 7/2, x=4 3n/2, x=+ 5n/2, ... Dro creayer u3 Toro, yto tg x —» w0,
KOTZa X CTPEMHTCSl K SHaueHHsaM /2, 3m/2,5m/2, ... uau —mn/2,—3n/2, —51/2, . ..
(pue. 129),

Mpumep 3. Kpusasn y=e'/*

Kak lim eY*=o (puc. 130).
X =40

HMeeT BepTHKa/lbHYIO acyMnToTy x=0, TaK

II. Haknouuwe acumnToTh. [Tycts kpuBasiy = f (x) umeer
HaKJIOHHYI0 aCHMITOTY, YpaBHEHHE KOTOPOH HMEeT BHJ

y=kx+0b. 4]
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Onpenenum uncna k£ u b (puc. 131). Iyete M (x, y) —TouKa, Nexamas
Ha xpuBoii, u N (x, y) —Touka, Jexamas Ha acumnrore. Jliuna
Ay

y=lgz

5
N
5
N]:._i‘

Puc. 129.
JA
A
y=e°®
7
J &z
Puc. 130. Puc. 13l.

orpeska MP paBHa paccTosiHHIO OT Toukd M jo acumnrotsl. ITo yeno-
BHIO
lim MP=0. 2)
X —>+®
Ecau o6o3HaunM uepe3 ¢ yroa HakjJoHa K ocu Ox, To us ANMP
Ha#igeM
MP
cos@ *

Tak Kak @ — NOCTOSHHBIM yroJ (He paBHBIH 7/2), TO B CHJY Npeinl-
Jyllero paBeHCTBa .
lim NM =0, 2"

X—>+ ®

H HaoGopor, us paBeHctsa (2') cnenyer pasenctBo (2). Ho
NM=[QM —QN|=|y—§|=If (x) — (kx+b)|,
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H paBeHCTBO (2°) mpUHHMaeT BHJ
lim [f(x)—kx—b]=0. )
X—>+®

Urak, ecnu npsiMas (1) ecTb acHMNTOTa, TO BHINOJHSETCS PaBEHCTBO
(3), HaoGopoT, ecaM NpPH MOCTOSIHHBIX 2 M b BHINOJHSETCS PaBEHCTBO
(3), To npsmast y=Fkx-+b ectb acumnrora. OnpenennMm Tenepe £ H
b. BuiHOcs x 3a cKOGKH B paBeHCTBe (3), mosydaem:

lim x [-f—%)—-—k —i] =0,

X—> +® x
Tak Kagk x-— 00, TO JZO/DKHO BHIOJHATbCA PABEHCTBO
?
tim (19 _p_2)_p
x x *

&~ +®

IIpu b nocroanuoM lim b0, CnezoarenpHo, lim [M— k] =0,
g>w ¥ Lt
HJ/M

&
- ~ - )
3nas k, u3 paBeHctBa (3) Haxomum b:

b= lim [f (x)— kx]. (5)

k= lim

K> O

Hrak, eciu npsaMas y=kx-+b ectb acumntora, TO 2 M b HaxomaTcs
no ¢opmysam (4) u (5). O6parHo, ecs cymecTByIoT npeaensl (4) u (5),
TO BBINOJIHSIETCS paBeHCTBO (3) M mpsaMas y= kx-}-b ecTb acumnrora.
Ecau xors 6bl oxuH u3 npepmetoB (4) umm (5) He CymecTByeT, TO
KpHBasi acHMNTOTHI HE HMeeT.

3aMeTuM, 4YTO Mbl NPOBOAMJH HCCJENOBaH¥E INPHMEHHTENbHO

K puc. 131 npu x— 4 co, HO Bce pacCykAeHHs1 CIPaBEANNBLI H AJs
cayqyasi X— = 0o,

MMpumep 4. Haiitu acuMnToTH KpuBOit
x24+2x —1
y=——

Pemenue. 1) Mimem BepTukanbHble aCHMNTOTEI

y—> -+ o npu x ——0,
y——co npu x— 0.

CaenoBatenbHo, npsmast x=0 €CTb BepTHKanbias aCHMNTOTa JaHHON KpHBOH.
2) Nimer Hak/OHHEE aCMMITOTHL:

2 —1 : 1
k= 1lim i= lim _"‘_.‘-}___2;_.= lim [1’1'%_',;_2]:1’

g—+xto X x>t x P )
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T.e k=1,
b= lim [y—x]=
&>+ ®
2 - 2 N Y
x>0 X X >+t X X+ too X
e e b=2.

CnepoBatesbHo, npsiMasi §=x-2 ecThb HaKJOHHAA aCHMITOTa AAaHHON KPHBOM.
Jlnst ucenenoBanHst B3aMMHOLO PacloJIOXEHHS! KPHBOH M aCHMIITOTBI PaccMOT-
PAM pPa3sHOCTb OpAHHAT KPHBOH H acHMI-

TOTH NPH OJIHOM ¥ TOM e 3HAUeHHH X: %
x24 2x—1 1
i e 9) = ——.
< (x+2) <

Ilpu x > 0 3Ta pa3HOCTb OTpPHILaTeNbHA, a

npu x < 0 —noJoXKuTeNIbHA; CJIef0BaTe b+

HO, npu x>0 XKpHBasg JIEKHT HHKe

aCHMNTOTH, NPH X < 0—BHILE aCHMITOTHI

(prc._132). 22400
Mpumep 5. Hafitu acumnToTel KpH- y= z

BOA y=e~—*sin x{-x.
Pemenue. 1) Beprukanbabix acumn-

TOT, OYEBHJHO, HET.
2) MmeM HakKJIOHHbIE ACHMITOTBHL:

e~*sinx+4x
~ =

b= lim Y= lim 0

X—+>+0 X X+ 00

-X
= lim [‘3—%‘4-1] =1,

X —+»+o0
b= lim [e~*sinx{-x—x]=
x>+ o . . Puc. 132.
= lim e~¥sin x=0.
X—>+ @

CrefoBatelbHO, TpAMas y=X €CThb HAKJOHHAS AaCHMNTOTAa HPH X —»— oo,
3ajaHHad KpHBAaA HE HMEET AaCHMITOTH NpH X ——co. JIeACTBHTENbHO,
. e=x
lim % He CYIeCTBYeT, TaK KakK %:x— sin x4 1.

K-—»—00
(SI(QCB nepBoe cJlaraeMoe HeOorpaHHYeHHO BO3pacTaeT npu X ——00 H, CjIe-
AoBaTeJIbHO, Mpejesia He lmee’r.)

§ 11, O6wumit naa" ucciegoBaHud $ynxunii
H NOCTPOECHHSI TPauKoB

Ilox «uccnenoBannem ¢GyHKIHH» OGHIYHO MOHHMAETCS DPasbicKaHMe:

1) ecrecTBeHHO# 06/IACTH CYIIECTBOBAHUS (YHKIHH;

2) ToueKk pasphbiBa (PYHKIIHH;

3) uHTepBaJOB BO3PaCTaHHA H YObBaHHS (YHKIHMH:

4) ToyeK MaKCHMyMa H MHHHMyMa, & TaKXe MaKCHMAJbHLIX H
MHHHMMAaJbHbIX 3HaueHU# (yHKuUH;

5) obnacTeil BHITYKJOCTH W BOTHYTOCTH rpaduKa, ToueK neperuoa;

6) acumnToT rpaduka QyHKIHH,
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Ha ocnoBanuu npoBefeHHOTO HCCJEJOBaHHS CTPOHUTCA TIpaduk
GyHKUMM (MHOTJA IenecooO6pasHO HaMeuaTh 3JIEMEHThl rpaduka na-
pansieNbHO € HCCJeJOBaHHEM).

Sameuanue 1. Ecau uccnenyemas pynkuns y=f (x) wemnas,
T. e. Takasl, YTO NPH U3MEHEHHU 3HaKa apryMeHTa 3HauyeHHe QYHKUHH
HE H3MeHsercs, T. €. ecJH

f(—x)=f(X),

TO JOCTAaTOYHO HCCJIEAOBATH (pyHKL[PIIO H TMOCTPOHUTHL €€ rpa(pm( npu
MOJIOXKHUTENbHBIX 3HAYEHHAX aprymMeHTa, IpHHaAJeXKallux obnactu
onpeneneHuss GpyHkuuu. IIpH OTpHIATeNbHBIX 3HAYEHHSX apryMeHTa
rpapuk (GyHKLMH CTPOHMTCS HAa TOM OCHOBAHMH, YTO TIpalPuK ueTHOH
Q)YHKIJ,PIH CHUMMETPHYEH OTHOCHTEJIbHO OCH OpJAHHAT.

NMpumep 1. Oynknus y=x? uverwass, Tak Kak (—x)2=x2 (cM. puc. 5).

l'{é))umep 2. ®yHKUH y=cCOSx vyerHadg, TaK KaK co0s(—x)=cosx (cM.
pHc. 16).

Sameuanue 2. Eciun ¢yHxruua y=/{(x) Heuemnasn, T. e. Ta-
Kasi, YTo NMPH U3MEHEHHH apryMeHTa (QYHKUHUsS MeHseT 3HaK, T. €.

ecau
f(—x)=—F (%),

TO 3Ty (GYHKUHIO JOCTAaTOYHO HCCNEAOBAThb NPH MOJOXKHUTEJbHBIX 3Ha-
uyeHHsIX aprymenTta. I'paduk HedeTHOH GYHKUHUH CHMMETPHYEH OTHO-
CHTENbHO Hayaja KOODJIHMHAT.

MNpumep 3. dyuxruus y=x® HeueTHas, Tak Kak (—x)®= —x3 (cm. puc. 7).
IMpumep 4. DyuxknHa y=sinx HeyeTHass, TaK Kak sin (—x)= —sin x
(cm. puc. 15).

Bameuanue 3. Tak Kak 3HaHHe OJHHX CBOHCTB (YHKUUH
MO3BOJIET CAeNaTh BHIBOA O JPYTHX ee CBOHCTBAaX, TO WHOTJa nops-
JIOK HCCJIeJOBaHUS 1eneco00pasHO BbIGHPATh, HCXOAS U3 KOHKPETHRIX
ocoGeHHocTefl faHHOA QpyHKuUMHU. Tak, Hanpumep, eCau MBI BHISICHHJIH,
uyTo 3afiaHHasi (QyHKOMS HenpepbiBHAa M AuddepeHiupyema, U HaIu
TOYKM MaKCUMyMa H MHHHMyMa 3TOH (YHKIHH, TO TeM CaMbIM MBI
yKe onpefesusi U o6JacTH BO3pacTaHHS M YObIBAaHHA (YHKUHMH.

MMpumep 5. HcenepoBaTh ¢yHKuuI0 y= U TOCTPOHTb ee rpapuk.

x
14-x2
Pemenune. 1) OGnacth CylecTBOBaHHS (PYHKUHH — HHTepBAl— @ < X <
<+ oo. Cpasy otmeTuM, yto npu x < 0 umeem y <0, a npu x > 0 umeem y > 0.
2) ®yuklUYsa BCIOAY HenpepHBHa.
3) Hccrenyem QyHKIuIO Ha MAaKCUMYM H MHHHMMYM: M3 DaBeHCTBa

2
, 1—x

Y=g

HaXOAUM KPHTHYECKHE TOuku: ¥j=—I, x;=1. Hccrenyem xapakTep KpuTHYECKHX
TOYeK:

npu ¥ < —1 umeem y' < 0;
npu x >—1 umeem y' > 0.
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CnefoBateibHO, npH x=-—1 QYHKUHS HMeeT MUHHMYM:

ym'mzyi x:—!:=_015'
Hanee,

npu x < 1 umeem y’ > 0;

npu x > 1 umeem y' < 0.

CnenoBarenbHo, NpH x=1 QyHKUMSA UMeeT MAaKCHMYM:
Ymax =Y lx=1=0,5.

4) OnpegenuM oGnacTy BO3pacTaHus U yGHBaHMA dYHKUUH:
npu —oo < x <—1 umeem y’ < 0—dyHkuusa yGuBaer,
mpu —l<x<1 umeeM y' > 0—dyHKuuS BO3pacTaer,
npu l < x <+ umeem y’ < 0 —@dyHruUusA yOhBaeT.
5) Onpegenum 061acTH BHINYKJIOCTH H BOFHYTOCTH KPUBOH M TOUKM meperuGa:
U3 paBeHCTBa
2x (x2—3)

ST

y”:
roJty4aeM
#=—V3, xu=0, »=V3.
Uccnenyst ¥’ kak GYHKUHIO OT X, HAaXOLUM

mpu —w< x<—V¥ 3 y <0—KpuBasi BEHNyKJad,
npH —¥V3<x<0 y" > 0—KpuBas BOrHyTas,
mpu 0<x< V'3 Y’ < 0 —KpuBas BHIYKJaf,
npu V'?T <x <+ y" > 0—xpuBas BOTHyTas.

CnenoBaTesqbHO, TOYKa C KOOpJAMHATaMU x=—V3 y=—]/_3/4 €CTb TOYKa Ie-
peru6a; Touno Tax xe Touku (0, 0) u (¥'3, ¥V 3/4) cyTs Touku neperuGa.
6) OnpejenuM acMMIOTOTHI KPHBOI:
npu x —-+o y—0,
npy x——ow y—0,
Cnefosaresibio, npsiMasg y=0 ecTb €IUHCTBEHHAS HAKJOHHAS aCHMITOTa.

BepTuxanbHBIX aCHMITOT KPUBasi He MMEeT, TaK KaK HHU JJIS OJHOTO KOHEU-
HOro 3HaueHusi X QYHKIUS He CTPEMHTCH K GECKOHEUHOCTH.

¥ .
a5 y_7+.2‘3
-—V3 -1
g 1 V3 z
—05
Puc. 133.

I'padur uccaepyemoil kpusoit msobpaxeH Ha puc. 133.

Mpumep 6. Uccneporars pynkuuio y= i’/ 2ax2—x® (@ > 0) ¥ NOCTPOHTH
ee rpapuk.
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Pemenne. 1) Oynkuus omnpepesieHa NP BceX 3HAUEHHAX X,
2) OyHxkuua BCIOAY HeNpephiBHA.
3) Hccmenyem QyHKIHIO Ha MaKCHMYM H MAHHMYM:

o dax—3% 4q—3x
3 13/ (2ax2—x3)2 3 f/x (2a —x)?

Y

Ilpon3BojiHass cyuecTByeT BCIOAY, 32 MCKJIOYEHHEM ToueK %3 =0 u x,=2a.
Hccnenyem npenenbuble 3HaueHHst MPOH3BOAHOM mpu ¥ ——0 ¥ npu x —> -0,

4a—3x . 40—3x
—o0, lim

lim e ———
“”"°3i°'/x |3/(2a— x)? "‘"*"3?/)5 f/(?a-x)“

npu x < O Gyzer ¥’ < 0, npu x > 0 6yzer y° > 0.
p

Crnenosatenbho, npH ¥=0 QyHKUHA HMeeT MHHHMYM, 3HaueHHe (YHKUHH B
§TOfi TOYKE PaBHO HYJIIO.

Hccnenyem Temeph ¢yHKIHIO B APYroil KPHTHUECKOH TOuke x,=2a. Ilpu
% —> 20 NpOM3BOJHAA TaKkKe CTPEMHTCH K GeckoHeusocTH. OIHAKO B JAHHOM CJy-
yae AMA BCeX 3Hauenu#l x, OMM3KHX K 2a (HaXxOAsWIMXCSl KaK cnpaBa, TaK H
clleBa OT TOYKM 2a), MPOH3BOAHAsA OTPHuaTesnbHa. ClleoBaTeNbHO, B STOM TOuKe
(YHKUHST He MMeeT HM MakCHMyMa, HH MMHHMyMa. B Touke x,=2a, Tak Xe Kak

H BOJIM3H 3TOH TOUKH, (YyHKUMA yOHBaeT; KacaTebHass K KPHBOW B 3TOH Touke
BepTHKa/bHA.

Ipu x=4a/3 nponasonnast oGpamaercss B Hyab. Hcclenyem xapaxTep STOi
KpHTHYECKOH TOuKu. PaccMaTpuBas BLIpaXXKeHHMe IepBOi IPOM3BOAHON, 3aMeuaeM,
uto npu x < 4a/3 6yaer y’ > 0, npu x > 4a/3 6yner y' < 0.

2 —_—

Cnepoatensio, NpH x=4a/3 QYHKUHS MMeeT MaKCHMyM: Ymax=3 @ %/ 4.
4) Ha ocropaHMH NpOBEJEHHOTO HCCHENOBAHHS NMOJYYaeM 0GNaCTH BO3PACTAHHS

u yOnBaHHsT QyHKUHK:

npr —o0 < ¥ < 0 ¢byHruus yGuBaeT,
npu 0 < x < 4a/3 dyHKuus Bo3pacraer,
npu 4a/3 < x < -+ o yHKIHua YOHBaeT.
5) OnpezensieM 06/12CTH BLHIMYKJIOC-

TH ¥ BOTHYTOCTH KDPHMBOH M TOYKH Iepe-
ru6a: Bropast NPOH3BOAHAS

842
P V'=—gap (2a—x)53

=t

HH B OAHOH TOYKe He ofpamaercd B
nyab. OfHAKO CYywWeCTBYIOT JBe TOUKH,
B KOTOPHX BTOpasi I1POMSBOAHAS TEPHUT
PasphIB: 3TO TOYKH

x1=0n x3=2a,

Puc. 134, HcenenyeM 3mak BTOPOH NPOH3BOJ-

HOIi BOJIM3H KaXJMOH H3 5THX TOUYeK:
npu x < 0 nmeeM y” < 0—xpuBas ofpameHa BHIIYKJIOCTbIO BBEPX;
npu x > 0 umeem y” < 0— Kpupas obpaiieHa BHITYKJOCTbIO BBEpX.
3HauuT, Touka ¢ abcuuccoil x=0 He SABJASETCH TOYKOH neperuoa.
Tlpn x < 22 umeeM Yy’ < 0—KpuBag obpalieHa BHIMYKJOCTbIO BBepX; MNpH
x> 22 umMeeM y” >0—xkpuBass ofpameHa BHINYKJIOCTEIO BHHI, 3HAYHT, TOuKa
(2a; 0) Ha xpuBO#i ABAsETCS TOUKOM mMeperuba.
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6) OnpepnensieM acHMNTOTHI KPHBOIL:

3 2__ 43 3
k= lim <= lim —‘/—2‘1"—’-‘-= lim 21,
X = to0 X X >t oo X X +*=o0 X
2ax® — 3423 2

b= lim [f/?axz——x?'—{r-x]: lim
X too

X +too i/(2ax2—x3)2—x 13/2ax2—x3-}-x2 3

CunenoBaresibHO, npsiMast
g2
v= 3

. 3 /05 .
€CTh HaKJOHHAs aCHMNTOTa KpPHBOH y=1/ 2ax%*—x3, Tpaduk uccrenyemoii pynk-
IH# H306paxeH Ha puc. 134,

§ 12. HccnepoBanue KPUBBIX, 33aJaHHBLIX MapaMeTPHYECKH
ITycts KpuBasi 3ajaHa NapaMeTPHUYECKHMH YPaBHEHHSMH
x=09(f), y=v(). (h

B stoM ciyuae uccieZOBaHHME M IOCTPOEHHE KPHUBOH NPOBOASATCA aHa-
JIOTHYHO TOMY, KaK 3TO GbLIO C/ie/IaHO JJIt KPUBOH, 3ajaHHON ypaBHe-

HHEM
y=1).
Brruncnsem TNPOU3BOJHBIE
d 2 dy ’
=9, =V, @

Jlns Tex TOYEK KPUBOH, BOJM3U KOTODBIX KPUBas sBJIfeTCS rpadhuKoM
HeKOTopo#l (GYyHKuMH Yy = f(x), BBIUHCJSEM NPOU3BOAHYIO

dy _ ¥’ ()
Haxoxum 3nadenus mapamerpa {=tz, f,, ..., ¢,, IPH KOTOPHIX XOTH

Gbl OfHa M3 NPOM3BOAHBIX @ () mau ¢’ ({) oGpamaercss B HyJb HJIH
tepnuT paspuiB. (Takue 3HaveHus ¢ Mel OyJeM HasblBaTh KpHTHUe-
ckumu 3Hauenusmu.) Io gopmyre (3) B Kaxa0M U3 HHTepBAJIOB (¢4, ¢,),
(ty ts)y -.., (fp-1, lz), a CTENIOBATENBHO, H B KaXAOM H3 HHTEpBa-
JOB (%1, X))y (Xay X5}y «vey (Xp—1, %) (THe x;,=¢(;)) onpenensiem
3HaK Zg , TeM caMBIM onpejesseM OGJAacCTH BO3PacTaHHS H yObIBaHHS.

D10 naer Takxke BO3MOXKHOCTH ONPENETHTb XapaKTep TOYEK, COOTBET-

CTBYIOIMX 3HAyeHHsIM mapameTpa i, t,, ..., f,. Ilanee, Bbluuc/sieM
Py_ V(D (=9 ()Y () 4)
dx? o’ (O )

Ha ocnoBanuu 3Toil opMyJiBl onpejensieM HanpaBjeHUe BHIYKJOCTH
KPHMBOH B KamkJOH Touke.

I HaXOkKJEHHS aCHMITOT HAXOJMM TaKHe 3HaueHHsi f, NpPH NpPH-
OJImKeHHH K KOTOPBIM HJIH X, WIH Yy CTPeMATCs K GeCKOHEYHOCTH, H
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[TV

Takhue 3HaueHHs1 £, MPH NPHOMMXKEHHH K KOTOPbHIM H X, H Yy CTpe-
MATCA K GECKOHEYHOCTH. 3aTeM MPOHM3BOJUM HUCCJEIOBaHUE OGLIYHBIM
crocofom.

Hekotoprle ocoGeHHOCTH, NMOSIBJSIOMMECS] IPU HCCJIEIOBAHUH KpH-
BBIX, 33JlaHHBIX NlapaMeTPHUUecKH, BBISICHUM Ha NpuMepax.

ITpumep 1. HccnenoBaTs KPUBYIO, 3aJaHHYIO ypaBHEHHSIMH
x=acos®t, y=asindt? (@ >0). 1"

Pemwenne. Beauuuunl x H y ompeleieHnl MIa Bcex 3Havenmit £, Ho rtax
xak ¢yHkuuu cos® ¢ u sin® ¢ mepuoaMUeckHe ¢ MepHONOM 27T, JOCTATOYHO PACCMOT-
peThb H3MeHeHHe mapamerpa ! B mpefenax oT O 1o 2m; nmpH TOM 06GJIacTblo H3Me-
HeHHs1 x Gyjer OTpe3oK [ —a, a] n 06JacTbio H3MeHEHHs y OyJleT oTpesok [—a, a].
CrnepoBatesbHO, paccMaTpHBaeMasi KpHBasi acHMNTOT He umeeT. [lanee, HaXoAum

4% _ _ 34cos? tsin £, @)

dy 9
a =3asin® fcos .

dt
OTH npousBojHble O6GpamaroTcs B Hyab npu ¢=0, /2, m, 3n/2, 2n. Onpegensiem
dy 3asin?fcost

e " = —1{g . ’
dx~ —3acos?isint gl @)
Ha ocnopanun dopmya (2'), (3’) cocrapnsiem CefyOmyo Tabauimy:
c . 3nak Xapaktep
O6acrs owenens | Commercroyonen | wiax oirscrtwe- | dy | douepenna s
MeHEHHs Y % or x (y=F (1))
0<t< /2 a>x>0 O<y<a — Y6rBaer
n2<t<m 0>x>—a a>y>0 -+ Bospacraer
< t< 3m/2 —a<x<0 0>y>—a —_ Y6uiBaer
n2 < t< 2n 0<x<a —a<y<o -+ Bospacraer

W3 Tabanuer caepyer, uto ypasHenHs (1’) omnpeleJsiioT ABe HeNpephIBHBIE
¢yukuM BHma y=/(x) mpu 0<i<Cz Gyzer y==0 (cM. ABe nepBbie CTPOUKH
TaGMuUBl), NMpH ne<i<<2m GygeT y=<<0 (cM. JABe MOC/IEAHHE CTPOUKH TaGJHILI).
Hs dopmyanr (3) crenyer:

. dy
lim —“=o0.

lim Y_ o H —
%32 dx

t>m2 dx

B 3THX TOYKax KacaTesbHas K KpﬂBOﬁ BepTHKaJbHA. Hadgee, Haxoaum:
dy . dy _ dy —
dt 1=0— ’ dat t=ﬂ:— ’ dt 1=23];— :

B aTHX Touxkax KacaTeabHas K KPHBO# TOpHU30HTaNbHa. 3areM HaxonuM:

d¥y __ 1
dx2™ 3acos*¢sin ¢
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Ortciona caenyer:

d
'd_x!g >0 npn 0 < ¢ < w—KpHBast BOTHYTa,

d2
d—xZ <0 npu 1 < ¢ < 2n—KpHBasg BHINYKJA.

Ha ocHoBanuu pesynbTaToB HCC/Ie0BaHMS MOYKEM IOCTPOHTH KPUBYIO (puc. 135).
Ora KpHBas HasuBaeICs acmpoudod.

¥

Puc. 135.

IMpumep 2. TlocTpOHT KPHBYIO, 3alaHHYI0 YpaBHEHHSIMH (Oexapmoce
aucn)
3at 3at? ”
1+t3’ y=1+ta (a>0). (l)

Pewmenne. O6e dbyHKuMH onpeneseHs! NPH BceX 3HayeHHsIX £, Kpome
{=—1, npu atom

X=

. . 3at
PRI S e
lim y= lim _@a_t2_=__°°.
fr—1-0 fo—1-0148 ’
lim x=—c, lim y=-4co.
f=>=1+0 t>~1+0

3ameTnM, najee, 4TO

x=0, y=0 1pu ¢=0,
x—0, y— 0 npu {—- oo,
x—0, y—O0 npu {—>—oco0,
dx dy.
Haiipem T Bl
1
L
d_x_6“<2 ?) dy_3at @—1) o
F=OFET 0 s (FEE @9
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Hns napamerpa { mosyyaeM ClenyiollHe 4eTHIPe KPHUTHUECKHX 3HAUEHMS)
1 3/
t1=—-1, t2=0, t3=l§'/——:, t4= |/2.
2
Hajee, HaxoauM
dy
dy _di _ 12—
LA, (LA 3"
dt 2
Ha ocxoBauun ¢opmya (17), (2”), (3") cocraBaseM Ta6auuy?
X
O6nacTb H3MeHeHHUst CoOoTBeTCTBYIOIas CooTBeTcTBYIOImas 3nak m;&a\el:‘eg 9
¢ obJsiacTb M3MeHeHHus 06J1aCTh H3MEHeHHS ,‘fi KaK QYHKUHH
X Yy dx oT X
(y=f (x)
—w0 < t<—1 0<x<+o 0>y>—ow —_ Y6uBaer
—1<t<0 —0<x<0 40>y >0 —_ Y6niBaer
3/ 3/ 3/
0<t<l/1/2 0<x<a1/4 0<y<a1/2 - | Bospacraer
3/ 3/ 3/ 3/ 3/ -
U2 <t<y/ 2lay/ 4>x>0y2lay/ 2<y<ay/ 8| — | Vousaer
3 /,= 3/= 3/
1/2<t<+oo al/2>x>0 a]/4 >y>0 + | Bospacraer
W3 gopmynst (3”) naxonum:
dy —o, ¥ -
dx|t=0 T dx t=w
=0 =0
4=0) 4=0)

CriefoBaTenbHO, HaYao KOOPAWHAT KPHBas IepecekaeT RBaXKJbl: C KacaTeJbHOIH,
napajiensroit ocu Ox, H € KacareJbHo#, NapaaneabHoll och Oy.

(x=ai”/21-, y=a 13/7)

B sor0if Touke KacaTesibHas K KPHBOH BepTHKa/bHA,
d S5 5 3/
d—i=0 npu t=‘;/2 (x=a f/?, y=a;/%).

B 10t Touke KacaTebHasi K KpHBOI ropusontanbia. Mecrenyem sompoc o cymes
CTBOBaHHH aCHMITOTHL

Hanee,
dy

—==o0 npH I=

dx

b= lim (y—kx)=

K>+

1

Ve

y

L= ]

{>-1

k= lim
Xa>too X

o B (1P) —

3at? (14 3)

3at? 3at
Jim | T 1| =
_ 3at (£ 1)] o
~t->—1—o[ 14 —t-.h-nllao

—1,

Sat
—tfe %
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Clief0BaTe/IbHO, NpAMas y=—-— x-—a HBJSAETCS aCUMNTOTOH BETBH KPHBOR NpA
X —> -} 0.

AnanoruuHbM 06pa3oM Haiifiem:

k= lim By?=‘1’ b= lim (y—kx)=—a.

K=> =00 X—> =00

Takum o6pasoM, HafileHHasi NpsMas SBASETCA aCHMNTOTOR ¥ AN BETBH XPUBOH
npH X —>— 0,

v

Puc. 136.

Ha ocnoBannyu mposesennoro uccneosanus crpouM xpusylo (puc. 136).
Hexoropbie BOTpPOCHI, CBsI3aHHBIE C HCCHENOBAHHEM KDHMBHIX, OyAyT RONOJHH-
TenpHO paccMoTpersl B ruaBe VIII, § 19 «Oco6rie TOukH KPHBOI».

Ynpaxnenns K raase V
Haiiti axcrpemMyMsr QyHKUuUi:

1. y=x>—2x+3. Oms. ypmin=2 npun x=1. 2, y=§—2x2+3x+1. Oms,

ymax=%- npt x=1, ypin=1 npm x=3. 3. y=+—9x2415x+3. Oms.

Ymax=10 mpu x=1, ypin=—22 npu x=>5. 4. y=— x4 2x%, Oms. ymax=1
npd x=4 1, Ynin=0 npu x=0. 5. y=x*—8x2+2. Oms. ymax=2 npu x=0,
Ymin=—14 mpu x= + 2. 6. y=_3x5—125x3{-2160x. Oms. Makcumym npu xr=—4
H x=3, MunnMyM npH x=—3 u x=4. 7, y=2—(x—1)/3. Oms. ymax=2 npn
x==;. g y=23—2(x+1)1/3. Ome. Her nu Makcumyma, BH MHHEMYMa. 9, y =
_ x2—3x+4 R Y —_—vV o
= FIFe Oms. Munmmym mpu x=V 2, MaxkcumMyM npm x= Ve
10. y=@p—). Oms. MakcumyM npu x=%2. 11, y=2e%}e—*. Oms.
Munnvym npu x=-——1—2—2. 12, y='l?%c‘ Oms. ymin=¢e 1pu x-=e¢, 13, y=cos x}-
~+sin x (—n/2 < x<<7/2). Oms. Ymax=V 2 npu x=m/4. 14, y=sin2x—x
(—n/2=<<x<<m/2). Oms. Makcumym npu x=u/6, MUHHMYM npH x=— 7/6.
15. y=x--tg x. Oms. Her un Makcumyma, Hn MunuMyMa. 16. y=e* sin x. Oms.
Munnvym npu x=2kn———-:z-, MaxCHMyM HpH x=2ku+% w17, y=x*—2x242.

Oms. Makcumym npu x=0; nsa MuuuMyma npu x=—1 u npu x=1. 18, y=
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= (x—2)3 Qx4 1). Oms. Yymin =~ —38,24 npu x=1/8. 19. y=x—|—%.0me. Munu-
Mym npu x=1; makcumym npu x=—I. 20, y=x? (a—zx)z. (gme. Ymax =a*/16

npu x=a/2; Ymin=0 mpu x=0 u npu x=a. 21. y=a7+;c. Oms. Maxkcu-
2 2 —_—
MyM TpH X= a . MHUHHAMYM TIpH x=aa+b. 22, y=x+V T—x. Oms. ymax=>5/4
T

a—b’
— 2./T
npu x=23/4; ymin=1 npu x=1. 23. y:le—x (x<<1). Ome. Ymax="3- V§
npu x=—:23—. 24, y=1_:x2. Oms. MunumMym npu x=—1; mMakcumyM npu x=1.

25. y=x Inx. Oms. Munumym npu x=1/e. 26, y=x In> x. Oms. ymax=4¢~2 npu
x=e"2, Ymin=0 npum x=1. 27. y=Inx—arctg x. Oms. Pynxuuss BO3pacraer.
28. y=sin 3x—3sin x. Oms. MunuMyM npu Xx=m/2; MaKCHMyM np# x=3m/2.
29. y=2x-}arctg x. Ome. Her skcrpemymos. 30. y=sin xcos?x. Ome. Munnmym
np x=mn/2; ABa MaKcumyMa: npu x =arccos 2/3 u npu x=arccos (—V 2/3).
31. y=arcsin (sin x). Ome. Makcumym npu x=(4m--1)m/2; MunuMyM npu
x=(4m-}-3) nt/2.

Hajity nanGosblupe ¥ HauMEHblIHe 3HaueHuss GYHKUHM HA YKa3aHHBIX OT-
pesKkax:

32, y=-—3x4+6x2—1 (—2<<x=<2). Oms. HanGosbiuee 3nauenue y—2 npu

3
x=+ 1, naumenbiee y=—25 npu x=4- 2. 33. y=f3——2x2+3x+1 (—1<<x<5).

Ome. HauGonbuwee 3Hauenune y=23/3 npu x=>5, HauMeHbllee 3Hauenue y——13/3
npu x=—1. 34. y_—._ili (0 <x<4). Oms. HauGousbiree 3nauenue y=23/5 npu
x =4, HauMeHblIee 3HaueHue y=—1 npu x=0. 35. y=sin 2x—x (—n/2<<x<<m/2).

Ome. HauGonbinee 3naueHnme y=mx/2 mnpm x=— /2, HaUMeHbllee 3HAuYeHHE
y=—mn/2 npu x=n/2.

36. M3 KBafipaTHOro KECTSHOTO JIACTa CO CTOPOHON @ 2KeJIAlOT CAeJaTh OTKpHI-
THI CBEPXY SMHK BO3MOXHO Gosbmiero o6nema, Bhlpe3ass paBHBe KBafparwl Nno
yraam, yjajiss uX u 3aTeM 3aru6asl XecTb, yToGbl 0Gpa3oBaTh GoKa smuka. Kakosa
Io/kHa OHTb AJMHA CTODOHHI BHIpe3aeMuX KBajpaTtoB? Oms. a/6.

37. JokasaTb, 4TO M3 BCeX NPSMOYTOJbHHKOB, KOTOpbIe MOryT GHLITb BNHCaHHI
B AaHHBIA Kpyr, HauGoJblIyI0 NJOmMaAb uMeeT KBajpat. ITokasaTb Takke, uTO
y KBajpara u nepumerp GyjeT HauGosblIMii.

38. ITokasatb, uTO M3 BceX paBHOGEAPEHHBIX TPEYrOJbHHKOB, BIHCAHHBIX
B AaHHBI Kpyr, HauGonbmuil TepuMeTp MMeeT PAaBHOCTOPOHHHH TPEYTOJIbHHK.

39. HaiiTy npsMOYroJbHBIA TpPEYroJbHHK HauGONbIIeH NJOmaz#, WMeromui
ramnoTenysoi orpesok h. Omes. JlauHa KaXAOro Karera paBHa Wy 2.

40. Haiitn BHCOTY npsIMOrO UUJIHHAPA C HaHGONBLUIAM OOBEMOM, KOTOPHIX
MoXeT GeITh Bnmcan B map paguyca R. Oms. Bucora pasna 2R/Y 3.

41. Haiity BBICOTY NpsIMOro LMJHMHAPA C HauGoablleii GOKOBOH NMOBEPXHOCTHIO,
KOTOpPBIi MoXKeT GHTb BnucaH B JaHHHH map paguyca R, Oms, Bricora pasHa
RY 2.

42, Halttu BBICOTY NpsIMOrO KOHyCa C HauMEHBIIMM OGBHEMOM, OIMCAHHOrO
OKOJIO RaHHOro mapa paauyca R, Ome, Bricota paBHa 4R (06beM KOHyca paseH
JABYyM ofGbeMaM mapa).

43. PesepByap, KOTOpHIi JONKEH HMETb KBaJpaTHOE AHO U GHITb OTKPHITHIM
CBepXy, HYXKHO BBUIOXKHTb BHYTPH CBHHIOM. KaKoBB JOMXKHH GHTb pa3mepH pe-
3epByapa eMKOCTpI0O 32 JI, YyTOGH BHIKJajKa TpeGoBaja HauMEHbILEro KOJHYecTBa
cefinna? Oms. Boicora 0,2 m, cropona ocHoBanus 0,4 M (T. e. CTOpOHAa OCHOBaHHUS
JOoMKHA GHITb BABOe GOJsblie BBICOTHI).

44. KpoBe/IbINK KeJaeT CcAesnaTh OTKPHITHIH Xen06 HauGoJbmieli BMECTHMOCTH,
y KOToporo AZHO H Goxa Obwim Gbl mupunofft 10cM M Goka Obutr ORl  OfuHAa-
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KOBO HAaKJOHEHH KO JHy. Kakosa Jjo/mkHa ObITb LIMpHHA Kes06a HaBepXxy?
Omas. 20 cM.

45. JloxasaTb, YTO KOHHYECKHi 1naTep JAAHHOH BMECTHMOCTH TpeGyeT HaWMeHb-
IIero KOMMYeCTBA MATepHH, KOrja ero Bucota B ) 2 pasa Gosibime pafuyca oc-
HOBaHHA.

46. TpeGyeTcs H3rOTOBUTb LMJIHHJAP, OTKPHITHIH CBEPXY, CTEHKH H JHO KOTOPOro
HMEIOT AaHHYyW0 TomuHy. KakoBHl JRO/KHBI OBITH pasMephl LHJIHHADA, YTOOBl TMpH
JAHHOM BMECTMMOCTH Ha Hero NOLJO HauMeHbllee KOJHMYECTBO Martepuana? Ome.
Ecaun R —BHYTpeHHHH pajHyC OCHOBAaHHMSA, U— BHYTPEHHHH OGBEM LHJHMHApPA, TO

R=13/ o/m.
47. TpeGyeTcsi TOCTPOHTb KOTeJ, COCTOAMH M3 LHJIMHAPA, 3aBEPIIEHHOro

IByMsi mosmycdepamu, CO CTEHKAMH TMOCTOSIHHOH TOJIIMHH TaK, 4YTOOB! NMPH AaHHOM
o6beMe U OH HMeJ HAaMMEHbYI0 HapyXHylo noBepxxoctb. Oms. KoTea nomxen
nMeTh (OpMy I1apa c BHYTPeHHHM pajuycoM R = ?/ 3v/4m.

48. IMoctpouth paBHOGOYHYIO TpamnelHio, KOTOpas NpH JaHHOH mJomazu S
yMesna OBl HaMMEHBIUMH TepUMeTP; yroJ NPH OCHOBAHMH TpameuuH paseH do. Oms.
JlnuHa GOKOBOH CTOPOHHI paBHa V S/sin a.

49. Bnucath B XaHHB Inap paauyca R NpaBHJIBHYIO TPEYrOJbHYIO NPH3IMY
nauGonbmero o6bema. Ome. Bricora mpusmb pasna 2R/V 3.

50. Oxono nonywapa pazuyca R TpefyeTcs OmMCaTh KOHYC HaNMEHBIIEro
06beMa; MJIOCKOCTh OCHOBaHUS KOHYCa COBNAafaeT C IUVIOCKOCTbIO OCHOBaHHS MOJY-
miapa; HaiTH BEHICOTY KOoHyca. Ome. Bricora koHyca paBHa RV 3.

51. OnucaTb OKOJNO JAHHOIO LMJHMHApDA pajauyca r NpsSIMOH KOHYC HaWMEHb-
mero o6’beMa, ToJjarasi, YTO IJIOCKOCTH M LEHTPHl KPYroBhIX OCHOBAHHH IHJMHJDA
H KoHyca coBmafaiT. Oms. Paauyc ocHOBaHHMs KOHyca paBeH 3r/2.

52. M3 mucra, uMelomwero ¢opMy Kpyra pagmyca R, BHIpe3aThb Takoif CEKToOp,
4TOGbI, CBEPHYB €ro, TOJAYYHTb BOPOHKY HauGosbuned BMectumoctH. Ome. Llent-
panbHBIil yroJ CeKTOpa paBeH o2nV 2/3.

53. 3 Bcex KpYIIbIX HHJHHAPOB, BNHMCAHHBIX B JaHHBIH KY6 Cc peGpom a
TakuM 06pa3oM, YTO OCH MX COBNAAAIOT C JMArOHa/Nbl0 Ky6a, a OKPYXHOCTH oOcC-
HOBaHHH KacalOTCsi ero rpadelf, Hafitu HauGojbmeHd no obvemy. Oms. Bricora
uunnuapa paeua al 3/3; pamayc ocmosanus pasen a/V 6.

54. B npsmMOyrospHOH cucTeMe KOODAMHAT JaHAa TouKa (Xp, Yo), Je€xamas
B mepeoM KeajapaHTe. IIpoBecT# uepes 5Ty TOUKy NpAMYIO TaK, yToGbl OHa o6pa-
30Bajla C NOJIOXKHTEJNbHEIMH HaNpaBJEeHHSAMH OCefl KOODAMHAT TPEYroJbHUK Hau-
Menbmeit nuowagu. Omse. I[IpsiMast OTceKaeT Ha OCfX OTPe3KH 2xp M 2y, T. €.

X y
HMeeT ypaBHEHHE 2—x0—-}— 2yo—l.

55. Ha ocu mapa6oam y2=2px pnaHa TOYKA HA PAaCCTOSHHU @ OT BEpILIHHEI;
gafiTy a6cumccy Gaumxaimeil K Hell Toukm Kpusoit. Oms. x=a—p.

56. [TpunuMasi, 4TO TPOYHOCTH GPYCKa C NPSIMOYTOJbHEIM TIOMEPEYHEIM ceue-
HHeM TIPAIMO INPONMOPIHOHANbHA IIHPHHE M Ky6y BHICOTHI, HaHTH IWHMPHHY GpycKa
HauboJIbllell TPOYHOCTH, KOTOPHIA MOXKHO BhHIpe3aTh H3 OpeBHa JuameTpoM 16cwm.
Ome. Hlupuna pasua 8 cm.

57. MuHOHOCel[ CTOMT Ha sixope B 9 KM OT Gnuxkafimeii Touku Gepera; ¢ MHHO-
HOCLa Hafi0 TOCJ]aTh TOHIA B BOEHHHH Jlarepb, pacnoJIOXKeHHBIH B 15 kM, cumras
1o Gepery oT GamKaiimeii K MHHOHOCLY TOuKHM Oepera. Ecim roHer Moxer fenaThb
memwKoM Mo 5 KM B yac, a Ha Becsax 1o 4 KM B yac, TO B KaKOM TyHKTe Gepera
OH JIOJIXKEeH NMPHCTaTh, YTOOE TOCNETh B Jlarepb B KpaTyalimee BpeMs. Ome. B 3 xm
OT Jareps.

58. Touxa mepemelaeTcss NpsSMOJIUHEHHO IO IJIOCKOCTH B Cpefie, PacIONOXKeH-
HO#l BHe JuHuM MN cO CKODOCTBIO Uy, a Mo JauHuu MN co ckopocThio Up. IO
KakOMYy TYTH OHa IIePeMEeCTUTCS B HaUMEHbIUHH MPOMEXYTOK BpemeHu M3 Touku A
B TOUKY B, pacrnojoxenHywo Ha auauu MN? PaccrosHue Toukn A or junun MN
paBHo h, paccTosHMe TpoeKHMH o Toukn A Ha Jaunuio MN oT B pasHO a.
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Oms. Ecin ABC—nyTe TOuKH, TO %g—:% npx %%2—2—‘- n oC=aB npu
2 2

B v

AB T uy”

59. I'py3 ¢ Maccoii @ NOABIMAIOT pHIYaroM, IpudyeM cHaa F IpHIIOKEHa K Of-
HOMY KOHIY, @ TOYKa OYOpBI HaXOAHTCS Ha IPYroM KoHLe pbiyara. Ecaum rpys
npHBemeH K TOUKe, HaXOASIMEHCH Ha PAacCTOSHHH @ CM OT TOYKH ONOPH, a Macca
CTepXXH$ DPHMara paBHa UT Ha KaXJB# CaHTHMeTD J/HHBL, TO KaKOBAa HOJNKHA
ObITh JAJMHA pBIYara, YroObl CHJa, TMOTpe6Has MAJS NOXHATHS Tpy3a, Gbula Hau-
menbwan? Oms. x=V 2aw/v cm.

60. IIpy n H3MepeHHIX HeH3BeCTHOH BeNIMYMHBI X TIOJYYeHBl YHCJal
Xi, X2, ..., Xp. IIOKa3aTb, uYTO cymMMa KBajpaToB IOPpemHOCTed (x—x;)2-}-
F(x—x)2+...4-(x—x,)% OyAeT HaHMeHbiuefl, eclM 3a X HPHHATH YHCIO
(x1+x2—|—. . -+xn)/ﬂ.

61. UTto6bl MO BO3MOXKHOCTH YMEHBIIHTH TPEHHe MKHMIKOCTH O CTeHKH KaHaJja,
nomajs, cMadnBaeMast BOJOH, JO/KHA GBITH BO3MOXKHO Menbuieldl. ITokasats, uTo
ayyuredt GOpMOil OTKPHITOro NMpPSMOYrOJBHOTO KaHajla ¢ 3afaHHON MJIOWaAbIo mone-
PEYHOrO CeyeHHs sIBJSETCHA TaKas, NPH KOTOPOH IIMpHHA KaHajna BIBOE NMpEBHILAET
€ro BBICOTY.

OnpefenuTh TOYKH Nepern6a M HHTePBaJBl BHINYKJIOCTH H BOTHYTOCTH KPHBBIX:

62. y=x5. Oms. Ilpu x < 0 KpuBasi BHINYKJa; NpH x > 0 KpHBasi BOTHYTa;
npu x=0 Touka neperuGa. 63. y=1—x2. Oms. Kpusasi Bciofly BbinykJja. 64. y =
= x*—3x2—9x-19. Ome. Tlpu x=1 Touka neperuba. 65. y=(x—b)%. Oms.
IMpu x=b>b Touka nepernGa. 66. y==x*. Oms. Kpusas Bciogy BoruyTa. 67. y =
= (x241)~2. Ome. Ilpu x= % 1/V 3 toukn meperu6a. 68. y=tg x. Ome. Ipu
X=n7 TOYKH neperuba. 69. y=xe~*. Oms. Ilpu x=2 Touka neperu6a. 70, y =
=a—]3/ x—b, Oms. Tlpu x=1>0 Touka neperuba. 71. y =a— f/(x—b)z. Oms. Kpu-
Basi HE MMeeT ToyeK Nepern6a.

Haiitn acHMOTOTHI CNERYIOIIHX KPHBBIX:

72. y=——l——. Oms, x=1; y=0. 73. y=

oy Oms. x=—2; y=0.

1
(x+2)°°
1
3 —
74.y=c—|-(xi——b?. Oms. x=b, y=c. 75. y=e* —1.0ms. x=0; y=0. 76, y=In x.
Oms. x=0. 77. PP=06x2+4x%. Oms. y=x+2. 78. P*=a*—%. Oms. y-+}x=0.
79. yz=2a—x' Oms, x=2a. 80. y*(x—2a)=x*—a% Oms x=2a;

y=1% (v+a).
HccnepoBaTh GyHKIHME H NMOCTPOHTb HX rpaduku:
82 - 6x
81. y=x4—2x-|—10. 82. y=m. 83. y=e x ., 84. y=l_-}——xz' 85. y=

_ 4+ X _x2 _at \

==z - 86. y—xg__l. 87. y——-—;}— 88. y_m, 89. y =x3—x. 90. y=
x -3/ — 3/ 07 x—1

=z 9|.y—/x2+2. 92, y=x— l/x3+l‘ 93. y— l/.x__}___[‘gll‘y:xe-x-

95. y=1x%"*", 96. y=x—In(x+1). 97. y=In(x>41). 98. y=sin3x. 99. y ==

=x-+sinx. 100. y=xsinx. 101. y=e—*sinx. 102. y=Insin x. 103. y=lﬂf,
X

x=12
' =2, x=a (t—sin ?) x=aetcos t
. 1, 105 {* 106. " 107. ’
104 {y=-§t. 0 {y:ts. 06 {y:a(l—cost). 107 {y:aetsint.
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JononHuTeabHHE 3ajgaun

Hajitn acHMnTOTH JHHRA:

x2
108. y= ]i—l. Omg. x=—1; y=x—1. 109. y=x-}e-*%, Oms y=x,

110. 2y (x+1)2=43. Oms. x=—1; y=—;-x—l 111, #=a%—u42, Ome. Acumn-
Tor Ber, 112, y=e~2%sinx, Oms. y=0. 113. y=e- xsm2x+x Ome, y=u.

114, y=x1In (e-}-——) Oms. \t——-—!-, y= x—}--—. 115.y—-xe1‘ . Oms. x=0;

2t 2 1
y=x. 116, r=1—p V=T Ome. y=+ —x—f.

HccnenoBath GyHKIHH M NOCTPOMTH MX 2paqnan«m
117. y=|x|. 118. y=In|x]. 119. yé=s®—x. 120. y= (x+l)2(x—2)

121, y=x-4|x]. 122, y=1/x2—x. 123, y=2r2} x+1. 124, y=—2—-—]nr.

127, y= . 128. y=x+¥. 129. y=1xInx.

x2 1
125. y=-§— In x. 126. y;;—_—— T

-
1
— sinx
130. y=e* —x. 131. y=|sin3x]. 132, y=—""- 133. y=xarcigx, 134. y=
= x—2arctg x. 135. y=e—2¥sin3x. 136. y-]sinxl—{—x. 137. y=sin (x?)
[x]

138. y=cos®xsin®x. 139. y=——x;H—)f—'. 140. y=—x———, 141, y=
2 2 y
=sin (x+|x|)__x—2|xl (—n<x<<m). 142, y=cos(x*2'x|)—x+'xl

&

).

( —<x<l) L3,y = % @Geblx])+1. 144, 5 = % (3 (x— 1) | x—1[]+1
o<x<?2).



FJIABA VI
KPUBM3HA KPUBOH

§ 1. JlauHa AyrH H ee NpOM3BOAHASA

[ycts ayrakpusoit MM (puc. 137) ectb rpaduk dyHkLuH y = [ (x),
onpeseseHHol Ha HHTepBase (e, b). Onpeaenum ATHHY AYTH KPHBOH.
BosbmeM Ha kpuBoét AB Toukn M, M, M,, ..., M;_,, M,,
eoey M,_,, M. CoeqMHHB B3AIThIE TOUKH OTPE3KaMH, NONYYHM JIOMAHYIO

y My auamo M MM; ... M;_M; ... M,_ M,
M, A~ BnucaHHylwo B Ayry MM. OGosnauum

IJIUHY 3TOH JIOMaHOU uyepe3 P,.
" Haunod dyeu MM HaswiBaercs npe-
% Jes (0603HayYUM ero yepes s), K KOTOPO-
My-1 MYy CTpeMHTCS JJHHA JIOMaHOH INpU CTpe-
M MJIEHHH K HYJJI0 HauOoJsbiue#i M3 JJIHH
Puc. 137. oTpe3koB JomaHo#t M;_,M;, ecmu 3TOT
npejes CyLmIeCTBYeT U He 3aBHCHT OT BhI-

Gopa Touek JomaHo#t MMM, ... M;_M;...M,_ M.

OrmetuM, 4TO 3TO OMpeje/eHHe AJMHHBI AYTH NPOU3BOJILHOH KpH-
BOH AQHAJNIOTHYHO ONpEJIeNIEHHIO JJIMHBEI OKPYKHOCTH.

B raase XII 6yner mokaszaHo, urto eciu Ha oTpeske [a, b] dyHk-
uusi f(x) 1 ee npousBogHas [’ (X) HempepblBHBI, TO Ayra KpHBO#H
y=1(x), 3akmoueHHass Mexxay Toukamu [a; f(a)] u [b; [(b)], umeer
BIIOJIHE ONpeJe/eHHYI0 AJUHY, NpHYeM GYIET yKasaH CHoco6 BHIUHC-
JleHUust 3TOH AauHBI, Tam e OyneT YCTaHOBJEHO (KaK CJeJCTBHE),
YTO B YKa3aHHbIX YCJIOBHSIX OTHOUIEHHE [JHHBI JIOGOH AyrH 3TOi
KPHBOH K JJIHHE CTATHBaoOmIel ee XOpzbl cTpeMuTes K 1, Koraa AjuHa
xopapl crpemurcsi K O:

lim 2 MM _1
MM >0 MM

dra TeopeMa Jerko Moxer OblTb AOKa3aHa /sl OKPY2KHOCTH *), 0JiHaKO
B o0uieM cjay4yae Mbl NOKa HpuMeM ee 0e3 JOKa3aTe/lbCTBa.

*) PaccmoTpuMm ayry AB, LeHTpajbHHE yron xoropoil paseH 2o (puc. 138).
Invna 310# Ayru paBHa 2R (R —paauyc OKPYXKHOCTH), a AJIHHA CTATHBAIOLIEH
ee xopAnt paBHa 2R sin o.. ITostomy

m A AB i 2Ra

— = lim =1,
a—-0a1. AB a—02Rsina
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Paccmorpum cienytomuii Bonpoc. ITyctsh Mbl MMeeM Ha IJIOCKOCTH
KpUBYIO, 3aJaHHYlO ypaBHenuem y={(x). Ilycts M, (%4, y,) —
HeKoTopasi (PMKCHDOBaHHas Touka KpuBoH, a M (x, y) —nepemenHas
Touka 3toit KpuBoil. OGo3HauuM uepes s AmuHy ayru MM (puc. 139).

ITpu usmeHenun abcuuccsl x Touku M jumHa s Ryru Oyzer me-
HATbCH, T. €. s ecTb $yHRuus x. Hafinem npoussogHyio s mo x.

AY M,

v
A
M/ v

Az

o]

Ly x x+Az
Puc. 138. Puc. 139.

Hanum x npupawmenne Ax. Toraa Ayra s nosy4yuT mnpupalleHHe
As=gn. MM,. Tlycts MM, —xopaa, craruawlouias 3ty Ayry. Jas

. . As
toro 4roGul Hafith lim Ay TOCTYNHM  CleAYIOmUM of6pasoMm: u3
Ax—>0

A MM, Q Haxozum MM,® = (Ax)*+(Ay)®. YMHOXHUM U pasleluMm
JeBylo yactb Ha As%:

AN 2

(2R2) Ast= (An*+@y)*
Pasnenum Bce WieHbl paBeHCTBa Ha Ax?%:

MM;\® [ As\? _ " Ay \2

() (&) =1+ (52)"
Haiinem npemen JeBoil W mpaBoit dacteii npu Ax — 0. Yuursisas,
MM, Ay dy

As =1 u uro Al;l:TOE‘=(T;C , TOJIy4uM

(—:%)2=1+<Z—i)2 HJH Ed;—= ]/1—{—(%)2. (1)
Ins Ougpgpepenyuara dyeu TMONYYHM CJENYIOLLEe BbIpaxKEHHUE:
ds= Y 1+ (%) ax @

ds =V d* Fdy. @)

*) Crporo roeops, GopMmyna (2’) BepHa JMIIb AJs TOrO Caydad, koraa dx > 0.
Ecan xe dx < 0, 10 ds=— V dx®+dy?. Iosromy B oimen cayuae 3Ty dopmyay
npaBuJIbHEE 3amHCATh TaK: |ds|=V dFdit.

yro lim
MM,;—>0

uin *)
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Mbr nonyuunn BeipaxkeHnue puddepeHuyrana AIHHBL AYTH AJs TOrO
cayyasi, KOrja KpuBasi 3ajaHa ypaBHeHHeM y = f(x). Ognako ¢op-
myna (2') coxpaHsiercs H B TOM CJyyae, KOria KpuBas 3ajaHa Ia-
paMeTpHYeCKHMH ypaBHeHHMsMu. Eciu Kpusas 8ajaHa HnapameTpu-

YeCKH.
x=9(), y=1(),

de=q' (t)dt, dy=+' (f)dt,
H BuipaxeHue (2') npuHUMaer BUA

ds=V[o" OF +[y (O] dt.

§ 2. KpuBusna

TO

OpHuM U3 3JIEMEHTOB, XapaKTepH3YIOMHUX GOpMy KpHBOH, SBJIsieTcs
CTeneHb €e HCKPUBJEHHOCTH.

ITycTe MBI HMeeM KpHBYIO, KOTOpas He MepeceKaeT caMmoe ceGs
H HMeeT onpeleJeHHYI0 KacaTelbHYI0 B KaxaoH Touke. IlpoBemem
KacaTeJbHble K KDHBOH B KaKuUX-HHOyAb JByX ee Toukax A u B u
0603HaYUM yepe3 o yros, o6pa3oBaHHLIN STHMH KacaTelbHbIMH, WA —
TOYHEEe—YTOJ MOBOPOTAa KacaTeJbHOH NpH mnepexofe OT Touyku A
K Touke B (puc. 140). Dror yros Ha3bIBaeTCs Y2A0M CMENCHOCMU
ayru AB. YV aByx Ayr, MMeEIOUMX OJMHAKOBYIO AJMHHY, GOsblie H30-
rHyTa Ta Jyra, y KOTOpOil yroJ cMexHocTH Gosbuie (puc. 140 u 141).

i)
~\E

Puc. 140. Puc. 141,

C npyroi#i CTOpPOHBI, paccMarpuBas AYrH PasJHYHOH JJIHHBI, MBI
He MOMXEM OIIEHHTb CTENeHb HX HCKPHBJEHHOCTH TOJbKO COOTBET-
CTBYIOIIUM yryioM cMexHocTH. OTciofa ciepyeT, 4To MOJHOH Xapak-
TEPUCTHKON H3OTHYTOCTH KPHBOH 6GyJeT OTHOMEHHE€ YIVIa CMEXHO-
CTH K JAJIMHE COOTBETCTBYIOmEH INYTH. -

Onpenenenue 1. Cpedned kpususnor K, 0yeu AB na3rBaercs
OTHOLIEHHUE COOTBETCTBYIOHIErO YIJIa CMEXKHOCTH @& K AJHiHE LYTH:

a

K =T s
‘" AB
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Hns onHoMt M TOH ke KPHBOH CpefHss KPHBU3HA €€ PasMYHBIX
yacrefl (Ayr) Moxer GbITb Pa3JH4YHOH; Tak, Hanpumep, s KDHUBOM,
nokasaHHO# Ha puc, 142, cpemHsas KpuBuswa ayru AB He paBHa
cpeaHelf KpuBu3He AyrH A,B,, XOTA AJHHBI 3THX AYT pPaBHbl MeXAy
co6oii. Bonee Toro, B6/MHM3M pas3NMUHBLIX TOYEK KpUBas HCKpUBJIEHa
no-pasHomy. JIast Toro uro6rl 0OXapakTepu3oBaTh CTeNeHb HCKPUBJIEH-
HOCTH JaHHOi JIMHHH B HENOCPEACTBEHHOH GJIHM30CTH K AaHHON Touke A,
BBEJeM NOHATHEe KPHUBM3Hb KPUBOH B JaHHOH TO4YKe.

Puc. 142. Puc. 143.

Ounpenenenune 2. Kpususnoi Kj nuaun B paHHOH Touke A

HashlBaeTcsl mpefiesi cpefHell KpHBU3HB! Jyru AB, Koria JJMHa 3To#
JAyTH CTpeMHTcs K Hymo (T. e. Korga Touka B npuGmmxaercsa *)
K Touke A);
. . o
Ky=I1limK = lim —.
47 psA ® apso AB

INpumep. Jas OKpPYKHOCTH pajuyca r: 1) onpeneauTp CPefHIOR KPHBH3HY
ayra AB, cootBercTsyomell LeHTpasbHOMY Yyray o (puc. 143); 2) onpemeants
KpHBH3HY B Touke A.

N
Pemenne, 1) OueBHAHO, YTO YroM CMeXHOCTH XyrM AB paseH @, AJaHHa
-]
ayru pasha or. CiegoBarenbHo, K“P:?r , HJIH ch=-;-.

. o 1
2) KpupusHa B Touke A paBHa K—_ahTo =7

Takum 06Gpa3oM, cpelHSsT KPHBH3HA AYTH OKPYXXHOCTH Pajuyca r He 3aBHCHT
OT AJHHBI M NOJIOXKEHHs JYTH, AJs BceX AYr oHa paBHa l/r. KpuBH3Ha OKpyxK-
HOCTH B JI0GOl ee TOYKe TaKXKe He 3aBHCHT OT BbIOOpa 3TOHl TOYKH M paBHa l/r.

3ameuanue. OTMeruM, 4TO JJIs1 IPOU3BOJIbHON KPUBOI KPUBH3HA
B pas3/iMYHLIX €€ TOYKaX, BOOCHIe roBops, GyAeT pa3juuHas. DTO MbI
YBHAHUM HHXKe.

§ 3. BplunciieHHe KPHBH3HBI

BriBenem ¢opMyJsly Ansi BbIYMCJAEHHS] KPHBH3HHI NAaHHOM JIMHUM
B moGoil ee Touke M (x, y). Ilpu arom MBI GyzeM mpepnonaratb, 4To
KpHBasi 3ajlaHa B JeKapTOBOH CHCTeM€ KOOpPAMHAT YpaBHEHHEM

*) Mpl npeanonaraeM, 4TO BeJMYHHA TIpefiesia He SaBHCHT OT TOIO, € KaKoi
CTOPOHBI OT ToYKH A Mbl GepeM mepeMeHHYIO TOuKy B Ha XpHBOIi,
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BUAA
y=1(x) 1)

M 9T0 GyHKnHA f(X) HMeeT HeNmpephiBHYIO BTOPYIO NPOM3BOAHYIO.
Iposenem KacaresbHbie K KpHBOH B Toukax M u M, c a6cuuc-
caMH X U X+ Ax u o6o3HauMM uepes ¢ U Q-4 AQ YIIB HaKJOHa
STHX KacaTeanb[Upuc. 144).
Jauny pyru M M, OTCUHTBIBAEMYIO OT HEKOTOPOH JI0CTOSIHHOHA TOY-

Ku M,, obosnaunm uepes s; Torfa As= MM, —M,M, a |As]| =MM,.

g Kak HemocpeiCTBEHHO BHAHO u3
P puc. 144, yrol CMEXHOCTH, COOTBETCT-
Bylomuii xyre MM,, paBeH aGcomor-
HOH BeJHyHHE *) Da3HOCTH YIVIOB @ M
¢-+Ag, T. e. paBen |Ag|.
CornacHo ~ onpeneNeHHI0  CpejHei
KpHBH3Hbl KDHBOH Ha ydactke MM,
HMeeM
Ap| _ A¢
K 1491 _ A
cp As As *
7 | As]

Puc. 144. Uro6el TONYyYHTh KPUBHU3HY B

TouKe M, Hy:KHO HAWTH npenesa mno-

JIyUeHHOTO BbIpaxk€HMsl NPH YCJIOBHMHM, uTO jJiuHa nyru MM, crpe-
MHTCSI K HYJIO:

. Ag
K= lim —l.
As—>0 As

Tak kak BenHuUMHBl @ H S 06€ 3aBUCAT OT X (ABAAIOTCH (YHK-
IHAMH OT Xx), TO, CJIEOBATE/IbHO, @ MOXHO DPacCMaTPHBATh Kak (yHK-
nuo ot s. Mel MoxeMm cuMTaTh, 4TO 3Ta OYHKUMS 3ajaHa NapaMer-
pUYecKH ¢ nomolnpio napamerpa x. Torza

. Ap  dop
lim ==-—%
As—> 0 As ds

H, CJeOBaTeNbHO,
@

d
Jnst BBIYHCTIEHHS % ucnonsayem dopmyny auddepennupopanus
GyHKUMH, 32JaHHOH NapaMeTpPUYecKH:

de
dp _ dx
ds ~ ds

dx

*) Jlns KpuBOH, usobpaxennoit Ha puc. 144, oueBnaHo, uto [Ag|=Ag, Tak
Kak Ag > 0.
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d
UTo6Hl BbIPA3UTb HPOU3BOIHYIO d—f uepes QyHKUHIO y= f(x), 3a-

d
MedaeM, 4TO tgcp:d—‘z H, CJEJ0BaTeNbHO,
d
p=arctg 7.
Iuddepenuupys mo x moclenHee paBeHCTBO, GyleM HMeTh

&y
do dx?

Uto ke KacaeTcs NpPOU3BOIAHOM % , To eme B § 1 MBI Hanum
ds dy\?
=V 1+(E)
IMosromy
2y
dx?
dep dy\ 2 d%y
dp _ dx ‘+< a':c) rra

s T ds —ane dy\2(3/2 »
@ I/H'(E) [+(2) ]
de
um, TaK Kak K=|—=|, oKoHuaTeIbHO monyuaem

Ly
dx?

@ !

CrnenoBarenbHo, B JOGOH TOUKe KPHBOH, Ile CYyIIECTBYeT M He-
2

d
npepeiBHAa BTOpAs NPOH3BOAHAS a‘%—, MOXXHO BBIYHCIUTL KPHUBH3HY.

Jlna ee BbIUHC/IEHHA CAYXKHT gopmyna (3). 3aMeTuM, YTO NPH BBHIYHC-
JIeHMH KPUBU3HBI KPUBOH CJIEyeT 6paTh TONLKO apHdMeTHyecKoe (T. e,
TNOJIOXHUTENbHOE) 3HAYEHHE KOPHA B 3HaMeHaTelle, TaK KaK KPHBH3HA
JUHUU TIO ONpeJelieHHIO He MOXeT ObiThb OTPHIATEJNbHOH.

K=

Mpumep 1. OnpenenuTs KpHBU3HY MapaGousl y2=2px:
a) B ee npou3BosibHOR Touke M (x, y);

6) B Touke My (0, 0);

B) B Touke M, (p/2, p).

Pemenue, Haxonum nepsyio # BTOPYIO NPOH3BOAHEIE QYHKIHHU y= Vﬂ}:
dy__p_ =
dx Vg—p;' dx? (2px)®/3 *
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TMoacrasnss NOJyueHHble BHIpaXeHHus B dopmyay (3), noayuum

p?
X "t
6) K[x:o, y=0=1/p:
1
B) K |y=p/a, =375

Mpumep 2. OupenenuTs KPHBU3HY NpsiMoli y=ax-}-b B ee TPoN3BOIbHON
TOuKe (X, Y).

PemeHnue. y’'=a, y"=0. O6pamasce x ¢opmyne (3), nonyuaem K =0.
Taxum o6pasoMm, npsiMas TpeJCTaBJasie€T COOOH «JIMHHIO HYJeBOH KDPHBH3HEY, ITOT
3Ke pe3yJIbTarT JIErkO MOXKHO NMOJNYYHTh HEeNOCPEACTBEHHO H3 ONpefefieHust KPUBHSHEL

§ 4. BriuucaeHne KpHBM3HBI JIMHMM, 33JaHHON NapaMeTpPHYecKH

ITycts KpuBas 3ajaHa napaMeTpudecku: x =@ (f), y =y (¢). Torma
(cm. § 24 . III)

V() &y _ Ve —v'¢

VO T @P
IMopcTaBssisi moMyyeHHEIE BhIpaxeHus B Gopmyay (3) npeawiay-
piero maparpada, nosyyaem
o llp”(P'—lb'(P”l
- [(P'2+1p,2]8/2 ° (l)
ITpumep. OnpefesiiTh KPUBH3HY IMKJICHIBI
r=a(t—sinf), y=a(l—cosi)

&

B €e TNPOMU3BOJLHON TOUKe (¥, Y).

Pemen une,
dy . d¥y
dt _a(l—cos 1), dﬂ 4% gsin t; Z=asin z, < —@cos 1.
TloacTaBisisi mosyueHHble BHIpaxKeHHs1 B ¢dopmyay (1), Haxoanm
K= la(l—cos?)acost—asint-asint| Jcost—1]
[a2 (1—cost)?+-a?sin? )32~ 2%%a(l—cos1)*/2

1 1
T 23/%g (1—cos 1)V/2 —Mlsm ’_l ’
2

§ 5. BbiuncieHne KpHBH3HBI JIRHHH, 3aJaHHOH ypPaBHEHHeM
B TOJSIPHBIX KOOPAMHATAX

Tlycte KpuBas 3anaHa ypaBHeHHEeM BHJA
p=F(6). (1)
Hanuwem ¢opMyanl nepexoaa oT NoJsipHbIX KOOPAMHAT K EEKAPTOBLIM:
x=pcos8, y=psinb, 2
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Ecnn B 3TH QopMyJibl MOACTAaBHTh BMECTO O €r0 BEIPAXKEHHE Yepes
0, T. e. f(0), To moayuum:

x=7[f(0)cos6, y=7F(6)sinb. (3)

ITocnennue ypaBHeHHsI MOXKHO DPaccMaTpHBaThb Kak Napamerpuue-
ckue ypaBHeHHsl kpHuBo#l (1), npuyem napamerpom siBasiercsi O,
Torgma

dx d__e

E(;=Z—gcose——p sin @, %:de sin@--p cos 6,
2 2
%6).-2-=Z—(§cos 0—2 Z—gsin 0—pcos@,
d2y 2

W—%e%sin6+2%cose—p sin 0.

IMoncraBnsis mnocnegHue BhIpaxkeHus B dopmyay (1) npexbipyimero
naparpacda, nonydaeMm ¢GopmyJay JJs BBYHCAEHHS KPHBH3HBI KPHBOH
B MOJSIPHBIX KOOpAHHATaX:

%+ 20" —pp”|
K= Lot o) @
(0*+pH**

Tpumep. Onpegenurs KpuBusHy cnupaan Apxumena p=al (a > 0) B npo-
H3BOJILHOH Touke (puc, 145).

Q’°°
e
7 e
Puc. 145.
do__ do_
PewmeHnue, aTG“_a' W—‘O' CiieoBaTeNIbHO;

a2 1 622

T (@0a?)¥? T 2 (e21)22 T
3ameTHM, uTO NP GONBIIMX 3HATEHHSX O MMEIOT MecTO NPUOHHKEHHBE paBeH-
0242 0241

cTBa: 5 =1, 5 ~ Iy mnosromy, B8ameHssi B npepsayuel ¢opmyse

0242 na 02 u 021 na 62; momydaeM npUGAHIKEHHYIO dopmyay (Aas GOJbIHX
sHayenuii 0):

L1 8 1
T a3z af’

Takum oGpa3om; Tpi GOMbWIHX 3HAueHHAX O cnmpans Apxumena uMEET Npu-
GNM3UTENLHO Ty XKe KPHBH3HY; 4TO H OKPYXKHOCTb pajuyca af.
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§ 6. Paguyc m kpyr kpuBu3Hbi. LleHTp KpHBH3MBI.
dBo/oTa H 3BOJbBEHTA

Onpepenenue. Bemnunna R, o6patHas KpuBusHe K JIHHHH
B JaHHOH Touke M, Ha3biBaeTcs paduycom KpueuaHo. ITOH JIHHUH
B paccMaTpPHBAaeMOH TOUKe:

R=1/K, )
HIN

l_j:x_/ 27 3/2

dx?

IMoctpoum B Touke M HoOpMasb K KpuBoil (puc. 146), Hanpapsen-
HYIO B CTOPOHY BOTHYTOCTH KPHBOH, H OTJIOXXHM Ha STOH HOpMaJu
orpesok MC, paBHb!i paguycy R KpHBH3HBI KPHUBOH B Touke M.

o 7« z

Puc. 146. Puc. 147.

Touxka C HasblBaeTCs Yenmpom KpueusHoL JaHHOH KPHBOH B Touke M,
Kpyr papuyca R ¢ ueHTpoM B Touke C (mpoXonsmuil yepes Touky M)
Ha3hLIBAeTCA KPYyeoM KpPpususubt JAHHOH KPUBOH B Touke M.
U3 onpeneneHuss Kpyra KpHUBHU3HBI CJEAYET, YTO B JAHHOH TOYKe
KPHBH3Ha KPHBOH U KPMBHM3HA KPyTa KPHBH3HH DaBHbi MEXIy COGOIl.
BriBenem opMyJibl, onpeAesiioie KOOpAUHATH HEeHTPa KPHBH3HEL.
Ilycte kpuBas 3ajjlaHa ypaBHEHHEM

y=r(x). (©)]

3adukcupyem Ha KpuBoi Touky M (x, y) u onpexequM Koopiu-
HaThl 0 U  leHTPa KPUBH3HbI, COOTBETCTBYIOLIErO 3TOi Touke (pHc. 147).
Jna aroro HanuiieM ypaBHeHHe HODMa/lH K KPHBOH B Touke M:

Y—y=—%(X—x). 4)

(Bueck X M Y —Tekymye KOOPAMHATH TOUKH HOPMAJH.)
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Tak kak Touka C(a, ) Jexur Ha HOpManH, TO ee KOOPAHHATHI
JOJUKHbI y/JOBJIETBOPSTH ypaBHeHHIO (4):

B—y=— (a—). (5)

HNanee, Touka C (o, f) naxozurcsa ot Touku M (x, y) Ha paccTos-
HUH, PaBHOM pafHyCy KpDHBH3HH R:

(@—x)*+EB—y*=R" (6)
Pemas coBmectHo ypaBHenus (5) u (6), onpenenum o u f:

2 1 2 __ P2 )2 — __2:3__ .
(@—x)*+5 (@—x) =R?, (¢—x) _1+y"“R2’

oTcioaa
Yy S
o= X —— = —
Eyirs X PV s R,
r2\3/2
a Tak Kak R=-(-1+I—Z,,-|)——, TO

y (1447 - 144"
a=x+2--1T2 2 B=yF-7.
=7 B=0F g
Y1o6H peHTh BOMPOC O TOM, BepXHHME HJIM HIKHHE 3HAKH CJe-
nyer GpaTe B IOCJAeAHHX (HOpMYyJiaX, HYXKHO PacCMOTPETb CJyuail
y' >0 u cayuait y’ <0. Ecim " >0, To B 3Toli TOouke KpHuBas
BOTHYTa M, ClefioBatesqbHO, P > y (puc. 147) u nosromy crepyer
6parh HWXKHME 3HAKH. YUHMTHIBAs, 4TO B 3TOM ciyuae | ¥’ |=y", ¢op-
MyJIBl KOODAMHAT IIEHTPa 3aMlHileM B CJeRyiollleM BHJE:
y' (1+9"?) 14472 -
a4=x— = ) 7
x 7 P=yt+—0p (M
AHanoruyHQ MOXHO MOKa3aTh, 4To GopMyJsl (7) GyAyT CrpaBeAJHBbI
H B cayuae y' < 0.
Ecau KpuBasi 3ajjaHa NapaMeTpUYECKHUMH YpaBHEHHSIMH

x=¢(), y=v(),
TO KOODAMHATH IIEHTPA KPHUBH3HHI JIETKO NOJYYHTh u3 ¢opmyn (7),

"

MOACTaBAAS B HUX BMeCTO y M y' HX BBIDAXKEHHS yepe3 mapamerp:

’ ___!{_;_ L x?y?’ —xlt’y;
y x; * y xt'a M
Torna
e Y G2+y? _ X (x2+y"?) '
a=x xlyn_x//yl 1] ﬁ_' !/"l" xlyll_xllyl . (7 )
Mpumep 1. Onpegennth KOOPAHHATH LEHTpA KPHBH3HBI HapaGosibi
y2=2px

a) B IPON3BOJbHOM Touke M (%, y); 6) B Touke M, (0, 0); B) B Touke M, (p/2, p).

7 H. C, Muckynos, 2. ¥
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2
Peuwenue, IMoacrasnas snaueHus % " %14_ B tdopmyan (7), mnomyuum
{puc. 148)
(29

a) a=3x+p, f= —; 6) npu x=0 Haxofum a=p, B=0; B) npu

x=p/2 umeem o.=>5p/2, B=—p,

Ecnu B Touke M;(x, y) JaHHOH JMHMM KPUBH3HA OTJIHYHA OT
HyJsi, TO 3TOH TOYKE COOTBETCTBYET BIIOJIHE ONpPEAECHHBIH IEeHTp
kpuBusHbl C, (o, B). CoBoKynHOCTb Bcex
IEHTPOB KPHUBH3HEI JIAHHOH JHMHHUH o6pa- BAY
3yeT HEKOTOPYIO HOBYIO JIHHHIO, HasbIBae- 2 205
Myi0 9BOJIOTOH IO OTHOLIEHHIO K MNep-
BOH.

Y 202
.gz

Puc. 148. Puc. 149,

Takum o6pasom, reomerpuyeckoe MecTO LEHTPOB KPUBH3HBI HaH-
HOH JIMHUU HasbIBaeTcs ee sgoaomoil. ITo oTHOIIEHHIO K CBoell 3BoIOTE
JaHHasl JIMHUS Ha3bIBAeTCS 380168eHMOLL MU uneoAromoil (WIH pas-
sepmiodl).

Ecnu nanHas KpuBas onpenensiercs ypaBHeHHeM y= f(x), To
ypaBHeHHs (7) MOXHO paccMaTpHBaThb KaK MapaMeTpHYeCKHe YpaB-
HEHHs 3BOMIOTHI C mnapamerpoM x. HMckmoyasi U3 3THX ypaBHeHHi
napamerp x (€C/M 3TO BO3MOXKHO), INOJYYHM HENOCPEACTBEHHYIO 3a-
BHCHMOCTb MEX]Y TeKYLIMMU KOOpAHHATaMH 3BOJIOTH & U B. Ecau
e KpuBaf 3ajaHa apaMeTpUYeCKMMHU yPaBHEHUAMU x=0 (f), y=1 (f),
To ypaBHeHus (7') JaloT napaMeTpHuyecKHe ypPaBHEHMS 3BOJIOTHI (TaK
KaK BeJHYuHBl X, y, x', y', X', y' saBasiorcd QyHKuHAMH oT f).

[Tpamep 2. Haiitn ypasHeHne 380i0TH napaGossl y2=2px.
Pemwenue. Ha ocHoBanuu npumepa 1 umeem anas JuoGo#t Touku (x, y) ma-

(2x) 3y
Vo'

oMY 4HM ﬁ2=2_$l—1 (¢ — p)3. Dro—ypaBHenne nosyKyGHYeCKO# mapa6oasl (puc. 149).

pa6oasl o =3x+p, f=—

Hckalouass u3 3TMX ypaBHeHu#i napamerp X,

Mpumep 3. HaliTu ypaBHeHue 5BOJIOTH 3/IMICA, 33JAHHOTO NapaMeTpH-
YEeCKUMH ypaBHeHMAIMH x=acos !, y=bsinlt.
Peuwrenue. Bruucasem mpousBogubie OT X H y HO {3
x'=—asint, y' =bcost,
X'=—aqcost, y'=-—bsint.
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ToacraBasisi BhipaxeHHs! NPOM3BOAHLIX B (opMydnt (7’), mosyuum
bcos t (a%sin® -4-b%cos?t)
absin? {-F-ab cos®t

b2 52
= a cos ¢ —a cos ¢ sin? t_T cos?i= (a—T) cos® {1,

oa=acos{—

Takum oGpasom, )
o= (a—%) cos® ¢,

AHaJlOTHYHO TOJYyYaeM: .
a

ﬂ=(b——-—5-) sin £,

Hckaouns napametp t, nojiyyaeM ypaBHEHHE 3BOJIIOTHI 3JJIMNICAa B BUIE

o 2/3 B 2/3_ a2_b2 2/8
()" =+ ()" =(5=)"
3peck & u B—Texymue KoOOpAMHATH BOMIOTHI (puc. 150).

Mpumep 4. Haiitu napaMeTpuyecKHe ypaBHEHHs 3BOJIOTHI IIMKJOHJH
x=a (t—sinf),

y=a(l—cost). oﬂ ¥
Pemenue.
x'=a(l—cost), ¢ =asint,
x"=asint, y'=acost.

TloacTaBUB MOMyYeHHbie BEIPaXKEHHS B

dopmyay (7'), Haxoaum
a=a (t+sin f),
B=—a(l—cos?).

CrenaeM npeoGpasoBaHue NepeMeHHBIX,

NOJIOKUB

a=E—na, P=n—2a t=1—m;

TOrJia ypaBHEHHS SBOJIOTH HNPHMYT BHA
E=a(t—sinT),
n=a (1 —cos 7);

OHH OTpenensiiOT B KOOpAMHaTax §, 1 Puc. 150.

HHKJOHAY C TeM JKe NPOH3BOASIINM

KpyroM paguyca a. TakuM 0GpasoM, 5BOJIOTON HHKJOHAH SIBJISETCH TaKasi Me

HHKJIOHAA, HO CMemeHHas no ock Ox Ha BeauuuBy—na H no ocu Oy Ba
BeiHuuHy —2a (puc. 151),

7 y
q Kpusas
- yd““a
ﬂ 0 k) %0 z
o,
2&1 %
(e T Q] s

Puc. 151,
7‘
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§ 7. CpoiicTBa 3BOJIOTHI

Teopema 1. Hopmare k Oannoil xpueoii ssasemcs kacamens-
HOU Kk ee seomome.

JokasaTeabcTBoO. ¥Yrj0oBoil KO3h(PUIHEHT KacaTeJbHOH K IBO-
JIIQTe, olpejejseMoil napaMeTpHyecKMMH ypaBHeHUsMH (7) npeAbiny-
umiero naparpagda, paBeH

a8
dp _ dx
do. da
dax

3aMeTHB, YTO (B CHJy TeX ke ypaBHeHuit (7))

da — —‘syllgylg_ylylll _ylayln _ , 3ylyng_ylu _ylgynl

rr Y2 =—Y y"? ! (l)
d 32y — ' — 2y
EE": Y%y yy"2 v @

noJsiyyaeM COOTHOLIEHHE

l s
RI'@

1
=—7.

Ho y" ects yroioBoli koaddHUHEHT KacaTeNbHOH K KPUBOH B COOT-
BETCTBYIOWIEH TOYKE, NMO3TOMY M3 MOJYYEHHOI'O COOTHOLIEHHS CJENYeT,
4TO KacaresJbHass K KDHBOH M KacaresbHass K €€ 3BOJIIOTE B COOT-
BETCTBYIOUEH TOYKE B3aUMHO INEPNEHAHKYJSPHH, T. €. HOPMajb
K KPHBOH ABJSETCA KacaTeJbHOH K 3BOJIOTE.

Teopema 2. Ecau na nexomopom yuacmxe MM, xpusoii paduyc
KPUBUBHbL USMEHSAEMCS MOHOMOKHO (M. e. AubO moabKo so3pacmaem,
Aaubo monrvko ybviaem), mo npupaujenue OAUHBL Oyeu 560410MbL HA
amom yuacmxe Kpueod pasro (10 abcorromuoll eeauuure) coomeem-
cmeyroujeny npupawienuo paduyca KpususHel OAHHOL KpPueoi.

HoxkasatenbcTBo. Ha ocHoBanuu ¢opmynnt (2°) § 1 umeem

ds? = da® 4 dp?,
rle ds — puddepennuan NIUHB LYTH 3BOJIOTHI, OTCIOAA
ds \2 do \2 df \ 2
(%) = (&) +(&)"
[Moacrasnss cioga Boipaxenus (1) u (2), nodyunm

(4) =y (YLt o
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Haiinem, nanee, (g%)z. Tak kak
12)3/2 7213
R=UH™ g g (g

Luddepennnpys mo x obe 4acTH 3TOro paBeHCTBA, NOJAYYHM HOCTIE
COOTBETCTBYIOUX NpeoOpa3oBaHuil

oR R _2(14+y) G’y —y" —y"y")
dx /3

2 r2)3/2
Henst o6e yactu paBeHCTBa Ha 2R=L—;,y—-)—, TOJTy YHM

dR _ (1+y)'2 By'y2 —y" —y'2y")
dx - ynz -

Bo3Bonst B KBazpar, MOJyuYHMM:

() -0 (Ot

CpaBuuBasi paBenctBa (3) u (4), Haxomum
dR \2 ds \?2
(&)= (&)

dR ds
=T

OTKYZa

ITo ycaosuio Z—f— He MeHsieT 3HaK (R TOJBKO BO3PacTaer WJH TOJbKO

y6biBaer), CleloBaTeNbHO, H —— He MeHseT 3Hak. Ilpumem nns

onpenieIeHHOCTH jégo, Z—i}O (uto coorBercTByer puc. 152).
dR ds

CrepnoBaresbHO, =

Ilycte Touka M; umeer aGcuuccy x;, a M, — aGcuuccy x,. Ilpu-
meHuM Tteopemy Komm k ¢yHKuusam s(x) u R (x) Ha oTpeske [x,, x,]:

ds
S (x2)— s (x1) — ax | x=¢ =—1
R —R () dR '
dx x=§

rae § —uncio, 3aKJIOUEHHOE MEXKAY X, H X, (¥ <& < x,).
BBenem oGosnauenus (puc. 152)

8 (%) = Say S (%)) = sy, R (xa) = Rat R (x)= R;.
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Torza %T_sTft=—l, WM S, — S, =— (R, — R,). Ho 310 3Haunr, uTo
[s;—s1|=|R;—R,|.

CoBepIIEHHO TaK e JOKa3blBaeTCs 3TO PAaBEHCTBO U NPH BO3pa-
CTaHWM pajuyca KPHBH3HBI.

Mul nokasanu Teopembl 1 u 2
/ IJisi TOrO cJydasi, Korja KpuBas
3ajlaHa ypaBHEHWUEM B SIBHOM BHJIE
y=F(x).

Ecnu xpuBas 3ajjaHa Iapamer-
PHYECKHMH YDaBHEHMSIMH, TO 3TH
TEOpEMEI OCTAlOTC B CHJIe, MPHYEM
HX JI0Ka3aTeJbCTBO NPOBOAMTCHA CO-
BEpIIEHHO aHaJIOTHYHO.

3aMeuyaHHe. YKaxKeM CJeRyio-
KA TPOCTON MeXaHWYeCKHH crocobd
JUIS1 TIOCTPOEHHs1 KPHUBOH (3BOJIbBEH-
ThI) [0 ee 3BOJIOTE.

Ilycte ruGkasi JHHefiKa COTHYTa
no ¢opme 3somotsl C,C; (puc. 193).
IpennonokuM, 4YTO HepacTAKHUMast
HUTb, OJHMM KOHHOM YKpelJeH-
Hasg B Touke C,, oruGaer 3Ty JH-
Hefiky. Ecnn Mpt GyaeM 3Ty HHTb
Puc. 152, pasBepThiBaTh, OCTaB/IAs e€e Bce

BpeMsi HaTHYTOH, TO KOHel HHTH
onuuer Kpusyio M M,— 3BonbBenty. OTciofa MPOUCXOAMT M HasBa-
HHE «3BOJIbBeHTa» — pa3BepTka. JloKasare/jbCTBO TOrO, 4YTO MOJMY4YeH

Y
c
Q M
t
0 My BT
Puc. 153. Puc. 154.

HAaf KpuBas JACHCTBUTE/NbHO HABJAETCS SBOJNIbBEHTOH, MOXKeT GHITh
NIPOBEIEHO C NIOMOIIBIO YCTAHOBJIEHHBIX BbIII€ CBOHCTB 3BOJIOTHI.

OtMeTuM, 4TO OAHOH 3BOJIIOTE COOTBETCTBYET GECUHUC/IEHHOE MHO-
KECTBO Pas/IMYHBIX 3BOJBBEHT (puc. 153).
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ITpumep. Ilycrb HmeeM OKpyxHOCTH pajuyca a (puc. 154). Bossmem Ty us
SBOJIbBEHT 3TOH OKPYMHOCTH, KOTopast MPOXOJHUT Yepe3 TOUKY M, (g, 0).

YunrniBasg, u9r0 CM=CM,=al, 7nerk0 NOJYYuTb YPABHEHHS 3BOJIbBEHTH
OKPYKHOCTH:
OP=x=a(cost-+tsint), PM=y=a (sin t—1{cos f).

OrmeruM, uTo npodHu/ab 3yGa 3y6uaTOro KoJjeca HMeeT uaiie BCero Qopmy
SBOJIbBEHTBI OKPYKHOCTH,

§ 8. MNpuGinxeHHoe BLIYHCIEHHE
BeACTBHTENIbHBIX KOpHEH ypaBHEHHSt

MerToarl HccleIOBaHHS IOBeNeHHs (PYHKUHMH JRAlOT BO3MOXHOCTb
HaXOAUTb NpPUONMKEEHbIE 3HAUEHHs KOPHeH ypaBHeHHs

f(x)=0.

Ecaun janHoe ypaBHeHHE eCTh ajreGpaHuyeckoe YypaBHeHHe *)
nepBoii, BTOpPOH, TpeTbel HJM YeTBePTOH CTENEHH, TO CYLIECTBYIOT
¢dopMyJsEl, NO3BOJIAIOLIME BHIPA-
3HTb KOPHH YpaBHEHHs 4epe3 ero
KO3(p(pUIHEHTHI C TIOMOIIIbIO KOHEY-
HOTO YHCJIa Onepauuil CJAOXKeHHS,

>

4
y=/(z)
F(z,)
z z . . 5 4/
! 4, =fla)
= A
Puc. 155. Puc. 156.

BLIUMTAHHSA, YMHOXKEHHS, [€JNeHHs H W3BJedeHus KopHei. [las ypas-
HeHMil Bblllle UETBEpPTOil CTeNeHH TakHX ¢opmyJ, Boollie rosops, He
cymectByer. Ecin kKoapduunenTsl a060ro ypaBHeHHs, ajireGpanue-
CKOro MJM HeasreGpaHueckoro (TPaHCIEHJEHTHOro), He GyKBEHHEHIE,
a YHCJIOBbie, TO KODHW ypaBHEHHSI MOTYT OBbITb BBLIYMCJIEHBI MPHGIH-
JKEHHO C JI060iH cTeneHblo TouHOCTH. OTMeTHM, 4YTO Jaxe B TeX
caydyasix, KOrZa KOpHHM ajre6pauyeckoro YpaBHEHHS BbIpaXkaioTcs
yepe3s pajMKajbl, Ha MNpPaKTHKE HHOTAA Ienecoo6pasHO NMPHMEHSATDb

*) Ypapnenne [ (x) =0 HasniBaercs aszebpauteckum, ecau [ (x) ecTb MHOFOuJeH
(cm. § 6 rai. VII).
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NPUGIHKEHHBII MeTOA pelieHHs ypaBHeHHs. Hrike GyayT H3/0XeHBI
HEKOTOpble MeTOABl NPHGJHKEHHOrO BBIYHCJCHHUS KOPHEH ypaBHeHHS.
1. Cnoco6 xopa. [lycts nano ypaBHeHue

f(x)=0, (H

rie f(x) —HenpepelBHas nBaxAbl auddepeHUEpyeMas (QYHKUHS Ha
otpeske [a, b]. JJonycTuM, uTO nyTeM HcclefOBaHUSA GYHKIHU Y= f ()
BHYTpH oOTpe3Ka [a, b] MBI BHEENMM OT-
¥ pesok [x;, x,] Takofl, 4To BHyTpU 3TOrO
17 oTpe3ka (PYHKLUHsS MOHOTOHHAsi (UJIU BO3-
pactaiomiasi, ujau YyG6bBaoimas), a Ha ero
KOHIIaX 3HayeHus QyHKuuu f (x,) u f(x,) pas-
HbIX 3HakoB. IlpumeM #ns onpepesieHHOCTH,
uro f (%) <0, f(x,)>0 (puc. 155). Tak kak
GbyHKnMs y=f(x) HenpephlBHA Ha OTpe3ke
[x, x%,], TO ee rpaduk mepeceuer oce Ox B
KaKo#-160 OfHOH TOUKe MeXKAY X; H X,.
IpoBenem xopay AB, coeanHsIONYIO KOH-
bl KpHBOH y= f(x), cooTBeTCTBYyIoOLLHME abC-
muccaM x; M x,. Abciucca @; TOUYKH mepece-
ueHHs 3Toi Xopapl ¢ ocbio Ox u Gyzer npu-
OJIMKeHHBIM 3HaueHHeM KOpHs (puc. 156).
J1s pasbiCKaHHUsI 3TOr0 NPHOJIHKEHHOro 3Ha-
Fé—? YeHHs HAMHKIIeM ypaBHeHHe npsiMoii AB, npo-
xXonsmed depes JABe naHHm;:( T)oqxn A (x4,
. Y—ix x—xy
[ (%)) 1 B (xy, f(x5)): Fo =00 = %—x "
Tak kak y=0 npu x=a,, TO, cjenoBa-

" — () _ag—xn

Y=ai=bz+Z  TEIRHO, o ) T x—x,  OTKYAR

(xo—x1) f (x3)

F—F te) * @

WM 1ocJie npeoGpasoBaHHs

_%af (x2) — %] (x1) /
=T =) @)

Yrto6ul moayuuTh Goslee TOYHOe HaueHHe KODHs, onpezeisieM [ (a,).

Ecmu [ (a;) <0, To noBropsieM TOT Xe npueM, NpuMeHsisi popmyay (2°)

K oTpesKy [a;, %,]. Ecmm f(a;) >0, To npumensem sty dopmyny

K oTpe3Ky [x;, a;]. IloBropsis 3TOT mpHeM HecKoJBKO pas, Mel OyJeM,

OYEBH/IHO, NONyYaTh Bce Gosiee TOYHbIC 3HAYEHHs KODPHS @y, Q4 H T.A.

PR S
3
= =
SO~

2
¥

N N WA QN D

(11= xl—

Puc. 157,

Mpumep 1. Haiith npu6auxennbie sHayeHus: KOpHell ypaBHeHus
f(x) =x*—6x+2=0.
Pemenue. HaiiieM, npexne Bcero, y4acTKn MOHOTOHHOCTH GyHKUME f (x).
Brmuc/iup  npoHsBoAHyI0 F' (x)=3x2—6, Mu OCHapyXuBaeM, 4TO OHa NOJIOKH-
TeabHa npu x <—} 2, orpuuaressna mpy — ¥ 2< x< ¥ 2 u cuosa nonoxa-
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veasua npu x>V 2 (puc. 157). Wirax, GyHKnus umMeeT Tpu y4acTKa MOHOTOHHOCTH,
Ha KaXKIOM M3 KOTOPHIX HaXOZHUICS MO OJHOMY KODHIO.

Jas yro6eTB AaibHeRIIMX. BEIMMCAEHHH CY3MM 3TH YYacTKH MOHOTOHHOCTH
(HO TaK, 4TOGH Ha KaXAOM yuacTKe JieXas COOTBETCTBYIOLIHit Kopenb). s 3toro,
NOJACTaB/AS B Bhipakenue [ (X) Hayraj Te uJM HHble 3HAYEHHs X, BbIAETUM BHYTPH
KaXJOro yyacTKa MOHOTOHHOCTH Takue GoJlee KODOTKHe OTPe3KH, Ha KOHLAX Ko-
TOPBIX (QYHKLHS HMEeT pasHble 3HAKH:

x]:=0: f(0)=2’
xp=1, f()=—3;
e e
Xp = — s — = ;
X=2, (@ =—2,

Takum 06pasoM, KOPHH HAaXOAATCA B MHTepBajax
(=3, —=2), (0;1), (23).
Hajfinem npuGnuxkennoe suauenne Kopus B uutepane (0; 1); mo dopmyrne (2)

nMeeM
1—=0-2 2

Tak xax f(0,4) =0,4*—6-0,442=— 0,336, [ (0) =2, To, cilefoBaTe/IbHO, KOPEHD
sakmouen Mexay O u 0,4. Ilpumensss K sToMy MHTepBany cHoBa dopmyay (2),
NOJIyuHM CieAylomee MpHOTHKeHHe:

(0,4—0)-2 0,8

0 =0— G335 5= 533

=0,342 u 1. 1.

AuanornyHeM 06pa3soM HaififieM NpUG/IHKeHHble 3HAUeHMsI KODHeH B ZPYTHX HHTep-
BaJax.

2. Cnoco6 kacaTteabHHX (cnoco6 HbwoTona). Iycts
cioBa f(x;) <0, f(x) >0, nmpuuem Ha orpeske [x;, x,] nepas
MPOU3BOJHAA HE MEHseT CBOEro 3Haka. TOrja B HHTepBale (X;, X,)
HMEEeTCSs OfMH KOPeHb ypaBHeHHs f (x)= v
= 0. Ipexnosoxum eme, 4T0 U BTO- B
pasi TpOU3BOAHAs HE MEHSIET CBOEro
3HaKa Ha oTpeske [X;, X,]; 3TOro MOXHO B S| |feey
JROOHUTbCS MyTeM yMeHbIIEHHS JJIHHBI
HHTEpBaJa, COJAEPHKallero KOpeHb. z a

CoxpaHeHHe 3HaKa BTOPOH MNpPOH3- 0 4y T Z
BOAHOH Ha oTpeske [x;, X,] os3Hauaer, |T@)
YTO KpHBasi JHGO TOJBKO BHITYKJA, JIH- A
60 TOJILKO BOTHYTa Ha y4acTKe [X;, X,].

[TpoBenem KacateJbHYI0 K KPHBOH
B Touke B (puc. 158). A6Gcuucca a,

TOYKHM IIepeceyeHHs KacaTeNbHOH ¢ ocbio Ox Gyaer npHUOIHKEH-
HBEIM 3HayeHHeM KopHs. UToGbl HaATH 3Ty aGCUUCCY, HalNHIIEM ypaB-
HeHHe KacaTelbHOH B ToOuke B:

y—f(xz) =fl (xz) (x _xz)'

Puc. 158.
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3ametus, uto X=a,; npu y =0, nonyuum

I (x2)

ay=Xy— 7 (%) (3)
TlpoBens 3arem KacartenbHylo B Touke B, (a,; f(a,)), anajoruuso
HaxoJuM CGoJjiee TOYHOe 3HaueHHe KOpHA a,. IloBTOpssi 3TOT mpueM
HECKOJIbKO pa3, Mbl MOMXKEM BBLIYHCJAHTb NPHOMIKEHHOE 3HaueHHe

KOpHS C JoOOH HYXHOl HaM TOYHOCTBIO.
OrMeTuM chenyiomee o6cTosTeNbcTBO. EcM GBI MBI TMpOBesH Ka-
caTesMbHYI0O K KPHBOH He B Touke B, a B Touke A, To Morio oxa-

y 14 B
Y 1
4
fc// T, 0 0
0 z; Z zy\\lrg =
A B
Puec. 159. Puc. 160.

8aTbCs, YTO TOYKA NEpeceueHHs] kKacaTesJbHOH ¢ ocbio Ox HaAXOIMTCA
BHE HHTepBaja (X;, X,).
M3 puc. 158 u 159 crenyer, uto kacaTe/bHYIO HYXHO NPOBOAHTD
B TOM KOHII€ AYIH, B KOTOPOM 3HAaKH (DyHKUHMH M €€ BTOPOH NPOHU3-
I\ BOJHOH coBmajamT. Tak Kaxk Ha oT-
£ Ppe3ke [xy, x,] BTOpasi NpousBoOzHas,
N0 YCJOBHIO, COXPaHSieT 3HaK, TO
9TO COBNAfieHHe 3HAKOB (PYHKIHH H
BTOPOH INPOM3BOJHOH HA ONHOM H3
KOHIOB 0653aTeJlbHO HMEeT MecCTo.
9TO NpaBUJIO OCTAETCS BEPHBIM M AJIsI
cayuas, korga f'(x) < 0. Ecau ka-
caTeJlbHasi MPOBOAMUTCS B JIEBOM KOH-
>z lle HHTepBaja, To B ¢opmyne (3)
2 BMECTO X, HYXKHO IOACTaBHTb X;:

f(xl) '
a, = X, — = . 3

1 1 f (xl) ( )
B cuayuae, Korza BHyTpH HHTepBala
Puc. 161 (x1, x,) ectb Touka neperuba C,
’ ’ cnocof KacaTeJbHBIX MOXKeT JaTh

npuGIMKEHHOE 3HaueHHe KOpHs, Jexalllee BHe HMHTepBana (X, X,)
(puc. 160).

ITpumep 2. IMpumenum cdopmyay (3’) K BHIYHC/IEHHIO KOPHSI ypaBHEHHsS
f(x) =x>—6x+2=0, 3akjiouenHoro B uHTeppajse (0; 1). Mwmeem f(0)=2,
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f' (0)=(3%x*—6) [x=o=—26, " (x)=6x=0, nostomy no ¢opmysne (3’) moayuaem

a1=0—~—_-%==?=0,333.

3. Kom6uuupoBauubit cnoco6 (puc. 161). [IpumeHnsis Ha
oTpeske [x;, ¥,| ONHOBPEMEHHO croco6 XOpA M Crocob KacaTe/bHbIX,
Mbl TOJTyyaeM JBe TOYKH @y M &;, JieXKallue IO pasHble CTOPOHBI OT
HCKOMOTO KOpHS a (Tak Kak f(a,) u f(@,) MMeOT pa3Hble 3HAKH).
Ianee, ua orpeske [a,, @;] npuUMeHsieM CHOBa METOA XOPX H METOJ
KacaTe/lbHbIX. B pesysibraTe mnoiydaem jBa 4ucjaa: a, H @, eme
Gojiee GMM3KUX K 3HaueHHIo KopHs. Ilpomo/mkaem TakuM ofpasom
A0 TeX NOp, NOKa pa3HOCTb MeXAy HalJeHHBIMU NPHOJIMKEHHBIMH
3HAUeHHSIMH He CTaHeT MeHblle, 4YeM Tpebyemas CTeneHb TOYHOCTH.
3aMeruM, YTO IpPH KOMOMHHPDOBAaHHOM METOAe MbI NpHOJMKaeMcs K
HCKOMOMY KOPHIO OJHOBPEMeHHO ¢ 0GeHX CTOPOH (T. €. Mbl HaXOAUM
OZHOBPEMEHHO KaK IpHOJMKEeHHOe 3HaueHHe KOpHf C M3GBITKOM, TaK
¥ npubIMKEeHHOe 3HaueHHe KOPHS C HeJOCTaTKOM).

Tak, B paccMOTPEHHOM HaMH NpPHMepe NyTeM NOACTaHOBKM yGexjaeMcs, 4TO

f(0,333) > 0, f(0,342) < 0. CnenoBaTesbHO, 3HAYEHHE KOPHS 3aKJIOUEHO MEKAY
HaiileHHBIMU TIpUGMIKeHHBIMH 3HaueHHsMu: 0,333 < x < 0,342.

Yupaxuenusa kK raase VI

Hafiti KpHBH3HY KPHUBHIX B YKa3aHHBIX TOUKaXx:

1. b2x2}-a%y® —=a2b® B Toukax (0, b) u (a, 0). Oms. b/a® B Touke (0, b); a/b?
B Touke (a, 0). 2. xy=12 B Touke (3, 4). Oms. 24/125. 3. y=x> BTOUKE (X1, ¥1).

6)61 1

Oms. ——————. 4. 16y2 =4x*—x5 B Touke (2, 0). Oms. — . 5. x¥3| x?/3 =023

(o) Yy 2,0 3 +
B nponssosbHoit Touxe. Omes. 1/(35/Taxy]).

Halitu paguyc KpPHBHM3HBI HIKECJEIyIOMUX KPUBBHIX B YKa3aHHBIX TOUKaXx;
BHUEPTUTb KaXIyl0 KPHBYIO M NOCTPOMTH COOTBETCTBYIOWMA KPYT KPHBHSHBI:

6. y>=13 B Touxe (4, 8). Oms. R =80V 10/3. 7. x2=4ay B Touxe (0, 0).
0 8. 122 — 212 — a2h® 0 _(b*xr+-aty)®?

ms. R =2a. 8. b2x®2 —a2y>=a%bh® B Touke (xi, y;). Oms. R--—_aib‘l_'

9. y=Inx B Touke (1, 0). Oms. R=2}2. 10. y=sinx B Touke (7/2, 1).

. 3
Oms. R=1. 1L. ;;Z‘;‘i’;sf npH t=#,. Ome. R —3asin # cos t.

Haiitn PajHyC KPUBH3HE KPHBLIX:
12. ’y‘:gi’_ts } npu ¢t=1. Oms. R =6. 13. OxpyxHocte p=asin0. Oms.

(o> a2
R =a/2. 14. Cnupane Apxumena p=a0. Oms. sz. 15. Kappunouna

p=a(l—cos 6). Oms, R=% V2ap. 16. Jlemunckata p?=a2cos20, Oms.
R=a2/3p. 17. ITapa6ona p=a sec (8/2). Oms. R=2asec3%. 18. p=a§in3%.

_3 : 8
COms. R——Tasm 3‘.

HaiiT TOuks KpHBHIX, B KOTODPHIX PajHyC KPMBH3HB MMeeT HaHMeHbIlee 3Ha-
qeHue:
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19. y=Inx. Ome.(V—22-, -—%ln 2). 20. y==e*. Oms. (—%]nz l/-2—2-)

— — — 2
21. YV x+V y=V a. Ome. (%,%) . 22, y=a1n(1—‘%). Oms. B Touxe

(0, 0) R=a/2.
HaiiTn KOOpAMHATH HEHTPA KPHBH3HH (¢, ) H ypaBHeHHS 3BOJIOTH AJSA KaX-
no#l U3 CeAyIOMMX KpHBBIX:

22 a2+ b?) 3 b2

23. %—-%E=1. Ome., o=t % '*;4) ; p=—@t0y ";4)”3. 24, X34 4?3

4 4
= a3, Ome. a=x+3x1/3y“/3, B=y-+3x/3y1/3, 25. yP—q?x. Ome. =2 ;};::y :
_a'y—9% x=3t, 4, P
ﬂ-———2—a4——-. 26. y—12—6. Oma. =t p =3¢ —5
27, {x::lx;CZg (t/2)—kcos t, Ome. y=%(exlk—|—e—xlk) {tpaxTpuca).

y="Fksin ¢.

= ¢ — s,

28. {x a(cost-+isind), Oms. a=acos t; B=asint. 29, {x acos®t
y=a(sin t—1 cos ?). y=asin®t,

Oms. av=acos3t-+3acostsin?¢; f=—asin®f-}3acos? ¢ sin 1.

30. Bouncants ¢ Tounoctblo a0 0,001 KOpHH ypaBHeHusi x>—4x+2=0. Oms,
x1=1,675, x=0,539, x3=-—2,214.

31. Iina ypaBHeHus ¢ (x) =x>—x—0,2=0 onpenesuts npubIuKEHHOe 3Ha=
YeHHe KOPHs, 3akawoueHHoe B HuTepBaie (1; 1,1). Oms. 1,045.

32. BuiuncanTh KopHHM ypaBHeHusi x*-4-2x2—6x-+2=0 c TouHOCThIO KO 0,01.
Oms. 0,38 < x; < 0,39; 1,24 < x5 < 1,25,

33. Pemwuth npubaumxkesHo ypaBHeBHe x*—5=0. Oms. x;= 1,71,

X, 3=1,T1 ’_'_1_.:%;‘/_3

34. Haiitn npu6nuxeHHOe 3HayeHHe KOpHA ypaBHeHHS x—1ig x =0, KoTophlit
Haxofutcs Mexny O u 3n/2. Oms. 4,4935.

35. Boiyucqute ¢ ToyHocThio go 0,0001 xopenb ypaBHeHuS sinx=1-—x,
Ykasanue. [lpusectu ypasnenue x BHAY [ (x)=0. Oms. 0,5110 < x < 0,5111,

Pasubie 3ajauH

36. IToxasath, uTo B Kaxpofl TOuKe JeMHHCKaTH p%=a®c0S2Q KpWBH3HA
NpOHOPIHOHANbHA PAaJHYC-BEKTOPY 3TOH TOYKH.

37. Haiith uanGosbuiee 3HaueHHe pPajinyca KPUBH3HBI KPHBOMH p=asin3%.

Oms. R=3a/4.

38. HaiiTu KOOpAMHATH LEHTpPa KPHBH3HHM KPHBOH y=xlInx B TOuUKe, rfie
y'=0. Oms. (71, 0).

39. Hoka3saTh, 4TO A/ TOYEK cnMpaju ApXHMmena p=a@ NpH ¢ —>00 BeJH-
YMHAa PAaSHOCTH MEXAY Pajuyc-BeKTOPOM H PagHycoM KpPHBH3HBI CTpeMuTcs K 0.

40. Haiitu napabony y=ax?-}bx-{-c, HMEIOWYI0 C CHHYCOHROH y=sinx B
Touke (7/2, 1) obmue KacaTelbHyl0 H KpHBH3HY. Cnenate uepTex. Oms. y=

x| nx n?
= —-§+T+l —3
41. dyurnus y={ (x) onpenenena Tax:
f (x)=x® B uHTepBaNe — o0 < x <1,
f (x)=ax24-bx-c B unrepsane 1 < x < -} 0.

KakoBni MOMKHH ObHTb @, b, ¢ AIA TOro, uTOOH! JHHHA Y=/ (X) UMesa Beage
HenpepuBHYI0O KpuBH3HY? Crenate ueptex. Oms. a=3, b=-3, c=1,
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42. TToxa3aTb, 4TO pajHyC KPUBU3HBI WUKJIOMAH B JIO00H €o TOYKe BABOE
GoJsiblie IJIMHBEI HOPMAaJH B TOH Ke TOYKe.

43. Hanucath ypaBHeHHe OKPYXHOCTH KDHBH3HH napaloisl y=x2 B TouKe
(1, 1). Ome. (x+44)*+ (y——;-)2=l§§.

44. Hanucate ypaBHeHHe OKDYKHOCTH KpHBH3HH KpHBOH y=tgx B Touke

) n—10\?2 9\2 125

(T,l).Ome. (x 7 )+(y 4)_16'

45. Haiitu anuay Bceil 3BOMIOTH 3/JMNCA, HOJNYOCH KOTOPOrO pAaBHH @ H b,
Oma. 4 (a®—b%)/ab.

46. HafiTu npuGanixkeHHoe 3HaueHHe KOpHEH ypaBHeHHs xe* =2 G TOYHOCTBIO
Zo 0,01. Oms. YpaBHenne HMeeT €AMHCTBEHHHH JeHCTBHTeNbHbIA KopeHb x~0,84.

47, Haiith npuGinKeHHoe 3HAYEHHe KOpDHeH ypaBHeHns xInx=0,8 c Tou-
HOC‘{I:&(; oo 0,01. Oms. YpaBHeHHe MMeeT eJHHCTBEHHBIH ReHCTBUTENbHHIH KOpEeHb
x=x1,64.

48, HaiiTn npuGamkeHHOe 3Hauenue KOopHeii ypasnenns x?arotg x=1 c Tou-
HOC’ll‘bOISGAO 0,001. Oms. YpaBHeHHe MMeeT eMHCTBEHHBIH JeHCTBHTE/NbHBII KOPEHb
x=1,096,




TJIABA VI
KOMMJIEKCHBIE YHCJIA, MHOTOYJIEHBI

§ 1. KomnaekcHbie uncaa. Mcxopusie onpenenenus

Komnaexctoim uucrom z Ha3blBaeTcsi BhIPaXKEHHE
z=a-ib, (1)

rie a u b—Oedcmeumensrble 4Hucaa, {—TaK HasbiBaeMasi MHUMAS
eQunuya, onpepensieMasi paBeHCTBOM

i=V—1 wm #=—1; 2)

Q Ha3bIBACTCS OeilcmeumenbHoll UIN euiecmeennotl 4acTbio, b— mrumoi
yacTel0 yucsia z. MIx o6o3navaor Tak:

a=Rez, b=Imz.

Eciu a=0, 1o uncino O-ib=ib HasplBaeTCs H4UCMO MHUMBLM,
ecmn b=0, To moanyvaerca ZHeicTBuTeNbHOE uHcHo: a--i0=a. JBa

KOMIIJIEKCHBIX 4YHCaa 2=a-+ib U z=a—ib, oTIHMUaOIHecs TOABKO
3HAaKOM MHHMOH YaCTH, Ha3bIBAIOTCS CONPRNCEH-

) © sy e

@b ITpuHHMalOTCs [Ba OCHOBHBIX ONpeJeNeHHsl.
r b 1. JIRa KOMIJIEKCHBIX 4HCAa 2, =4, ib,
v H 2,=0a,+ib, CUMTAIOTCS paBHBIMH: 2, =2,,
7 r; > eclH a;=a,, b,;:bz, T. €. ecli paBHHl B OT-
JeTbHOCTH HX AeHCTBHTE/bHbIE U MHUMBIE YaCTH.
Puc. 162. 2. KomnnekcHoe uucIO 2z paBHO HYJIO:
z=a+ib=0, Torga ¥ TONBKO TOrAa, Korjia

a=0, b=0.

1. Teomerpuyeckoe H306paxkeHHEe KOMNJIEKCHHX
yucea. Beskoe KommieKcHoe 4ucsiO z=a-ib MOXHO H306pa3suTh
Ha miockoctd Oxy B Buae ToukH A (a, b) ¢ KoopauHaTamu a u b.
O6partHo, Kaxzoll Touke mjockocTH M (X, y) COOTBETCTBYeT KOMIJIeKC-
Hoe 4Hcio 2= x-+iy. TlnocKocTh, Ha KOTOpPOHl H306paxkaloTCs KOMII-
JIEKCHBIE YHCJa, Ha3bIBAeTCS NAOCKOCMGI0 KOMNACKCHOU nepemenHoll z
(puc. 162) (Ha MIOCKOCTH CTaBHTb CHMBOJ Z B KpYXKe).
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ToukaM N/IOCKOCTH KOMIJIEKCHOH mnepeMeHHOHl 2z, JexamuM Ha
ocu Ox, cooTBeTCTBYIOT AeficTBuTeNbHEe uyncia (b=0). Toukwu, Je-
xkamue Ha ocu Oy, n3oOpa)kalOT UHUCTO MHHUMBIE YHCJIa, TaK KakK B
atoM cayuae a=0. [lostomy mpu H3oGpakeHUH KOMIJIEKCHBIX YHCEJ
Ha MJIOCKOCTH KOMIJIEKCHOH nepeMeHHOH 2 ock Oy Ha3blBalOT OCbIO
MBHMBIX YHCEJ] HJIH MHUMOL ocoto, a ocb Ox— deticmeumenvHol ocero.

CoenunuB Touky A (a, b) ¢ HauaJoM KOOpAMHAT, NOJYYUM BeK-
top OA. B HekoTOphIX cJydasix YAOOHO CYHTaTh TE€OMETPUYECKHUM
H306p aXKeHHeM KOMIJIEKCHOTO 4uciIa z=a-+ib Bektop OA.

2. TpuroHoMerpuueckass GopMa 3amUCH KOMIJe-
KcHoro uuncaa. O6GosHauum uepes ¢ u r (r =>0) noasipuble Ko-
opauHatel Toukd A (@, b), cuutas HadaJo KOOpPAMHAT MOJIOCOM, a
NoJoXKHuTeJbHOE HanpaB/ieHHe ocH Ox—nmoasipHo#t ocbio. Toraa
(puc. 162) umeloT MecTo cJeylOIHE paBEeHCTBA: @ =r COS @, b=rsin g,
a cJefoBaTesIbHO, KOMIIJIEKCHOE YHCJIO Z MOXHO NIPeACTaBUTH B opme

a+tib=rcosp+irsing
HIH
z=r(cos@-+ising). 3)

BeipaxeHue, cToslliee cnpaBa, Ha3bIBAETCS MpPUSOHOMEMPULECKOL
¢opmoil 3anucu KOMIJIEKCHOro 4ucna z=a-}ib; r HasblBaeTCsl Mo-
Oyaem KOMIUIEKCHOrO 4YHCJA 2, Q—apeyMenmom KOMIJIEKCHOTO 4YHC-

Jla z; oHH 0003HAYalTCs TaK:
r=|z|, p=argz. @
BennuuHbl 7 U @ BbIpaxkaioTcs uepe3 @ U b, OuYeBHAHO, TaK:
— b
r=V a1, ¢=Arctg—.
Urak,
lzl=|a+ib|=V a* 03,
arg z = arg (a4 ib) = Arctg % . ©)

AprymMeHT KOMIJIEKCHOTO YHCJA CUMTAeTCS MOJOKHTeNbHBEIM, eCJIH
OH OTCYUTBHIBAaeTCSl OT MQJOXKHTEJLHOrO HampasjeHHs ocH Ox TpPOTHB
4acoBOH CTPEJKH, H OTPHIATeJbHBIM NPU NPOTHBONOJIOXKHOM Hanpas-
JeHnu orcyera. OueBHAHO, 4TO apryMeHT ¢ onpelensiercs He OHO-
3Ha4yHO, a C TOYHOCTbIO J0 cJaraemoro 2mk, rie k—Jo6oe neJoe
YHCJIO.

_ 3ameuanwue. ConpsikeHHble KOMILIGKCHBIE 4HCIA z=a-+ib H
z=qa—ib wMeloT paBHBHI® MOAYJH |z|=]|z|, a X apTryMeHTHl paBHbI
no aGCoOJMIOTHOH BeJHYHHE, HO OT/IHYAIOTCS 3HAKOM: argz= — arg z.

OrmeTuM, 4TO AeHCTBHTEJbHOE YHCAO A Takke MoxeT ObITh 3a-

nucaio B ¢opme (3), a UMEHHO:

A=|A|(cosO04isin0) npu A >0,
A=|A|(cosn+isinn) npu A <O,
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Mogyab kommiekcHoro uucia O -paeHsiercst Hymo 0: |0]=0. B xa-
yecTBe K€ aprymeHTa HyJisl MOXKHO NpPHHATb JmoGofi yron ¢. [eficr-

BHTEJIbHO, AJA JOGOro yrja ¢ HMeeT MECTO paBEeHCTBO
0=0(cos@-ising).

§ 2. OcHoBHble jaeicTBHA HAJ KOMIVIEKCHBIMH YHCJIAMH

1. Cnoxenune KOMNJAeKCHHX u4Hcesd. Cymmoi JBYX
KOMILIEKCHBIX 4HceN 2;=a,+ib, u 2,=a,--ib, HasbiBaeTcs KOMI-
JIeKCHOE 4HCJIO, ONpejelsieMoe PaBeHCTBOM

2,42, = (a; 4 b)) + (@, + iby) = (a,+a,) + i (b, by). (1)

Hs cdopmyasr (1) caexyer, 4T0 CJOXKEHHE KOMIJIEKCHBIX YHCe,
M300pPaXKeHHbIX BEKTOpPAaMH, NPOM3BOAHTCH IO NPABUJY CJOMKEHHS
BEKTOPOB (puc. 163, a).

yA
Pty AN
" N
2z, z, N
Z3
0 & i
Puc. 163.

2. BruuTaHHe KOMNJEKCHHX 4YHcea. Pasnocmeio
OBYX KOMIVIEKCHBIX uHceNl 2y=a,+ib; U 2,=a,- ib, HasbBaercs
TaKoe KOMIIIEKCHOE 4HCJIO, KoTopoe, GyAyYH CJIOXKEHO C 2,, HaeT B
CyMMe KOMILJIEKCHOE YHCJIO Z,:

23—2,= (@, + b)) —(a, +ib,) = (a,—a,) + i (b;—Db,). (P

OrmernM, 4YTO MOAYJb pasHOCTH JABYX KOMIJIEKCHBIX 4HCEJN paBeH
PacCTOSHHIO MEXAY ToukaMH, M306paKaloOUMMH 3TH YHCJA Ha IJIOC-
KOCTH KOMIJIEKCHO! nepemeHHo# (puc. 163, 6):

|2,—2,]|= 4 (@, —ay)*+ (b, —0,)>.

3. YMHOXeHHEe KOMNJEKCHBX uuceJs. IIpoussedenuem
KOMIJIEKCHBIX uqHcel 2g=a,}ib, u 2,=a,--ib, HasbiBaeTca Takoe
KOMILJIEKCHOE YHCJIO, KOTOpPOe IOoJIyuaercdl, €cJH Mbl NepeMHOXaeM

3TH YHCJIa KaK ABYUYJIEHBl 0 IpaBHJIaM a.nreﬁpbr, YUYuTHIBasg TOJbKO,
4yTo

o], P=—i(, =(—1i).i=—P=1, #=i ur A,

H Boobme mpu Jo6oM HesnoMm k
4k — 1, {aR+E i, @Wrio ] jeR+s—__ |
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Ha ochoBanuu storo mpasuna nomyuaem
22, = (a,+ iby) (a, +ib,) = a,a, + ib,a, + ia,b, -+ i*b,b,,

2:2,=(2,a,—b,b;) +i (0,2, +a,b,). ©)]
ITycTe KOMIJIEKCHEIE YHCJIa JAaHBI B TPHTOHOMETpHUYecKOil topme:
2=r,(cos@,-}ising,), 2,=r,(cosP,-}ising,).
Hafinem npousseneHne 3THX 4HCeN:

2,2, =r,(cOS @, + i sin,) 7, (COS P, + i sin @,) =

=r,ry[cos @, cos @, -+ i sin @; cos ¢, 4 i cos @; sin @, + i? sin @, sin @,]=

= r,r,[(cos @, cos @, —sin @, sin @,) 4 i (sin ¢, cos @, + cos @, sin@,) =
=Tl [COS (P, + P2) i sin (¢, -+ Wz)]‘

HIIH

Takum o6pasom,
2,2,=r,7,[cos (p, + @,) 41 sin (¢, +@,)], 3"

T. e. npoussederue 08Yx KOMNAEKCHbIX HUCEA eCMb mMAKoe KOMNAEKC-

Hoe uycao, modysb KOmopozo paser npoussedenuto mModyarel COMHONCU-

meneil, a apsymenm pABEH CYMMe QP2YMEHMO8 COMHONCUmMEned.
3ameuanue 1. IlponsBenenne cONpsKEHHHIX KOMIJIEKCHBIX YH-

cen z=a-+-ib u z=a—ib B cuny pasenctsa (3) BIpaXaercs TakK:
2z =a*+b%,
WJH
2zz=|z]P=|z.

IMpousseseHne cOMpsKEHHHIX KOMIJIEKCHHIX YHCEN PpaBHSIETCH
KBaJpaTy MOAYJS KaXIOrO M3 HHX.

4, leleHHe KOMIOJEKCHBX UYHceJ. JlereHue XoMmijekc-
HBIX 4YHCeJl onpefiessieTcsi KaK AeficTBHe, OGPaTHOE YMHOMKEHHIO.

Mycte z=a,4ib,, 2z,=a,-+ib,, |2,}= Vag +b3=£0. Torma
ﬁ

z =2 €CTb TAaK0€ KOMIIJIEKCHO€ YUCJO, UTO 2;=2,2. Ecmu
2

a4-iby .
a:+ib:_ x+1iy,
TO
a,+ ibi = (a2+ ibz) (x—l—iy),
HJIN

@, + iby = (2, — byy) +i (a4 4 by%);
X H Yy ONPefensioTcss U3 CHCTEMB ypaBHeHHH

a;=a,x—by, bg="b,x-a,y.
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Petas CUCTEMY, HAXOAHM

_ 005 +Eiby _ Gbi—aiby
arb; ' a3 +b3
OKOH'-[aTeJIbHO nojny4yaemMm
aqas-+bb . Qobj—abs
—mackb | obady @
az b az + 02

TlpakTuyecku HesleHHe KOMILJIEKCHBIX YHCEJN BBHIMOJHSETCS CleLyio-
MMM 06pa3oM: YTOObl PasfeNuTb 2, =a,-ib, Ha z,=a,-}ib,, ymMHO-
JKHM JieIMMOe M JeJHTe/]b Ha KOMIUIEKCHOE YHCJIO, CONpSRKEHHOe
Jenutenmio (T. e. Ha a,—ib,).

Torpa penurenem Gyaer JefCTBHTENbHOE YHCJIO; Pa3feNHB Ha HETO
AefiCTBUTEJbHYIO H MHHUMYIO 4acTH [JEeJHMOTO, MOJYYUM YacTHOe:
a1+ iby _ (ay+1iby) (@a—ibs) __ (102 +b1bo) +i (001 —aiby) _
aa4-iby ~ (aatibg) (ax—1ib) a3--63 -

— @185+ bib, i asbi—aybs
az--b2 a2+ *

Eciu KOMIJIeKCHbIe 4HC/a JaHH B TPHTOHOMETPHUEcKOd dopMe:
2y=r; (COSQ,+ising;), 2z,=r,(CO3Q,+ising,),

TO

2y _ ri(cos@i-ising;) _ri ? i

ﬂJIH IIPOBEPKH 3TOr'0 paBE€HCTBA HOCTATOYHO YMHOXKHTb JE/JHUTEIb HA
YacCTHOE:

ry(cos @, +ising,) :—i— [cos (p; — @,) + i sin(p; — @,) ] =
= 7y 7L [C0S (9, -+ Px — @) 41 SIn (@, + @ — @u)] =1 (cos g +-isingy).

Takum oGpa3oM, M00yArb 4aACmHO20 08YX KOMNAEKCHLIX HUCEA paBeH
yacmuomy mooyreil Oeaumoeo u Oeaumens; apeymenm 4aCmHo20 Paser
pasrocmu apeymenmos 0eaumozo u Oeaumens.

3amevyanue 2. M3 mpaBun AeficTBUA Hal KOMIJIEKCHBIMH YHC-
JlaMH CJIefyeT, YTO B pe3yJbTaTe onepauuil CJoXKEeHUs, BHYUTAHHS,
YMHOXKEHHS] M JeJeHUs] KOMIUIEKCHBIX YHCeJ MoJy4aercss CHoBa KOMII-
JIEKCHOE 4YHCJIO.

Ecnu mpaBuna neficTBUil Haj KOMIVIEKCHBIMH YHCJAMH IPHMEHHTD
K JefCTBHUTEJbHEIM YHCJaM, paccMaTpHUBas MX KaK YaCTHBIH caydait
KOMILJIEKCHBIX, TO 3TH NpaBuJa GYAyT COBNajaTh C OGHLIYHEIMH Ipa-
BUJIaMU JeficTBUH, M3BECTHHIMH U3 apH(METHKH.

3ameuanue 3. BepHyBiuuch K onpeseleHHsIM CYMMEI, pa3HOCTH,
NpOH3BEJEHHS U YaCTHOTO KOMIVIEKCHBIX 4HCeJ, JIerKo IpPOBEpHTb,
4TO €CJIH B 3THX BHIPQXKEHHSX 3aMEHHUTb KaKJoe KOMIJIEKCHOE YHCJIO
CONPSKEHHBIM, TO M pe3yJabTaThl YKa3aHHBIX JAeHCTBHA 3aMeHAIOTCH
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conpsikeHHBIMH unciamu. OTciona, B 4aCTHOCTH, BHITEKaeT CJEAYio-
masA Teopema.

Teopema. Ecau 8 mHozouren ¢ OeiicmeumenvHoimu Kodgppuyu-
enmamu Ax"+ A x" "+ ...+ A, nodcmasume 6mecmo X HUCAO
a+ib, a 3amem conpascerroe uucro a—ib, mo u peayremamo: 3mux
noocmanosox GyOym 63AUMHO CONPANCEHHIMU.

§ 3. Bo3BegeHHe KOMIJIEKCHOTO 4YHCJA B CTeneHb
H H3BJeYeHHe KOpPHS M3 KOMILJIEKCHOTO 4HCia

1. BosBenenue B cTenens. M3 dopmyas (3') npeasiaymero
naparpacga cjefyer, YTO €CJH n— IeJ0oe MNOJOXHTeNbHOE YHCIO, TO

[7 (cos @+ i sin @)]* = r* (cos np i sin ng). (1)

dra ¢opmyna HaswiBaercs gopmyroti Myaspa. OHa nOKa3bIBaeT,
YTO NPuU 8036e0eHUU KOMNACKCHOZ20 HUCAQ 68 Ueayto NOAOWUMEAbHYIO
cmenenb MoOYAab 603600UMCSL 8 3My CMENEHb, G APSYMEHNM YMHOH Q-
emca Ha NoKasamenv CmeneHu.

PaccMoTpuM Temepp elie OfHO NpuJoXkeHHe ¢opMyasl Myaspa.
Ilonaras B 3Toii ¢opmyne r =1, nomydyum

(cos ¢ -} i sin @)* = cos np -} i sin no.

Pasnarass neByio uactb no ¢opmyse 6usoma HeloToHa u npupas-
HUBasg J[EeHCTBUTE/bHbIE ¥ MHHMBIE YacTH, Mbl CMOXEM BbIPa3suThb
sinng U cosng uepes cremeHd sing H cos¢. Tak, Hanpumep, B
cayyae n=3 mojydyaeMm

cos® @+ i-3 cos?esing — 3 cos @ sin? ¢ — i sin® @ = cos 3¢ -} i sin 3g;

- UCTIONb3Ysl YCJIOBHE PABEHCTBA LBYX KOMIJIEKCHBIX YHCeJ, MOJYYHM

cos 3¢ = cos® ¢ — 3 cos @ sin® @, sin3¢=—sin® ¢+ 3cos? @sing.
2. UaBneuenne KopHA. KopHem n-i cmenens H3 XoMI-

JIEKCHOTO YHMCJIa HA3BIBAETCSl TAKOEe KOMIJIEKCHOE YHCJIO, n-5 CTeneHb
KOTOPOro paBHsIETCS NMOJAKOPEHHOMY HHCJHY, T. €.

Vr (cos @+ i sin ¢) =p (cosP i sin P),

p” (cos np+i sin mp) = r (cos @4 i sin ).

Taxk Kak y paBHBIX KOMIIJIEKCHBIX UHCEN MOAYJH JOJKHBI OHITh
paBHbI, a apryMeHTbl MOTYT OTJMYaThCsl HAa 4YHCJO, KpaTHoe 27, TO
2kn
p*=r, mp=q@-+2kn. Orciona Haxogum p= 1/ 7, p=FT=F + , The
k — mo6oe uenoe uncio, y/ r — apupMeTHUECKOE (T. €. nencmme.nb-
HOE TOJIOKHTEJbHOE) 3HAYEeHHE KOPHS M3 IOJOXHTEJbHOrO YHCJIA 7.
CrieoBatenbHO,

Vr(cosotising)=1y/7 (cos +2kn+zsm +2kn) . @)

€cJin
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Mpunasas k snawenus 0, 1, 2, ..., n—1, noayuum n pasiany-
HbIX 3HadeHuil KopHA. Jas apyrux suayeHuii R aprymeHTH OyayT
OTJINYaThCA OT MOJYYEHHBIX Ha YHCJO, KpaTHoe 2%, M, CJeNOBaTelib-
AV HO, TOJIy4yaTcsi 3HAYeHUs1 KOPHs, COBNAjaiouine
B C PacCMOTPEHHBIMH.

Urak, Kopewp n-i cTemeHH M3 KOMILJEKC-
HOro 4YHCJa HMeeT n PasjMYHBIX 3HaueHHH.
Q?' a KopeHnb n-ii creneHu M3 JeHCTBHTENbHOIrO
o/ ————7 % uucia A: OTJIHYHOTO OT HYJH, TaKXKe HMeeT n
3HayeHU#, TaK KaK AEHCTBHUTEJIbHOE YHCJO $B-
JIIETCSl YaCTHBIM CJyyaeM KOMIIJIEKCHOTO U MO-

C XKeT ObITh NPEACTaBJCHO B TPHUTOHOMETpHYEC-
Kol copme:
Puc. 164. eciu A>0, 10 A=]A|(cos0+isin0);

ecit A<0, 10 A=|A]|(cosn+isinm).

Mpumep 1. HaliTh Bce 3HaYeHHS KYGHUECKOTO KOPHS M3 €AHMHHIHL,
Pemenne. IlpeacraBuM efnHHIY B TPHrOHOMETPHYECKOH (opme:
1=c0s0-}isin0.
ITo dopmyae (2) nmoayuaem
042k

3/7_ /T o .
l/l—'/co::,()—i-tslﬂo__cos 5—-+isin

0} 2kw
3

[Monaras k£ pasueM 0, 1, 2, HaxofMM TPH 3HAYeHUS KOPHA:

x;=co0s 0} isin 0=1, x;=rcos (2n/3)+ isin (27/3), x3=cos (4n/3)-}i sin (47/3).
YuuThBasg, 410

cos (211/3) =—1/2, sin (21/3)=V 3/2, cos (4n/3)=—1/2, sin (4n/3)=—V 3/2,
nonyuaeM x;=1, xy=—1/2+4iV 3/2, xs=—1/2—iV 3/2.

Ha puc. 164 touku A, B, C ABAAOTCA TIeOMETPHUYECKHMH MH306paxKeHUusIMH
NONy4eHHBIX KOpHeH.

3. Pemenne 1ByuJeHHOTO YpaBHEeHHA. YpaBHeHHe BHJA
xn=A

HasbiBaeTcsi OgyuienHowm. Haifinem kopHu storo ypasHeHus. Eciu A
€CTb JeHCTBHTE/NbHOE MOJOXKHTENbHOE YHCJIO, TO

n/=3 2kt . .. 2km

x=1/A(cos—n-+tsm—n—) (k=0, 1, 2, ..., n—1),

Buipaxkenne B CKOOKax fJaeT Bce 3HaueHHs KODHA n-i cremeHH u3 1.
Ecnmu A — peficTBHTe/IbHOE OTpHIIaTENbHOE YHCJO, TO

N TAT nt+2kn . . w2k
x=Y14] (cos—T——-l-z sm——n—).

BripaxeHne B cKoGKax Jaer Bce 3HaYeHHS] KOPHsA n-i creneHu us —1.
Ecau A — koMmnjiekcHoe uuCJ0, TO 3HAYeHHS X HaXOAATCA {10
dopmyie (2).
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ITpumep 2. Pemnrs ypasuenue xi=1,

Pemeunne. x= 1/cos 2ksi+-isin 2kn = cos (2ksnt/4) 4 i sin (2kn/4). Tlona-
rasg k pasuem O, 1, 2, 3, nonyuaem
% =c0s04isin0=1,
Xg==c0s (2n/4) -+ isin 2n/4) =i,
x3==c0s (4n/4) 4 isin (4n/4) =—1;
Xxg=c0s (6rt/4) - i sin (6m/4) =— i.

§ 4. llokasareabHas (YHKLHS C KOMILJIEKCHBIM MNOKa3aTejiem
H ee CBOMCTBA

IMycte 2=x-4iy. Ecau x u y — peiicTBuTebHbIE NEPEMEHHLIE, TO
2 Ha3bIBAeTC KOMIUIEKCHOH mNepeMeHHOH. KaxJoMy 3HaUEHHIO KOMII-
JIeKCHO#l nepeMeHHOH z Ha mJockocTH Oxy (INOCKOCTH KOMI-
JEKCHOH mnepeMeHHOHN) COOTBETCTByeT OMNpejie/leHHas TOUYKa
(cm. puc. 162).

Onpenenenue. Ecam KaxioMy 3HaueHHIO KOMILIEKCHOI mepe-
MeHHO!i z W3 HEKOTOpOil 006JIaCTH KOMIJIEKCHBIX 3HauyeHWi COOoTBeT-
CTBYeT onpeleJieHHOe 3HaueHHe APYroil KOMIJIEKCHOH BeJHYHHBI @, TO
W eCThb (YHKYUS KOMNAEKCHOU nepemennot z. QDYHKUHH KoMILIeKe-
HOTO apryMeHTa 0G03HavawT @ = f (2) W W =w (2).

3ech Mbl PAaCCMOTPHM OJHY (YHKIHIO KOMIIEKCHOH nmepeMeHHOH —
NoKasaTeNbHYI0 (YHKIHUIO

w=e?,
U
w=e*+i’,

KoMnnekcHble 3HauyeHHs (QYHKIHMH @ ONpeNeNsioTcs Tak *):

e*+i¥ = ¢* (cos y 4 i sin y), (1)
T. €.
w (2) =€* (cos y +isiny). @)
Ilpumeps:
1+£i —_ —
L z=l—|—%i. e Y =e¢ (cos%—{—isin%):e(#.}_iVTQ_),
o+2;
2. 2=0+%l’, e P = (cos g-l-isln—;)_—_—i,

3. z=1-41, el+i=e¢l (cos 14 isin 1) ~ 0,54-4i.0,83,

4. 2= x—leHCTBHTENAbHOE UHCNO, e*+0 =¢* (cos 0--i sin 0) =¥ —obbiunasn
n0KasaTenbHas (QYHKIHA.

CeoficTBa moKkasaTedbHONH PYHKUHUMU.
1. Ecin 2, U 2,— IBa KOMILUIEKCHBIX 4HCJa, TO

eh+2: — ptip?s, (3)

*) Llesecoo6pasHoCTb TaKOro ONpPefeNieHNnsl MOKa3aTeNbHON QYHKINHE KOMNJEKc-
HOl nepemeHHOH OyneT nokasaHa H Huxe, cM. § 21, ra. X1 n § 18 ra. XVI
(r. 1I).




214 KOMITNEKCHBIE YHCJIA. MHOTOUYJIEH DI (ria.vil

HokasarennbctBo. Ilycrs
2, =X +1ys, 2y =X, +1Ys;
Toraa

eA1t2: — e(xt"‘iyt)“‘(xz“‘ié’z) = e(X1+x2)+i (Y1 +Y2) —
= ene*:[cos (y; 4 y,) i sin (y; + )] 4)
C npyroit cTOpoHbl, HAa OCHOBAaHHH TEOPEMHI O IIPOH3BENEHHH ABYX
KOMIJIEKCHBIX YHCeJl B TPHUTOHOMeTpHuYecKoH ¢opme OyaeM HMeTb
eue?s = eXr+ilipketiye — e%i (cOS Yy, -+ i sin y,) e¥: (cos y,+isiny,) =
=exer:[cos (y,+y,) +isin (yi+y)]. ()
B paBencrBax (4) u (5) npaBble YaCTH PaBHEI, ClefOBaTeNbHO, PaBHEI
H JieBble: eit?:— g%ie?:,
2. AnanoruussiM o6pasoMm JoKasbiBaeTcs (opmyJia
- ez‘
e = (6)
3. Ecan m — uenoe 4ucio, TO

(e =em. ™
Ipu m >0 sra ¢opmyna nerko nosyyaercsi Ha OCHOBaHHH (HOPMYJIbI
(3); ectu m < 0, To oHa nosyuaercsi Ha ocHoBaHHU (opmy (3) u (6).
4. CnpaBenyiuBo TOXKIECTBO
e2t2mi — pZ (8)
HeiicTBurensuo, no ¢opmynam (3) u (1) nmonmyuaem
e2+2M — pZe2M — 2 (cOs 21 - i sin 2;) = €2,

Ha ocHoBanuu Toxaectsa (8) cieayer, 4To nokasarenbHas QyHKIUS e*
ecTb mepHoAudeckas GyHKuUsi ¢ nepuodom 2mi.
5. PaccMorpum, Jajee, KOMIJIEKCHYIO BeJHYHHY

w=u(x)+iv (x),

rae u(x) u v(x) — HeficTBUTe/IbHble QYHKUUH AEHCTBUTENBLHOH Iepe-
MeHHOH x. DTO ecTb KOMNAeKCHAA (QyHKyus Oelcmgumenbroi nepe-
MEHHOU.
a) Ilycts cymecTByOT npeaessl
lim u (x) =u (x,), lim v (x) =v(x,).
X Xo X = X,
Toraa u (x,) 4+ iv (x,) = w, Ha3LIBAIOT Mpedesom KOMIIEKCHOH mepe-
MEHHOH w.
6) Ecau cymectByior mpousBojnsie u' (X) u v’ (x), TO BblpaxeHue

wy=u’ (¥) +iv’ (x) ©)

6yneM HasblBaTh npou3go0Hoti KOMIJIEKCHOH (PYyHKIHH JefCTBUTEIbHOM
nepeMeHHON [0 JeHCTBHTENbHOMY apryMeHTY.
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PaCCMOTpHM, JaJjee, CJeYIOUYI0O NOKa3aTeJbHYIO @yHKHI/llO:
W = e%x+ipx — pla+ip) %
rje o u ﬁ— MIOCTOSIHHBIE JEHCTBHUTENbHBIE yucaa, a X — NeACTBUTENb

Has nepeMeHHas. DTO ecThb KOMIVIEKCHasfi (PYHKUHs AeHCTBUTENbHOH
nepeMeHHOH, KoTopylo mo ¢opmyJe (1) MOXHO nepemucaTb Tak:

w = e**[cos Px 4 i sin fx]
WM
w = e%* cos fx + ie** sin fx.
Haiizem npoussopuyio wy. ITo ¢popmyne (9) Gyzem umernb
w;, = (e** cos Bx)’ + i (e** sinPx)’ =
= e%* (o cos Px — P sin Px) + ie** (o sin Px -+ P cos fx) =
= a[e** (cos Px + i sin Px) ]+ if [e** (cos Px + i sin Px)] =
= (a4 if) [e** (cos Px + i sin Px)] = (a + if) elx+iB) ¥,
Hrak, ecin w=e@tiB)* 10 0 = (o4 if) e@+iB* wnu
[e(a+i3) x]' — (a + lﬁ) ela+ip)x (10)
Takum o6pa3oM, ecan R -— KOMILIEKCHOE YHCJIO (B YaCTHOCTH AefCTBH-
TeJbHOE) H X — NeHCTBHTENbHOE YHCJO, TO
(%) = kek*. 9"
IMonyunnn obbiynylo ¢opMyny AudpdpepeHUHPOBaHHSI NOKA3aTeNbHOM
¢yukuun. Ianee,
()" = [(ekx'v]' =k (e7%)" = k2ek¥
H TIpPH TPOH3BOJIBHOM 1
(ekx)(n) — krekx,

Atn GopMyJBl HaM NOTpebyloTcs B AajbHeiiieM.

§ 5. ®opmyaa Jiinepa. Iokasarensnas gopma
KOMILJIEKCHOT'O 4HCJa

Ecau B gopmyne (1) npeapiaymero maparpaga mosmoxum x=0,
TO TOJYYHM: )
e¥=cosy-isiny. (1)
310 ecTb popuysra Jiisepa, BHIpaxaoas NOKA3aTENbHYIO (GYHKIHIO
C MHHMBIM [OKa3aTe/jleM uYepe3 TPHUTOHOMeTpHUYecKHe (YHKIIHH.
3amensia B dopmyse (1) y Ha —y, nonyuum
e~W=cosy—isiny. 2)
M3 pasencts (1) u (2) Haiinem cosy u siny:

e ety . €Y —e= 9
sy =—7z—", sinyg=—y—o , 3)
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[Nocnennumu popMysaMH NOJB3YIOTCS, B YaCTHOCTH, AJIsi BbIpaXKeHUs
CTeneHel COS@ M Sing M MX NPOU3BeleHHMH uepe3 CHHYC H KOCHHYC
KpaTHBIX AYT.

[Mpumep 1.

iy -iy \2 .
C°S2y=<e—+-2£—> = -4—1- (20424t 2) =
1

=7 [(cos 2y+-isin 2y) +2 -} (cos 2y —i sin 2y)] =

=1 (200529 +2) = (14 cos 29).
[Mpumep 2.

{p —ip \2 iQ —-ip \2 i-2Q —-i-20)2
2 o[ €%Fe e? e — (29 —¢ ) —
cos™@sin ‘P_( 2 % Tan

1 1
=—3 cos 4q>+§.

[TokasaTtenbHass ¢opMa KOMNOJAEGKCHOTO YHCJA.
IlpescTaBuM KOMIIEKCHOE YHC/IO B TPHTOHOMETPHYECKOH (hopme:

2=r(cosp+}ising),

Tle r—MOAYJb KOMIUIEKCHOrO YHCJA, ¢ — apryMEHT KOMIIJIEKCHOrO
unca. Ilo popmyne Diinepa

cosp--isingp=_ei®, “4)

CJIe,E[OBaTeJIbHO, BCAKOE€ KOMINIEKCHOE YHCJO MOXKHO NnpeacTaBUTh
B TdK Ha3plBaeMOH NMOKa3aTeJbHOH Qopme:
= re'e,
IMpumep 3. Ilpercrasuts umcna 1, i, —2, —i B nokasatenbHOl dopMe.
Pemenune. )
1 =cos 2kn i sin 2ky = 2K,
Iy
. n . I 2
=C0S —}-i sin =
{=cos i sin 5 =¢ k
—2=2 (cos i sin ;) = 2¢',

L
—i==Ccos (— %)—Hsm (-—g—)=e :,

Ha ocuoBanuu croiicts (3), (6), (7) § 4 noxasareabHolt ¢byHKILHY
JIETKO NPOUSBOAATCA JEHCTBHUSl HaJ KOMIUIEKCHBIMH YMCJIAaMH B IOKa-
saTeJbHOH (popme.

Iycte uMeeM z; =rei®, z,=r,ei%:, Torga

212, = flel"m 1,6l = rlrzei (P1+92), (5)
3TOT pe3yabTaTr coBnaiaer ¢ ¢dopmyJoi (3') § 2.

1
a_ ne® _n oy @u=0a); (6)
23 fgeiq)’ rs
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aTa ¢opmysa coBmaiaer ¢ gopmyaoit (5) § 2.

2" = (re’®)" = rreine; (7)
ara ¢opmyna coBnanaer ¢ dopmynoir (1) § 3.
_ _ ':q,)+2k7t
Vree="1"re n (=0, 1,2, ..., n—1); 8)

sra ¢opmyna coBnagaer ¢ dopmyaoii (2) § 3.

§ 6. Pa3joxeHHe MHOrouJeHa HA MHOXHTEIH

DyaruUa
f)=Ax"+Ax""1+ ...+ A4,

rje n — Lejoe YUCJIO0, KaK M3BECTHO, HA3bIBAETCS MHO204ACHOM (noAU-
HOMOM) WM Yenoll payuoHasbHoil (yrnkyuell OT x; YUCJIO N HAa3bIBAETCSH
cmenenblo MHozousena. 3nech Kodppuuuentsl A,, A, ..., A, —nei-
CTBHUTENbHbIE WJH KOMIUIEKCHBIE YHCJa; He3aBHCHMasi INepeMeHHas x
TaKXKe MOXET NPUHUMATh KakK JefCTBUTENbHbIE, TaK H KOMIJIEKCHbIE
3HaueHus. KopHem MHOrousJeHa Ha3pBaeTcsl TaKoe 3H ayeHHE Mepe-
MEHHOH X, NPH KOTOPOM MHOTOWJIeH ofpaimiaercs B HYJb.

Teopema 1 (reopema Besy). [Tpu Oerernuu muoeousena f (x)
HQ pasHocme x—a noaydaemcs ocmamox, pasHoui f ().

Hoxaszartenbctso. [lpu genennn f (x) Ha x — a yacTHBIM OyJer
MHOTroOuJIeH f, (x), CTeneHb KOTOPOro Ha €JMHUIYy HUXKE CTeneHH f(x),
ocTaTKoM GyJeT nocTosiHHoe uucyo R. Takum o6pa3om, MoxkeM HaluCaTh

f¥)=x—a)f, (x)+R. ¢y

D10 paBeHCTBO CNpPABEJJIKBO NPH BCEX 3HAUEHHUSX X, OTVIMYHBIX OT G
(neneHye Ha X —a NPH X=a HEe HMEET CMEICJ]a).

3actaBUM Temepb X CTpeMUThcsa K @. Torpa npepen JieBoi 4acTH
paBenctBa (1) paseH f (a), a npexen npaBoil yactu paBeH R. Tak Kak
dyHkuuu f(x) U (x—a)f, (x)+R paBHbl Mexay coGoil A1s Bcex
X5=a, TO paBHB M MX Opefessl npu x—a, T.e. [ (a)=R.

CnencrBue. Ecau a ecmp xopeno muozounrena, m.e. f(a)=0,
mo f(x) Oeaumca 6e3 ocmamka Ha X—a u, credosamensno, npeo-
cmagasemcs 6 eude npouseeenus

f)=(x—a)f, (%),

20e [, (x) — mrozounen.
NMpumep 1. Muorounen f(x)=x3—6x2411x—6 npu x=1 o6pamaercs
B HyJ b, T. €. f(1)=0, nostoMy naHHBI/i MHOrouJeH Aenutcs 6e3 octaTka Ha x—1:
x—6x2411x—6=(x—1) (x*—5x-6).
[lepeiinem Temepp K pacCMOTPEHMIO ypaBHEHHiHl C OXHHM HEH3BECT-
HBIM X.

Besikoe uHCO (HeHCTBHTENbHOE MM  KOMILJIEKCHOE), KOTOpOE,
Oynyud NOACTaBJeHO B ypaBHEHHe BMECTO X, OOpaijaeT ypaBHEHHE
B TOXK/ECTBO, Ha3bIBAaeTCA KOpHEM ypaBHEHHS.
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Mpumep 2. Uncna x;=mn/4, x,=>5n/4, x3=9n/4; ... ABJAAOTCI KOPHAMH
YPpaBHEHHs €OS x=s8in x,

Ecau ypaBuenue umeer Buj P (x) =0, rxe P (x) — MHOIOYJEH CTe-
NeHUu n, TO 3TO ypaBHEHHe Ha3bIBaeTCs as2e0paudecKusm ypaBHEHHEM
creneHd n. Y3 ompepeseHus cjeayer, 4To KOpHH aJjreGpanueckoro
ypaBHeHus P (x)=0 Te xke, 4TO M KOPHH MHOroujeHa P (x).

EcrecTBeHHO, BO3HHKaeT BOMNPOC: BCSAKOe JH ypaBHEHHEe HMeEET
KOpHH?

B ciayuae HeanreGpauueckoro ypaBHEHHS OTBET OTpHLATENEH:
CYIIECTBYIOT TaKHe HeajreGpanuyecKue ypaBHeHHs, KOTOpble He HMeloT
HY OJHOIO KOpDHS — HH JEHCTBHTEJbHOro, HH KOMILIEKCHOTro, HanpH-
Mep ypaBHeHue e*¥ =0 %).

OzHako B ciyyae ajareGpaHyecKoro ypaBHEHHs OTBET Ha MOCTaB-
JIEHHBIH BOIPOC MOJIOKUTEIEH. DTOT OTBET JaeTCsi OCHOBHOH TeopeMoi
anre6pol:

Teopema 2 (ocHOBHas Teopema aJare6pn). Bcakas
yeran payuonarvHas pyukyua f(x) umeem no Kpaiueil mepe 00uH
Kopenb, OelicmeumenvHoli ual KOMNACKCHbLL .

dra Teopema JOKa3blBaeTcsi B Bhicmell anare6pe. 3xecb MH ee
npumeM Ge3 J0Ka3aTesbCTBA.

IMosb3ysch ocHOBHON TeopeMoil anreGphl, JErko A0KasaTb CIERyio-
HIYIO TeopeMmy.

Teopema 3. Beaxuii mHozouren n-il cmenenu pasrazaemcs Ha n
AUHelHbLX MHONCUmMenel 6u0a X—a U MHOXCUMEAb, pasHblil Kospgu-
yuenmy npu x".

JoxkasareabcTBo. Ilycts f(x) ecTh MHOrouleH creneHd n:

Fry=Apxr+Axn14 ... +A,.

STOT MHOrouY/eH B CHJy OCHOBHOH TeopeMbl HMeeT IO KpaiiHeil mepe
OJIUH KOpeHb; 0603HAYHM ero yepe3 ;. Toria Ha OCHOBAHHH CJeA-
CTBUSI U3 TeopeMbl De3y Mbl MOXeM Hamucarb

f ()= (x—a)fi(x),

rae f,(x) —wmHorounen (n— 1)-it crenenu; f,(x) Tak:ke HMEET KOpEHb,
O6o3nauum ero uepes a,. Toraa

fi (x) = (x—az) fz (x)v
rae f,(x) —MHorounen (n—2)-ii creneHu. AHaJOTHYHO

f2 (%) = (x —a5) f5 (%).

#) Ile#icTBHTeNbHO, €caM GH 4HC/I0 Xy =a-bi GBIIO KODHEM 3TOTO yPaBHEHHS,
TO HMeJI0 6B MECTO TOXJAeCTBO e®+0i=0 unu (Ha ocHoBanHHu GopMyss Jiinepa)
e% (cos b-}-isin b)=0. Ho e? He moxeT paBHATbCA HYJIO HU NPH KaKOM JAeiHCTBH-
TeJIbHOM SHAYEHHH @; TaKXKe He PaBHO HYJIO cOS b-}-isin b (Tak Kak MOAYJb 3TOro
ancna pasen V cos®bt-sin?bh=1 npu JmoGeix b). CienoBaresibHO, U NPOU3BENEHHE
€4 (cosbtisinb) #0, T.e, ed+b £ 0, HO 310 3HAUWT, YTO ypaBHeHHe e* =0
He HMeeT KOpHefi.
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IIpono/mxkast 3TOT mpolecc BHAEACHHA JHMHEHHBIX MHOMXKHTENeH,
JoiaeM JO0 COOTHOIUEHHS

fn—l (x): (x‘-an) fm

rae f, — MHOrouwleH HyJ/eBOH CTemneHH, T.e. HEKOTOpoe (PUKCHpOBaH-
HOE YHCJIO. DTO YHCJIO, OYEBHJHO, PABHO KO3hGHULIHEHTy mpH X",
T. e f,=A,.

Ha ocHoBaHMH NOJIyYeHHBIX DaBEeHCTB MOXKEM HaMHCaTh

f(x)=Ao(x_al)(x—a2) see (x—an)‘ (2)
U3 pasnoxenus (2) crenyer, uTo YHCJIA dg, Qy, . . ., A, CYTb KOPHH
MHOTOu/IeHa f (X), TaK KaK NpPH MOJCTAHOBKE X =y, X =0y, ..., X=0,

fipaBasi 4acCTb, a CJI€fOBaTeJbHO, U JeBas oépamaeTCﬂ B HY/Jb.

ITpumep 3. Muorounen f(x)=x%—6x2-+411x—6 o6paiaercs B HyJb NpH
x=1, x=2, x=3. CaegoBarensuo, x*—6x2411x—6=(x—1) (x—2) (x—3).

Hukakoe 3HaueHue x=a, OTJIHYHOE OT ‘Q;, Qyy + .., Q,, HE MOXKET
6blTh KOpDHEM MHOrouseHa f(x), Tak Kak HH OJHH U3 MHOXHUTeJeil
B NpaBOi 4YacTH paBeHCTBa (2) He oOpamaercsi B HyJb NPH X=a.
Orciofia BHITEKaeT cleayiomee NpejsioKeHue,

MHnozouren n-ii cmenenu He moxcem umemo 6Goree N PABAUYHBLEL
KopHeil.

Ho B Takom ciydae uMeeT MecTo CreAyiomasi TeopeMma.

Teopema 4. Eciu 3nHauenus 08yx MHO204NeHO8 N-ii Cmenexu
9;(x) u @,(x) cosnadaom npu n-+1 passudneix 3HadeHuax a,, Qi
Qg ...y Q, QP2YMEHMA X, MO IMU MHOL04NEHbE MONCOECMBEHHDL.

HokasarenbcTBo. O6o3Haunm uepes f(x) pasHoCTb MHOrO-
4jIeHOB

[ () =@, (x) — @, (x).

ITo ycnosuio f(x) ectb MHOroYJIeH CTeneHH He BHIIE 1, OGpalaio-

muica B HyJb B TOYkKax a,, ..., @,. CleJoBaTeNbHO, €r0 MOXHO
MpeacTaBUTh B BHJE

[x)=A4,(x—a) (x—a,) ... (x—a,).

Ho mno ycnosmio f(x) obpamaercs B HyJb Takxke B TOUYKE 4.
Toraa f(a,) =0 u npu 3ToM HU OMH M3 JHMHEHHBIX MHOXHTeJeHl He
paBen Hy/o. [lostomy A,=0, a Torna u3 paBencrBa (2) cjexyer,
4T0 MHOroWwleH f(x) ToXaecTBeHHO paBeH Hymo. ClleAOBaTeNbHO,
@1 (%) — P, () =0, un g, (x) =0, (x).

eopema 5. Ecau mHozousren

Px)y=Ax"+Ax" 14 ... +A4, x+A4,

MmogcdecmeenHo pasen HYal0, Mo 6ce €20 KOIPPUYLUEHMbL PABHBL H Y.
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HokasaTeabCcTBO. 3anuieM pasjOXeHHE ITOTO MHOIoOuJeHa
Ha MHOXHTeNH no dopmyae (2):

Pxy=Apx"+Axr~14 ...+ A, _x+A,=
=4, (x—a) ... (x—a,). (1)

Ecan 3TOT MHOrOusNeH TOXJAECTBEHHO paBeH HYJIO, TO OH paBeH HYJIO
H 1PH HEKOTOPOM 3HA4YeHHH X, OTJIHYHOM OT @, ..., @,. Ho Torma
HH OflHA M3 CKOOOK X —a,, ..., X —a, He paBHa HYJO H, CJeI0Ba-
teapHo, A,=0.

AunanoruunsiM o6pasoM JAokashiBaercsi, 4yto A; =0, A,=0 u T. 1.

Teopema 6. Ecau 08a mHozourena moosicOecmeeHHo pasHbt Opye
Opyey, mo Koapuyuenmo, 00H020 MHO204NEHA PABHbL COOMBEMCMBYI0-
wum Koapuyuenmam 0pyeoeo.

310 cllefyeT W3 TOro, 4TO Pa3HOCTb JAHHBIX MHOTOYJIEHOB €CThb
MHOT'OYJIeH, TOXAECTBEHHO paBHbI Hymo. CienoBaTeNbHO, Ha OCHO-
BaHUM Mpeiblaylied TeopeMbl Bce ero Ko3h(UIHEHTH — HYJH.

Mpumep 4. Ecan muorounen ax®-bx?--cx—+d TOXAECTBEHHO paBeH MHO-
rousedy x2—b5x, 10 a=0, b=1, c=—5, d=0.

§ 7. O KpaTHBIX KOPHSIX MHOTOYJeHa

Ecau B Pa3JIoZK€EHHH MHOTIOYJICHA n-ii creneHy Ha JIMHEHHbIE MHO-
KHUTENIH

f)=4,(x—a)(x—a,) ... (x—a,) )

HEKOTOpHle JIHHEHHEIE MHOXHTEJIH OKaXKyTCS OXMHAKOBBIMH, TO HX
MOXHO OOBEIHMHHTb, H TOTAA Pas3jioKeHHEe MHOTOUJeHa Ha MHOMXHUTEH
6yneT uMeTb BHI

[(x) =4, (x—a)k (x—a)* ... (x —a,)m. (1)
[Tpu srom

byt kgt ook, =n.

B stom ciyuae KopeHb @, Ha3biBaeTcs KopHem KpamHuocmu R, Wau
k,-KpaTHBIM KODHEM, Q, — KOPHEM KPaTHOCTH k, W T. A.

IIpumep. Muorounen f(x) =x2—5x2-4-8x—4 pasnaraercs Ha clepyomue
JHHeHHble MHOXKHTeNMH: [ (X) =(x—2) (x—2) (x—1). DTo pasjomeHHe MOKHO Ha-
nucath Tak: f(x) =(x—2)% (x—1). Koperb a; =2 — AByKpaTHH#l KOPEeHb, dy=1—
NPOCTOH KOpEeHb.

Ecan MHorouseH HMeer KopeHb a KPaTHOCTH R, TO Mbl GyleM cyu-
TaTb, YTO MHOTOYJICH HMeeT R OfMHAaKOBBIX KopHell. Toraa us Teopemut
O pasJioXeHHH MHOTOYJIeHa Ha JHHeHHble MHOXHTENH IOJydaercs
clefyiomas TeopeMa.

Beaxuil mroeounen n-i cmenenu umeem posHo n xopueil (deiicm-
BUMEALHBIX UNMU KOMNACKCHOLIX).

3ameuaHue. Bce, 4To roBOpHJIOCH O KOPHSX MHOTOYJIEHA

f)=Ax"+Ax"1+... + 4,
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MOXXHO, OYeBHAHO, CHOpPMy/IHpOBATL B TEPMHHAX KOpHeH aJjreGpaH-
YeCKOTo ypaBHEHHs

A4 Agnig ..+ A, =0,

JlokaxeM, nanee, CJeLyIOHIYIO TeOpeMy.
Teopewma. Ecau a, asasemcsa 023 mHozo4rena f (X) kopuem kpam-

nocmu k, > 1, mo 0aa npouseoduotli f'(x) amo uucao asasemes xop-
Hem xpamuocmu k, — 1.

HoxasartenbcTBo. Eciu a, ecTb KOpeHb KpaTHOCTH &, > 1,
To H3 Qopmyasl (1') craenyer:
f (%)= (x—a)* @ (x),
rae @ (x) = (x — ay)* ... (x —a,)*m He obpauaercs B HyJb NPH X = Qy,
1. e. ¢ (a,) 7#0. Hduddepenuupys, noJy4uMm
frx)y=Fk(x—a)te () + (x—a)e" (x)= '
= (@ —a)h [ (¥) + (¥ —a) ¢’ (V)]

Q6Go3Hauum )
§ (x) =k,@ (X)+ (x —a) ¢’ (¥).
Torama
' (%)= (x —a)ls=2p (%),
npuyeM

P (a) =k (@) + (2, —a,) ¢ (a) = k9 (a) F 0,

T.e. X=a, ecTb KOpeHb KpaTHOCTH k,—1 Muorounena [’ (x). s
IIPOBEJIEHHOTO J0Ka3aTe/lbCTBa CJelyer, u4To eciu k;=1, To a; He
ABJISETCS KOPHEM NPOM3BOAHOM f (X).

M3 nokasanHoli TeOpeMbl CJeLyeT, 4TO @; fIBJISIETCS KOpHEM Kpat-
HOCTH k, —2 1Jis TPOM3BOAHOH [’ (X), KODHeM KpaTHOCTH K, —3 ans
npoussonHoit f'’’ (x), ..., KOPHEM KPaTHOCTH 1 (OPOCTHIM KOpHEM)
IJsi Opou3BOAHOH f(B=1) (x) M He ABJsETCS KOPHEM MJIsi NPOU3BOA-
Hoit [ (x), T. e.

f(a)=0, ' (a)=0, ["(a)=0, ..., f&=1(a) =0,

HO
f* (a,) # 0.
§. 8. Pa3noxeHHe MHOrowlieHa Ha MHOXHTEJM
B Clly4yae KOMIJIEKCHBIX KOpHei
B dopmyne (1) § 7 xopuu a,, a,, ..., @, MOTYT ObITb KakK Aeii-

CTBHTEJbHBIMH, TaK H KOMIUIEKCHBIMH. Mimeer MecTo clenyiomas
TeopeMma.

Teopema. Ecau mnuoeounen f(x) c Oelicmeumenvroimu Koagpgpu-
Yuenmamu umeem KOMUAEKCHuli KopeHo a--ib, mo on umeem u co-
npacerHolli Kopess a — ib.

JokasarenbcrBo. Ecam Mbl mopctaBuM B MHoOrouneH f(x)
BMECTO X YHCJO -+ ib, mpousBefeM BO3BeJEHHE B CTeNeHb H coGepeM
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OTAEJIbHO 4JIEHHI, cogepxanue i H He conepmaume i, TO HNOJY4YHM
f (@+ib)= M+iN,

rie M u N — BbipaxeHusi, He copepaiue i,
Tak Kak a-ib—KopeHb MHOrousieHa, TO

j(a+ib)=M4iN =0,
OTKYZAa
M=0, N=0.

INopcraBuM Tenepb B MHOrOW/IEH BMECTO X BHIpaxkeHHe a—ib.
Torna (Ha ocHOBaHMM 3ameyaHuss 3 B KOHIE § 2) MBI MOAYyYHM
B pe3yJbTaTe YHCJO, compsixeHHoe ¢ uuciaoM M-+iN, T.e.

fla—ib)=M —iN.

Tak kak M=0 u N=0, 10 f(a—ib)=0, T.e. a—ib ecTb KOpeHb
MHOTOUJIEHa.
Hrak, B pasnoxeHun

f(x)';Ao (x—al) (x—az) L (x_an)

KOMIIJIEKCHBIE KOPDHH BXOJSAIT NOMAapPHO CONpAXEHHB MH.

IlepeMHOXUB NUHEAHBIE MHOMXHTENH, COOTBETCTBYIOIIHE Nape KOM-
NJIEKCHO CONPSIKEHHBLIX KOpHeH, NMOJAYYHM TPEXUJeH BTOPOH CTENEHH
C JeHCTBUTEJIbHLEIMH KO3p(UIHUEHTaAMHU:

[x— (@+ib)][x— (@~ ib)]=[(x—a) — ib] [(x — @) +ib] =
=(x—a)+b:=x*—2ax+a+0*=x+px+q,

rie p=—2a, q=a*-+b*®— neficTBUTEJbHEE YHUCJIA.

Ecnu uucno a-f-bi siBAsSieTCS KOPHEM KPaTHOCTH 2, TO CONpPsIKeH-
HOe YHCIO @ —bi HOMKHO SIBASTHCH KOPHEM TOH ke KPaTHOCTH X,
TaK 4YTO Hapsily ¢ JUHEHHHIMH MHOXHTeNAMH X — (a-}ib) B pasJno-
JKeHHe MHOTrOuJeHa BXOHAT CTOJBKO 2Ke JIMHEHHBIX MHOXHTeJeH Buja
x— (a—ib).

Taxkum o6pa3oM, mHo204AeH ¢ OelicmeumensHoimy KoIpPuytenmany
pasnazaemcs HQ MHOJMCUMeAU € OelicmeumensHoimu Kodppuyuenmamnu
nepeoll U 8mopoll cmenenu coomgemcmeyrowell Kpamuocmu, T. €.

fx)=
=A,(x —a)k (x—a)k. .. (x—a,)fr (P4px+q) oo (PFpxt-q ).

IIpr atom
Ry+k+ ..o +R 24 ...F20,=n.

§ 9. HurepnoaupoBanue. HurepnoasuuoHHas d¢opmyaa Jlarpanxa

[lycTs mpu H3yYeHHH HEKOTOPOrO SIBJIEHHS! YCTaHOBJIEHO, YTO CY-
mecTByeT QYHKUHMOHAJbHAS 3aBHCHMOCTb MEXJY BEJHYHHAMH Yy H X,
ONHCBHIBAIOILasi KOJMHYECTBEHHYIO CTOPOHY JAHHOTO SIBJIEHHs; NPH 3TOM



§9] AHTEPNIOJNSILVOHHAST ®OPMVIJIA JIATPAHKA 223

GyHKUUA y=@ (x) ocTaeTcs HAM HEH3BECTHOW, HO Ha OCHOBaHUH
3KCIIEPUMEHTA YCTAaHOBJIEHbI 3HAYCHUS 3TOH (PYHKLUHUH Yo, Y1y Yz» ++ +» Y
Npd HEKOTOPHIX 3HAYeHHSX apryMeHTa X,, X, Xa, + .., X,, NPHHAA-
Jexalux oTpesky [a, b].

3ajaua 3akJoyaercss B TOM, yToObl HAfTH (YHKIMIO, MO BO3MOXK-
HOCTH GoJiee NMPOCTYIO C TOYKH 3PEHHUs BBIYHCJIUTENHHOH (Hampumep,
MHOTOYJIEH), KOTopas mpejcTaBisija Obl HEHU3BECTHYIO (DYHKIIMIO
y=o¢(x) Ha orpeske [a,b] TouHo wnmu npubamxkeHHo. B Goaee
orBJieueHHOH ¢opMme 3Ty 3ajzauy MoxkHO cQopMy/aupoBaTe TakK: Ha
orpeske [a,b] 3amaHbl 3HaueHHs
HEH3BECTHOH (YHKUMH y=¢q (X) B
n -1 pasMHYHBIX TOYKAX X,y Xqy oo
ceey Xyt

Yo=9 (%), yi=0(x), ...
LA ] yn’:q)(xn);
TpeGyeTcs HAUTH MHOTO4YJeH P(x)

cTenmeHu < 7, NPHOJUKEHHO BbIpa-
Kalomui QyHKIHIO @ (X).

B KauecTBe TaKOro MHOTOUJE- Puc. 165.
Ha eCTeCTBEHHO B3ATb MHOTOWJEH,
3HAYeHUs] KOTOPOTO B TOUKaX X, Xi, Xy -+, X, COBMARaAKOT
G COOTBETCTBYIOIIMMH 3HAYEHHSAMH Yg, Yis Yas +++y Y, QYHKIHH @ (X)

(puc. 165). Torpa nocraBneHHas 3afaya, Ha3blBaeMasl «3ajadeii unmep-
noauposanus GyHKuUH», GopMyJaHpyeTCS Tak: AJMS AaHHOH (YHKIHH
@ (x) HafiTu MHorouneH P (x) creneHH <7, KOTOpBIH NpH 3aJaHHHIX
SBHAYEHHUSIX X,y Xy, «+., X, NPUHHMAJ Obl 3HAUEHHUS
Yo=0 %)y J1=0 (%), -+ o) Y= (¥,).
B KkauecTBe HCKOMOrOo MHOrOYJIeHa BO3bMEM MHOTOWIEH n-i# CTeneHH
BHAA
p (x)=Co (x_' xl) (x—x5)... (x —xn)+C1 (x_xa) (x_xz)' . (x—x,,)-{-
+C(x—x) (x—x) (x—%3) e (x—X%,)F ...
e +C(x—x) (x—x) oo (Xx—x,_y) (1)

n onpegenum kKospduuuents C,, Cy, ..., C, TaK, 4TOGH BHIMOJHA-
JIHCh  YCJIOBHSA

P(x0)=y0’ P(x1)=y1', "'1P(xn)=yn' (2)

[Tonoxum B ¢opmyne (1) x=x,, Toraa, NpUHAMasi BO BHUMaHue
paBeHcTBa (2), moJyuyuMm

Yo=Cy (xg—%;) (Xg—X3) -+ (Xg—%,),
OTKyZAa

— Yo
Co - (xo—x1) (ko —x5) ... (o—xp) *




224 KOMHJIEKCHBIE UHCJIA. MHOTQUJIEHBI [T VIl

3areM, NOJIOKUB X = X7, NOJYIUM

Yi=Ci(xg—%e) (¥, —%p) - .. (xz—%,),
OTKYZa

Ci::

1
(xi—%o) (x1—%3) ... (¥1—%n) *
Takum xe oGpasoMm HaixeM
Y
C,= £

(xa—Xo) (xo—x1) (Xo—X3) ... (Xa—xp) ?

C. — Yn

B (xp—2%0) (Xn—x1) (Xn—X2) ... (Xp—Xp—y) °

[NoncraBnss HaiifeHHble 3HaueHHsi Ko3dbduuueHToB B dopmyay (1),
TIOJTyYHM

o (x—=x) (x—xg) ... (x—x5) (x—xg) (x—x3) ... (x—xp)
P )= ey o - o) 0 T i) - e
+ v + ( (x—xo) (x—xl) cee (x—'xn—fl) (3)

Xp—%0) (Xp—%1) .. (Xn—Xp—1) Y-

dra ¢opMyna Ha3BIBaeTCS UHMEPNOAAYUOHHOL opmyroti Jlazparca.

Otmerum Ge3 A0Ka3aTeNbCTBa, YTO €CJHH @ (X) HMeeT NPOM3BONHYIO
(n+1)-ro nopsaka wHa orpeske [a, b], TO NorpemHoCcTh NpH 3aMeHe
¢$YHKIHH @ (x) MHOrousleHoM P (x), T. €. BeJIMYHHA R (x) = ¢ (x) — P (x),
YAOBJIETBOpSIET HePAaBEHCTBY

IR ()] <[ (6= ) (6= ) - (—2,)| Grpy7 max| 9+ ()]

3ameuanne. U3 treopemn 4 § 6 caenyer, uro muorousnen P (x)
SIBJISICTCS] €AMHCTBEHHBIM, YAOBJIETBOPSIOUIUM OCTABNECHHEIM YCJIOBHSAM.

YKa:KeM, 4TO CYIIeCTBYIOT M JAPyrue HHTEepHOJSIHOHHEE ¢op-
mydel. OfHa M3 HUX — HHTepnONANnHOHHasA dopmyna HeioTona — Gyaer
paccmorpena B § 10.

Mpumep. M3 sxcnepuMenTa MOJNydeHH TakHe 3HaueHHS (QYHKUHH y=@ (x):
go=3 npu xg=1; y=—>5 npu x,=2; yo=4 npu xy=—4. TpeGyerca npeacra-
BHTb MPHGJIHXKEHHO QYHKIHMIO y=@ (X) MHOrouYJeHOM 2-ii cTeneHH.

Pewenune. ITo popmysne (3) umeem (npu n=2):

P(x)= (x_2)(x+4) .3+ (X-—l) (x+4) (x—l) (x—2)

i—y.a59 te=n.ery Pt oy ot
HJau
3 123 252
P()=—3 sty 2

§ 10. Harepnonsiunonnas d¢opmynsa HoloTona

[Tycts wu3BecTHHl n-t1 3HaueHHe QYHKUMH @ (X), @ HMEHHO y,,
Uiy +++s Yp TPH n-+1 3HAUEHHH aprymeHTa X, X ..., X,. Ilpu
STOM Pa3HOCTb MeXJY COCeJHMMH 3HAUEHHSAMH apTyMeHTa AOCTOSIHHA.
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O6o3nauum ee yepes h. TakuMm oGpasoM uMeeM TaGJHIy 3HAYEHHH

HEU3BECTHOH (YHKIHH Y =@ (X) NPH COOTBETCTBYIOIMHX 3HAYEHHX
aprymeHra.

x xg | x1i=xo+h | xo=x¢+2h Xp=2Xxy+nh

Yy Yo Y1 Y2 cee Yn

CocTaBuM MHOTOY/IEH CTeNeHH He Bhile 71, KOTOPbIH NpPHHUMAET
COOTBETCTBYIOIE 3HAYEHHS NPH COOTBETCTBYIOUIMX 3HAYEHHAX X.
dror MHOroujeH OyleT NPHOGJHXEHHO NPEeACTaBAATL (QYHKUHIO @ (X).

IpeaBaputenbHO BBeleM 0603HaueHHs

Ayo=yi— Yo, DYy1=ys—Y1, Ays=ys—9y,, ...,
Ay, = yz—2y1+yo Ayl Ay,, Ay, =Ay,—Ay,, ...,

A3y, =y — 3y, + 3y, —y,= Ay, — A%y,, ...,
A”y An-ly __An‘ly
D10 Tak Ha3dbiBaeMmble pasHocTH l-ro, 2-ro, ..., n-ro mopsaxa.

Hanumem MHoOrouseH, NPUHMMAKOUHUA 3HAYEHHS Y,, Yy COOTBET-
€TBEHHO NPH X, H X;. Dr0 GyAer MHorouwjeH l-i creneHH

P, (x) = Yo+ Ay, =

(1)
JleficTBUTENbHO,

h
Py ()| x=xo=Yo» P1(¥) | x=x,= o +AYs 5= Yo+ (42— Y)) = 41

HanumeMm MHOrouseH, NpPUHUMAIOLHA 3HayeHUs Yo Y1, Y, cOOT-
BETCTBEHHO NPH X,, X;, X;. OT0 OYyAeT MHOTo4JeH 2-§ CTenesu

Py () = yo Ay SR 4 S0 220 (2o y) @)
JleiicTBuTENBHO,
Py()|x=xo=Yo» Pa(®)|2=x,=ys,
Py (%) | x=x= Yo+ D402+ s 7 2 (2: 1) =Y,

MuorousieH TpeTbero nopsiixa OyJeT HMeTb BHJ,
Py ()= gy By, T+ S (S )
Nyy x—xo [ x— — X
’*‘3!0 ho( h "1)( ho—Q)' @)

Hakonen, MHOrou/eH n-ro nopsijka, NPUHHMAIOIHA 3HAYEHHS Y,
Y1s Ya» +++» Y, COOTBETCTBEHHO IMPH X,, Xy, Xy - »., X,, OYAET HMETH

8 H. C, Muckynos, 1. 1



296 KOMITJTEKCHDBIE YHCJIA. MHOTOUYJIEHBI {rn.vit

BHA
— 2 — —
Py () =yo+ By 2R 4 e X0 (220 ) g
An —_ . .
oo nil/o xhxo(xhxo__l)“_[fh_x“._(n—l)], €3]

B YeM MOXKHO YOeAHUTbCS HENMOCPEeACTBEHHOH MOJCTAaHOBKOH. 10 H
€CTh UHMEPNOAAYUOHHASL POPM YAQ UK UHMEPNOASIYUOHHIE MHOS0UACH
Hotomona.

[To cymecrBy, MHorouneH Jlarpamxka u MHorowieH HeioToHa ans
JaHHOH TaGiMUBl 3HAYEHUH TOXKAECTBEHHbI, HO MO-PAa3HOMY HAIHCAHBI,
TaK KaKk MHOTOYJICH CTeNeHU He Bbille 7, NMPUHUMAIOMUH 3alaHHbIE
n+1 3HaueHUH OpH JAaHHBIX 74 | 3HaUEHUSX X, HAXOAUTCS €AUH-
CTBEHHBIM 00pa3oM.

Bo MHoOrux chayvasix HHTepPNOJSLUOHHBI MHorouwieH HbioToHa
Gosee ya00eH, YeM HHTEPHNOJSALMOHHBI MHorouwseH Jlarpamxa. Oco-
GEHHOCTb 3TOrO MHOTOYJIEHa 3aKJ/o4aercsi B TOM, YTO NpPH Nepexoxe
OT MHOrouJeHa k- cTeneHH K MHorouleHy (k- 1)-it crenenn mnep-
Bbie 2 | 4/JieHOB He MEHAIOTCS, a TOJMbKO J06GaB/sieTcss HOBBIH 4YJeH,
KOTODHI paBeH HYJIO NPU BCeX NpeAbAYNIUX 3HAYEHHSX apryMeHTa.

3ameuanue. Ilo unTepnonsauuonHeM ¢opmynam Jlarpanxka
(cm. ¢opmyay (3) § 9) u Hoiorona (jopmyna (4)) onpenensorcs
sHavueHHs1 QyHKUHH Ha oTpesKe x, < x < x,. Ecau no arum c¢opmy-
JaM ompezessieTcs sHaueHHe (QYHKUUM NMpH X < X, (3TO MOXKHO JeJaTh
NpH MajloM |X —X,|), TO TOBOPAT, YTO INPOHM3BOAUTCS IKCMPANOAS-
yua mabauys. Hasad. Eciu onpepensiercss 3HaveHHe (QYHKUAHM NpU
X > X,, TO TOBOPSIT, UTO TNPOH3BOJUTCH IKCMPANOAAYUA MAOAUYbL
eneped.

§ 11. UYncaennoe nuddepeHnupoBanue

IlycTtb 3HayeHHs1 HEKOTOPOH HEH3BECTHOH QYHKLIHMH @ (X) 3ajaHBI
Tabauuei, Koropass paccmarpuBanach B Hadale § 10. TpeGyercs
onpeAenuTh NPHOMMKEHHO NMPOM3BOAHYIO 3ToH (yHKuMH. dra 3ajada
pewaercss Tak. CTpOMTCS MHTEpHOJALHOHHBIA MHoroudeH Jlarpauxka
nnn HeloToHa M OT 3TOro MHOroYJeHa HaXONHTCS IPOH3BOJAHAS.

Tak kak uaile paccMaTPHBAIOTCS TaGAHIB! C PaBHBIMH PasHOCTSMHU
MeX1y COCeNHHMH 3HaUeHHSAMH apryMeHTa, TO Mbl GyJeM NOJb30-
BaThC HHTepnonsinMoHHOH dopmynoli Hetorona. Ilycts paunl Tpu
3HaueHHs QYHKUHH Y,, Y;, Y, NPH 3HAUEHHAX apTyMeHTa X,, X;, X,.
Toraa numem wmuorouneH (2) § 10 u ero auddepenuupyem. Iloay-
yaeM npuGJHKEHHOE 3HaYeHWE NPOM3BOAHOH (YHKIHH Ha OTpeske
Xg <X Xyt A

R , A2 —
v (@ m P = (2258 1), M

Ilpu x=x, nonyuaem A Ao
@' (1) & P; (x) == — 5 @




§ 12} O HAUJIYYIMEM I'"PUBJWWKEHUHU & YHKUHUA MHOIMOYAEHAMU 227

Ecnn Gyziem paccMaTpiaBaTh MHOrodseH 3-ro nopsaka (cu. (3) § 10),
To nocne AudpepeHIPOBaHNS AJIsl €ro MPOM3BOAHOA MOJNYYHM BbIpa-
JKeHHue

O () Py =Rl Bl (9220 1) 4
+ () o (552) ) @

B uacTHOCTH, IpH X = X, NOJy4YaeM

. Ayy A% A%y,
Q' (%)) = P5 (x ZT‘)_—%‘)"}' 35 ° (4)
Eciu Mb 6ysem nosb3osatbes dopmydodt (4) § 10, to aaa npu-
G/HKEHHOTO BHIPAXKEHHsI NPOH3BOXHOH NPH X = X, NOJYYUM
, A A?y, A3y Ay
(p'(xo)zpn(x)=7yq—- 2ho+ 3h0— 4ho+"‘ (5)
3amerum, yTo A/l PYHKUMH, UMelolell TPOU3BOAHBIE, Pa3HOCTh Ay,
ecTb BeckoHeyHo Manas 1-ro nopsiaka, A%y, — GecKoHeuHO Majasi 2-ro
nopsaka, A3y, —6eckoHeuHO Majias 3-T0 MOPSAKAa M T. A. OTHOCH-
TeNbHO h.

§ 12. O HamayymeM NPHOAHKEHHH (GYHKUHHA MHOTOUIEHAMH.
Teopus YeGbimera

B ceasu c 3apaueit, paccmorpenHoit B §§ 9 u 10, ecrectBenHo
MOCTaBUTb TAKOH BOMPOC: MycTh Ha orpeske [a, b] 3ajana Hempe-
puiBHass (QyHkuus @ (x). MoxHo s 3Ty ¢yHKuHIO Cc 060
Hanepej 3aJlaHHOH CTeNneHbIO TOYHOCTH MNPHOIIKEHHO
NpeACTaBUTL B BHAe MHorouleHa P (x)? Huaue rosopsi, MOXHO JH
nofo6path Takof MHorousneH P (x), YToOBl PasHOCTb MEXAy @ (x
u P(x) no aGco/OTHOH BenuyuHe BO BCeX TOUKaX OTpe3Ka [a, b}
OblJIa MEHblIlle JIIOGOro Hanepej 3aJaHHOTO NOJOXKHTEJLHOTO YHc/a &?
YTBepAUTENbHBIE OTBeT *) Ha 3TOT BONMPOC COAEPAKHUTCA B CleAyoLIeH
TeopeMe, KOTOPYIO MBI IIPHBOAMM 3Jech 6€3 J0Ka3aTelbCTBa:

Teopema BeiiepmrTpacca. Ecau ¢ynxyus @(x) wuenpe-
poisna Ha ompeske [a, b], mo Oas awbozo € >0 cyuecmsyem maxoi
muozouren P (Xx), 4umo 60 cex moOuUKax YKA3AHHO20 OMPE3KA BbiNOA-
HAEMCS HepPaseHcmeo

lo()—P(x)|<e.

Brigatomuiics coBerckuii MaremaTHk akajemuk C. H. Beprurreiin
Jall cJIeAyIoImui Croco6 HemocpeACTBEHHOrO NMOCTPOCHHS TaKHX MHOIO-

*) 3aMeTHM, YTO HHTePNOJALMOHHEIA MHoroujeH Jlarpamka [cM. (3) § 9] me
RaeT eme OTBeTa Ha MNOCTaBJAeHHHI Bonpoc. Ero 3HaueHHsi DPaBHH 3HaYeHHAM
(QyHKIMH B TOYKaX Xg, X1, Xz, ..., Xz, HO OHH MOryT OHITb OYEHb JaJNeKH OF
3naueHnit QyHKUHH B JPYCHX Toukax olpeska [a, b].

8%
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YJIeHOB, KOTOpble NPHUOJIKEHHO PaBHHI HeNpepblBHOH (PYHKIMH @ (x)
Ha 3aJaHHOM OTpe3Ke.

IMycTs, Hampumep, GYHKUMSA @ (x) HenpepbiBHa Ha orpeske [0, 1].
CocTaBuM BblpaxkeHHe

B, (x)= };0 0] (%) Cpxm (1 —x)n=m,

m
3necy C7—GuHOMHANbHEIE KO3(DUIMEHTH], @ (T) — 3HaueHue JaH-

m
HO# (YHKUMH B TOUKe X=-——. Bripaxkenue B, (x) siBasieTcss MHOro-

YJeHOM n-# CTeNeHH; ero HashIBalOT MHO204neHOM Bepruumeiina.
Ecsiu 3agaHo npousBoJbHOe € >0, TO MOXHO MOJOOpPaTL TaKoi

MHorousneH bBepHmrefiHa (T. e. Tak BHIGpPaThb €ro CTeneHb #), YTOOHI

IJs BCeX 3HayeHHMil x Ha orpeske [0, 1] BbLIIOJHANOCH HEpaBEHCTBO

1B, () —@ ()| <e.

OrmeruM, uTO paccmorpenue otpeska [0, 1], a He nmpousBoAbHOro
oTpeska [a, b] He ABJsSeTCS CYIECTBEHHBIM OrpaHHYEHHEM OGLIHOCTH,
TaK Kak C MOMOIIbIO 3aMeHbl NepeMeHHOH x=a-¢ (b —a) MoxHO
moGo#t orpesok [a, b] npeoGpasosats B orpesok [0, 1]. Ilpu stom
MHOTOYJIeH n-#i cTeneHH npeobpasyeTcsi B MHOTOWJIEH TOH K€ CTeNeHH.

CospaTesnieM TeOpHH HaWJY4dIero NPUGIHKEHHS (QYHKUMA C Io-
MOILbI0 MHOTOYJIEHOB siBJisieTcsl pycckuil Matematuk I1. JI. YeGnies
(1821—1894) —omue 13 BenMuYaHmUX NpeACTaBUTeNel MaTeMaTHUe-
ckoii Mbicau. MM moJsyueHbl HauGosee ryGOKHe pe3ysbTaThl B 3TOH
06/1aCTH, OKa3aBIliMe HCKJIOUHMTeNbHOE BJIHSHHE Ha paGoTy MocJenyio-
mux maTemaTHkoB. Mcxoamoli Toukofi Ansi CO3faHHS 3TOi Teopuu
6bi1a padora I1. JI. UeGpiieBa no TEOpHH IIAPHUPHBIX MEXaHH3MOB,
LIPOKO HCNOJNBb3yeMbIX B MaliMHax. M3yuasi Takue MeXaHH3MBI, OH
npumes K 3ajaue pas3biCKaHUS CPeAH BCEX MHOTOYJIEHOB JaHHOMN
CTeNeHH C KO3pGhHIMEHTOM IIpH CTaplieM 4JieHe, PaBHBLIM €EAHHHIE,
TAaKOrO MHOTOYJIEHA, KOTOPHI MeHblle BCEX OTKJOHSETCS OT HYJd
Ha 33JdHHOM oOTpe3Ke. Takue MHOrouleHbl UM OHJIM HalfifieHBH H
BIIOCJICACTBHH YYEHBLIMH Ha3BaHbl MHoO204AeHamu Yebouuesa. Drtu
MHOTOYJIEHb! 00J1afaloT MHOTHMH 3aMedaTesbHHIMH CBOHCTBaMH H
B HacTosilee BpeMs SBJSIOTCS MOTYYHM CPEACTBOM HCCJIENOBaHHSA
BO MHOT'MX BONPOCax MaTeMaTHKH H TeXHUKH.

YnpaxHenus k raase VII
1. Haitrn 3+50) (4—i). Oms. 17-+17i. 2. Haitn (64 110) (74 3i).

. 3—i 19 . 3 R
Ome. 94 95i. 3. Haﬁmm. .Ome. a ot 4. Haiitn (4—71)%. Ome.—524-}-7i,
5. Haiitu V'i. Oms. + 1;2_1 . 6. Haimn YV —5—12i. Oms. i+ (2—3i).
7. [TpuBecTH K  TPUrOHOMETPUYECKOMY  BHAY  BHIPAXKEHHS: a) 144,

Ome. V2 (cos 2 fisin %) 6)1—i.0ms. VT (cos 7 tisin Z}‘-) 8. Haiitn
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?/i_. Oma. t+2v-3 7 1_3/3 . 9. BupasuTe uyepes cTeneHH sinx M COSx
cleflylomie BRIpaxenus: sin 2x, cos 2x, sin 4x, cos 4x, sin5x, cos5x. 10. Bupa-
3uth cos?x, cos?x, costx, cos®x, cos®x; sin?x, sin®x, sin®x, sinSx uepes
CHHYC M KocuHyc KpaTbiX ayr. M. f(x)=x®—4x2+4-8x—1 paszeantb Ha x--4.
Oms. f(x)=(x+4) (x*—8x-+40)—161, T. e. uacrHoe=x2—8x--40; ocrartox
f(—4)=—161. 12, f(x) =x%-12¢34-54x24-108x+81  pasgenmuts na x--3.
Ome. f(x)=(x+3) (x3+9x2+27x127). 13. f(x)=x7"—1 paspenntp Ha x—1.
Oms. [ (x)=(x—1) (x*+x°+x*+x+x2+x+1).
Pa3noxuTe Ha MHOXKHTENH C AeHCTBUTENbHBIMH KO3((hHIHEHTaMH MHOTOYJIEHBI:
M. f(x)=xt—1. Oms. f(x)=(x—1)(x~41)(x2+1). 15, f (x) =x2—x—2,
Oms. f(x)=(x—2) (x+41). 16. f(x)=x3+41 Oms. [(x)=(x+1)(x2—x1).
17. Ha ocHoBaHuu 5KCIepHMEHTa NOJY4YeHH 3HaueHHs OYHKLUHUH y OT X:
yi= 4 npu x,=0,
Ys= 6 npu x;=1,
y3=10 npu x3=2,
IlpepcraBuTe  npUOAMKEHHO GYHKUMIO MHOTOYJNIEHOM BTOPOH  CTeneHH,
Ome. x*4-x-4.
18. Hafitu MHorousen yeTBepToil cTenenH, npuHuMaiomui npu x=1,2,3,4,5

COOTBETCTBEHHO 3HaueHud 2, 1, —1, 5, 0. Oms. — %x‘ +262x3 —%l x2 —}-23ﬁ x—35,

19. HafiTu mMuOrouseH, mo BO3MOXKHOCTH HH3KOH CTeNeHH, NPHHUMAIOWMA NPH
x=2, 4, 5, 10 cooTBeTcTBeHHO 3HaueHus 3, 7, 9, 19. Oms. 2x—1.
20. Haittu muorounenn Bepumreitna 1-it, 2-#, 3-it u 4-i creneneii Ans Gynk-
win  y=sinnx wua orpeske [0, 1}. Omes. B;(x)=0; By (x)=2x(1—x);
3y 3 = — _
By (x)= ‘g x(1—2); By =22 (1—0[QVZ-3) 22—V Z-3) x+V 2]




FTABA VIII
¢ YHKIMH HECKOJIbKHX NMEPEMEHHbBIX

§ 1. Onpenenenne QyHKUHH HECKOJbKHX MepeMeHHbIX

PaccmarpuBasi GyHKUMH OXHOH TepeMeHHOH, MBI YKa3bIBaJH, YTO
NpH H3yuYeHHH MHOTHMX fIBJEHUH NPUXOAUTCS BCTpeyaTbcs C (pyHK-
HUAMH ABYX M OoJlee He3aBHCHMBIX nepeMeHHbIX. [IpuBeseM Hecko/bKO
TIpUMEpOB.

MMpuwmep 1. IMnomaas S HPAMOYroJbHAKA CO CTOPOHAMH, AJIRHEL KOTOPHIX
paBHBl X H Yy, BHpaxaerca Qopmysoi S=xy. Kaxnofi nmape 3naueHuii x u y
COOTBETCTBYET ONpefieyieHHOe 3HadeHHe muomaid S; S ecTs QyHKIUA ABYX mepe-
MEHHBIX.

[MMpumep 2. O6nem V npaMOyroJbHOro napaJjeenunesa ¢ pe6pamu, AJTHHBL
KOTOpHIX DaBHHI X, Y, 2, BulpaxaeTcs dopmysaolt V=uxyz. 3pecp V ecTtb ¢pyHKIHA
Tpex MepeMeHHHX X, Y, 2.

Mpumep 3. HanvHocTe R nojera cHapsia, BHNYIIEHHOTO C HauyaJbHOK
CKOpOCTbIO Up U3 OpYyAus, CTBOJ KOTOPDOrO HAaKJIOHEH K T'OPH3OHTY NOA YrJjoM @,

- vp sin 2
Bbipaxkaetcs ¢opMmyJIoH R=———(p— (ecin mpeneGpedb CONMPOTHBJIEHHEM BO3-

Ayxa). 3jece g—ycKopenue CHJIB TsiKecTH. Jlng Kamnaol mapel 3HaueHud vp M
¢ sra Qopmysia xaeT onpejeseHHoe 3HaueHume R, T. e. R sBasietcss dyHKnued
JABYX TieDEMEHHBIX Up H Q.

2+y2t224-1

Hpumep 4. u=—-2———— . 371ecb u eCTb QYHKIIU YETHIpEX mepe-
pumep Vite dy pex mep

MEHHBIX X, Y, 2, L.

Onpenenenne 1. Ecan kaxpmoi nape (x, y) 3HayeHHH JByX
He 3aBHUCHMBIX APYr OT Apyra nepeMEHHHIX BEJHUYHH X H Yy H3 HEKo-
TOpo#l 06J1aCTH HX H3MeHeHHs D, COOTBETCTBYeT onpejesieHHoe 3Ha-
YeHHME BeJHYUHE 2, TG MBI TOBOPUM, YTO 2 €CTb QyHKYuA 08Yx
He3a6UCUMbLX NepeMeHHblx X H Yy, onpejelleHHas B obnactu D.

CuMBoJIMYECKH (DYHKIHSA ABYX nepeMeHHBIX 0003Hauaercsl Tak:

z2=f(x,y), z2=F(x, y) u 1. A

dyHkuHMa ABYX INepeMeHHBHIX MOxeT ObiTb 3ajlaHa, HampHMep,
C TOMOMBIO TabJHUbLl HJIH aHAJNUTHYECKH —C MNOMoWbo (opmyJst,
Kak 3T0 CJeJaHO B PacCMOTPEHHBIX BHILIE YeThipex Npumepax. Ha
OCHOBaHUH (POPMyJIEI MOXKHO COCTaBHUTb TabJHIy 3HaueHHH (yHKIHH
ANsi HEKOTOPHIX Nap 3HaueHHH He3aBHCHMbIX NepeMeHHbIX. Tak, Ans
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NEepPBOro NpUMePa MOKHO COCTAaBHTh CJIEAYIOMYIO TaGauLy:

S=xy

\
0 1 1,5 2 3

v |
1 0 1 1,5 2 3
2 0 2 3 4 6
3 0 3 4,5 6 9
4 0 4 6 8 12

B srofi TaGanne Ha mepeceyeHHH CTPOKH H CTOJOIIA, COOTBETCTBYIO-
WHX ONpeNeJeHHHIM 3HAYeHHsSM X H Yy, NPOCTaBJEHO COOTBETCTBYIO-
niee 3HaueHHe GYHKHMH S.

Ecan ¢ynguuoHanbHass 3aBHCHMOCTh z=f(x, y) TNoNyyaercs
B pe3yJbTaTe U3MepeHHH BEJHYHMHBI 2 NPH 3KCNEPHMEHTAJbHOM H3y-
YeHHH KaKoro-JuGo sIBJEeHHs, TO cpaszy moJjydaercss Tabauia, onpe-
Jensomas 2 Kak (QyHKIHIO ABYX nepeMeHHBIX. B atom ciydae ¢yHK-
nHs 3aKaercs TONbKO TabJuues.

Kak u B ciyuae ofHOH He3aBHCHMOW NepeMeHHOH, GyHKIHA ABYX
nepeMeHHBIX CYIIEeCTBYeT, BOOOLIe IoBOPs, He NpH JoObIX 3HAYEHHsX
X H Y.

Onpenenenne 2. CoBOKYNnHOCTb nap (x, y) 3HaueHu#l x H y,
NpH KOTOPHIX ompejensercs GyHKnUsA z= [ (x, y), HasbiBaercsa 06.4a-
cmboo onpedeseHus WU 06AaCMbl0 CYWECmeo8anus 3ToH QYHKIHH.

O6aacTh onpefesteHUss (YHKUMH HarJISIAHO WJIIOCTPHPYETCS reo-
meTpnueckd. Ec/m Kaxayio napy 3HaueHHH x M y Mbl Oynem H306-
paxaTb Touykoit M (x, y) B miockoctd Oxy, To 06/aCTb ONpeneneHUs
GYHKUHH H300pasHTCA B BHIE HEKOTOPOH COBOKYNHOCTH TOYEK Ha
NJIOCKOCTH. DTy COBOKYNHOCTb TOYeK OyJeM TakKe HashlBaTh obJac-
Thi0 onpeneneHus (yHKiuH. B uacTHoCTH, 06/1acTbio ONpenesieHHsi
MoxeT OuTb M BCA ILUIOCKOCTb. B nasbuefiiieM Mbl OyeM TJIaBHBIM
o6pa3oM HMeTb /0 ¢ TaKHMM OGJaCTAMH, KOTOphIe NPEACTaBJSIOT
co6Of 4acCTH NJOCKOCTH, OTpPaHUUYEHHBIEe NJUHUAMHU. Jhi-
HHIO, OTPAHHUYHBAIOILYI0 JaHHYIO 00/1acTh, GyJeM Has3hnBaTb 2paHuyeti
obnacti. Touku obJjacTu, He Jexalliue Ha rpaHuue, OyJeM Ha3bIBATh
sHympenHumy Toykamu obsaacti. O6/1acTb, COCTOAINAS U3 OAHHX BHYT-
PEeHHHUX TOYeK, Ha3blBaeTcsi omkxpbuimoti WIH Hesamxrymoi. Ecau xe
K 00JIaCTH OTHOCSITCSI M TOYKH I'DAHHIBI, TO 06JaCTh HA3bIBAeTCH 3aMK-
nymoti. O6JacTb Ha3bIBAETCH 02PAHUYEHHOU, €CJH CYLIECTBYET TaKas
nocrosiiHass C, 4To paccrosinue JmoGoil Touku M o6JacTH OT Hayaja
koopzuHat O menbie C, 1. e. |OM| < C.

21’Ip nMep 5. Onpegesute ecTeCTBeHHyIO 06/1acTh onpejeieHuss QyHKuuu 2z =
=X—Y.

AHamemqecxoe BbHIpaXEHHE 2x-—y HMeeT CMBICJ NPH JHOOBIX 3HAUEHHSIX X U Y.

CnenoBaTesibHO, €CTECTBEHHON O06J/acTbIO OUpeRe/eHHst (PYHKUHME SBIASETCS BCA
njockocte Oxy.
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Mpumep 6. 2=V 1—x2—gy2.

Jast Toro uToGbl Zz MMEJO IeHCTBHTEJbHOE 3HAUYeHHe, HYXKHO, YTOGH MOJ KOp-
HEM CTOSIJIO HEOTPHILATeJbHOE YHCJO, T. €. X H y JOJIKHBI YJAOBJETBOPSATH Hepa-
BeHcrpy 1—x2—y2=0, nmm x24-42 << 1.

Bce ToukH M (X, y), KOOpAHHATH KOTODPBIX YIOBJETBOPSIIOT YKa3aHHOMY Hepa-
BEHCTBY, JIeXKaT B Kpyre paguyca | ¢ IEHTPOM B Hayasne KOODAHHAT M Ha rpa-
HMIle 3TOro Kpyra.

IMMpumep 7. z=In(x+y).

Tak Kak JiorapudMbl onpeleseHs! TONbKO AJIA

y
7/// /// 7 MOMOXKUTENIbHEIX UHCEJ, TO JOJKHO YHAOBJETBO-
pATbCS HepaBeHCTBO x-+y > 0, win y > —ux.
DTO 3HAYUT, YTO O0GJACTBIO ONpejeseHHs
YHKHHH 2 ABIdAeTCA NOJIOBHHA NJIOCKOCTH, pacmno-
// JIOXKeHHas Haj npsMOH y=— X, He BKJIOuas ca-
z

=3

Mot npsimoit (puc. 166).
IMpumep 8. Ilnomasp TpeyrosmpHHKa S

npejcTaBiseT CoGofi GYHKHMIO OCHOBAHHf X H
& BBICOTHI y: S=xy/2.
\\\e. / O6nactbio onpexeneHHs 3T0f (QYHKUHMH sB-

asercss o6aacts x > 0, y >0 (Tak Kak ocHoBa-
HHMe TPeyroJbHHKa H €ro BbiCOTAa HE MOryT GHTh
HH OTPHUATeJbHBIMH, HH HyJeM). 3aMeTuM, 4To
06/1acTb ONpeNesieHHsl pacCMaTpHBaeMO# GyHKuuu
He COBNajiaeT C ecTeCTBEHHOH 06/1aCTbIO ONpeJie/IeHHs TOrO aHAJHTHYECKOrO BHIpaxke-
HHSl, C NOMOIIBIO KOTOpOro 3ajfiaercsi GyHKNMS, TaK KaK €CTeCTBEHHOH 06J/1acThbI0
onpefesieHHst BHIPAXKEHUS Xy/2 ABNsIETCH, OYEBHIHO, BCS MJIOCKOCTh Oxy.

Puc. 166.

Onpenenenne (GYHKIHH JABYX INE€peMEHHLIX JIEFKO OOOOIUTb Ha
cayyail Tpex MJH Gosee MepeMeHHBIX.

Onpeaenenue 3. Ecau Kaxzao# paccMaTpuBaeMoil COBOKYIHO-
CTH 3HauYeHWH INepeMeHHBIX X, Y, 2, ..., U, { COOTBETICTByeT Ompe-
Jie/IeHHOe 3HauyeHHe NepeMeRHOH w, To GyAeM Ha3blBaTb W PyHKyuel
He306UCUMBLX NEPEMEHHbLX X, Y, 2, ..., U, T U nHcaTb w=F (x, y,
2, veuy U, ) um w=f(x, Yy, 2, ..., u, t) U T I

Tak ke Kak u A QYHKIHMH JBYX NepeMeHHbIX, MOXHO TFOBOPHTD
06 o6macTu onpegeneHusi QyHKIHU TpeX, 4eThpeX W GoJiee nepemeH-
HEIX.

Tak, Hanpumep, Ajsi QYHKUMH TpeX mepeMeHHHIX 00JacThiO ompe-
JieJieHusl SIBJISIeTCST HEKOTopasi COBOKYIHOCTb TPOeK uHcen (X, y, 2).
3aMeTHM TYT ke, 4TO KaXkjasi TPOHKa 4HceJ 3a/iaeT HEKOTOPYIO TOUKY
M (x, y, 2) B npoctpanctse Oxyz. CaenoBaTenbHO, 06/1aCTbIO OMNpe-
nefeHust QYHKUUM TpPeX IepeMeHHbIX SBJsETCS HEKOTopasi COBOKYII-
HOCTb TOYeK INpPOCTPAHCTBA.

AHa/lorHYHO 3TOMYy MOXKHO TOBOpPHTb 00 06JacTH omnpejeseHHst
(QYHKI MM YeThIpeX nepeMeHHBIX #={[ (X, y, 2, {) KaK O HEKOTOpOi
COBOKYMHOCTH 4YeTBepoK uucen (X, y, 2, ). OnHako oGnactbh ompege-
JeHns1 (yHKIUM YeTbipex HJIH GoJsbIIEr0 YHCJa MEePeMEHHBIX YXKe He
JIOMYCKaeT MPOCTOr0 reoMeTPHYEeCKOro HCTOJKOBAHHS.

B npumepe 2 npuBefieHa GyHKUHS TPeX NMepeMeHHLIX, ONpeje/eH-
Hasl MpH BceX 3HaYeHHUAX X, Y, 2.

B. npumepe 4 npuBeeHa QYHKIHA YeTHpeX NepeMEHHbIX.
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Mpumep 9. w=y 1—x2—y2—22—u2.
3neck w—QYHKNUA UYETHIPEX NEPEMEHHHIX X, Y, 2, U, ONpefe/eHHas NpH 3Ha-
YEHHSIX TIePEMEHHHIX, YAOBJETBOPSIOWHX COOTHOLIEHHIO

l—x2—y2—22—u2 >0,

§ 2. Teomerpuueckoe H30GpaKenHe (YHKLUMH ABYX NEPEMEHHBIX

Paccmorpum dyHKuHIO
z=f(x, y), 1)

onpepeneHHyilo B o6sactd G Ha miockoctH Oxy (3Ta 06sacTh MOXKET
ObiTb, B YaCTHOCTH, U BCeH NJIOCKOCTbIO), H CHCTEMY MpPSIMOYTOJLHBIX
ZekapToBbiX Koopaunat Oxyz (puc. 167). B kaxpmoii Touke (x, )
BOCCTaBUM TNepHNeHAUKYJIAP K maockoctH Oxy U Ha HeM OTJIOXKHUM
OTpe30K, paBHbIH [ (¥, y).

Torza Mbl moNyYyuM B NpPOCTPaHCTBE TOYKY P C KOOpAHHATaMH

X, Y, Z=f(x’ Y).

T'eomerpuueckoe MecTo To4eK P, KOOPAHHATH KOTOPHIX YAOBJET-
BOpSIIOT ypaBHeHHIO (1), Ha3wiBaeTcs rpajpukoMm (yHKIHUHM ABYX Ilepe-
MeHHBIX. M3 Kypca aHmanuTHyeckoél reoMerpud Mbl 3HaeM, 4TO ypaB-

Puc. 167,

Henue (1) B npocTpaHCTBe onpefelisieT HEKOTOPYIO NoBepXHocTh. Takum
obpasoM, rpadukoM OYHKUHMH [BYX NepeMeHHBIX fIBJISIETCSl NOBepX-
HOCThb, NPOEKTHPYIOMAACS Ha MIocKocTe Oxy B 06GJacThb onpeaeseHust
¢ynkuun. Kaxpaeit nepneHaukynsp K miockocTH Oxy mepecekaer
NOBEPXHOCTb 2= f (X, y) He Gosee ueM B OJHON TOHUKE,

Mpumep. Fpaduxom dbynruun z2=x2-y%, KaKk H3BeCTHO H3 AHAIHTHYECKOR
FeOMeTpHUH, ABJIAETCH MapaGojonk BpaiieHus (puc. 168).

3ameuanue. DyHKuuIO Tpex WM GoJjee MepeMEHHBIX H300pa-
3HTb C MIOMOLUBIO rpajuKka B MPOCTPaHCTBE HEBO3MOXKHO.
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§ 3. YacrHoe M mojHoe npupaiieHHe QyHKLuHR

Paccmorpum simuuio PS nepeceueHusi NOBEPXHOCTH
2= f (x’ y)

€ IJIoCKOCThIO y= const, mapaasenbHoi maockoctd Oxz (puc. 169).
)z 2 Tak kKak B 31Ol MJOCKOCTH Y

: COXpaHsieT INOCTOSIHHOE 3HaueHwue,
TO 2z BHOMb KpHuBO#l PS Gymer Me-
HATBCA TOJBKO B 3aBHCHMOCTH OT
usMeHeHuss x. Jlagum HesaBHCHMON
nepeMeHHOH x npupauieHve Ax;
TOTJa 2 NOJYYUT NpHpalieHHe, Ko-
TOpPOe Ha3bIBAIOT 4ACMHOIM Npupa-
uwjeHuem 2z no x U 06GO3HAUAIOT ye-
pe3 A,z (Ha pucyHke orpesok SS'),
>~z TaK 4TO

sz:f(x'l"Ax’ y)—f(xv y) (1)

AHaJIOFI/I‘{HO, €CJqu X CoxXpaHAa-
€T NOCTOSAHHOE 3HauyeHue, a y noJay-
YaeT npupaieHue Ay, TO z noJayvaer npupallleHue, Ha3blBaeMOe 4acmi-

HbiM npupauienuen z no y. ITo npupaiieHne 0603HaYal0T CHMBOJIOM
A,z (ua pucynke orpesok TT'):

Az=[(x, y+Ay)—f(x, y). @)

IMpupamenue A,z GyHKUMS NOMyYaeT «BAOMb JWHHH» NEpeceueHust
NOBEPXHOCTH z=fy (x, y) c maockocThid x=const, napajaneabHoi
nnockocTH Oyz.

Hakonen, coo6muB aprymenty x npupamenue Ax, a apryMeHty
y—npupamenue Ay, monyyuM Ajsi z HOBoe npHpaimieHue Az, KoTo-

poe Ha3blBAeTCSl NoAHbIM npupaujedues (GYHKUUM 2 M ONpeaessercs
tdopmyoit

Puc. 169.

Az=[(x+Ax, y+Ay)—f(x, v). &)

Ha puc. 169 Az usoGpaxkaercs orpeskom QQ’.
Hajo sameruts, uro, BoOGIlEe TrOBOpsi, MOJNHOE MNpHpalieHHe He
PaBHO CyMMe UaCTHBIX NpHpalleHHH, T. e. Az=£=A.z+Apz.
Mpumep. 2=uxy.
A2z=(x+Ax) y—xy=y Ax,
Ayz=x (y+Ay)—xy=x Ay,
Az=(x4Ax) (y+ Ay)—xy=y Ax-x Ay -+ Ax Ay.
Mpu x=1, y=2, Ax=0,2, Ay=0,3 nmeem A,2=0,4, A;2=0,3, Az=0,76.

AnanoruyHbIM 06pas3oM onpelesisloTcs YacTHHE H IOJHOE NpHpa-
wenust GYHKUUH MoGOro uncia nepemeHHbiX. Tak, Ans GyHKUMH Tpex
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nepeMeHHBX u=f(x, y, f) uMeeM

Axu=f(x+Ax’ Y, t)_f(xa Y, t)r
Au=f, y+A2y, )= y, 1),
Atu=f(xv Y, t+At)—f(x’ Y, t)a
Au=Ff(x+Ax, y+Ay, t+488)—[(x, 9, ).

§ 4. HenpepbiBHOCTb (yHKUHH HECKOJBKHX NEPEMEHHbBIX

BBejeM 0fHO BaXHOE BCIOMOTaTe/lbHOe MOHSATHE — MOHATHE OKpecT-
HOCTH JAHHOH TOUKH.

Oxpecmuocmoto paguyca r Toukd M, (x,, y,) HasbIBaeTcs COBO-
KYNHOCTH BCeX TOUeK (X, Y), YJOBACTBOPSIOMHMX HEPABEHCTBY
V (x—%)*+(y —yo)® <7, T. € COBOKYNHOCTb BCeX TOYEK, JeXalluX
BHYTPH Kpyra pajuyca r ¢ ueHTpoM B Touke M, (xy, ¥,).

Ecau Mbl TOBOpHM, uTO (YHKIHMA f(x, y) oOJagaer KakuM-1uGo
CBOJCTBOM «BGJIH3H TOUKHU (X,, Yo)» HJIH «B OKPECTHOCTH TOUKH (Xg, Y,)»,
TO MOJ STHM INOApasyMeBaeM, UTO HAHJETCs TaKoH KPYr C LEHTPOM
(Xo» Yo)» BO BCEX TOUKAX KOTOPOTO AaH- V4
Has QyHKIUs 00/1a/1aeT YKa3aHHbIM CBOHCT-
BOM.

[Mpexxne ueM paccMaTpuBarh MOHATHe
HenpepbBHOCTH (PYHKIMH HECKONbKHX Ie- ( X

peMeHHBbIX, PacCMOTPUM MOHSATHE TIIpeae-

na QyHKIHA HECKOJbKHX MepeMeHHBIX ¥). &
[Tycte paHa QyHKuus
z=f(x 9, g - ;
onpefiefieHHast B Hekoropoli obnactu G Puc. 170.

naockoctd Oxy. PaccMOTpHM HeEKOTOpyio

onpenenenHyo Touky M, (x,, ¥,), Nexamyo B obnacth G K Ha ee
rpauuue (puc. 170).

Onpepenenune 1. Uucno A HasuBaerca npedesom $yHKuuU
f(x, y) npu crpemnenun Toukn M (x, y) k Touke M, (x,, y,), ecau
aas Kaxkporo uucaa € >0 Hafizercs Takoe umcao 7 >0, uro
ans Beex Toduek M (%, y), AIA KOTOPHIX BBUIOJHSAETCH HEPaBEHCTBO
MM, < r, uMeeT MeCTO HEpPaBeHCTBO

lf(x9 y)_Al<8
Ecau uucno A siBnsiercs npegeioM dynkuud f (x, y) npu M (x, y) —
— M, (x4, Y,), TO OHIIYT
lim f(x, y) = A.

XX,
¥>Yo

*) Mel GyZeM B OCHOBHOM pacCMaTpHBaTh (YHKNHM JABYX NepeMEHHHX, TaK
KaK paccMOTpeHue Tpex H Gosee nepeMeHHBIX HE BHOCHT HHKaKHX NPUHIHMHA/be
HBIX H3MeHeHuil, HO BHOCHT [J0GaBOYHble TeXHHYECKHE TPYAHOCTH,
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Onpepnenenue 2. Ilycte Touka M, (%, y,) NPHHALIEKHUT
obnactu onpepeneHus ¢yHkuuu f(x, y). PyHxuua z=f(x, y) Hasbl-
BaeTcs HenpepoigHoti 6 mouke M (x,, y,), €CTH HMeeT MeCTO PaBEHCTBO

lim f (x, y) =T (%, Yo)s 1)

X—=>Xo
Y=Y
npuueM touka M (x, y) crpemutcs K Touke M, (x,, Y,) POH3BOJILHEIM
o6pa3oM, OCTaBasch B 06JacTH onpeaejeHHs (QyHKIHH.
Ecnn o6osmaunm x=x,+Ax, y=y,+Ay, TO pasencrso (l)
MOXHO nNepenucarbh Tak:

A]:cl:lzof (xo-}—Ax, yo+Ay)=f(x0’ yo) (l,)
Ay—>0
HJIn
Jim [f (x4 8%, yo+Ap)—f (%, 5)]=0. (1"
Ay—>0

O6o3naunm Ap=V (Ax)*+ (Ay):. Ilpn Ax—0 u Ay—0 Ap—0,
u obpatHo, ecmn Ap—0, 10 Ax—0 u Ay — 0.
3ameuas, jajee, 4TO BHIpaX<eHHe, CToflllee B KBaApaTHBIX CKOG-
Kax B paseHcTse (1”), ecTb nonHoe npupamenue ¢pyHkuuu Az, pasen-
ctBo (1”) MoxHO mepenucaTb B ¢opme
lim Az=0. (')
Ap—>0
OyHknMA, HempephiBHASI B KaX/OH TOUYKe HEKOTOPOH 06/acTH, Hashl-
BaeTcs HenpepuisHol 6 obracmu.
Ecnu B Hekoropoi Touke N (x,, y,) He BEMOJHsETCA ycaosue (1),
10 Touka N (x,, ,) HasbiBaeTCs mo4xotl paspeéa QyHKUHH 2= (X, y).
Ycnosue (1) MoxeT He BBINONHATLCS, HanmpuMep, B CJAydYasx:
1) z={(x, y) onpenesieHa BO BCEX TOYKaX HEKOTOPOH OKPECTHO-
ctu Touku N (x,, y,), 32 UCKJOUeHHeM caMOH TO4YKH N (X,, y,);
2) ¢ynkmua z=f(x, y) onpeneseHa BO BceX TOYKAX OKPECTHOCTH
Toukd N (%, Y,), HO He cymecTByeT npefiena lim f(x, y);
e
3) ¢ynkuus onpenesena Bo BCeX TOYKAX OKPeCTHOCTH N (x,, y,)
u cyuecTtByer npezen lim f(x, y), Ho
X=>Xo
Y=>Yo
lim [ (x, y) %[ (o, Y0)-
X=>X,

Y>Yo

NMpumep 1. Oyuruus 2=x24 y? HenpepHBHA NpPH JIOGHLIX 3HAYEHHAX X H
Y, T. €. B o060 Touke mjockoct Oxy.
JlefcTBuTENIbHO, KaKOBH Ol HM OBIM YuCHA X H y, Ax H Ay, umeem

Az=[(x+ Ax)? 4 (y+ Ay)*] — (x> y%) = 2x Ax+ 2y Ay Ax?+ Ay?,
caefoBatesibHo, lim Az=0.

Ax—>0
Ay—>0
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IpuBsefeM mpumep pasphiBdoft PyHKIUH.

INNpamep 2. Dynxruusa = _T_yy, ompeleseHa BCIOAY, KpoMe TOuku x =0,

y=0 (puc. 171, 172).
PaccmoTpuM 3HaueHHs 2 BIOJIb npsiMoit y=kx (k=const), OueBuaHO, BAOAD
atoft npsamoit
2kx? 2k

t= AT ot

1. e. yHKuUMA 2 BROAb BCsSIKOR npaAMoOl, mpoxoAsimeli yepe3 Hauan0 KOOPAHMHAT,
COXpaHsieT MOCTOSIHHOE 3HaYeHHe, 3aBHCsILLEE OT YIJIOBOrO KoadpuuueHta k nps-
Moii, [TosToMy, MOAXOAA K Haualy KQOPAMHAT MO PasMUYHBIM OyTAM, MBl Gyjem

g A =
Puc. 171, Puc. 172,

HO/y4aTh Pa3JHyHble MpelesbHHEe 3HaueHHs, a8 3TO SHauuT, aro dyuxuus f(x, )
He HMeeT Mpefena, Koraa Touka (¥, y) Ha maockoctd Oxy cTpeMuTCs K Hadaay
koopauHar. CiefioBaTeJIbHO, DYHKLHUST pa3pbiBHA B 3TOH Touke, DTy.GYHKIHIO HEJIb3A
JoonpeAe/uTb B Hayaje KOOPAHHAT TaK, 4TOOH OHA CTaja HenpephBHO#. Jlerko
BuJieTh, ¢ APYroH CTOPOHEL, 9TO B OCTa/IbHHIX TOYKAX 5Ta (QyHKUHS HenpephiBHA.

Ykaxkem 6e3 nOKasaTelbCTBa HEKOTOpHle BaKHble CBOACTBA (yHK-
IIMM MHOTHX NEPEMEHHbIX, HeNpepLiBHOX B 3aMKHYTOH M OTrpaHHYeH-
HOM OOJacTH. DTH CBOHCTBAa aHAJOTHYHHI CBOMCTBaM HeNpephIBHOMN
Ha oTpe3ke QYHKUHH oo nepemenHo#t (cM. § 10 ra. II).

CeofictBo 1. Eciu ¢yskuus f(x, y, ...) onpeneneHa u He-
npepeiBHA B SaMKHyTgﬁ W orpaHuyeHHoi o6jactu D, to B o6nactu D
Hafijlercsl no kpafineii mepe onHa touka N (¥4, Y, -..) Takas, 4TO
JJIs BceX JAPYTHX TOdYeK o6JlacTH GyJeT BBIIONHSTbCA COOTHOLUEHHE

F(Xos Yos «o0)=F(x, 4y 020),s

u mo Kpaftmeit mMepe oxma Touka N (X, y,, ...) TaKas, 4TO AMa BeeX
APYTHX TOYEK 0oG/MacTH GyJeT BLINOJHATHCA COOTHOLICHHE

fG‘o’ !—/ov GOy, L)

3uauenne dyHKuMH f(X,, Yo ...)=M OGyaeM Ha3HBaTh Haub0L-
wum 3sHavenuer QyHkuud f(x, y, ...) B obmacta D, a 3HaveHue
f X0y Yo» o-.) =M —Haumenowum 3Ha4eHUECM.,
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ro cBoicTBO GopMyMHPYIOT H TaK. Henpepowsnas ¢pynxyus é 3amx-
Hymoii oepanudennoll obracmu D docmuzaem no Kpained mepe o0un
pa3 Hauborvwiezo 3Hauenus M u Haumenvuiezo 3Hauerus m.

CsoiictBo 2. Ecnu dynkuus f(x, y, ...) HenpephlBHA B 3aMK-
HyTOM M orpaHuyeHHoHl obnactu D u eciu M u m— HauGobinee
HauMeHblllee 3HaueHdus o¢ywkuuu f(x, y, ...) B obGnactu, TO AJd
JM060T0 YHCHa |, YAOBJAETBOPSIOMEro ycaoBuio m < pu < M, Haipercs
B o6GaacTd Takaa Touka N*(x,, Y, ...), 4YTO GYyZeT BHINOJHSATbCA
paBeHcTBO f (X5, Yo, .- -) =M.

CneapctBue cBoiicrea 2. Ecou dyskuus f(x, y, ...) He-

npepriBHa B 3aMKHYTOH OrpaHHYeHHOH 06JacTH H NPHHHMaeT Kak
NOJIOKHUTEIbHEE, TaK M OTPUIlaTe/lbHblEe 3HAUEHUS, TO BHYTPH 0GJIacTH
HalAyTCs TOYKH, B KOTOPHIX GyHKUMS [ (X, y, ...) obpaiaercs B HYJIb.

§ 5. YactHble npou3BoiHbie (QYHKLUMH HECKOJbKHX NepeMEeHHbIX

Onpepgenenune. Yacmuoli npoussodHoii no x OT GYHKIHH
2=[(x, y) HasplBaeTcs npeie] OTHOLIEHHsS YacTHOIO NpPHpalleHHus
A,z 1o x X npupaueHuio Ax npH CTpemJeHHH AX K HyJIo.

YactHas npousBojHas no x oT PyHkuuu z= f (¥, y) o6o3HavaeTca
OJIHHM H3 CHMBOJIOB

. o 0z of
'/Zx: fx(x’ y)’ E\:’ EJ_C.

Takum o6pa3oM, N0 ONpeAE]eHHIO,

% _ tim 52 — lim 8% D76 9),
x Ax—0 Ax Ax—>0 Ax

AHaJIOTHYHO 4aCMHAA Npou3so0Has no y OT QYHKUHH 2= f(x, y)
onpejeNsercss Kak Npejes OTHOUIEHHS YacTHOIO NpPHPAINEHHs (YHK-
nui Az 1m0 y K NpHPAIICHHIO Ay mnpu crpemneHun Ay x HyJo,
YacTHasi NPOU3BOZHASA MO y OGO3HAYaeTCsl OJHHM M3 CHMBOJIOB

, , Oz of
2y, iy’ E; a—y~

Takum oGpasom,

. Az .
92 _ 1im =¥ — lim
ay Ay—>0 Ay Ay—>0

f(x, y+AN—T(x, 9)
Ay :

3ameruB, yTo A,z BHIYMC/sETCS NPH HEW3MEHHOM y, a A,z npu
HEM3MEHHOM X, MBI MOXEM OIpeJiesIeHHs YaCTHBIX MPOU3BOAHEIX Cop-
MyJHPOBaTh TaK: #aCMHOL npoussodHol no x oT GyHKUHH 2= f (X, y)
Has3bIBaeTCs NPOM3BOAHAS MO X, BBIYHCJIEHHAs B NPEANOJOXKEHHH, 4TO
y — noctostHHasA. Yacmuoti npousgoduoi no y or ¢pyHkuuu z= f(x, y)
HaspiBaeTcsd NPOH3BOAHAs MO Y, BHIYHCJIECHHAs B MPEXNOJIOKEHHH,
YTO X — NOCTOSIHHAA.

U3 310r0 OmpeieneHHs SICHO, YTO NPaBHJa BBHIYHCJIECHHS YaCTHBIX
NPOU3BOJHBIX COBMAJAIOT C NPaBUJAMH, YKa3aHHBIMH AN (GyHKIHH
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o;moy:l nepeMeHHOIEI, H TOMBKO Tpefyercst KaxAbH pas IMOMHHUTb, IO

KaKkoW MEepEeMEHHOHU HINETCA MNPOU3BOAHAA.
IMpumep 1. Jana dysrpus 2=x2sin y; TpebyeTca HalTH 4aCTHbIE MPOH3-
BOJHHIE a—i H %3
0z

0z ,
Pemenne. a—-x_stiny, El—x cos y.
l'IpuMaep 2. z=:(c;’.
2 _ vt B _ v
3nech ax—y:cy ' 3y x7 Inx.

YacTHble POU3BOJHEIE (PYHKIMH JIOOOTO YMCJ/IA MEPEMEHHBIX ofpe-
IeNnsTcs aHaNorHyHo. Tak, ec/n MMeeM (QYHKUMIO 4 YETBIpeX nepe-
MEHHHIX X, Y, 2, L:

u=f[(x, 4, 2, 1),
TO
_QE,__ lim f(x+Axl Y, 2 t)—'f(xr Y, 2, t)
0X "~ Az Ax ’
u . F(x, y+Ay, 2 H—=[(x, y 2 1)
——=lim M oT. I
W Ay By A
Mpumep 3. u=x2+4y2+xt2®,
ou ou 0w o .,, Ou
a——?x—i—tzs, Ta—y——2y, -5;—3th N -—ét—_xza.

§ 6. TeomeTpHuecKash HHTEPNPETaUUs YACTHLIX NPOM3BOXHBIX
QYHKUMH ABYX MepeMEHHbIX

[Tycte ypaBHenue
z=f(x, y)

ecTb ypaBHEHHE NMOBEPXHOCTH, H300paxkeHHOH Ha puc. 173.

[lposeaeM maeckocTh x =const. B ceueHHu 3TOH MJIOCKOCTH C fI0-
BepxHocTbio nonyuntcs aunus PT. Ilpu naHHOM x paccMoTpuM Ha
maockoctd Oxy Hekoropyio Touky M (x, y). Touke M cooTBercTByer
touka P (x, y, 2), NpUHaJIExRamas NMOBePXHOCTH 2= f (X, y). Ocras-
JAS X HEeM3MEHHBIM, NaJUM NepeMeHHOH y mnpupauieHue Ay =MN =
= PT'. Torga ¢yHkuusa z noxyuut npupameHue A 2z=TT' (Touke
N (x, y+ Ay) coorserctsyer Touka T (x, y +Ay, z+A,2) Ha noBepx-
HOCTH 2= [ (X, Y)).

2
OrHowreHue 'Zgy_ pPaBHO TaHreHCy yrJa, obpasyemoro cexyujeil PT
C MOJIOKUTeJNbHBIM HampaBjeHHeM ocu Oy:

Ayz -,
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CnezoBarenbHo, npenen
. ALz
lim v _ 2

Ay—>0 Ay a.l/

paBen TaHrency yrJaa f§, o6paso-
BaHHOIrO KacaTelbHO#H PB K KpH-
Boit PT B Touke P c mosoxu-
TeJIbHBIM HanpasieHueM ocH Oy:

0z
-a—y'=tgﬁ.

Hrak, yacTHasi npousBoxHas
0

4
5y WHCTEHHO paBHa TaHTEHCY yr-

Jla HaKJIOHa KacaTeJbHOH K KpH-
Puc. 173. BOH, MoJyvalolmeics B CeYeHHH
NoBepXHOCTH 2= f(x, y) mnJoc-
KOCTBIO x = const.

0z
AHaJIOrMyHO yacTHasi POM3BOJHAS 55 UHCI/ICHHO paBHa TaHTEHCY
yrila HaKJOHAa ¢ KacaTeJbHON K CEUeHHI0 NMOBEPXHOCTH 2= f (X, y)

INIOCKOCTBIO ¢ = const.

§ 7. Nonnoe npupamenue H MOJHLIA AHGepeHHAN

Ilo onpezeneHu0 NONHOTO NpHpaIleHnsl QYHKUUH 2 = [ (x, y) UMeeM

(cm. § 3)
Az=[(x+Ax, y+Ay) —[(x, y). (1)

Tpeanonoxum, gro f(x, y) B paccMaTpuBaeMoil TOuke (x, y) UMeer
HenpephiBHbIE YacTHBIE NMPOU3BOJHEIE.

Bripasum Az gepes yacTHele mpousBoAHbe. Jlns sTOro B npapoii
yactd paBeHcTBa (1) mpuGaBum u BuiuTeM f(x, y -+ Ay):

Dz=[f (x+Ax, y+Ay) — [ (x, y+A]+[f (¢, y+By) — [ (%, 9)]. @)
Buipaxenue
Fx, y+A9)—F(x 9),
cTosIliee BO BTOPOH KBaJpaTHOH CKOOKEe, MOXHO pacCMaTpHBaTb Kak
PasHOCTh JABYX 3HAUeHUH (YHKIMH OJHOH NEPEMEHHOH y (3HaueHHe X

ocraercsi nocrosiHHeM). ITpumensis K 3Tod pasHocTh Teopemy Jlar-
paHKa, NOJyYHM

Fe g+ —f () =By L&D, ©)

Ijfie y 3aKMOUeHO MeX1y y u y-+ Ay.
Touno Tak ke BBHIpaXkeHHe, CTOsNee B NepBOH KBalpaTHOH CKOOKe
paBeHcTBa (2), MOXKHO paccMaTpPuBaThb KaK PasHOCTb ABYX 3Hau€HHH
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(QYHKIMH OAHOH nepeMeHHOH X (BTOPOH apryMeHT COXpaHsSe€T OAZHO
H To xe 3HaueHHe y-Ay). IlpumeHss K 3ToH pasHOCTH TeopeMy
Jlarpanxa, monyunm

FletAx, y+0y)—f(x, y+0y) =AcLELHED

Ife X 3aKMOYeHO MexIy x¥ M x4 Ax.
Brocst Buipaxenus (3) u (4) B paBeHcTBo (2), mosayuum

of (x, y+A f (x, y
Az = Ax f(x a!i"l‘ y)+Ay f(gy .'/)' (5)

Tak Kak, 0O NPEANONOXKEHUIO, YaCTHbie TPOH3BOAHLIE Hempe-
PHIBHBI, TO

of (x, y+Ay) _of(x, y)

lim

Ax»g ox ox
Ay = 6
fim YD 3 9) ©
0 —a
Ax—>0 Y Y
Ay —0

(Tak Kak X H y 3aKJMIOUYEHbl COOTBETCTBEHHO Me€XAy X ¥ x4 Ax, y
u y+Ay, ro npu Ax—0 u Ay — 0 x u y CTPeMATCH COOTBETCTBEHHO
K X u y). PaBeHcrBa (6) MoxHO mepenucath B BHfe
of (x, u+A4y) =6f(x, y)+ )
ox Y1 (6")
of (x, y) 6f(x t/)+
dy Var
Tlie BEeJHYHHBI p, H y, CTpeMATcs K HyJo, Korja Ax u Ay crpemarcs
K nymo (r.e. korna Ap=VAx* Ay — 0).
B cuny pasencts (6') coorHourenne (5) npHHHMaeT BuJ

Az=?j—%‘7’—y)Ax+ Q'f'%%"g)'Ay""Yle"'V?Ay- (")

CyMmMa aBYX NOCJIEJHHX CJaraeMblX NPaBoOH YacTH fBJSETCS GecKo-
HEYHO MaJIoil BHICIIEro NOpPSifKa OTHOCHTENbHO Ap = VAx2+A 2. Hei-
Ax

CTBUTEJbHO, OTHOLICHHE “A

— 0 mpu Ap — 0, Tax Kax y, fBAseTCH

OGECKOHEYHO MaJsioH BeJHYHHOH, a %g—orpaﬂuqenuoﬁ (I—ﬁ—;-l<l) .
A
AHaJIOTHYHO TIPOBEPSETCS, UTO %py___*o.

CyMMa nepBHIX JABYX CJaraeMbIX €CTh BEIpaXKeHHE, JUHEAHOe OTHO-
curenbHo Ax u Ay. Tlpu fi(x, y) =0 u f,(x, y) 5= 0 310 BHIpaXKEHHE
NpencTaBisier CO0OH TJaBHYO 4YacTh NpHpaleHHsi, OTJIHYAsACDh
or Az Ha GeCKOHEYHO MaJyl0 BBICIIErO NOPSAAKA OTHOCHTEJNbHO Ap =

—V EB T A
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Onpeaenenne. Pyukuus z={(x, y), nonnoe npupamienue Az
KOTOpPOH B JaHHOH TouKe (X, y) MOxeT ObITb NpPEACTaBJEHO B BHJE
CyMMbl [IBYX CJlaraeMblX: BEHIPaKeHHs, JIMHEHHOro OTHOCHTeNbHO Ax
u Ay, ¥ BeJUUHHB, GECKOHEYHO MaJIOH BBHICIIETO NMOPSiAKA OTHOCH-
TenbHO Ap, HasbiBaercs Qudbpepentupyemodl 6 danroil mouke, a TuHed-
Has 4acTb NpHpAUIeHHs Ha3bIBaeTcs noaxbim Ouddpeperyuarom U 0603-
Hayaercs uepe3 dz umm df.

M3 pasencrBa (5’) cienyer, yro ecau ¢yHKumusa f(x, y) umeer
HenpepobiBHbIE YacTHbIe NPOM3BOJHBLIE B JaHHOH TOuKe, TO OHa AHude-
peHUupyeMa B 3TOH TOYKe M HMeeT NOJHBIH AupdepeHiHan

dz:f)'c (xo y) Ax+f'y (x’ y) Ay‘
PasenctBo (5') MOXKHO Nepenucatb B BHJIE
Az=dz+y, Ax+y, Ay,

M C TOYHOCTBIO 10 GECKOHEYHO MaJIbIX BBICILETO MOPsiAKa OTHOCUTEIBHO
Ap MOXKHO HamucaThb CJeAyiollee NPHOGIHMXKEHHOE PpaBeHCTBO:

Az ~ dz.
TpupaueHnsi He3aBUCHMBIX NepeMeHHBIX AX H Ay Mbl GyJieM Hass-

BaTh Ougppepernyuaramy He3aBHCHMbIX NEPEMEHHBIX X H y H 0603Ha-
yaTb COOTBETCTBEHHO uepe3 dx u dy. Tor-

4y Ja BIpaKeHue NoJHoro pudpepeHinana npu-
y 42484 mer Bup
&z 4y
d 9 dx _|__af_d
T ox oy Y.
¥ ydz
Takum o6pasom, ecan ¢yHKuus z=f(x, y)
HMeeT HenpepbiBHbIE YacTHHIE NMPOH3BOJZHEIE,
To OHa Ju(gepeHilipyeMa B TouKe (¥, Y),
= l(A_.z_: U ee NONHHIA AHddepeHnHaN paBeH cyMmMme
OpoM3BeiIeHHil YacTHHIX TNPOU3BOAHHIX Ha
Puc. 174 JuddepeHnyansl  COOTBETCTBYIOUIMX HE3aBH-

CHMBIX IIEPEMCHHBIX.

Mpuwmep 1. Haittn noansiii puddepennpan u nonHoe npHpameHue GynKuuu
z=xy B Touke (2; 3) mpu Ax=0,1, Ay=0,2.
Pewenmne.

Az=(x+Ax) (- Ay) —xy=y Ax+x Ay+Ax Ay,
0z 0z
dz.—a-dx-{-iy- dy=ydx+xdy=yAx+ x Ay.

CrepoBaTenbHO,
Az=3.0,14-2.0,2-4-0,1.0,2=0,72,
dz=3.0,14+-2.0,2=0,7.

Ha puc. 174 xzana MAJIOCTPaHA K STOMY npHMeEpy.

Tpeasinymue paccykIeHHS U oNpefe/ieHHsi COOTBETCTBEHHBIM 06pa-
30M 0000IIAOTCA HAa (YHKIMH JMOGOro 4ucjia apryMeHTOB.
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Ecau nmeem ¢yHKuMIO MoGOro 4ucsia nepeMeHHbIX

w=fx y, 2, u, ..., 1),
af of of
NpHYeM BCe YaCTHHE NPOM3BOAHBE — -, S50 o HenpepLHIBHEL

B Touke (¥, Y, 2, 4, ..., ), TO BBIpaKeHHE
o i of of
dw—WdX'l—a—y' dy+52—d2+ e +Ft-dl‘

fIBJISieTC TVIaBHOH 4YacTblO MNOJIHOTO NpUpaleHHss QYHKUHMH ¥ Ha3H-
BaeTcs noaxvim dudepenyuarom. LokasaTeabCcTBO TOTO, YTO PAa3HOCTD
Aw—dw sBnsercs GeCKOHeYHO Masoil GoJsiee BBICOKOTO NOPSiAKa, YeM

V (Ax)* 4 (Ay)* + . . . + (Af)%, NPOBOAMTCSI COBEPLIEHHO TaK JKe, Kak
H Jas1 GyHKUHH ABYX MNepeMEHHBIX.

IMpumep 2. Halitn nonnnii auddépennuan GpyHKmun u=e"*¥sin? ; TpeX
nepEeMEHHBIX X, Y, 2.

Pemenue, 3aMeTuB, YTO 4acTHbE NPOU3BOJHbLIC

ou
= =¥ tY® 9xsin? 2,
ox

B et sy,

%‘-;— =e*"t¥" .25in zcos z =e*+¥’sin 22
HENPEPHBHH NPH BCEX 3HAUYEHHSIX X, Y, 2, HAXOAHM
du=-aa%dx+%z—dy+%:— dz — e+ (2x sin® z dx-+ 2y sin? 2 dy+-sin 2z d2),

§ 8. NlpumeHenne noaxoro auddepenHunana
B anﬁJm)KeHHle BBIYHCJICHHAX

Mycts ¢yHkuus z=f(x, y) AupdepeHuupyema B Touke (X, y).
Haiizem mosHoe mpupameHue 3Toit QyHKIHH

Az=f(x+Ax, y+Ay)—f(x, v),

OTKYZa
fx+Ax, y+Ay) =7 (x, y)+Az. 1)
Mbl umenu mpuGnmxeHHylo dopmyny
Az =~ dz, 2)
rae 5
de=2L Av+ I Ay. @3)

TloacraBasa B ¢dopmyay (1) BmecTo Az pa3BepHyTOe BhpaxKeHHe As
dz, noayunM npuOJHKEHHYIO (opMmyJy

fetde, y+a) m @ o)+ L8 DA+ TE D, (4)
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BEPHYIO C TOYHOCTBIO J0 GECKOHEYHO MaJsbiX BHICIIERO MOPSAAKA OTHO-
cutenbHo Ax H Ay.

IMokaxeM, KaK HCMosib3yloTcss dopMyasl (2) H (4) AJst NpHOIHKEH-
HBIX BBIYHCJIEHHH.

3 ajgaya. Boiuncnute o6beM MaTepHasa, HYXKHOTO AJISI H3rOTOBJIEHUS! LHUJIHH-
JIDHYECKOrO CTaKaHa CJeJylOmHX pasMepoB (puc. 175): panuyc BHyTpeHHEro Lu-
JUHApPA R, BHICOTa BHYTpPeHHero uuauuipa H, Tonmmuna
CTEHOK M JHA CTaKaHa k.

Pemenne. Jlanuv jBa peileHus 3TOH 3ajaud: TOY~
HOEe H NpUOJIHIKEHHOE.

a) Tounoe pemeHnue. MckomMuii o6bem v pased
Yita Pa3HOCTH OGHEMOB BHELIHErO LWJIHHAPA H BHYTPEHHEro WH-
" auuapa. Tak Kak pajuyc BHeLIHEro HMJMHApPA paBeH R -
us k&, a Boicora H+-k, To v=n(R-+k)?(H+k)—nR2H,

o v=n QRHE+ R+ HEL 2R+ 1), (5)

6) [Ipubnuxennoe pemenue OGCGO3HaUUM vye-
pe3 f o6beM BHYTpeHHero mUJIHHApPA, Toraa f=mnR2H, dro—
Puc. 175. dyHkuus AByX mepeMeHHnx R u H. Ecau ysenmuum R u
H na k, 10 dyuxnus [ nonyynt npupawmenue Af; o 310

¥ GyJleT MEKOMHI o6beM v, T.e. v=Af.
Ha ocxoBapuu coortHoweHus (1) umeem npuGiHXKeHHOE PaBEHCTBO U ~ df, uam

. of of of of ., _
VR FR—AR—!—O—I_I' AH. Ho Tak xak —a—-R——QﬂRH, -(W—RR , AR-—AH:k, TO

fnosyyaem
v = n(2RHk - R%). (6)

Cé)asumaaa peayabTatel (5) u (6), BHAMM, YTO OHM OTJHYAIOTCA HA BEJHUHHY
x (Hk?+2Rk?-- k3), cocTosillyl0 M3 WJIEHOB BTOPOTO H TPETLEro MOPSAKa MaJoCTH
OTHOCHTEJILHO k.

ITpumenuM 3TH HOPMYJBI K YHCJIOBBIM IDHMEpaM.

Ilycts R=4 cM, H=20 cm, £=0,1 cm.

Ilpumensia (5), MOJY4HM TOUHO

v=m(2-4.20-0,1+42.0,14-20.0,12}-2.4.0,12+40,13) = 17,881x,
Ipumensis popmyany (6), DoaydHM NpHETHMKEHHO
v ~ n(2-4-20.0,1442.0,1) =17,6m.
Cnenosaresbio, NpHGIHKeHHas ¢opmysa (6) Zaetr OTBET € NOTrPElIHOCTBLIO, MEHb-
we# 0,37, uTo cocTaBiseT IOO'I’I:THIJ'L %, T.e. MeHee 2% H3MepeHHOH BeJHYHHBHI.

§ 9. Mpunoxenne auddepeniHanta K ouUEHKE NOTPeIIHOCTH
NPH BLIYHCIECHHSAX

ITyctb HexoTOpast BeMHYMHA 4 sIBJAseTcs (YHKIHeH BENUUHH X, Y,

2, «.., L
v=Ffx, y, 2, ..., 1),
npuYeM, onpezensisi KAKUM-TO CocOGOM 3HAYeHHS BEJIHYHH X, Y, 2, ...

...y ¢, MBI lONycKaeM norpemHocTd Ax, Ay, ..., At. Torna snavenue u,
BbIYHCJEHHOE M0 HETOYHbIM 3HAYEHHSAM apryMeHTOB, MOJNYYHTCA C
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TNOTPELHOCTBIO
Au=fx+Ax, y+Ay, ..., 24402, t+A)—f(x, y, 2, ..., 1).

Huxe mbl 3afimeMcsi olleHKO# norpemHoctd Au, ecid H3BECTHHI NOT-
pewnoct Ax, Ay, ..., At.

Ilpu pocraroyHo Manbix aGCOMIOTHHIX 3HAYEHHAX BeJHYuH Ax,
Ay, ..., At moxeM npuGIHKEHHO 3aMEHHTb IOJIHOE NpHpaLIeHHE
NOJIHBIM  AuddepeHnnantom:

~ of of of
Au~—a}-Ax+—é?Ay+...+—a—tAt.

3mech 3HaueHHWsl YaCTHLIX NPOH3BOAHBIX W 3HaYeHUs IMOTPemHocTed
apryMEHTOB MOTYT OHIThb KaK MOJOMKHTENbHBIMH, TaK H OTPHIATENb-
HbIMH. 3aMeHsisi UX aGCOJIOTHBIMH BeJHYHHAMH, MOJYYHM HEPABEHCTBO

18u)<| L) 1ax 1+ | L] 18yl + .4 L]1ael )

Ecan uepes |A*x|, |A*y], ..., |A*u| oGo3naunm maxcumarorsie abeo-
AfomHble TIOTPEITHOCTH COOTBETCTBYIONIMX BEJIHYMH (TPaHUIb! LI a6Co-
JIOTHHIX BEJHUHH 3HAYEHHUH INOTpeliHOCTeH), TO MOMXHO, OYEBHAHO,
NpHUHATD

|8t |=| 5

|A*x|+|-g£—,|A*y[+...—l—lg—';llA*tl. Q)

IMpumeps.
1. Oycte u==x-t+y-tz, Toraa |A*u|=|A*x]4| A%y |+ | A%z
2. INycts u=x—y, Toraa | A*u}=|A*x|4-|A*y fA* |

| x|

3. Ilycrs u=xy, toraa | A*uj=|x|| A*y|+|y
x
4. Ilycts u=7 , TOrja

+1x1]A%|
4 *
5. T'unotedy3a ¢ M KaTeT @ NPAMOYro/bHOro Tpeyroabuuka ABC, onpepenen-

HHE ¢ MaKCHMaJbHBIMM aGCOJIIOTHBIMH norpemHoctsiMu | A*c|=0,2, | A*a|=0,1,
COGTBETCTBEHHO paBHH ¢=75, a=232. Onpezeants yron A no dopmyse sin A =

1
wul=|L
8% l=| 5

x A%y
IA‘xl'}’iyf“A*yl—ly” |

a PR
=} MaKCHMAJbHYIO a6comoTHy0 norpewHocTs |AA| npm BeHCAeHMH yraa A,

a a
Pewenne. sin A=F , A=arcsin — » CJIeNOBATEJIbHO,

9A__ L oA 8
da VE—at' o cVe—a '
ITo ¢opmyde (2) momyuum:
|4 |= L 0,14+ L -0,2=0,00273 paguanos=9'24",

V75— 328 75 Y 75— 322

Takum o6pasoM, A=arcsin ‘3—?) +9'24",
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6. Mycte B npamoyromsHoM TpeyroabHuke ABC xarer b=121,56 M, yroa
A =25°21"40", npu STOM MakcHMajbHasi aGCOMNIOTHAA MOrPEUIHOCTb MPH ONpesene-
#nu Katera b pasna |A*6|=0,05 M, MakcumaJbHasm aGCOJIOTHAsi NOTPELIHOCTh
nipu onpefenenun yraa A paeHa |A*A|=12",

QOnpefenuTe MaKCHMAJbHYIO aGCOJIOTHYIO TIOTPELIHOCTb NIPH BHIYUCAEHHH Kae
TeTa a no ¢opmyae a=btg A.

Pewenue, ITo dopmyae (2) Haxonum
2l = * L3
[A%a|=|tg A|| A% {+— 5

[a*A],

IToxcraBnsisi COOTBETCTBYIOWME 3HAYeHus (4 NMOMHSA, uTo | A*A | Hy®HO BHpasuts
B pajuaHax), MoJyyuM
121,56 12

| A*a | =tg 25°21 40”-0,05—|—C0$2 555 1740" ° 206265=0’0237 -4-0,0087 = 0,0324 M,

OrtHolleHye NOTPelHOCTH AX HEKOTOPOH BeNHUYHHBI K MPUOJIHKEH-
HOMY 3HAYEHHIO X 3TOH BENUYHHDBI HA3BIBAETCH OMHOCUMELbHOL noepet-
Hocmoeto BenuunHBl. Bysem ero oGo3HauaTh &x:

Ax
G)C = ___ .
X
Maxkcumanrorol 0mMHOCUMENbHOL NO2PeHOCMo0 BEIUYHHBI X HA3bi-
BaeTCsi OTHOLIEHHE MaKCHMaNbHOH abCOJMIOTHOH MOTPEIIHOCTH K aGco-
JUOTHOH BeJIHYMHE X U OGo3Hayaercs |&*x|:

A*
|8%%| = "x’i‘ : 3)

Jlns oueHKM MaKCUMaJIbHOH OTHOCHTENbHOH MOIPEIIHOCTH QYHKIHH 4
paszenum Bce uHcaa paBeHcTBa (2) Ha |u|=|f(x, y, 2, ..., 0)]:

o oI 2
lAt ox . _ 0 . ot *
‘uu'\ =|G-{ 14| = _fﬂ_ [A*y|4... + 8% @
HO
of of or

o _ 9 oy _ 9 ot 9
——;-='521H!i|, '_f_——-'@-lnlflv er ey _f_'wln,fl‘

IMostomy paBeHcTBO (3) MOXKHO mepenucaTh Tak:
d 9
8% | = |5z In[FI[| A%+ | - In | F1[1 8%+ ...
d
...+|—a-71n|f]l|A*tl..., (5)

WM KOPOTKO
[8*u|=]A*In]|f]]. (6)

N3 dopmyn kak (3), Tak u (5) cieayer, 4To MakCHMajbHasi OTHOCH-
TeJibHasl MOrPemHocTh PYHKIUH paBHSETCH MAaKCHMAaJbHOH a6COMIOTHOMH
NOTPeIIHOCTH Jiorapudma 3To#t (PyHKUUH.
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U3 dopmyarr (6) caenylor npaBuia, NpHMEHsieMBIE B PHGIIXKEH-
HBIX BBHIYHCJICHHSAX.

1. HNycre u=xy. Honp3ysicb pesyapraTramu npumepa 3, NOJIyuHM
A'x) | Ix|1A%] _ [A%] , |A%]
S*u —lgli = + =] 6% 6*
8% lxy] + I x| [x] {yl 18] +18y1,
T. €. MaKCHMaJbHas OTHOCHTEJbHas TNOTPEIIHOCTb NPOU3BEAEHHS PaB-
HAeTCSl CyMMe MaKCHMaJbHbIX OTHOCHTEJbHLIX MOTPEINHOCTEH COMHO-
Kurened.
X
2. Ecim u ==, T0, NOJB3YyACh Pe3yJbTaTaMH npumepa 4, Haxoaum
|8 | =] 8% |+ 8% .
3ameuanue. Ha ocHoBaHuM npumepa 2 CJeAyer, 4TO ecJHu

A*x |4 A%
u=x—y, TO |6*u[=-|-——!—l'l‘T|y-l—y—l.Ecnu X U y OMU3KH, TO MoO-

JKET OKas3aThbCsfl, 4TO |6*w| GyjeT ou€Hb BENMKa IO CPAaBHEHHIO C
onpezeseMoil BEMUHHON X— Y. IT0 OGCTOATENLCTBO CJEAYET YYHTH-
BaTh INPH NPOU3BOACTBE BHIYHC/ICHHII.

Tipumep 7. Ilepuon KoseGanus MassTHHKaA paBeH T =2x V"IE, rae l— annuHa
MasiTHHKa, g —YCKODEHHE CHJIBI TSIKECTH.

Kakylo OTHOCHTENbHYIO TOTPEIHOCTh B omnpefenennn T MBI AomycTUM NO 3To
dopmyse, npunumas n = 3,14 (c Tounocteio 10 0,005), I=1 M (c TouHocThIO HO
0,01 M), g=9,8 m/c? (c TounocTIO Mo 0,02 M/c?).

Pemenue. Ilo dopmyne (6) mMakcumanbHass OTHOCHTEJbHash HOrPELIHOCTD
paeua |8°T |=|A*InT|. Ho lnT=ln2+1nu+—;—1nl—%lng.

Buuncaum |A*InT|. YuutsiBas, uto nt = 3,14, A*n=0,005, I=1 m, A*l =
=0,01 M, g=9,8 m/c?, A*g=0,02 m/c?, noayuum:

__A*m A A*g 0,005 , 0,01 | 0,02
MInT=——tar+3; =312 T-2 129500076

WTak, MaKCHMalbHass OTHOCHTEJbHAast NOTPEIIHOCTh PaBHA
&8*T =0,0076=0,76%.

§ 10. INponssonnas cioxnoii pyskuuu. Moanas npomssonnas.
Hoaubiii anddepennuan caoxHoil GyHKIRnH

Ilpeanonoxum, 4T0 B ypaBHEHHH

2=F (4, 0 ()
U 1 U SIBIJIOTCA q)yHKU,HﬂMH HE3aBHCHMBIX HepeMeHHbIX X n y:
u'——‘p(x’ y)’ v=1|3(x, y) (2)

B 3roM ciyuae z ecTh ClOXKHas (YHKUHS OT apryMeHTOB X H y.
KoHeuHo, z MOXHO BHPa3HTb H HENOCPENCTBEHHO 4epes X, Y, a

UMEHHO:
z=Flo(x, ), v(x, y)] 3)

Hpumep 1. Ilyets z=u?P+4u-t1;, u=x2+4y? v=e¥ty41, Torpa
2= (3-F P @+ 10 (P41
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TpeanonoxuM, uto ¢ynkuuu F (u, v), @ (x, y), ¥ (x, y) uMeioT
HelpepblBHbIE YacTHHIE IPOM3BOJHBIE N0 BCEM CBOUM apryMeHTaM M
[IOCTaBUM 3ajady: BHIYHMCJIHTD % H g;— , UcxoAs u3 ypaBHeHuit (1) u
(2) 1 He mosb3ysich ypaBHeHHeM (3).

Jkanum aprymeHTy X npupameHue Ax, COXpaHsis 3HaueHHE y Heus-
MeHHBIM. Torza B cHy ypaBHeHHS (2) 4 M v moJydYaT mpUpalleHHs
Au n Ap.

Ho eciu u u v monyvalor npupamenus A.u u Av, To 0 GyHKUHA
2=F(u, v) noayuur npupauieHue Az, ompepensemoe gopmyJoi (5’)

§ T
oF oF
A= - Au+—5-Ao+pAu+7,A,0.

Pas;ermM BC€ WICHBI 3TOI'0O paBEHCTBA Ha Ax:

Az __ OF Ayu | OF Ao Au AV
A0 axr T v ar Thag thegy

Ecin Ax —0, T0 Ayu —0 u Ao — 0 (B cuny HenpepuIBHOCTH By HK-
uuit u u v). Ho torna y, u p, Toxke crpemsarcs K HyJmo. Ilepexoas
K npeneny mpu Ax — 0, monyunm

Az _ 0z : Ayu _ Ou s Ay v
Aly-l»lo Ax "~ ox’ Alxn—l;lo Ax — ox? AlxlIEO Ax ~ox»
lim p,=0, lim y,=0
Ax =0 Ax -0
H, cJeJoBaTe/bHO,
0z oOF ou , '0F ov
o = x Yo ax @

Ecnn 6el MBI faiM npupaueHde Ay nepeMeHHOH y, a X OCTaBHJIM
HeH3MEHHBIM, TO C NOMOIIBIO AHAJOTMYHBIX PacCyKACHUH HaLLIH Gbl

0z _O0F ou , OF dv

- — r
ay“—aiay"'av oy ° #)
INpumep 2,
z=In(u2+v), u=e¥*+¥% uv=uxty;
O w0 I
ou uwitv’® v wtvu’
W _puuyr Wy wip W o 0
a;—ex-*-y, ay—2yex }', ax —2x1 Fy'——l.
Hcnonbsys dopmyast (4) u (4'), Haxoxum
0z 2u 1 2
ox T v ex+y’+u2+v2x=u2+v(uex+yz+x)’

9z _ 2u 2 1 1 2
W_mzye"*'}' —!—-m——m(‘luyex"'y —[—l).

B noc/ienHue BbIpaKeHHWs] BMECTO # ¥ U HEOGXOAMMO MNOACTaBHTbL eX+¥® g
x24-y COOTBETCTBEHHO.
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Has cnydas GoJbiuero uucna nepeMeHHbIx ¢opMyast (4) u (4')
€CTECTBEHHEIM 06pa3oM 06GOGLIAI0TCH.

Hanpumep, ecii w=F (2, u, v, S) ecTb pyHKIUA HeThIpeX apry-
MEHTOB 2, U, U, S, a KaXAbBIH M3 HHX 3aBUCHT OT X H y, TO ¢op-
myasl (4) u (4') NpHHHMaOT BUJA

0w 0w 0z Ow ou dw Ov 0w 0s
0z ox T ouox oo ox T 05 x ’ 5
ow Ow 0z , 0w du |, Ow Ov , dw Os ©®
T Ew Ty Ty TE

Ecou samana ¢yukuus z=F (x, y, u, v), The y, u, U B CBOIO
oyepenb 3aBHUCAT OT OAHOTO apryMmeHTa X:

y=f(x), u=q(x), v=1p(x),

TO, MO CYTH Aela, 2 siBJsieTcsl (yHKuuell TONbKO OJHOH mepemeH-
. . d
HOH X W MOXHO CTaBHTb BONPOC O HAXOXJEHHH MpPOH3BONHON -é.

dra npousBoaHas BBHIUHCJAsSETCS 1O nepBoii U3 gopmya (5):

dz 0z20x , 020y , 0z Ou 0z Ov |
&= oxox Togox T ox T o

HO TaK KaK y, U, U-—q)yHKIlPIPI TOJIbKO OOHOro X, TO YacCTHLIE

19)
IpOU3BOJAHLIE OOGpamaloTcsi B OOLIKHOBEHHBIE; KPOME TOro, 5’5=l;

X
H03TOMY
dz 02 |, dzdy |, 0z du 0z dv
o Twatuwa o

Dra ¢opmyJia HOCUT Ha3BaHUe (OPMYJBL A/ BHIYHCIACHUS 70AHOL

npouseoo0H ot % (B OTJINYHE OT YaCTHOH NPOU3BOXHOH —(%i—) .
Ilpumep 3.
z=x22+Vy, y=sinx,
Oz _o, 2 Oz2__ 1 dy_
ox ay —2 V!; s E—COS X.

@opmyia (6) AaeT B ITOM CiIyuae CNEAYIOMHi PesyJbTar:

dz 0z , Oz dy__ 1 . 1
Ti;-——(ﬂ.-l_w d—x—2x—|-2—-77 COSx—?x—{-m Cos x,

Haiinem nanee monnbiét muddepeHnuan cloXHOH ¢yHKuuu, ompe-
JefeHHoil paseHcTBamu (1) u (2).

0z 0z
INoacrasasieM BhIpakeHHS % H By onpejieNeHHbIE pPaBeHCT-

Bamu (4) u (4'), B dopmyay nonHoro amdpdepeHnuana
0z d
dz=§dx+-£ dy. (6)
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INonyuaem

oF ou oF ov OF 0Ou OF ov
dz= (Tﬂa"“%a)dﬁ(mw"'%a—y)dy-

TpousseseM clepyiomye npeoGpasoBaHust B MPaBod YacTH:
oF ( ou ou OF [ dv dv
de=Go (Grdetgrdy) + g (Gartg ). ()
Ho
% gy 42 dy = du,
X oy (8)
dv du
I dx+ N dy = dv.
PagenctBo (7) ¢ yuetom paBeHCTB (8) MOXHO NepemncaTh Tak:
oF oF
d2=—a—u-du-l-wdv, (9)
HIH
0z 0z ’
dz= — du+ 5 dv. 9"

CpanuBas (6) u (9'), Moxem CKa3aTh, UTO BLIPAXKEHHE IIOJHOTO
audbepeHnata QyHKIMH HECKOJbKHUX NMepeMeHHBIX (Auddepennnana
NepBOro NOpsijKa) MMeeT TOT ke BUJI, T. €. popma auddepenunana
HHBapUaHTHA, SBJAIOTCA JIM 4 H U HE3aBHCHMBIMH NEPEMEHHBIMH HJIH
(YHKUMSAMH HE3aBHCHMBIX NepPEMEeHHBIX.

Npumep 4. Haittn nonnwiit nuddepenunan cnoxnoit dyHkuuu
z2=u%?, u=x%sin y, v=1x3%Y,
Pewenue. ITo popmyne (9') nmeem
dz = 2uv® du - 3u?v? dv=2uv3 (2x sin y dx-}-x2 cos y dy) + 3u2v? (3x%e¥ dx -+ x%e¥ dy).
Tlocnennee BhIpameHHe MOXKHO NepenHcaTh M TakK:

dz=(2uv?-2x sin y-}-3uv?.3x%") dx+-(2uvPx? cos y-}-3ulv?x3e¥) dy= % dx—f—-gg- dy,

§ 11, MNpounsBoaHas ot GyHKUMH, 3ajaHHOA HESABHO

Haunem paccmorpenue 3Toro Bompoca ¢ HeAIBHOH (QYHKUHMH OJHOM
nepemenHo#t ¥), TlycTb Hekoropasi QyHKuMs y OT X onpelensercs
ypaBHeHHEM

F(x, y)=0.

JokaxeM cJefyiomylo TeopeMmy.

*) B § 1t ra. 111 mer pewanu sagauy o AuddepeHuHpOBAHHH HesIBHOM dyHK-
uun ofxHo#t mepemenHo#l. Tam Mel paccMaTpHBa/k OTAENbHBIC NPUMEDPH H He HAIIJIH
obueit Qopmysnl, Aalomed NPou3BOXHYIO OT HesiBHOH GYHKIHMM, a TakKe He Bhisic-
HUJH YCAOBHI CyHIECTBOBAHHSI 3TOH NPOH3BOAHOM,
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Teopema. I[Tycme nenpepoisras pynkyua y om x 3adaemcs He-
ABHO YpasHeruem

F(x, y)=0, M

ede F(x, y), Fr(x, y), Fy(x, y)— Henpepoigrsie pynkyuu 6 Hexomo-
poii obaacmu D, codepacawel. mouxy (X, y), KOOpOuHAMbL KOMOPOL
ydosaemeopsrom ypasreruro (1); kpome moeo, 6 smod mouxe F (x, y)0.
To20a ¢pyukyua y om x umeem npou300HYro

, Fe (%, v)
S AR, 9
V=", & v @)

JHokasartenbcTBO. IlycTh HEKOTOPOMY 3HAYEHHIO X COOTBET-
creyer 3HavueHne ¢yHkuuu y. Ilpu 3tom
F (x, y)=0.

Janum He3aBUCHMON mnepeMeHHO# x npupameHue Ax. PyHxuus y

noayyuT npupameHue Ay, T. €. 3HaYeHHIO apryMmeHrta x-Ax coor-
BeTCTByeT 3HaueHHe (PyHKuUH y-Ay. B cuny ypasHenus F (x, y) =0

6yneM HMeTb
F(x4+Ax, y+Ay)=0.
CnezoBaresbHO,
F(x+Ax, y+Ay)—F(x, y)=0.
JleByio yacTb MOCTEJHEro PaBEHCTBA, SABJSIONLYIOCA MOJHLIM TNpHPa-

meHueM (YHKUMH JABYX IlepeMeHHBIX, 1o (opmyde (5°) § 7 MoxHo
nepenicaTh TaK:

oF OF
F(x+Ax, y+49) —F (x, §) =55 Ax+5-Ay+-v, Ax+7, Ay,
rae y; U Y, CTpemMsarca K Hymo mpu Ax u Ay, CTpeMSIHXCS K HYJIO.

Tak kak neBasi 4acThb IIOCJIEJHErO BbIpa2K€HHSI pPaBHA HYJ/IO, MOXHO
HanucaTtb

oF oF
=5 Ax+ -@—Ay—l-yle-i-ygAy:O.

A
PasgenuM nocfiefHee PaBeHCTBO Ha AX H BBIUHCIHM % :

oOF Ax*
Ay . 'a'}"l‘?i
Ax — T oF,

'bg“i“'?z

Yerpemum Ax K Hymo. Torga, yuuThiBas, YTO NpPH 3TOM Y; H Y,
TaKXe CTPEeMATCA K HYJIO H YTO %5—%0, B Opeiene NOAYYHM
oF
, ox
Ys=—73F"» @)
oy
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Mnul f0Kasanyu cylecTBOBaHHME NPOW3BOAHON Y, OT (PYyHKUIMH, 3ajnaH-
HO#t HeBHO, M Hauuld (GopMyJay AJIS ee BLIYHCJEHHS.
Mpumep 1. Ypasuerne x2-}-y2—1=0 onpesensieT y KaK HeABHYIO GYHK-
nMe oT x. 31ech
oF oF

F (x, y)=x2+y2—1, —a;-=2x, —=2y.

Cnenosarensio, no gopmyae (1)

3aMeTHM, YTO 3aJaHHOE YPaBHEHME ONpEeAe/seT ABe pasHele GyHKnuu (Tak

KaK KaXJOMy 3HauyeHuI0 x B NpoMmexyTke (—I, 1) cooTBeTcTByIOT ABa 3HaueHus y);
’

OfIHaKO HafileHHOe 3HaueHue y, CUPaBeJVINBO KaK A/ OAHON, TaK M AMS APyroi

$yHK LY.
Mpumep 2. Nano ypaBHeHue, cBaA3biBalomee x U y: e¥—e* - xy=0. 3xech

oF oF
F(xy y)—ey_ex'l'x!/, 'a_—_'—ex-l‘y, E—:eﬂ—l—x.
CnegoBatensHo, no gopmyse (1) monyuaem:
dy_ _ —e+ty_e—y.,
dx~  eyFx eVfx
PaccmorpuM Tenepb ypaBHEHHE BHIA
F (x, y, 2)=0. 3)

Ecau kaxzao#l mape yucesN x U Yy U3 HEKOTOPOH 0GJACTH COOTBET-
CTBYeT OJIHO WJIM HECKOJbKO 3Ha4yeHHH Z, yJOBJETBOPSAIOMHUX ypaBHe-
Hui0 (3), TO 3TO ypaBHEeHHe HEABHO OMNpeeNsieT OAHY HJIH HECKOJbKO
ONHO3HAYHBIX QYHKIHH 2 OT X M y.

Hanpumep, ypaBHeHue x*-+y®4-22—R?*=0 HesBHO ompepenser
IBe HenpephiBHbIE (QYHKIHH Z OT X, Y, KOTOPHIE MOXHO BHIPAa3HThb
$IBHO, pa3peliyB ypaBHEHHE OTHOCHTEJBHO 2Z; B 3TOM CJ/y4ae Mhl I10-
Jyqaem:

z=VR2—x2—y2 " 2=_VRz_x2___yz_

. 0z 0z .
Halinem 4acTHble NPOH3BOAHEE —— H 5y HesBHOM OyHKIHA 2
OT X W y, OmpeiensieMoii ypaBHeHueM (3).
4
Korza Mbi MmeM ——, MBI CuHTaeM Y mOCTOsHHBIM. Ilostomy

3fech nmpumeHuMa ¢opmyaa (2'), eclM TOJNLKO HE3aBHCHMOI NepeMeH-
HOM cuHWTaTh X, a ¢yHKuueir z. CrenoBarenbHO,
oF
. ox
2= —3F
0z
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TakuMm ke nyteM Haxogum
oF
’ dy
Zy=— BF °
0z
oF
Ilpepnonaraercs, 4to s =0,

AuanoruyHblM 06pa3oM OMNpeNeNsioTCs HesIBHbIE (PYHKIIHH JIOGOT0
YHCIa NEepeMeHHbIX M HaXOAATCS HX YacTHbIE NMPOH3BOAHBIE.
Mpumep 3. x*+y?+422—R2=0,
0z 2x 0z __ y

%z __Xx___ X r__ Y
ox 2z  z -

0 2

HOuddepennupyst 5Ty GyHKIHMIO Kak sIBHYI0 (TIOCJe pa3peuleHHsl ypaBHEHUS
OTHOCHTEJIBHO Z), MBI TIOJIY4HJIH GBI TOT Ke pesyJbTar.

INlpumep 4. e2+4x°y-4245=0. 3gecn
F(x, y, 2)=e*+xy+2+-5,
%=2xy, g—§=x2, %:e’-{-l
0z __ 2xy 0z __ x?
9x e 1’ oy 1"

3ameuanue. Bce paccyxienusi aroro maparpada npoOHU3BOIH-
JUCh B IpeAroNOXEHHH, 9To ypaBHeHue F (x, y) =0 onpepensier HeKo-
TOpPYIO (yHKIHIO OJHOH NepeMeHHoH y = ¢ (x); ypaBHeHne F (x, y, 2)=0
onpefeNsieT HEKOTOPYIO OYHKIMIO OBYX MNepeMeHHbX z={ (¥, y).
YxaxeMm (Ge3 I0Ka3aTeJbCTBa, KAaKOMY YCJOBHIO JOJIXKHa YAOBJETBO-
parb ¢ynxuusa F (x, y), 4yTo6n ypaBHeHue F (x, y)=0 onpexensno
OHO3HAYHYI0 QYHKIHIO § =@ (X).

Teopema. [lycme ¢ynxyus F (x, y) Henpepoisha 6 oxpecmmo-
cmu mouku (xy, Yy,) U umeem mam HenpepoisHble dacmmbie npoL3eoo-
Hote, npudem Fy(x, y) =0, u nycme F (x;, y,) =0. Toz0a cywecm-
8yem OKPecmuocmo, codepicauan mouxy (Xo, Y,), 8 Komopoi ypasHe-
tue F (x, y)=0 onpedearsem o00nosnaunyw ¢ynkyuw y=¢ (x).

AnanornuHas TeopeMa HMeeT MeCTO H JIfl YCJIOBHH CyIeCTBOBa-
HUsl HesiBHOH (yHKLHMHM, onpezneasieMoii ypaBHeHueM F (x, y, 2)=0.

3ameuanue. Ilpu BeiBoae npaBun auddepeHuHpoBaHus HesiB-
HbIX (GYHKIHH Mbl NOJIb30BAIHCh YCJIOBHSIMH, KOTOPHIE H ONpPEAEISIOT
CyIIeCTBOBaHHE HesIBHBIX (yHKIIHH.

§ 12. YacTHble nPOH3BOAHBIE PA3JMYHBIX MOPSAAKOB

IMycts umeeM QyHKIHIO ABYX nepeMeHHBIX

z=f(x, y)
YacTHele MPOH3BOJIHLIE —:;%:f,’, (x, y) u %:f; (x, y), BOOOIIE

roBOp#, ABJAAOTCH (QYHKUHAMH nepeMeHHbIX x # y. [ToaTomMy ot Hux
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MOXXHO CHOBAa HaxXOAHTb YaCTHbI€ NPON3BOLHBIE. C-HellOBaTeJleO, 4acT-

HBIX NPOU3BOAHBEIX BTOPOrO Nopsiika OT (YHKIHH ABYX N€peMEeHHBIX
. O 0z
YeThipe, TaK KaK KaXAYI0 U3 GyHKUUi -5% H 5 MOXHO augde-

pEHLHpOBaTh KaK IO X, TaK H MO y.
Bropeie yacTHble MPOH3BOAHBIE OGO3HAYAIOT TaK:

02 4
a_xi"_‘f"x (x, y), 3necp [ nuddepenuupyercs nocsenoBaTeNBLHO
JBa pa3a no Xx,

—aiz;y= w (%, y), s;ech [ cHauana auddepennupyercs no x,
a notoM pesyJbTar AudxpepeHmupyercs no y;
&z

o o (%, Y), 3hecv [ nupdepeHuupyercs cHayana mno y,
; a notom pesyJbTar AuddepeHuupyercs no x;
0%z "

oy = oy (x, y), 3necp f nuddepeHnUpyeTcs NOCAEAOBATENLHO

JABa pasa 1o Y.
ITponsBonHbIe BTOPOro MOpsAKa MOXKHO CHOBa AudxpepeHnuposatsh
KaK 00 X, Tak U 10 y. Ilosyuum wacTHbie NPOM3BOAHEE TpeThero
nopsaka. Mx Gyzer, oueBHjHO, yKe BOCEMb:

9%z %2 0%z 0%z 0%z 0%z Pz Pz

ox® ! 0x? 0y’ Oxdyox’ 0x0y*’ Oyox*’ Oyox oy’ 0y>dx’ oy *

BooGue, uacmuas npouseodnas n-z0 nopsadxka ecTb NepBas NPOU3-
BOAHasl OT MNPOM3BOXHOH (n— 1)-ro nopsxka. Hanpumep, aT(z;zn“rn
X. Y -
ecTb NPOH3BOAHAR N-TO MOPSAKA; 37eChb (YHKUHMSA 2 CHauana p pas
JuddepeHnHpoBanach o x, -a NOTOM 7 — p pa3 1o y.

Hnst pyHKuMH JIOGOr0 YHC/IA NEPEMEHHBLIX YaCTHHIE NPOH3BOAHbLIE
BBICHIHX NOPSJKOB ONpeNe/sioTCs aHaJOTHYHO.

IMpumep 1. BHMUCAHTL YaCTHbie NPOH3BOAHLIE BTOPOrO MOPAAKA OT (yHK-

unn [ (x, y)=x2y+y°.
Pemexnne. IlocaenoBarenbHo HaxoAuM

of of _ ,

Tx =2 Gy =X
*f 0% 0 (2xy) _ P (43 o2
WY @ o o o b =6

0%z 32
Mpumep 2. Bruncauts oy H By oxt’ eoH z=y¥ - x%pP 11,
Pewenue. IMocrenoBaTebHO Haxomum

0z 022 3z
= y2eX 4 2xy8, = y%e* +243, oy =2yp* 4642,

0z 2 2 2z 0 FPz
3!;'—2119""1'3«{ ) W—2ye"+6xy, 5!/—6;2—-2!/3"'1‘5!1'2.

Ilpumep 3. Bruucauts , €CTH #=2%%+Y2,

4y
0x%0y 0z
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PemeHnue,

M o iyt o%u 2 otu
_— y —_—p2pX + ) —— [N
ox 2t 'R P 5 oy 0x2 0y 02
EcrecTBEHHO MOCTaBUTh BOMPOC, 3aBHUCHT JH pe3yJbTaT AudpdepeH-

HUPOBaHUSA (PYHKUHMH HECKOJbKMX IEPEMEHHBIX OT Nopsnka audpdepeH-
UMPOBaHUS WO pPasHbLIM TNepPeMeHHbM, T. €. OyAyT JH, Hampumep,
TOXK/JECTBEHHO pPaBHBE NPOH3BOAHbLIE

o%f - 9%

0x Oy Oy Ox

Pu

=2y22ex + ¥, =4yzex +¥?,

Hau

Ff y ) , By b
0x dy ot 0t 0x Oy

OkasbiBaeTcst, 4TO CNPaBelJHBa CJEAyiollasi Teopema.

Teopema. Ecau ¢ynkyus z2=7[(x, y) u ee dacmuoie npou3soo-
o fr. [y ey 4 [yx onpedesenst u Henpepoisriol & mouxke M (x, y) u
8 HeKOmopoLl ee OKpecmuocmu, mo 6 Mot mouKe

03f 02f ” ”
W:’W (fxyzfyx)'

H T. &.

HokasaTtenbcTBO. [as JOKasaTenbcTBa pPacCMOTPHUM BhIpa-
KeHue

A={f(x+A8x, y+Ay) —F(x+Ax, p]—I[f(x, y+Ay)—fx, )]

Ecnu BBEgeM BCNOMOTaTelbHYI0 OQYHKUMIO ¢ (¥), ONpelefeHHYIO
paBeHCTBOM

(p(x)=f(x, y+Ay)—-f(xv !/);
70 A MOXHO 3amucaTh B BHJIE
A=¢(x+Ax) —9 ().

Tak KakK, 1O NMPEINOJNOKEHHUIO, [, ONpefesieHa B OKPECTHOCTH TOYKH
(x, y), TO, cJaepoBaTeNbHO, @ (¥) AHpDepeHHEpPyeMa Ha OTpeske
[*, x+Ax]; no Toraa, npuMeHsisi TeopeMy Jlarpanika, nosyuum

A=Axq’ (x),
Te X 3aKJIOYeHO mexay ¥ n x+Ax. Ho
¢ @) =F:(x, y+Ay)—[.(x, y).

Tak kak fy, onpeleseHa B OKPeCTHOCTH TOYKH (X, y), To f; mude-

peHuupyemMa Ha otpeske [y, y-Ay], nosToMy, HPUMEHHB K NOJY-
YeHHOH pa3HOCTH BHOBb TeopeMy Jlarpawxa (mo nepemeHHo#l y), Gy-

IeM uMeTh B
fz &, y+A8y) —Fe(x, y) =Myfy (%, y),
A€ y 3aK/MOUEHO MEXAY y H Yy 4 Ay.
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CnefoBatenbHO, NEPBOHaYalbHOE BhIpaxkeHne A paBHO
A=AxAyfyy (x, )- (1

INepecTaBuB cpefiHHe CJlaraeMble B TNEepBOHAYAJbHOM BLIPAXKEHHH AJIsE
A, nonyunm

A=[f(x+Ax, y+Ay)—f(x, y+An]—[f x+Ax, y)—F(x, )]
Beeziem BcrioMoratelbHYI0 (QOYHKIHUIO

Y (@) =[(x+Ax, y)—[(x, y),
A=y y+Ay)—P ).

Ipumenss cHoBa TeopeMy Jlarpanzxa, mosy4uMm
_ A=A0yy’ (),
rfe y 3aKmoueHo Mexay y u y-4Ay. Ho
Y @) =F c+Ax, y) —f; (x, B).
Ipumenus eme pa3 TeopeMy JlarpaHxka, MoJyYuMm
fo (x+Bx, g)—f; (x, 9= Axfy (%, ),

e X 3aKMOYEHO MeXAy ¥ M x+4Ax.
Takum 0GpasoM, NepBOHAYaJIbHOe BHpaxeHHe A MOXKHO 3aMHCATh
B BUJIE

TOrAa

A=AyAxfy. (%, ). @

Jlesele uwactu paseHct8 (1) u (2) paBHH A, enemoBaTeNbHO,
PaBHH H mNpasble, T. €.

AxAyfz, G, §) =By Asfielx, b)),
OTKYyAQ o
f;y (xv y)= f;x (x7 y)'

INepexonss B 3ToM paBeHCTBe K mpegeny npu Ax—0 u Ay — 0,
HOJTYYHM

lim fxy (;Ev g)_-_ lim fgx GC, .7/)

Ax—>0 Ax >0

Ay =0 Ay —>0
Tak kak npoussomHbe f;, ¥ [, HENpepHBHHL B TOuYKe (X, ¥), TO
Ali.“fo fo (os 9)=Fy (% g) w0 Hm fo, (%, 4) =fur (5 4)- Oxkonua-

Ay > Ay -0
TE€JbHO TMOJYyUYHM:

f;cy(x’ y)=f;x (x, ),
uyto H TpeGoBajoch JOKa3arhb.
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M3 noxasaHHOH TeOpeMbl KakK CJCACTBUE IIOJNY4aeTCs, YTO €cJH
7

o°f
YacTHbI€ IIPOH3BOJHLIC X oyn—F H 3y —F oxk HeNnpepuiBHBI, TO
anf _ anf
Ooxkoyn—k Oyn—k oxk *

AnanoruyHas TeopeMa MMeET MeCTO M /IS QYyHKIHH JMOOOTO YUCI&
nepeMeHHHIX.

. a0 Bu

ITpumep 4. Haltth =———— #

u
e = y .
axoy " ayazon’ ecan u=e*¥sinz

Pewenmne.

ou 0%u
— =Xy ——pX%Y si XY —exy
T Ye sin 2, % on ex¥ sin 2 xye*¥ sin z=exY (1 -}-xy) sin 2,

2
axa;:az =e*Y (1 4-xy) cos 2, g—zzxe"y sin 2, ai ;z=xexy cos 2,
3u

—pxlY XY =Xy
3y 92 0% e cos 2} xyexd cos z=e (14 xy) cos 2.

CaenoBaTeqbHO,
Pu Bu

dx0yoz 0y oz ox
(cM., xpome Ttoro, npumepnl 1—2 storo maparpada).

§ 13. IlosepxHocTn ypoBHs

Iycre B nmpocTpancTBe (X, Y, 2) HMeercs ob6aacTb D, B KOTOpO#
3ajaHa QyHKUUs

u=u(x, y, 2). (M
B sToMm caydae roBopsiT, uTo B o6jacTH D 3amaHO ckaasproe noze.
Ecnu, Hanpumep, u (x, ¢, 2) o6o3HavyaeT Temnepatypy B Touke M (x, y, 2),
TO TOBOPAT, YTO 3aJaHO CKaJISIPHOE IOJIe TeMIepaTyp; ecau o6aactb D
3anoJiHeHa XKHUAKOCTBIO MJM TrasoM u u (X, y, z) OGO3Hayaer AaBJe-
HHe, TO UMEeTCs CKaJsIpHOe MoJjie AaBJEeHHH U T. A.

Paccmorpum Touku obnactd D, B KOTOpHIX GYHKIMA 4 (X, Yy, 2)
HMeEeT NOCTOSHHOE 3HaueHHe C:

ux, y, 2)=c. 2)

COBOKYNHOCTb 3THX TOYeK 0Opa3yeT HEKOTOPYIO MOBEpXHOCTb. Ecau
BO3bMEM JIpyroe 3HaueHue ¢, TO MOJYYUM APYTyl0 MOBEPXHOCTb. JTH
NIOBEPXHOCTH HAa3BIBAIOTCA NOBEPXHOCMAMU YPOBHA.

INTpumep 1. Ilycte 3agaHo ckanisipuoe mose
x2 2 ZZ
u(x 9 = +g+15-
3/iech NOBEPXHOCTAMH YPIBHSL GYAYT MOBEPXHOCTH
x2 y2 Z2
TTotE=°
T. €. anaunconnnt ¢ noayocsma 2V ¢, 3V ¢, 4V c.

9 H. C. Muckynos, 1. 1
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Ecan ¢ysxuus u ectb QyHKOUA ABYX NEPEMEHHBIX X H §I
u=u(x, y),
TO «NOBEPXHOCTAMH» YpOBHs GyAYT JMHHH Ha MI0oCKOCTH Oxyl
ulx, y)=c 2"
KOTOpHIe HAa3bIBAIOTCH AUHUAMU YPOBHA,

Ecnu sHaueHusi ¥ Mbl GyneM oTKJajAsiBaTh no ocu 0z:
z=u(x, y),

TO JMHHSAMH YpPOBHS Ha mjockocTH Oxy OGyAyT NpOEKIUH JHHHE,
KOTOphle NOJyYaloTcs B
nepeceyeHHH MOBEPXHOC-
TH z=u(x, y) c mioc-
KOCTsIMH 2z =¢ (puc. 176).
3Hasi JIMHUH  YPOBHA,
JIETKO  HCCJIeloBaTh Xa-
PaKTep NOBEPXHOCTH Z=

=u (xv !/)-

-

PO
S

Puc.. 176. Puc. 177,

Mpumep 2. Onpenennts JAHHHH YpoBHS OYHKnMH Z=1—x2—y?, JAunnsmu
¥pOopHS GYLYT JMHHH C ypaBHeHHAMH 1 —x2—y?=c. 310 (puc. 177} okpyxHOCTH
¢ paanycom ¥ 1 —c. B uactaocT, npu ¢=0 monyuaeM OKpyXHOCTh x2--yZ==1,

§ 14. MpoussoaHas N0 HaNpasJeHHIO

Paccmorpum B obnacty D GyHKRIMIO u=u (X, Yy, 2) M TOUKY
M (x, y, 2). IIpoBepeM u3 Toukn M BekToOp S, HampaBJsIOLIUE KOCH-
HyCHl KoOTOporo cose, cosf, cosy (puc. 178). Ha Bekrope S Ha
paccrosiHuu As or ero Havana paccMoTpuM Touky M, (x4 Ax, y+ Ay,
z<+Az). Tagkum oGpasoM,

As=V Ax*+Ay? +A22,

Byzem npeamonarath, 4To (YHKIHS # (X, y, 2) HempepoiBHA H UMEET
HelpepbiBHblE NPOU3BOAHLIE IO CBOMM apryMeHTaMm B objiactu D.
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AnasioruyHo ToMy, Kak 3TO jejajock B § 7, NOJHOe NpHpalleHHe
(pyHKUUH NpejacTaBUM Tak:

Au—-auA + + Az+ele+esz+a,Az, (1)

rie &;, & U g cTpeMATcs K HyJo npu As — 0. Pasgenum Bce 4ieHbl
paeenctBa (1) Ha As:

Au  du Ax | 0u Ay ou Az Ay 9
A = As TayAs 0zAs+1As+2A +83As )
OvueBujHO, 4YTO
Ax Ay

=cosa, ——=cosf —Ai—cos
As = €08 3y =COSP, F=COSY-

CrenoBaTebHO, PaBeHCTBO (2) MOXKHO Hepenucarb TaK!

—%‘s‘——-a osa +6 cosﬁ—}- cosy-}-alcosa—}-azcosﬁ—l—ascosv. 3)

Au \
Tlpepen orHoweHus 5 1pH As — 0 HaswiBaeTcs npous3sodHoi om

5
7 [ 4%
‘ ‘ o
R
/’ /e .
= - v Y
ag v/ A f [ ot oA
4z . - 7 N v
y )
0 -
32 ,'
& z I
Puc. 178. Puc. 179.

dpynxynu u=u(x, y, 2) 8 mouxe (x, y, 2) N0 HANPABAEHUIO 6EKMOPG

i
S u o6Go3Hauaercs = T

Au _ du
im — . 4
a0 b5 05 @
Takum o6pasoM, mepexois K Npeleny B paBeHcTBe (3), NMOJYyYHM

ou _ Ou
5 = 5% C© soc-l-a cosfP + % cosy (5)

U3 popmynst (5) cmenyer, 4To, 3Hasl YaCTHbIE NIPOH3BOJHLIE, JIETKO
HailTd NpOM3BOJHYI0 no JoGomy HamnpaBjenmio S. CamMu yacTHme
NIPON3BOAHLIE SBJSAIOTCA YaCTHBIM CJy4YaeM HPOH3BOXHOH HO Halpas-

A
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T n
nenuio, Tak, nanpumep, npu a=0, [3=— , Y= mnoaydaem:

du _ Ou n_au
2 = sO+a COoS & -I-a S5 =5

Mpumep., [Hana pynruusa
u=x*ty* |22,

Ha#itu npoussonuyio %’-;- B Touke M (1, 1, 1): a) B HampaBseHHu BekTOpa Sy =
=2{+4/-+3k; 6) B HanpaBsenuu BexTOopa S;=i-+j-tk.

Pemenne. a) Haxonum Hanpapisiomue KOCHHYCH BeKTopa Sp:

cosa=2/V 4 F1F+9=2/Y 14, cosp=1/Y 14, cosy=3/y 14.
CnenoBatenbHo,
6u _Ou 2 ou 3
“ox V14+6y V14+ 0z y1a®

Yacruble pou3BOAHBIE

ou__ 6u ou
B Touke M (1, 1, 1) 6yayr
ou ou ou
| =2 9y n=2 F|u=%
Hrak,
au 3 12

Rt yR T R
6) Haxoaum Hanpasasiomue KOCHHYCH BeKTopa Sy
cosa=1/¥V"3, cosPp=1/¥V 3, cosy=1/y 3.

CaefioBaTe/bHO,
au

V_ ——}-2. V._+2.'—,-§——7.-é=2 V3.

3amernm ana gamsueiimero, uro 2 Y 3 > 12/Y 14 (puc. 179).

§ 15. I'panuent

B xaxpgo#t Touke obGnactu D, B KoTOpo#i 3ajaHa GyHKUHS U =
=u(x, y, 2), onpeiesuM BeKTOP, NPOEKLUHSAMH KOTOPOTO Ha OCH
ou O [3]

KOODAMHAT SIBAAIOTCA 3HAUEHHS YaCTHBIX MPOH3BOAHBIX ~, 35, 2

3TOH (PYHKUHH B COOTBETCTBYIOIEH TOUYKe:

gradu—a—u'-l-ayf-l- M

DroT BeKTOp HasbiBaeTcs epaduenmom QyHKUMH u (X, y, 2). Fosopsr,
yro B obaacTi D omnpeeneHo 6exmopHoe nose epaduenmos. JJoxaxem,



§ 15) TPAIUEHT %1

Aaniee, CleNyIOLLYI0 TEOPEMY, YCTaHaBAMBAIOLLYIO CBA3b MEXAY IPaju-
€HTOM M NpPOH3BOAHON MO HaNpaBJEHHIO.

Teopewma. Mycmo Oano cxaraproe nore u=u(x, y, 2) u onpe-
Oenero 8 3Mom CKAAAPHOM NOAE NOae 2paduenmos

ou,  Ou,, 6 Ou
gradu—a—xl -I"'@J-l-gk.
0
Il pou3eodnas a—su N0 HANPABAEHUID HEeKOmopozo eekmopa S pasHsemcs

npoexyuu sexmopa grad u na eexmop .
HokasarenbcTBO. PaccMorpuM eauHuynbil BekTOp S°, COOT-
BETCTBYIOWHI BekTOpy S:

8§ =icosa+jcos p+kcosy.

Briuncsaum ckansipHoe mpousBefeHHe BekTopoB grad u u S° *):
du Ou Ou
(gradu, §°) = 5_cosa +5§ cosf -+ cosy. 2)

Bripaxenue, cTosiiee B NpaBOH YacTH 3TOr0 PaBeHCTBA, €CTb NPOM3-

o=

ﬂ,ﬁ,
Puc. 180. Puc. 181,
BojHasi OT QYHKUHH u (¥, y, 2) mo HamnpasJeHuio Bekropa S. Crneso-
BaTeJbHO, MBI MOXKEM HamHcaTh
du
0) = —
(grad u, 8°) = 5

Ecmu oGo3HayuM yrosm Mexay BekTopamu gradu u §° uepes ¢
(puc. 180), To MoxeMm HamucaTb

|grad u|cosg = %’; ©)
WM
np.sograd u = %% . 4)

Teopema nokasana.

Ha ocHoBanuu J0Ka3saHHOH TeOpeMbl HArJsajHO YCTaHABJIMBAeTCH
CBAI3b MeXJy TPajJHeHTOM M NPOH3BOAHOH B NaHHOH TOYKE IO JOGOMY
HanpaeJeHuio. B nanuoit Touke M (x, y, z) crpoum BekTOop gradu
(puc. 181). Crpoum cepy, aus Koropoit grad u siBAsieTcst AHaMETPOM.

*) Cgansipuoe mpomuspejienue BekTopoB A W B Oyzer 06G03HauaThCs uepes
(A, B) wau npocro uepes AB.—Ipun. ped,
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M3 toukn M nposoxum ektop S. OG03HAaYUM TOYKY NEpeceyeHHs BeK-
Topa § ¢ noBepxHoOCTbIO cepr uepes P. Torza oueBuaHo, uro MP=
= |grad u|cos @, eciu @ —yroJ Mexjay HanpaBJeHHsMH PajHeHTa H

orpeska MP (npn 3TOM @ < -g-) ,T.e. MP =%‘£—. OueBHpHO, YTO NPH

H3MeHeHHH HanpaBJieHHs BeKTopa S Ha NPOTHBONOJOXKHOE NPOU3BOZA-
Hasi M3MEHHUT 3HaK, a ee a6GCONIOTHAs BeJIMYHHA OCTAHETCs MpexHel.

YcraHOBHM HeKOTOpHIE CBOHCTBA I'pajueHTa.

1) ITpoussodnas 6 OanHOU mouke no Hanpasreduto eexmopa 8
umeem nauborsuiee 3HadeHue, ecau HanpasaeHue eexmopa S cosnadaem
¢ Hanpagrenuem epaduenma; 3mo HauboAbuiee 3HAYeHUe Npou3eooHOL
pasro |gradu|.

CnpaBes/IMBOCTb 3TOTO YTBEPXK/EHHSA HENOCPEACTBEHHO CJeAyeT H3

u
pasercTea (3): HanGobillee 3HaueHHe —- Gyaer upu ¢=0, u B s1OM
ciryuae

%sﬁ=|gradu|.

2) ITpoussodnas no HARPABAEHUID 6eKMOPA, NePNeHOUKYALPHOLO
K eexmopy gradu, pasHa Hyitw.

Oto yTteepxneHne chaepyer u3 dopmyast (3). HeitctutensHo,
B 3TOM Cjly4ae

q)=—f2i, cosp==0 u -g;‘—=|gradu|coscp=0.

Mpuwmep 1. Nana dynxuusa u=x2-}y2--22,
a) Onpenenum rpaguest B Touke M (1, 1, 1). Boipaxenne rpaguenta sroft
(YHKUHM B IPOH3BOJILHOH TOuKe Gyner

grad u=2xi--2yj-2zk.
CaezoBatenbuo,

gradu |y =2i+274-2k, |gradul|ly=2V 3.

6) Onpenennm npoussonnyio oT dyskuun « B Touke M (1, 1, 1) B Banpas/e«
nuu rpaguenta. Hanpasasiomue kocmHych rpaguenta Gyayr

2 1
Veretr2 V3

cosB——l— cos =L
=v3 Vv

cos o=

ChefoBareibHO

du_o l 1ol 1o 1 _oy3
iRl A7 ks 2 Rl AD

T. €

ou
—a?-—lgradu].
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3ameuanue. Ecin ¢ynruus u=u(x, y) ectb GQyHKIUSA ABYX
nepeMeHHbIX, TO BEKTOp

ou,  Ou
gradu=—"1 +5;j

nexut B miockoctH Oxy. Jlokaxem, uto grad u Hanpagren nepnenou-
KYAAPRO K AUHUW Ypoeus u (x, y)=c, nexamed B miaockoctd Oxy H
npoxozsieii Yepe3 COOTBETCTBYIOLLYIO TOYKY . JlelicTBHTeNBHO, YTIOBOH
KoapuireHT £, KacaTe/IbHO# K JHHUH YPOBHS U (X, y) = Oyner paBeH

= —2% Yraosoit kos(ppuLEEHT k, TPaJHEHTa paBeH k2=’;—~f’.
Uy X
OueBuaHo, 4TO kR, = — 1. D10 U KOKa3bIBaeT CpaBeJJUBOCTb Hallero
z
7} f
grﬂd” _ -:--- f‘\
: 7 I W
'l 3 v >4
P AT
g z Z, MZ4) .z'y grade
Puc. 182, Puc. 183, Puc. 184,

yrBepxkHenus (puc. 182). Ananoruuxoe cBONHCTBO rpajueHTa GpyHKIHH
Tpex mepeMeHHbIX Gyger ycraHoBjeHo B § 6 ra. IX.

2 2
Mpumep 2. Onpeseantb TpajgHeHT (YyHKIHH u=—§—+%— (puc. 183)
B Touke M (2, 4).

Pemenne., 3aecs
ou ou 2

——X =2 —— e --_8_
M= w3V MTT

Cae0BaTebHO,
gradu=2i+%j.

Vpaenenue Juuuu ypoBHs (puc. 184), npoxonsimeil uepe3 JaHHYIO TOuKy, 6yaer
ro oy _2
2 37 3°

§ 16, Popmyna Teiinopa aast (GyHKHHMH JABYX NepeMEHHBIX
Ilycts yHKuMs ABYX nepeMeHHBIX

z=f(x, y)

HenpepelBHa BMeCTe CO BCEMH CBOHMH YaCTHEIMH TIPOH3BOIAHBIMH JO
(n+1)-ro mopsaka BKJIOYHTENLHO B HEKOTOPOH OKPECTHOCTH TOYKH
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M (a, b). Toraa, aHaJOrHYHO TOMYy, KaK 3T0 ObLIO B clydae QYHKIHH
onHoit mnepemenHo#t (cM. § 6 ra. 1V), dynxuuio AByX nepeMeHHBIX
NpeACTaBHM B BHJE CYMMBI MHOTOY/IeHa n-ro MOpPsAKa MO CTEeNeHsIM
X—a u y—b M Hekoroporo ocratoyHoro ujeHa. Huxe Oyxner
NOKa3aHo, 4To AJs Clydas n=2 3Ta (opMy/a HMEET BHJ

f(, 9)=A+D(x—a)+E(y—b)+
1
+o[A(x—a)*+2B(x—a) (y—b)+Cly—b)*]+R. (1)
rae kodbdunuentst A,, D, E, A, B, C He 3aBHCAT OT XU Y, a R,—
OCTATOYHBIH YJIeH, CTPYKTYPa KOTOPOT'0 aHaJIOrM4YHa CTPYKType OCTaToy-
Horo uieHa B ¢opmyJe Tehjopa aas (QyHKIMH OJHOH mNepeMeHHOM.
IMpumenum popmyny Teftnmopa ans ¢yHkuuu f(x, y) onHoil mepe-

MEHHO# ¥, CYuTasi X MOCTOSIHHBIM (OrpaHHYMMCS YJeHaMu BTOPOro Io-
pAnKa):

e 9 =F(x )+ (x, O+
+ e 0+ S ), @)

rie n,=b+40,(y—b), 0<0,<1. Oyugunu f(x, b), f,(x, b),
fuy (x, b) pasnoxum no dopmyne Te#iaopa nmo crenensm x —a, orpa-
HUYHBAsCh CMELIaHHBIMH NPOH3BOAHLIMH A0 TPETHEro MopsAKa BKJIO-
YHTEJIbHO:

Flx, b)=
—f@ O+ @ O +E= 2 @ )+ 5L 1 6 B, )
re Ei=x+0,(x—a), 06, < 1;

L =f@ )+ @ 0+ 6 b, @

rie E,=x+0,(x—a), 0<6;, < 1;
Fos (%, O)=Fi (@, 0) 57 Fie Bas 0), ©)

rae E,=x+4+0,(x—a), 00, < 1.
IMoficTaBasif BbIpaXKeHUS (3), 4) u (5) B dopmyay (2), nonyuum

fr, 9= s
=f(a b) +E2 @ ) +E 2 @ 0+ SR 6 b +

e o+ @ O+ 5 i G 0]+
+“’—’” [ (@, O +52 15 Gar 0] + 4552 Fia (51 0.
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Pacnonaras cnaraemble Tak, Kak ykasaHo B opmyie (1), mosmydnm
f(x, 9)=F(a, b)+(x—a)f;(a, b)+(y—b)fy(a, b)+
5[ (r —a)* iz (@, ) 42 (£ —a) (9—b) Fiy (@, b) + (y—b)* Fiula, )]+

o [(2 —a)® Fife (B, D)3 (6 —)* (4 —b) fity Bar B)+

+3(x —a) (y —b)* [y Es B)+(y—b)® iy (@, M)]- 6
Aro u ectv Ppopmyra Teiiropa npu n—=2. BelpaxeHune
Ry =3 [(s—a)* e G 6)+3 (x— ) (y—0) Fisy (B )+

+3(x—0a) (Y —b)? fryy (s, D)+ (y—b)® [y (@, My)]

HasniBaeTcsl ocmamounoim 4aerom. OGO3HAuUMM, Aalee, X —a=Ax,
y—b=Ay, Ap=V (Bx):+ (Ay):. Tpeobpasyem R,:
Ry =57 | 35 e (B, 0)+8 2552 Fi, G D)+

Ax Ay? ..., AP o,
+3 Zpg vy Bsr b)‘!'A—‘y,:fyyy (a, m)] Ap*

Tak kak |Ax|<Ap, |Ay| < Ap u TpeTbH NPOHU3BOAHEIE, IO YCJIO-
BHIO, OrpaHHYeHbl, TO Ko3(ddHuueHT npu Ap® orpaHuueH B paccMar-
puBaemoii oGviacTH; 00G0O3HA4YHUM €ro 4epes a,.

Torpa moxkeM Hanucath

R,=o0,Ap®.

®opmyna Teinopa (6) B mpuHATEIX 0GO3Ha4YeHHNX ANA Caydas n =2
NpHMET BHA

f(x’ y) =f(a9 b)+AXf;(d, b)+Ayf!l/(a’ b) +
=+ '217 [Ax*fyx (a, b) 4-2Ax Ayfy, (a, b) +Ay?fy, (a, b)]+aAp%.  (6)

Ipu moGom n dopmyna Tefimopa Hmeer aHaMOrHUHBIA BHJ.

§ 17. MakcumyM H MHHEMYM (YHKIHH HECKOJbKMX UepeMeHHBIX

Onpenenenune 1. Mb roBopum, uro GysKuus 2=f (x, y) wmeer
maxcumym B touke M, (x,, y,) (T.e. mpu x=x, 0 y=y,), ecam

[ (X6 90) > T (%, 9)

ATA BCeX TOueK (X, y), AocraToyHo GJH3KUX K Touke (X, y,) H OT-
JIMYHBIX OT Hee.

Onpenenenue 2. CoBepuieHHO aHAJOTHYHO FOBOPST, YTO (PYHK-
uua 2 =[(x, y) umeer munumym B Touke M, (x,, y,), ecau

[ (%6, 90) <[ (x, v)
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JJI BceX ToYeK (X, y), AOCTaTOYHO GJU3KUX K TOUKe (X,, Y,) H OT-
JIMYHBIX OT Hee.

MakcumMyM M MHHEUMYM (YHKINH Ha3blBalOTCS JKCMpemymamu
GyHKIMH, T. e. TOBOPAT, YTO (PYHKLHS HMEET 3KCTPEMyM B JaHHOH
TOYKe, €CJH 3Ta (YHKIHS HMeeT MAKCHMyM WJH MHHUMYM B JaHHOH
TOUKE.

Ilpumep 1. Oyuknua z=(x—1)24(y—2)2—1 nocruraer MuUHHMyMa OpH
x=1, y=2, 1.e. B Touke (1, 2). HeficrButensHo, f (1, 2) =—1, a Tak Kax (x—1)?
B (y—2)% Bceraa NoMOKHTENbHE NPH X # 1, y # 2,10 (x—1)2 - (y—2)2—1 > —1,
T.e. f(x, y) > (1, 2). TeomeTpuueckass KapTHHA, COOTBETCTBYIOWAsl RaHHOMY CJy-
4aio, H300paxkeHa Ha pHuc. 185.

z =(x—7)z+( y-2) 4

Puc. 185. Puc. 186.

Mpumep 2. Oynruus z=%—sin (x2-} %) npu x=0, y=>0 (1. e. B Hauane

KOOpJMHAT) AOCTHraeT MakcuMmyma (puc. 186).
Heiictutensto, f(0, 0)=1/2. BosbmMeM BHYTPH OKpyxXHOCTH x2-}-y2=m/6
TOUKy (X, y), OoTnmunyio or Toukd (0, 0); Torma npu 0 < x2+4y% < n/6 Gyner

sin (x2--y?) > 0 u noatomy f(x, y)..—:-;——sin *2+y?) < 3 T8 f(x ) <F(0,0).

JlaHHoe Bbille ONpelleNieHHE MaKCHMyMa H MHHHMyMa (QyHKIHH
MOXKHO nepedpasHpoBaTh CJeAYIOUHM 06pas3oM.
INonoxum x =x,+Ax, y=y,+ Ay; Toraa

f(x’ y)—f(xo’ y0)=f(xo+Axv y0+Ay)—i (xo’ yo)=Af'

1) Ecnma Af <0 mpu Bcex JAOCTaTOYHO MaJsbiX HNPHPaIlEeHHsIX He-
3aBHCHMBIX NepeMeHHBIX, TO QyHKuus f (X, y) HOCTHraeT MAKCUMYMA
B Touke M (x,, ¥,).

2) Ecam Af >0 npu Bcex A0CTaTOYHO MasbIX HNpHPAIIEHHAX He-
3aBHCHMBIX NepeMeHHHbIX, To (QYHKUHA [ (X, y) JOCTHIAeT MUHUMYMQ
B Touke M (x,, ¥,)-

Stn ¢opMyHPOBKH InepeHocATcsl 6e3 H3MeHeHHS Ha (QYHKUHH
Jo0Oro 4ucsia NnepeMeHHbIX.

Teopema 1 (Heo6xonHMHBE YyCHOBHSA 3KCTpeMyMa).
Ecau ynxyus z=f (x, y) Oocmueaem sxcmpemyma npu x==x,, Yy=1y,,
mo Kaxcoas 4acmHas npous’sooHas nepeoeo nopadxka om 2z uau obpa-
Waemcs 8 Hyab NPU SMUX SHAYEHUAX AP2YMEHMO8, UAL He Cyujecmeyem.
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IleficTBUTeNIbHO, JafuM mepeMeHHOH y ompejieieHHOe 3HaueHHe,
uMeHHo y=y,. Torna ¢yukuus f(x, y,) OGyser QyHKuHeH oAHOM
nepeMeHHo# x. Tak KakK npH x¥=x, OHa HMeeT 3KCTPeMyM (MaKCH-

0z
MyM HJH MHHHMMYyM), TO, CJIeAOBaTesbHO, o HJH PpaBHO HYJHO,
X=X
Y=Yo
uan He cymecTsyer. CoBeplIeHHO aHAJOTHYHO MOXHO JO0Ka3aTh, 4TO
4
39 |x=x, YU PABHO HYJIO, WM HE CYIIECTBYeT.

=Xo

Y=Yo

Ora TeopeMma He SIBJIsIeTCS LOCTAaTOYHOM A/Is HCCJENOBaHHs BOMpoOCa
00 3KCTpeMasbHBIX 3HAYeHUsIX (YHKIHH, HO NO3BOJISIET HAXOUTh 3TH
3HayeHHs B TeX CJAy4Yasix, B KOTOPHIX
Mbl 3apaHee yBepeHbl B CYILIECTBOBa-
HUH MaKCHMyMa HJM MHHHMYyMa. B npo-
THBHOM cJiydae TpeOGyeTcs AONOMHUTE/b-
HOe HCClefioBaHue.

Taxk, nanpumep, pyHRus 2 = x2 — y2 HMeeT
2 2

TIPOU3BOJAHBIE (—3;=2x, a—y=—2y,xo1'opue 06-
pamatoTcs B Hyab npn x=0 u y=0. Ho sra
(yHKIMSA NPH yKa3aHHHIX 3HAYEHUAX HE HMe-
eT HH MaKCHMyMa, HH MHHuMyMma. [JleficTsu- Puc. 187.
TeJIbHO, 3Ta QYHKLHSA PaBHA HYJIIO B Hauale Ko-
OpAHHAT ¥ NPHHUMAaeT B KaK YrOAHO GJIu3KHX
TOYKaX OT Hayaja KOOPAMHAT KaK NOJIOXHUTEJNbHBIE, TAK ¥ OTPHUATeJbHHE 3Haue-
Hust. CnefoBaTesbHO, 3HaueHHE HYJb HE SBSETCS HH MaKCHMyMOM, HH MHHHMY-
MmoM (puc. 187).

Touku, B KOTOPHIX g—i=0 (1 He CyuIeCcTBYeT) H %:0 (unmu He
CYIIECTBYET), Ha3bIBAIOTCS K pUmu4eckumu Toukamu gyHkuuu z=f(x, y).
Ecmu gyHkuus pocturaer skcTpemyma B Kakoi-1160 TOUKe, TO (B CHIY
TEOpPEMHL 1) 3TO MOXET CJAYUHTLCS TOJNBKO B KPHUTHYECKOH TOYKe.

Hna uccnenoBaHuss (YHKUMH B KPHTHYECKHX TOYKAX YCTaHOBHM
JIOCTATOYHBIE YCJOBHA 3KCTpeMyMa (yHKUHMH JABYX NepeMEHHBIX.

Teopema 2. ITycms 6 Hekomopoii o6racmu, codepacawed mouxy
M, (%0, Y,), Pyrxyus f(x, y) umeem renpepotéHsie uacmusie npouseod-
Hole 00 mpembez0 NopPAOKA BKAIOYUMENbHO; NYCMb, KPOME MO20, MOUKG
M, (x,, y,) sA6asemca xkpumuueckoil mouxoit ¢ynxyuu f(x, y), m.e.

of (%0, Yo) =0 of (xo0, yo) =0
0x ’ oy ‘

Tozda npu x=x,, y=y,
1) f(x, y) umeem maxcumym, ecau

0f (%0, 40) , O (x0, o) (0% (%0, o) \? & (x0, Y9 _ .
o 0—( axoayo) >0 u =55 <0;

2) f(x, y) umeem munumym, ecau

% (%0, yo) 0 (X0, Yo) 2f (%0, 40)\? 0% (xo, Yo) .
ok 6;2 o—( axoayo) >0u —55=>0
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3) f(x, y) He umeem Hu MaxKcumyma, HU MUHUMYMA, €CAU
a2f (xO: yo) . agf (xm !/o)__ azf (xo: yO))2 < 0.
o g2 ox 0y ’

0%f (xo, o) _ 0% (xo0, Yo) 0%f (%o, yo))""_
e — %55 =0, mo akcmpemym

moxcem Goime u moxcem He Goims (B 3TOM caydae TpeGyercst Jalib-
Heliee HCCHAeJoBaHue).

Hoxasareabctso. Hanumem dopmyny Teftiopa BTOporo
nopsiaka ausi GyHruuu f(x, y) (dopmyna (6) § 16). [lonaras a= x,,
b=y, x=x,+Ax, y=y,+ Ay, 6yaeM HmMeTb

(o A%, 9ot Bg) =1 (1, 90+ L0210 A Tl WDy

21409 gy T o Ax Ay + Lo 1) B Ag*| +a, (80,

4) ecau

rae Ap=VAx*FAy?, a a, crpemutcs K Hymo npu Ap— 0.
ITo ycaoBuio

of (x0, o) of (xo, Yo) __
gx =0, ay“ =0.

CunenopaTtenbHO,
Af = (x,+Dx, yo'%:_ﬁA.’/) f (xo yo)
=7 [ax'; A"z"‘Qa ayAxA-‘/'l’ Fr zfAy ] +a, (Ap)*. (1)

O6o3nauum Teneph 3HAYeHHs] BTOPHIX YacTHHIX [IPOH3BOAHBIX
B Touke M,(x,, y,) uepes A, B, C:
o*f o*f

_p o
WM,,:A’ WM.)_B, ]Ma C.

OGo3nauuM uepe3 ¢ yroJ Mexjay HamnpapjeHneM orpeska MM, rue
M ectb Touka M (x,+ Ax, y,+Ay), u ocbio Ox; Torga Ax=Apcos @,
Ay =Apsing. TloxcraBasia stu BhlpaxkeHus B ¢opMyay aas Af,
HaiiaeMm

Af =-;— (Ap)2[A cos?p+42Bcos@sing-+ Csin?p+2a, Ap].  (2)

Ilpernonoxum, uro A ==0.

PasfienuB u ymMHOXuB Ha A BeIpaxeHHe, CToslee B KBaJpaTHBIX
CKOOKax, NOJY4YHM

Af=-;— (Ap)z[ (A cos ¢4 Bsin q)):—}—(AC-—Bz) sin® @ —I-QOCOAP] )

)

PaccMoTpuM Tenepb 4eThipe BO3MOXKHBIX Caydasi.
1) Ilyers AC—B2?>0, A< 0. Toraga B uucanresne APoGH CTOUT
CyMMa ABYX HeOTpHUaTeJbHEIX BenHYHH. OHH OJHOBPEMEHHO B HYJb
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He ofpamaloTcsi, TAK Kak TNepBHil YileH o0pallaercs B HyJb MpH
tg g =—A/B, Bropoi#t npu singp=0.

Eciu A <0, To 1po6b ecTb OTpUuAaTeNTbHAsi BeIMYHHA, He OOpa-
maroulascs B Hyab, O6o3HauuM ee yepes —m?; Torza

Af =5 (Ap)*[—m? +2a, Ap],

rae m He 3aBucuT ot Ap, a,Ap—0 npu Ap—0. CrenoBarensHo,
npu jocratouHo manwix Ap 6yaer Af <0, umm f (x,+Ax, y,+Ay) —
—f (x4 Yo) < 0. Ho torpa ansi Bcex Touek (x,+Ax, y,+Ay), no-
CTaTOYHO OJM3KUX K Touke (X,, y,), HMeeT MeCTO HepaBEHCTBO

[ (x4 Ax, yo+Ay) < f (%0 Yo)s

a 3T0 O3HayaeT, uTo B Touke (X,, Y,) (yHkuus f(x, y) mocruraer
MaKCHMYyMa.

2) MNycte AC—B2>0, A>0. Toraa, paccykpiasi aHaJOTHYHO,
NOJIYYHM

Af = (Ap)*[m? 20, Apl],
W
[ (o+Ax, yo+Ay) > [ (%0 ¥o)»

T.e. f(X, y) UMeeT MHHUMYM B TOUKe (X,, Y,).

3') Nyecre AC—B2<0, A>0. B sroMm ciayuyae ¢yHKuus He
HMeeT HH MaKCHMyMa, HH MHHHMyMa. DyHkuus Bospac-
TaeT, KOrja Mbl ABHXKEMCA M3 TOYKH (X,, Y,) MO OZHHM HampabJje-
HHSIM, M yOBIBaeT, KOTAa Mbl ABHXKEMCi [O JPYTHM HampaBJICHH M.
JHelicTBUTENbHO, NPH MepeMelEeHHH BAoJb Jyua @ =0 nmeeMm

Af =5 (8p)*[A+2a, Ap] > O;

IpH ABHKEHHH BXOJb 3Toro Jyda ¢yHKuus Bospactaer. Ecam ke
nepeMeliaTbCsi BAOJDL Jyda @ = @, TaKoro, uro tg ¢,=—A/B, 10 npH
A >0 6yger

1 AC—B? .
A =5 (B0 [ 257 sin® 9o+ 20,89 | < 0;

NpU JABUXKEHHMH BJOJb 3TOrO Jyda QyHKuusi yObIBaer.

3") Ilycte AC—B*< 0, A<0. B arom cayyae ¢QyHKUHA Toxe
He HMeeT HM MaKcHMyMa, HU MUHHMyMa. Hcceaenopanue
NPOBONUTCS TaK e, Kak U B ciydae 3'.

3""") Tlycte AC—B* < 0, A=0. Torza B0, u pasenctso (2)
MOXHO TepenucaTb B BHJE

Af = (Ap)*[sin ¢ (2B cos ¢+ Csin ¢) + 2, Ap].

Ilpu mocTaToyHo MasbIX 3HAYEHHAX @ BhHIpaXKEHHE, CTOsLIEE B KPyr-
JIBIX CKOOKax, COXPaHseT 3HaK, TaK KaK OHO GJIU3KO K 2B, a MHOXKHTe/b
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sin@ MeHseT 3HaK B 3aBHCHMOCTH OT TOTO, GyJeT Jiu ¢ GoJiblie HyJs
WJIH MeHblue HyJs (mocye Bbl6opa ¢ >0 u ¢ < 0 Mbl MOXeM p B3ATh
HaCTOJIbKO MaJsbiM, 4TO 20, He GyAeT H3MeHsTb 3HAaK BCe KBajpar-
Holt cKoOKH). CliefoBaTeNIbHO, U B 3TOM caydae Af MeHsieT 3Hak npu
pasJuYHBIX @, T. €. NpU pasnau4yHbiXx Ax U Ay, clefoBaTeNbHO, U B
3TOM CJydYae HeT HM MakCUMyMa, HU MHHHMYyMa.

Takum oGpasom, KakoB Obl HH GBI 3HAaK A, MUMeeM Bcerja cJje-
Jyloliee NOJIOXEHHe:

Eciu AC—B?* < 0 B TOuKe (X4, Y,), TO QYHKIHS HE UMEET B 3TOH
TOYKe HM MaKCHMyMa, HH MHHHMyMa. B 3ToM cllydae noBepXHOCTb,
cayxamas rpapukoM ¢yHKIHH, MOXET BOJHM3H 3TOH TOUKH HMETb,
Hanpumep, ¢opmy ceana (cMm. Bbime puc. 187). I'oBopsar, uro ¢yHK-
IHs UMeeT B 3TOH TOUKe MUHUMAKC.

4) Ilycre AC— B*=0. B 3toM cayuae Ha OCHOBanHH Gopmya (2)
H (3) caenaTh 3akJodeHue o 3Hake Af Henpssi. Tak, Hanpumep, NpH
A==0 GyaeM umetb

O = 5 (apy [ L2202 4 a0 ]

npu ¢=arctg (—A/B) 3nak Af ompezensercs 3HaKoM 2a,, 34ecCbh
TpefyeTcs cnemuanbHoOe HaJbHelimee HCCHENOBaHHUE
(nanpumep, ¢ noMoupio Gopmyssl Tefiiopa Gosnee BEICOKOTO MOpsSifKa
HJIH KaKUM-AH60 HHbIM crocoGoM). Takum oGpasoM, Teopema 2 moJ-
HOCTBIO JOKa3aHa.

Npumep 3. HccnenoBate Ha MakCHMYM ¥ MUHUMYM (pyHKIHIO
z=x*—xy--y*+3x—2y+1.
Pemenune. 1) Haxonum xpuTHUeckHe TOUKH:

0z 0z
Ta—;—Qx—y-l—& —@—_—x+2y—2.
Pemast cucteMy ypaBHeHHH
\ 2x—y+3=0,
—x+2y_2=0’

noJyyaem
r=—4/3, y=1/3.
2) HaxozuM npon3sojuble BTOpOro NopsiiKa B KPHTHYECKO#R Touke (—4/3; 1/3)
H OnpejiensieM XapaKTep KPHTHUeCKOH TOUKH:
9%z 9% _ 0%z
A=a§—2, B=W——l, —a—y2-—2,

AC—B2=2.2—(—1)2=3> 0,
CuepoBatenbHo, B Touke (—4/3; 1/3) nannas GpyHKUHS HMeeT MHHHMYM, a HMEHHO:
Z2min = "—4/3.

Ilpumep 4. HeenepoBath Ha MakCHMYM M MHHHEMyM (yHKIHIO
z2=x341—3xy.
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Pemenwe, 1) Halinem KpuTHYeCKHE TOUKH, MOJNL3YACh HEOGXOAUMBIMH yCe
JIOBUAMH 3KCTpeMyMa:

0z 2 _
-a—x—_3x —3y—0,

0z 2 _
'5;/-'—3!/ —3x =0.
Orciofa mosmyuaeM JABe KPHTHYECKHE TOUKH:
x]_:-"'-l, y1=1 H X2=-o, y2=0.

2) Haitnem npoussopibie BTOpOro Mopsifka:

Pz g Pz _ o F2_g
oxr 0% Gxoy ot a7
3) Hccnenyem xapakTep mepBOil KPHTHYECKOHR TOUKH:
0%2 022 0%z
~ox x=1—6’ B_axay x=l——3’ C_W ¢\¢=l—6i
y=1 y=1 y=1

AC—B?=36-9=27>0; A>0.

CaenoBarenbio, B Touke (1; 1) AanHas GyHKUUS MMeeT MHHUMYM, HMEHHO:
Zmin=—1.
4) HccnenyeM xapaktep BTOpoll KpHTHYECKOHA Touxkd M, (0, 0):
A=0, B=-3, C=0; AC—B*=—-9<0.

CrnenoBaTe/IbHO, BO BTOPOH KPHTHYECKOH TOuKe (PYHKIUS He MMEeT HH MaKCHMyMa,
HH MHHEMyMa (MHHHMAKC).

IMpumep 5. Pasnoxuts AaHHOE MOJIOKHTENLHOE UHCIC G Ha TPH IOJOMKHUs
TeJIbHBIX CJIaTaeMBbIX TaK, YTOObL HX NPOH3BEJiIeHHE HMeJNO HaHGosbllee 3HaYeHHe,

Pemenne. OGo3sHAUHM ciraraeMble: IE€pBoe uepe3 x, BTOpOe 4Yepe3 y; TOTAa
Tperbe Gyaer g~-x——y. FIponsBseenne aTHX c¢jraraeMbix PaBHO uU=xy (a—x—1Y).
Ilo ycnoBusy sagasst x >0, y >0, a—r»—y >0, T.€. x-}-y < a, u > 0. Cnego-
BaTeJIbHO, X M y¥ MOTYT NPHHHMaThb 3HAaueHHsi, MPUHaJJEKallHe 06JaCTH, OrpaHu=
4enHoll npsaMeiMH x =0, y=0, x4-y=a.

HaiineM ZacTHble NpoM3BOAHBIE QYHKIHH u:

ou

ou
Y (@—2x—y), i (a—2y—x).

IpupaBuuBas NPOM3BOAHBIE HYJHO, NMOJNYYHEM EHCTEMY YPaBHEHHH
y(@a—2x—y)=0, x(a—2y—x)=0.
Pemast 3ty cucTeMy, HaXOAHM KDHTHUECKHE TOUKH:
xn=0, yi=0, M;(0,0); x=0, yp=a, M;(0,a);
x3=a, yYs=0, M3(a,0) x4=0a/3, ys=a/3, M,(a/3, a/3).

ITepBoie TpH TOMKH JleXaT Ha rpauune obnactu, NocienHss—pHyTpH. Ha rpa-
Hune obnactd (YHKIHS 4 DaBH& HYJIO, a BHYTPH OGNacTH OHa MHOJIOXKHTE/bHa;
clefioBaTebHO, B Touke (a/3, a/3) (yHKUMS # MMeeT MakCHMyM (TaK Kak 5TO

€/lHHCTBEHHAsA 3KCTpE€MajibHasi TOYKa BHYTPH Tpeyronbﬂnxa). MakcumajbHOE 3Ha-
YEeHHe NpOou3BeAeHUsI €CTb

aa e a as
umax=‘3-’l‘3-(a—‘§'—§- =W.
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IMpoBefeM wHcCHEeNOBaHHe XapaKTepa KPHTHYECKMX TO4YeK, NOJb3ysich HOCTa-
TounblMu ycnoBHsiMH. Haliziem yacTHBIe mpon3BofHble BTOPOro NOpsAKa QyHKLHH u:

02u 0%u 02u
’a?=— Y, axay—a—Qx—Qy, '0—y:z--—-\—2/\fo

__ 0% _62u_ _0u__  m2__
B touke M; (0, 0) nmeem A—a—2-...0 B'_a_Ty— c_a—;_o AC—B*=

=—a? < 0. CnenoBatesbHO, B ToukKe M; HeT HHM MaKCHMyMa, HH MHHHMyMa.

0%u u ?u
B Ttouke M, (0, a) umeeM A—Fx_= —2q, B—a—a— —a, C= 7?—0 AC —
— B2=—¢a? < 0. 3naunT, B Touke M, ToXe HET HH MAaKCUMyMa, HH MHHHMyMa.

B Touke Mj;(a, 0) umeeM A=0, B=—gq, C=—2a, AC—B2=—g?>0.

a a
U B Touke M3 ner HH MaKCHMyMa, HH Munumyma. B Touke M, (3, 3) HMeeM

2a a 2a o 4a®  a?
-4—~——3-, B——g, C=—-§, AC—B ——9-—?>0 A < 0. Cnenosa-

TeJbHO, B Touke M, MMeeM MaKCHMyM.

3ameuanue. Teopuss MakCUMyMOB H MHHHMYMOB (YHKUHH He-
CKOJIbKHX NepeMeHHBIX SIBJISETCss OCHOBOH A/l OJHOIO Meroja MoJy-
yeHus Gopmys Jyia H306paxeHHs1 GyHKUHOHAJbHLIX 3aBUCHMOCTell Ha
OCHOBaHHH 3KCIEPHMEHTAJNbHEIX JaHHBIX. DTOT BONpoc U3JoxeH B § 19.

§ 18. MakciMyM M MHHHMYM (YHKIHH HECKOJbKHX NepeMEHHBIX,
CBA3AHHBIX JAHHBIMH yPaBHEHHSIMH
(ycaoBHbie MAKCHMyMbI H MHHHMYMbi)

Bo mHoryx 3ajavax Ha pasbicKaHHe HauGOJBIINX M HaMMEHbIIH X
3HayeHH# (PYHKUHH BOMPOC CBOJHMTCSA K Pa3bICKaHHUIO MAKCHMYMOB U
MHHHMYMOB QYHKIHMH OT HECKOJbKHX NepeMeHHbiX, KOTOphle He $iB-
JISIOTCA HEe3aBHCHMBIMH, @ CBf3aHBI APYT C APYyroM HEKOTOPbIMH HoGa-
BOYHBLIMH YCJOBHAMH (HalOpuMep, OHH JOJDKHBI YJAOBJETBOPATb IaH-
HbIM ypaBHEHHUSIM).

PaccmotpuM, Hanpumep, Takylo 3anauy. M3 naHHOro Kycka »Kectu
mIowagplo 2a Hajgo cAeNaTh 3aKPHITYIO KOpPoOky B ¢dopme mapase-
Jienunea, HMEIoUlyl0 HaHGOJbIIUA OGBEM.

OGo3HayuM NIHHY, LWIMPHHY H BHICOTY KOpOGKH uepe3 x, y, 2
3anaua CBOAMTCA K Pa3bICKaHMIO MaKCHMyMa QYHKUHH U=Xy2Z IIPH
ycnoBHHY, 4To 2xy+2xz+2yz=2a. 3xecb MbI MMeeM 3ajauyy Ha
YCAOBHOUL 3KCMpemym: TIEPeMeHHble X, Y, 2 CBSI3aHBl YCJOBHEM
2xy+-2xz+42yz=2a. B Hacrosiem mnaparpade Mbl PacCMOTPHUM Me-
TOJbl pelIeHHsl TaKHX 3ajay.

PaccmoTpuM cHavyasla Bompoc 00 YCJIOBHOM 3KCTpeMyMe (byHKIHH
JABYX TNEPeMEHHBIX, eC/IH 3TH NepeMeHHble CBS3aHbl O JHHM YCJOBHEM.

ITycts TpeGyercsi HaliTH MaKCHMYMBI U MHHHMYMbI QyHKUHH

u=fx, y) (M
NIpH YCJOBHH, YTO X H y CBSI3aHbl YpaBHEHHEM
@ (x, y)=0. @)
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Mpu namiuuu ychoBus (2) U3 ABYX NeEepeMeHHHX X H y He3a-
BUCHMOH OyjAeT TOJLKO OJHa, HanpuMep X, Tak KaK y Ompeje-
JseTcsl H3 paBeHcTBa (2) Kak ¢yHKuMsi oT x. Ecim Obl MH paspe-
WM ypaBHeHHe (2) OTHOCHTENLHO Y, TO, BCTaBJsisi B paBeHCTBO (1)
BMECTO y HalJeHHOe BHIpAXKEHHE, NMOJYYHJIH OBl (PYHKUHIO OAHOH
nepeMeHHOH X M cBelu 6Bl 3ajauy K 3ajade o6 HCCJIEHOBAHHH Ha
MakKCHMyM M MUHHMYM (yHKIIMM OJHOH HE3aBHCHMOH NepeMeHHOH x.

Ho mMoxHO pemnTh NoCTaBJEHHYJO 3ajady, HE paspeilas ypas-
HeHus1 (2) orHocuTenbHO x wiau y. Ilpm Tex 3HaueHHAX x, npH KOTO-
pbiX (YHKIUS 4 MOXKET MMETb MaKCHMyM HJIH MHHHMYM, NIPOU3BOLHas
OT 4 N0 X ROJDKHa obpamarbcsi B HYJb.

Hs (1) naxozum %‘, NOMHSA, 4TO y €cTb (PYHKIUS OT X:

du __0f , Of dy

=T agax
CnepoBarenbHO, B TOYKaX SKCTpeM)’Ma

af dy
+ 2y dx= O )

Hs pasencTBa (2) HaxoauM

99 , Jp dy

ox arm oy dx =0. )

D10 paBeHCTBO YJOBJETBOPSETCH JJs BCEX X H Y, YAOBJETBOPAOIIHX
ypaBHeHuio (2) (cm. § 11).

VMHOXHB uJieHHl paBeHcTBa (4) Ha HeompejeNeHHHI NoKa KO-
GHULUEHT A H CJIOXKMB HX C COOTBETCTBYIOLIMMH YJeHaMH PaBEHCTBa (3),

MOJYyYUM
(g a) +r(G+5 %) =0

(L+2r32)+ (L Jpale v) %o ®)

IMocnenee paBeHCTBO BHIIOJNHSETCA BO BCeX TOYKax akcTpemyma. Ilox-
GepeM A Tak, 4TOObl AJis1 3HAU€HHWH X U Y, COOTBETCTBYIOUHX JKCTpe-
MyMmy (YHKIMH &, Bropasi CKoOKa B paBeHCTBe (5) o6paTuach B HYJb *):

of 09

— A =E=

Y + 9y

Ho Toraa npH 3THX 3Ha4€HHAX X H Yy U3 PaBEHCTBa (D) cieAyeT paBEeHCTBO

of op _

HIN

*) Has onpenejeHHOCTH GyAeM NpeAnojaratb, YTO B KPHTHUECKHX TOUKax

99
oy #0.
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Takum oGpasom, moJydaercs, YTO B TOYKAX IKCTPeMyMa YZAOBJIETBO-
pAIOTCSt TPH ypaBHEHHUA:

of op _

atho =0

of o 6

’a?'*'}‘a_y_o’ ] ©)
¢x y=0

C TpeMsi HEH3BeCTHHIMH X, Yy, A. M3 3Tux ypaBHeHuii onpezenseMm X, y
H A, KOTOpOe Hrpajo TOJMLKO BCIOMOraTeNbHYIO pPojib H HaM B Jalb-
HefilieM He Tpebyercs.

V3 BeiBoja ciepyer, uto ypaBHeHHs (6) sBASIOTESt HeoOx00uMbLMU
YCA0BUAMU  YCA0BHOZ0 SKCMpPemyma, T. €. B TOYKax IKCTpeMyMma yJIoBJie-
TBOpsIoTcsl ypaBHeHus (6). Ho He npm Bcsikux x u y (4 A), ynosae-
TBOPSIOIUX ypaBHeHUAM (6), 6y1eT HMeTb MeCTO YCJOBHBIH IKCTPeMyM.
TpeGyercs pomosHHTeNIbHOE HCCJAELOBaHHE XapakKTepa KPHTHYECKOH
ToukH. [lpy peleHMH KOHKPETHBIX 3aJay HHOrJa yJaeTcs yCTaHOBHThb
XapakTep KpHUTHYECKOH TOYKH Ha OCHOBAHHH CYIIeCTBA 3alauH . 3aMeTHM,
YTO JieBble YacTH ypaBHeHHH (6) cyTb YacTHbIe NPOH3BOAHBIE PYHKIUH

F(x1 Y, k):f(x, y)+}"(P (x, y) (7)

Mo nepeMeHHLIM X, Yy, A.

Takum oGpasom, il Toro 4roOGbl HAHTH 3HaueHUS X U Y, YAOBJe:
TBOPSIOIIKE YCIOBHIO (2), NPH KOTOPBIX (QYHKIHA u= f(X, y) MOxKeT
HMETh YCJIOBHBIH MaKCHMYM HJIH YCJOBHbIA MUHMMYM, HY>KHO COETaBUTb
BCroMorarenbuylo ¢yHkuuio (7), NPUPaBHATH HYJIO ee NPOH3BOLHbIE
Mo x, Yy ¥ A U U3 NOJyYeHHHIX TpeX ypaBHeHHi (6) onmpenenuTs HCKO-
Mble ¥, Yy (M BCOMOraTeJabHBIi MHOMXHTENb A). PaccMoTpeHHBI MeTOx
pacrmpocTpaHsieTcsl Ha HCCJeJOBaHHE YCJIOBHOIO 3KCTpeMyMa (yHKIHH
JIO6Oro 4ucja nepeMeHHbIX.

Ilycts TpeGyercss HaHTH MaKCUMyMbl W MHHAMYMH QYHKLIHH 7
nepeMeHHBIX # = f (%;, X5, ..., X,) TPH YCJOBHH, 4YTO IepeMEHHEIE
Xy, X3y eeey X, CBA3aHH m (m < n) ypPaBHEHUSAMH

@1 (X35 Xgp ooy X,) =0,
e e

P (Xys Xay 0 0ey X,) =0,

Iast Toro uroGnl HAHTH 3HAYEHHS Xy, Xy «.., X,, TIPH KOTOPHIX
MOTYT GBIThb YCJIOBHBIE MaKCHMyMbl H MHHHMYyMbl, HYXXHO COCTaBHTb
(yHKUHIO

F (%, X9 aney Xgo Miy o0 ey A =F(xs +., %) M@y (x4 o0y x,) +-
+9"2(pz(xii tecy xg)+"' +}"m(pm (xf! veey xn)'
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APHPABHATL HYJIO ee YacCTHHIE MPOU3BORHBIE IO X;, Xy, es sy X,!

of 091 Pm __
B'Z—i_;"l'a_xi'—l_"'_l_?"m 0%y —'0’
of 99, Pm
Tl e a5 =0 ©
Qan L] e a.q)f. L] * . . L] a.q)’; —.— .
52+MEZ+”“+men—OJ

A U3 m-+n ypasHenuit (8) u (9) onpememutb X, Xy, ..., X, H BCIO-

MoraTeJibHble HEeH3BeCTHble Ay, ..., A,. Tak ke Kak u A1 QyHKUHH
JBYX nepeMeHHBIX, BONIPOC O TOM, GyJeT JIU NPH HallleHHBIX 3HaUeHH X
(YHKUIHA HMeTb MaKCHUMYM HJH MHHHUMYM HJH He GyJeT UMeTb HH TOTO,
HU ApPYroro, Ml B OGIIEM CJydYae OCTaBJIsieM OTKPHITHIM. DTOT BONPOC
MBI OyJeM peliaTb Ha OCHOBaHHUH BCIIOMOTaTEAbHBIX COOOpakeHHH.
IMpumep 1. BepreMcs kK 3ajaue, chopMyIRpOBAHHON B Hauaje ITOro napas
rpaga: HaTH MaKCHMyM &YHKIHH
v=1xyz
NpH YCJIOBHH, 4TO
xy+xz+yz—a=0 (x>0, y>0,2>0). (10)
CocTaBHM BCHOMOTaTENIbHYIO QYHKIHIO
F(x, y, M)=xyz+ A\ (xy+x2+yz—a).
HaiigeM ee uacTHhle npoM3BOAHLIE H NPHPABHSIEM HX HYJIOY
yz+2A (y+ 2)=0,
x2+A(x+2)=0,
xy—+M(x+y)=0.
3afaya CBOAMTCA K peLIEHHI0 CHCTeMbl deripex ypaBuenui (10) u (11)
C YeTHIPEMsSI HEH3BECTHHIMH (X, Y, 2 U A). [lag pemeHHs 5TOH CHCTEeMBl YMHOXHM
nepsoe M3 ypaBHenui (11) Ha x, BTOpoe—HAa y, TpeTbe—Ha Z H CJOXKHM HX;
3xyz
NpHHNMas BO BHHMaHMe paBeHCTBO (10), HaxonHUM ;\.=———2a . Berasaast B ypae«
Henus (11) nHafileHHOe 3HaueHHe A; NOJYYHM

e 1—pw+a] =0 w[1-Fe+a]=0, u[1-Fet+n]-o

Tak Kak x, y, 2 M0 CMBICJy 3ajayd OTJMYHBI OT HYJS, TO M3 NOCJEJHHX YpaBHe-
HHI HMeeM

(1)

Xgra=1, Lutn=1, Zaty-1.

W3 nepBhiX JIBYX ypaBHeHMHl HaXOAMM X=yY, H3 BTODOr0 M TPETbero ypaBHEHHii

y=z. Ho B TaxoM cayyae u3 ypasuenns (10) nonyuaem x=y=2z2=V a/3. dr0—
€[HHCTBEHHAs CHCTeMa 3HAYeHHWH X, y H Z, NPH KOTOPHIX MOXKeT OH Th MaKCH-
MYM HJH MHHHMYM.

MoxHo JOKasaTb, UTO TNOJyueHHOe pelleHHe JaeT MakcuMMyM. Brnpouem, sro
SICHO H M3 reOMETPHUYECKHX CcOOOpaxkeHuit (B ycJOBHAX 3ajaud O0GbeM KOPOOKH He
MOXeT OHITb HeOrpaHHYeHHO GOJIbLIMM; CJIeflOBaTe/IbHO, eCTeCTEEHHO® OXKHAATh, 4TO
npH KaKHX-TO onpefesleHHHIX, 3HaUeHHUSX, CTOPOH ITOT 06beM GyAeT HaHGOJAbLINM),
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Hrak, aag TOTO 4TOGH 06beM KOpPOOKH GblT HaHGOMBUIMM, Ta KOpOOKa AO/KHA
6uiTh Ky6OM, pe6pOo KOTOPOro paBHO V a/3. .

IIpumep 2. Onpenennts HanGoJbiuee 3HAUEHHE KODHS M-H CTENeHH W3 MpO-
H3BEJEHHS YHCeN Xj, Xp, ..., X, TNPH YCJIOBHH, YTO HX CyMMa paBHa NaHHOMY
yucay a. Crefosare/bHO, 3ajaua CTABHTCH TaK: TpeSyeTcs HaMTH MaKCHMYM QyHK-

n
Uuu U= 1/x1 «e.Xp OPH YCJIOBHH
Xt . Fxy—a=0 (x>0, x>0, ..., x,>0). (12)
O6pasyeM BCIOMOraTesibHYI0 (yHKIHIQ
F(xt veey ¥m D=1 %1 Snt A (G + 2+ ... +2x,—a).
HaXOIlHM €e YacTHble NPOU3BOJHLIC:

’ 1 xpXx3...%, 1 u _ .
w= ————7_—1-+A.— i +A=0, wm u=—nhxq;
. n
(xl...xn)
F =_1..i+7\,:'0 I U=— nh¥s;
X2 n X ’
.« 9 . - ® & © o ° &2 & & 0 8 & & 0 o o o o 0 . o o o . LN
F, =li+&=0 HIH  U=— n\X,.
¥ n x, ’ n
M3 mocneXHUX paBeHCTB HAXOMHM X;=X,=,..=Xp,, @ Ha OCHOBAaHHH ypaBHe-
Hus (13) nonyuaem x;=sx,=...=x,=a/n.

n
Tlo eMmpicly 3agaun STH 3Ha4YeHHs AAlOT MAaKCHMYM QyHKIHH ;/ Xy...Xpn, pasB-
HBIA a/n.

Takum o6pa3oM, JJIA JIIOGBIX NOJOXKHTeNbHBIX YHCEN Xp, X3, ..., Xp, CBA3aH-
HBIX COOTHOHIEHHeM Xy-{-X;-{-...-} X,=a, BHINOJHAETCA HEPaBEHCTBO

V. xa<an (13)

a
TaK Kak, M0 JOKa3aHHOMY, ry SIBJISSETCST HauGOJbINHM 3HaUeHHeM 3TOM q;ynxmm) .

TloacraBnsisi Temepb B HepaBeHcTBO (13) BMecTo a €ro 3HaueHHe, MOJyYEeHHOE H3
paseHnctBa (12), Hafinem

Vg rg Ao e, a9

3T0 HepaBeHCTBO CNPABERIHUBO AJSA JIOOBIX MOJOKHTENbHHX YHCET Xf, X2 «.. Xp.
BeipaxeHnue, crosiigee B JieBOH vacTH cooTHoumieHust (14), Ha3biBaeTcst cpedHum
2eomempuyeckusm 3TUX yucesn. Takum oGpa3oM, cpegHee reoMeTpHYECKOe HECKOMbKHX
NOJIOKHUTE/IbHBIX 9HCeJI He GoJsblie MX CpeXHero apHgMeTHuecKoro,

§ 19. TNoay4yenne GyHKUHH HA OCHOBAHHH
9KCMEPHMEHTAIBHBIX JAHHBLIX M0 METORY HAMMEHBIUMX KBaJpaToB

IMycts Ha OCHOBaHHM 3KcrepuMeHTa TpeGyercst YCTaHOBHTb (PyHK-
[HOHAJIbHYIO 3aBHCHMOCTb BEJMYHUHBl Y OT BEJIMUHHBI X:

y=9®- (1)

[Iycte B pe3ynbTaTe 3KCMepUMEHTa MOJYYEHO 1 3HaueHU#H QYHKIUH Yy
MpPH COOTBETCTBYIOIUUX 3HAYEHHAX apryMmeHTa.
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PesysnbraThl 3anmcaHel B TaGauuy:

x Xy X3 cen Xn

Yy hn Y2 cee Yn

Bux. pynguuu y= ¢ (x) ycraHaBIHBaeTCs HJH U3 TEOPETHYECKHX COOG-
pakeHHil, WM Ha OCHOBAaHUH XapaKTepa PaCHOJOXKEHHS Ha KOOpIH-
HaTHOH MJIOCKOCTH TOYeK, COOTBETCTBYIOMIHX SKCIIePUMEHTAJIbHEIM 3Ha-
YeHHUsIM. (DTH TOYKH GyieM Ha3bIBaTb «3KCIEPUMEHTaJIbHBIMH TOUKaMH».)
IlycTs, HampuMep, 3KCEepUMEHTabHbIE TOYKH PacloJIOKEHbl Ha KOOp-
JUHATHOH IJIOCKOCTH TaK, Kak H3o6pax<eHo Ha puc. 188. YuuthiBas,
4TO NpH NMPOBEJEHHH SKCIEPHMEHTa HMEIOT MEeCTO IOIPEIiHOCTH, eCTeCT-
BEHHO MpPEJIOJIOKHUTh, YTO HCKOMYIO QYHKIHIO § = @ (X) MOXKHO HCKATh
B BUJe JIHHEeHHON QyHKuUY Y= ax -+ b. Eciu 3KcriepuMeHTabHbIE TOYKH
pacnosioxeHsl TakK, KaK yKasaHo Ha puc. 189, To ecTecTBeHHO HCKaTb
GyHKuHIO y=¢ (¥) B Buje y=ax® u T. .

yr4 . \7
1
[ .
. |
o
1 i1 *
/ b ;
(S B I S
1 v
] | L ] .
LI - .
9\ 5 =27z, z 7 z
Puc. 188. Pac. 189.
Ipu BeiGpanHOM BHIe QYHKHUH y=@ (X, @, b, ¢, ...) ocTaercs
nono6path BXOAsUIME B Hee napaMeTpw a, b, ¢, ... Tak, 4TOGHI

B KaKOM-TO CMbIC/Ie OHA HaMJyYLIMM OGPasoM ONHCHIBAJA PACCMATpPH-
BaeMHIHl nporecc.

[llnpoxo pacnpoCTPAHEHHHIM METOAOM pellleHHs JAaHHOH 3ajauu
AIBJISIETCA  Memod HauMeHbliux Keadpamoe. DTOT MeToj 3aKJAodaercs
B cileaytomeM. PaccMoTpum cyMMy KBafpaToB pasHOCTeH 3HaueHwil y;,
JaBaeMbIX 3KCNEPHMEHTOM, H QYHKUHH ¢ (¥, a, D, ¢, ...) B COOTBETCT-
BYIOLIMX TOYKax:

S@, b, ¢, ...)=

i

—

ly;—o (x;, a, b, ¢, ...)]. )

=

Ilox6upaem napaverpw a, b, ¢, ... Tak, 4TOGH 3Ta cyMMa umesa
HaHMeHblilee 3HayeHMe:

S, b, c, ...)=Z} [9;—®(x;, a, b, ¢, ...)P=min. (3)
i=
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Wrax, 3afiaua cBeflach K HaXOXAEHHIO 3HaYeHHII napamerpoB a, b, ¢, .. .,
npu xoTopsix ¢yHkuus S(a, b, ¢, ...) UMEET MUHHUMYM.

Ha ocHoBanuu Teopems! 1 (§ 17) caenyer, uro a1 3Havenusa, b, c, ...
yJOBJIETBOPSIIOT CHCTEME ypaBHeHHH

N a8 08
E—=0’W=0"_a?=0’ sy (4)

HJIY B pasBepHYTOM BHJE:

n
09 (xi, a, b, ¢, ...
Z.}[yz—cp(x;, a, b, ¢, ..) 0800 ) g

- o ) o (x;, a, b, ¢, .«.)
E[yi @x;, a, b, ¢,...)] Fs =0, $ ®)

0,

13
0 is ,b, y e
i =0 a, b0, .| G S0

vo'.ou.oc..'..‘tt'...lJ

3mech uMeeTcsl CTOJIKO ypaBHEHHMil, CKOJIBKO M Heu3BeCTHHIX. B kaxk-
JOM KOHKDETHOM CJiyd4ae HCCJeLyeTcsl BONPOC O CYLIeCTBOBAHHH pele-
HMSI CHCTeMbl ypaBHeHHH (5) M O CYleCTBOBaHMH MHHHMyMa (yHKIHH
S(@,b,c ...).

PaccMOTpHM HECKOJIBKO CJyyaeB oOINpefieneHHs (GYHKUHH Yy =
=o¢(x, a, b, c ...).

I. Ilycts y=ax-+b. Oyukuusa S(a, b) B 3TOM Cclyyae HMeeT BHJ
(cM. Buipaxenune (2))

S(a, b)= i=21 ly; — (ax; + D). (6)

1o ¢QyHKuHA ¢ JBYMA nepeMeHHHIMM @ H b (x; M y; — 3aJaHHBIE
qucsa; oM. Tabauuy Ha c. 277). CaenoBaTtesbHO,

—gas—=—-2i2[y,- — (ax;+b)]x, =0,
=1

n
a
B =—2 3 [y — (ax, +5)]=0,
=1
T. €. CHCTeMa ypaBHeHuil (D) B 3TOM cJy4ae NpHHHUMaeT BUA
n n n
lZy;xi—a i —b D x=0, ]
i=1 i=1 i=1

n n i’ )
dy;—a X2 x—bn=0, J
i=1 i=1

[Tonyunnu cucTeMy ABYX JIHHEHHBIX YpaBHEHHH C JBYMS HEH3BECTHBIMH
@ u b. OueBuaHO, YTO CHCTEMAa HMEET ONPE/ENCHHOE pPelleHHEe H 4TO
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NpH HafleHHbIX 3HaueHusiX a u b ¢yukuus S (a, b) uMeeT MUHH-
MyM *).
I1. TlycTs 3a annpoKCHMHPYIOLLYIO GYHKIHUIO B3SIT TPEXUJIEH BTOPO#

CTeneHH
y=ax*+bx+c.
B 3ToM ciyuae BhIpaxenue (2) HMeeT BHJ
n
S, b, o)= _Zl [¥; — (ax} +bx; + ). 8

910 QyHKUUS Tpex mepeMeHHHX a, b, ¢. CucteMa ypaBHeHuii (5) npu-
HHMaeT BHJ

N

21y~ (@t +bri+0)] =0,

'

g, [y: — (ax? +bx;4-¢)]x; =0,

2yi— (et +bxi+0] =0,

HJIH B Pa3BepHYTOM BHJE:
n N

y,x’—ale be,—c Ex,l_
—a}_‘, be’—chi—O X )

i=1

v T
&

n

g]ly,—aig‘xz b in—cn 0.

ITonyyaem cucremy JIMHEHHBIX YPaBHEHHH JJIst OnpeneNeHHs HEH3BECT-
HoX a, b, c. I3 xapakrepa 3ajauM cJefyeT, 4TO CHCTEMa MMeeT
onpeJesieHHOE pellleHHe H YTO INPH NOJYYEeHHBIX 3HaueHusx a, b, ¢
¢yukuusi S (a, b, ¢) HMeeT MHHHUMY M.

Tlpumep. ITycTe Ha OCHOBaHHM SKCIEPHMEHTa IOJYYEHH YeTHpEe SHAUCHHSA

HCKOMO#H GYHKLIHH Yy =@ (x) NpH uYeThpeX 3HAYCHHsX% apryMenta (n=4), KOTOpHIe
sanHdcaHsl B TabaHIe:

*) DT0 JIerKO YCTaHABJMBAeTCH W HAa OCHOBAHMH JOCTaTOYHBIX YCJIOBHH (CM.
TeopeMy 2 § 17). HeficTBuTenbHO, 37€Ch

n
S 2
'aa2=2_2; ie aaab 22"“ 6b2-2n‘

=

CrenoBaTesbHO,

?S #S [ &S 2
'a?'ab_ﬁ“‘(m) —4n2 (22x‘> _42 = >0, o >0,

l.l
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ByseM wuckath GyHKUMiO ¢ B BHAe JHHe{HOH dyHKuMH y=ax-{-b. Cocrasnsiem
Bepaxkenue S (a, b):

4
S (a, b)= D, lyi—(ax;+b)12

i=1

Jns cocraBnenust cucremnl (7) Aast
onpenieNeHHss KO3ppHIHEHTOB a U b
fipe/iBapUTeJbHO BBRIYHCJIAEM

2 yixi=21, Z x2=39,
i

- i=1 i=1
CucteMa (7) npuHuMaeT Buj

Puc. 190. 91 —39a—116=0,
10—11a—4b6=0.
Pemass 31y cucremy, HaxoxuMm a M b: a=-— 26/35, b=159/35. Hckomas mnpsmas
(puc. 190) ectn
__2%, 15
Y=—3""3"

§ 20. Ocobble TOYKH KpPHBOI

IMonsiTHe 4yacTHOA NPOM3BOAHON HCNOMb3YeTCs NPH HCCJAENOBAHHH
KpHBhIX.
ITycts KpuBast 3ajaHa ypaBHEHHEM

F(x9 y)=0

YraoBoit Ko3ppHUHEHT KacaTeJbHOH K KpPHUBOH OmpejenasieTcsi mno
topmysie

oF
dy __ 0x
dx~ ~ oF
oy
(cm. § 11).
Ecnu B xannoit Touke M (x, y) paccmaTpuBaeMoll KpHBOH Mo Kpaii-
Hedl Mepe O/lHA W3 YACTHBIX MPOHU3BONHBIX —— H 55 He o6palaercs

o d dx
B HY/ib, TO B 3TOU TOYKE BIIOJIHE OfpeJe/sieTCa Il E% HJIH

. Kpu-
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Bas F (x, y) =0 B Takoil Touke UMeeT BIIOJIHE ONpeAeIeHHYIO KacaTe/lb-
Hyto. B aTom cayyae Touka M (x, y) HasbiBaercs 066iKHO8EHHOL TOUKOM .
Ecnu xe B Hekotopoit Touke M, (x,, y,) HMeeM

oF oF

—_ey =0 u —1I._. =0
X=Xg =Xg

0x Y=Yo 0 Z=;o ’

TO YIJIOBOH KO3({HUIIMEHT KacaTeJbHOH CTaHOBHTCS HEOIpeJe/IeHHbIM.
Onpepenenue. Ecnmu B Touke M, (x,, y,) xpuBo#t F (x,y)=0

oF
ofe yacTHbIe IIPOU3BOAHLIC Fra HJIH W oﬁpam,alo'rcsl B HYJIb, TO TaKas

TOYKa Has3bIBaeTc o0coboli moukoli xpuBoil. CrienoBaTenibHo, 0cobas
TOYKa KPHBOH OnpejessieTcsi CHUCTEMOH ypaBHeHHi
oF oF
F=0, = =0, o =0.
EcrecTBeHHO, 4TO He BcsKas KpHBas HMeeT ocofble ToukH. Tax,
Hanpumep, AJdA 3JIUNCa

x2 y2
Lt —1=0

?

OYyeBHJHO,
x? 2 oF 2x oF 2
F()C, y) - a2 l iz 1’ J

ox @' oy b2
oF oF 6
NPOUSBOAHLIE - M -5 OOpalaiorcs B HyMb TOMBKO mph x=0,

y="0, HO 3TH 3HayeHHs X H Y HE YNOBJIETBOPSIOT YPABHEHHIO JLIHIICA,
CnepoBaTesIbHO, 3JIMIC HE MMeeT OCOGBIX TOUEK.

He npeanpusumas nofpoGHOrO HCC/AENOBAHUS NOBEACHHS KPHUBOI
BOMH3H 0COGOH TOUKH, PaCCMOTPHM HECKONBKO INPHMEPOB KpHBBIX,
HMEIQIIHX OCOObIe TOUKH.

Mpumep 1. Hccnexosats ocobbie TOUKH KpHBOi
y*—x(x—a)i=0 (a>0).
Pemenue. B naunom cayuae F (x, y) =y%—x (x—a)?, nosromy

OF oF
W:(x_a) (a—3x), -a?.—_Qy,
Pemast coBMECTHO TPH ypaBHEHHS
OF oF
F(x, =0, —==0, a—y=0¢

HaxoJMM €IHHCTBEHHYIO YJOBJETBOPSIOULYIO MM CHCTEMY 3HAYeHHH X H Y
Xo=a, Yo=0.
Crenosarenbno, Touka M, (a, 0) ecTb ocoGasi TOuKa KPHBOIL.
Hccnenyem mnosesenue KpuBofi BGAM3H 0COGOH TOYKH M NOCTPOMM KPHBYIO.

ITepenuwem Rannoe ypasHenue B Bule Y= + (x—a) ¥ x. U3 stoit popmynsr cre-
AyeT, 4TO KpuBasi: 1) ompeneseHa Juuib Npy x =0; 2) CUMMETPHYHA OTHOCHTENILHO
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ocu Ox; 3) nepecekaer ocb Ox B Toukax (0, 0) u (a, 0). ITocneansa Touka, Kax
6blJI0 yKa3aHo, sBJAsSETCS OCOGOM.

Mbl paccMOTpHM CHaalla Ty 4aCTb KPHBOH, KOTOpas COOTBETCTBYeT 3HaKy -

y=(x—a) V x. Haiizem nepsyio u BTOPYIO NMpOH3BOZHbIE OT y mo x:
,_3x—a _ 3x+4a
Y= = Vx
Ilpn x=0 nMeem g’ = oo. CnegoBaTesbHO; KpHBas Kacaerca ocH Oy B Hauane
Koopaunar, Ilpn x=a/3 umeem y'=0, y" >0, 1. e. mpu x=a/3 dyux-
2a a.

LM y UMEeT MUHHMYM: y=— 5 3 Ha orpeske 0< x < a umeem y < 0;
npu x > a/3 6yzer y’ > 0; npu x — o Gyner y— co. Ilpu x=a nmeeM y' =
=YV a, T e. B ocoGoif Touke M, (a; 0) BerBb KpHBOH Y= (x—a) V' x umeer
Kacateasnyio y=¥ a (x—a).

Tak kak BTOpasf BeTBb KpuBoii y=— (x—a) ¥ x CHMMeTpHYHa C YIepBOH
orHocuTensHo ocn Ox, TO, CleAOBaTeNibHO, B OCOGOH TOYKE KPHUBAas HMEET H BTO-
pyIo KacaTenbnylo (ko Bropodt BetsH) y=— VY a (x—a).

Uepes ocobyio TOYKY KpHBas NPOXOAMT JHBaXKAH. TaKas TOUKA Ha3bLIBAeTCS
820601 MOUKOL.

PaccMoTpennasi KpuBasi H3o6paxkeHa Ha puc. 191,

IMpumep 2. Uccnenopare Ha 0ocobble TOYKH KPHBYIO (MOJyKyGHuyecKas ma-
pabona) y2—x3=0.

Pemenne. KoopaunaTel OCOGHX TOUEK ONpEAENSIOTCS H3 CHCTEMb ypaBHe-
Buit: y2—x°=0, 3x2=0, 2y=0. Caenosaresvio, M, (0, 0) ectb ocoGasi Touka.

MepenumeM nanHOe ypasHenue B Buge y=+ ¥ 3. Ilas NOCTPOEHHST KPHBOH
HCCTlenyeM CHavaja BeTBb, KOTOPOH B YPaBHEHHH COOTBETCTBYET 3HAK ILIIOC; BETBb
KpPHBOI, COOTBETCTBYIOMAst 3HAKY MHHYC, CHM-

\Y MeTPHYHA C.NepBO OTHOCHTEabHO ocH Ox.
0 DYHKNUS y OnmpeseseHa TONbKO AP X ==
2o /a1 ==0, HeoTpHnaTeJbHa H BO3PacTaeT mpH BO3-
Y=2(z-0) pacraHuH x.
¥
0 ) »
0
Puc. 191. Puc. 192.

HaiifleM nepBylo I BTOPYIO IpoH3BORHHE oT dynruun y= Y x%

1_3 > __i
y"?Vx! y”—4

Vi’
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Ipn x=0 umeem y=0, y’ =0. CrenoBarenpHo, paccMaTpHBaeMasi BeTBb KDHBOM

¥MeeT B Hayase KOODPAMHAT KacaTenbHylo ¥y =0. Bropas BerBb KpHBO# y=—V A
TaKke MPOXOAHT 4Yepe3 HauaJo KOOPAMHAT W MMeeT Ty e KacaTelbHylo y=0.

Takum oGpasoM, JBe pasiHyHbIe BETBH KPHBOH BCTPEYaloTCs B Hauaje KOOP-
LMHAT, HMMEIOT OAHY H Ty K€ KacaTeJbHYIO H PacnojioXeHH OT KacaTeJbHOH no
?asumcl: g;opoau. Takas ocobast TouKa Ha3BLIBAETCH MO4KOL 6038pama nepeozo pooa
uc. 192).

P 3ameuanue. Kpueyio y?—x¥=0 MOoXHO paccMaTpHBaTh KaK npefeJbHBIA
cayuaii xpuBoit y2=x (x—a)? (paccmorpeHno# B npumepe 1), xoraa a — 0, 1. e.
KOrZa TeTJsi KpHBOH CTATMBaeTcss B TOYKY.

Mpumep 3. Hccnenoars kpusyio (y—x?%)2—x5=0.

Pewenne. KoopaunaTel 0COGEIX TOUEK ONpEAENSIOTCS CHCTeMOR ypaBHEHHH

—4x (y—x?)—5x2=0, 2(y—=x?)=0,

KOTOpasg HuMeeT eIMHCTBeHHoe pemenne: x=0, y=0. CrneaosatenbHo, Hayajio
KOOpPAMHAT ecTh ocobast TOuKa.

INepennmem AanHoe ypasHenme B Bufie y=x? + ¥ x5. U3 storo ypasuenns
clefyer, 4TO X MOXeT NpHHHMarh 3HaueHus o 0 Ko -} co.

OnpegesuM Npou3BOJHBIE NEPBOrO M BTOPOro MOpsAKa:

y’=2X:E%Vx—3, y”,,=2:|:? X

HccneayeM BeTBH KpUBOIL, COOTBETCTBYIOIHE 3HAKaM ILIIOC H MHHYC, B OTAe/b-
HocTh. B oGoux cayyaax npu x=0 Hmeem: y=0, y’'=0, T. e. g7 0GeHX BeT-

Beft ocb Ox siBasieTcs KacaTesbHoON. PaccMoTpHM cHayana Betsh y=x2-- »5. Ipu

BoapacTaHHH X OT 0 o o y BoapactaeT or 0 o . Bropas setsb y=x2—} 8
nepecekaer ocb Ox B Toukax (0, 0) u (1, 0).

Tipu x=16/25 ¢pynkuus y=2x2— ¥ 1% umeer MakcumyM. Ecin x — 40, TO
y—>—c0.

Takum oGpasom, B NaHHOM Cjlyyae B Hagaje KOOPJAMHAT BCTPEYAlOTCA AB8
BETBH KpHBOH; 0Ge BeTBH HMEIOT OJHY H Ty 2Ke KacaTeJbHYIO H PaclOJIOXeHH IO
OIHY CTOPOHY OT KacaTeJbHOR BOJIM3H
TOYKH KacaHusl. Taxasg ocofas TOYKa Ha- ZA
3LIBACTCA MOYKOL 6036pama émopozo poda. y.-.-z’-ﬂ/f’
I'papuk paccmarpuBaemoii QyHKIHH H300-
paxeH Ha puc. 193,

MNpumep 4. HccrepoBatsh KpHBYIO
yr—xt4x8=0.

Pewenne. Havano xoopauHar ectn T
ocofasi Touka. Jas wHccrenoBaHHs KpH- &
Boll BG/MM3W 3TOH TOYKH mepenuiieM ypas- 17 5
Henne Kpusok B Buge y=+ x* Y 1—x2, &z

Tak kak ypaBHeHHe KDHBOH cojep-
JKAT TOJMIBKO YeTHBIE CTENEHH NePeMEHHBIX,
TO KpHBas CHMMETPHYHA OTHOCHTEJIBLHO 5/=.'L‘2—Vz-:7
oceft KOOpAMHAT H, C/IeHOBATENbHO, JOCTa-

TOYHO HCCNeAQBaTh 4YacTb KPHBOH, COOT- Puc. 193.
BeTCTBYIOILYIO MOJIOXKHTENLHBLIM 3HAUCHUSM

x u y. VI3 nociegnero ypaBHeHUsI CJeflyeT, YTO X MOXKeT H3MEHAThCS Ha OTpe3Ke
or0mol, T.e. O0Sx<<1,

BblunciuM nmepByio npoM3BOAHYIO MJIsi TOH BETBH KPHBOH, KoTopas sBJseTcA
rpapuxom dysxnun y==x2 J 1 —x%:
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Ilpy x=0 wumeeM y=0, y’'=0. CrexoBarenbHo, B Hayaje KOOPAHHAT KpPHBas
Kacaercst ocu Ox.

ITpu x=1 umeem y=0, y' = oo; caenosartesbHo, B Touke (1, 0) kacaTenbHas
napannensua ocu Oy, Ilpu x=7) 2/3 pyhxuus umeer makcumym (puc. 194).

B Hauane xoopauHaT (B ocoGoif TOuKe) ABe BeTBM KPHBOH, COOTBETCTByIOuIUE
3HaKaM IUIIOC ¥ MHHYC Tepes KODHeM, B3aHMHO KacaioTcs.

Taxkass ocoGass TOYKAa Ha3LIBAETCH MOUKOL CONPUKOCHOGE- ¥
Hus.
IMMpuwmep 5. UccnenoBats Kpusyio y*—x2 (x—1)=0. YP=x4-1)
7\
yz-$4+$€=0 0 ] B
|
: > 27
-7 0 iy
Puc. 194. Puc. 195.

Pemenne. Hamuwem cucreMy ypapHenuil, onpeiensiomux ocoGHe TOUKHY
y—x® (x—1)=0, —3x242x=0, 2y=0.

Jra cucrema umeer pewenne x=0, y=0. CrencsarensHo, Touka (0, 0) ecTh
ocoGasi Touka KpuBoii. Ilepenumem nansoe ypasHenne B Buge y=+ x VY x—1.
OueBuaHO, YTO X MOXKET H3MEHATHCA OT 1 g0 -0, a TakXe NPHHUMATh 3HAue-
sue 0 (B mocnepHeM cayuae y=~0).

Hccnenyem BeTBb KpHBOM, COOTBETCTBYIOULYIO 3HaKy MJoc nepes KopHeM. ITpu
yBesnuenun x oT 1 g0 o y yseanunBaercs oT O go oo. Ilpoussoauas

,_ 3x—2
2V x—1°
INMpu x=1 nmeem y’=wo; crefoBatenshd, B Touke (1, 0) KacatesbHas napai-

JenbHa ocu Oy.

Bropasi Bersb KpHBOi, COGTBETCTBYIOmMAA 3HAKY MHHYC, CHMMETPHYHA C Tep-
BOi OTHOcuTensHO ocu Ox.

Touka (0, 0) uMeeT KOOPAWHATHI, YAOBJETBODSIOMME YDPABHEHHIO, H, C/IELOBa-
TeJbHO, NPUHALJIEXKUT KPUBOH, HO BONH3M Hee HET APYTHX Touex Kpusoi (puc. 195),
Takast oco6ast TOuKa Ha3bIBAETCS U30AUPOBARHOL 0C060H MOUKOE.

Ynpaxsenus K raase VII

Haiitn yacTHeie npoussogyLe CIAEAYOMX QYHKUHMI:

1. z=ux2sin%y. Oms. %=2x sin? y, %j-{:x2 sin 2y. 2. z=i¥.
Oma. g—i=y2x"z'1, -g§=xy22y Inx. 3. u=e"t¥+2 Ome, g—z=2xe"’+y2”’,
%___dexuyuzi, ql_‘___, 07Xty +2E 4. u=Vx.2+y2+22- Oms. o_i‘=
oy 0z 0x

X 0z ] 0z x

=Wﬁ. 5., z=arclg (xy). Oms, a=l+x2y'ﬁ 0—_t-j=1+x2y2'
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9z —y 0z x VEetyi—x

6. z=arctg L. L B _—Y : Yoty —»x

z=arctg = Oms FAFR AT 7. z=In Vx2+y2+x

Oms. g-—zz-——— __92__‘, gz____i__ 8. u=e*lY4 oY, Oms. a—-u=Le"’/y,
i X V'x.._l_yz 6g y}/x2+y2 ox y 5
M X oxty 2 2y L ey - oz

3 = e 7 ey, i e 9. 2z=arcsin(x+y). Oms. F P

I S T arctg V __yz ome. Z= L __
Vi—Gror o BT

o2 __—Y

W Vea—p

Hafitu nonuve nu(ptbepeﬂuuanm OT CASRYIOMHUX PyHKUHHA:

1.  z=x>4-xy*+}siny. Oms. dz={2x+y?) dx-} (2xy+-cos y) dy.
12.  z=In (xy). Oms. dz=%+? . 13, z=¢"tY.
Om. dz=2¢""*¥ (x dx+y dy). 14. u=tg (3x—y)+6Y*2,

Orma. du +6Y*21n 6) dy+46Y*21n6 dz.

= Cos? (3x—~y)+ ( " cos? (3x—p)

15. w=arcsin>. Ome. dw=—y2——-&_—.
y Lyl V=2
16. Briuncuts fy (2, 3) u fy (2, 3), ecnu f(x, y) =x2 442, Oms. [x (2, 3)=4,

fy @, 3)=27.

17. Buucauts df (x, y) npu x=1, y=0, dx=1/2, dy=1/4, ecnu f (x, y) =
=V ZF 45 Oms. 1/2.

18. CocraButk ¢opMyJy, JHAOMYI0 NpPH MaJBIX aGCOJIOTHEIX 3HAUYCHUSAN

- 1+4-x
BeJMUUH X, § H 2 NpHOJHIKEHHOE BHIpAaXKeHHE JJId YT
142
| (1+y(1+42)
Oms. l+-—2—(x——y—z).
14-x 1
19. To xe s ‘/‘m . Oms. l+§(x—-y-—z).
20. Haiitu g—i H -g—;—, ecmn  z=utv?, u=x2+siny, o=In(x4-y).
0z In (x-l—y) 0z _ In(x+y)
Oma. —0-—_2x—|-2 Ty 0y =cosy+2 Ty
. dz l+u _ _
21. Haiitn ra ecaH 2= TFo’ U=~ COS X, 0=CO0S X.
Oms. ﬁ——‘——l—.
dx X
2 cos? -
2
0z 02 02
22, Haiitn 5 TR ecan 2=e"20, y=sinx, v=x3+}y2 Oms. ¥ Pl
= e"—27 (cos x—6x2), %r.eu-?-v (0—2-2y) =— 4ye" 27, rge BMECTO & U U HaJ®
MOACTaBUTHL sin x u x5 y2,
HaiiTu nosHble NPOM3BOAHBIE AAHHHX GYHKUMM:
)
23. z=arcsin(«#+v), u=sinxcosa, v=cosxsina. Oms. ‘-;—‘:lc=l ecsd

2k1t—-§<x+a<2kn+-—, ‘—;3—-—-1 eca 2kn-[— <x+a<(2k+l)n+2.
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e (y—2) _ [T
24, u_-?_rl—, y=asinx, z=cos x. Oma. e sinx,

25. z=1In(1—x*), x=)sin 0. Ome. Z—;=—2tg 0.

Haiitn npoussojuble HessBHBIX QYHKUMH OT X, 3a,uamzib1x YpaBHEHUAMH! .
x2 dy b? x X2 y dy b% x
26. 71—2—‘-52——1*—‘0. Oms., +=—— —. 27 —Z-=1., Omas. =

dx @y " dx a 'y’
dy__ ¥t —y*lny .
28, y¥=4Y, Omg. Z=T"—_ "7 7, 29, sin (xy) —e™¥ — x%y=0.
Y &= T nx (xy) Yy

dy_y [cos (xy) —e*¥ —2x] 30

x2 oy 22 . 0z 0z
Oms. . 4L d—=1; HaiTH — U —,
dx  x[x4 e —cos (w)] a? TeEte Oxj Oy
Oms —‘-93—'—-62 -—ai———cz—y 31. u—vtgaw=0; Halith P‘—” H @
‘ox a2’ dy  b%’ ’ 2— ’ ou ov *
ow _ cos? aw Jw _ sin 2aw 2 1 4 = 3.
Oomg, —= o = m - 32, 224 P =1V y>—22; nokasaTh, uTO

ou
x? E i_%:l 33. Z_F l) ; NoKasaTb, 4TO xﬁ—l-yE:z, Ka-
ox 'y oy 2z x x Ox oy
KoBa Gnl HH Gbiia JuddepenunpyeMas ¢ynkuus F.

Boiuncants yacTHbie IIPOH3BOJHBIE BTOPOTrO MOpsifKa:

P A%y 1 5 P2y 8y D2 g PC_
34. z=x3—4x% 542 Oms. ax;—Gx 8y; 39 0% a28::, 6y2_]0’
_ %z _ . __siny 2 e  cosy,
35. z=e¥Iny-}sinylnx. Oms, o Iny Rl 6x6y—y+ rat
0% e~
@——?—smy]nx.
1 02%u , 0%u , ®u
36. HoxasaTb, uTO ecuu u_m_y;__ﬁ y TO 872’1“237"‘52?“0'
_xk? 0%z 0’2 _ 02
37. HoxkasaTb, uTO ecau z_m, To x-a—;é—{(;zyax—%%_Lb-;.
= 24 2 9z, 0%z
38. Jlokasats, uto ecmu z=In (x24-4%), TO FPe + o 0.

2

39. Hoxasartp, uto ecan z2=¢ (y+ax)+¢P (y—ax), T0 a?% —g%=0 npu
JNI06bIX NBaXKAbl AuddepeHnUpyeMbIX @ H Y.

40. Haitta npousBonHyio or ¢yHknuu 2=3x*—xy-+4® B Touke M (1, 2)
B HanpasJIeHHH, cocTaBigiomeM ¢ ocbio Ox yron B 60°. Oms. 5411 V3/2.

41. Haifitn npoussognyio or ¢dyHkumn z=>5x2—3x—y—1 B Touke M (2, 1)
B HanpaBJieHHH, HUAYmEM OT 3Toil TouYku K Touke N (5, 5). Oms. 9.4.

42, Haittu npoussopnyio dyskuuu f(x, y) B Hanpaejenun: 1) Buccextpucs

of o
xoopaunataoro yraa Oxy. Oms. 75 (a—]«a}) « 2) OrpuuareabHoii nosy-

7

ocu Ox. Omg, ———.
0x

43. f(x, y)==2+3x244xy+y? [Ilokasatb, uto B Touke M (2/3, —4/3)
npou3BoOfHas B JIOGOM HAaNpPaBJeHHH paBHa HyJO (¢DYHKIHS CTallMOHAPHAy).

44. V3 Bcex TPeyroNbHHKOB C OAWHAKOBLIM NEPHUMETPOM 2p ONpeieNuTb Tpe-
YrosibHHK € HamGosbuell miomazbpio. Ome. PaBHOCTOPOHHHI TpeyroJbHHK.

45. HafiTu npsMOYroJipHHH mNapajienenunes, KOTOpn# HMeeT HanGOJbHIMA
o6beM npn RauHolt mosHok mosepxuoctn S. Oms. Ky6 c pe6pom V S/6.

46. Haiitu paccrosinne Mexay ABYMs NpSMHIMH B NMPOCTPAHCTBE, YPaBHEHH:A
roropux Pl ¥ 2 X_Y_2

PEX T =7271
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HccnenoBaTs Ha MakCHMyM W MHHAMYM GyHKUHH:
47. z=x%? (a—x—y). Ome. Makcumym 2z npu x=a/2, y=a/3. 48. 2=x24}

+xy-|—y2+—;—[——y—. Oms. MuuuMyM 2 npu x=y=1/V§. 49, 2z=sinx--

—+sin y+-sin (x+y) 0<x<n/2; 0<<y<<7/2). Omg. Makcumym z npu x=y =
=mn/3. 50. z=sinxsinysin (x+y) O<<x<m, 0<<y< m). Oms. Maxrcumym 2
npu x=y=m/3.

HaiiTi ocoGble TOYKH CJlegyIOmHX KPHUBBIX, HCCJEAOBaTb MX Xapakrep H CO=
CTaBHTb YDaBHEHMsS KacaTeJbHBIX B HHX:

51. x34-4y®—3axy=0. Oms. M, (0, 0)—ysen; x=0, y=O0—ypaBHenus
Kacare/bHBIX.

52. a*y?=x*(a®—x?%). Omse. B Hauanme KOOpAMHAT TOUYKA CONMPHKOCHOBEHHS;
ABoHHas KacaTesbHasi y2=0.

53. y?= 57— % Oms. M, (0, 0)—Touka BO3BpaTa mepBoro poza, y2=0-—

KacaTeJibHasl.

54, y2=x2(9—x?). Oms. M, (0, 0)—y3en; y= + 3x—ypaBHEHHS Kaca-
TeJIbHBIX.

55. x*—2ax?y—axy®+a?x2=0. Oms. M, (0, 0)—rouka BO3BpaTa BTOPOro
poxa; y*=0—pBoilHas KacareJbHasl.

66. y2 (a®-x2) =x2 (a®—x2). Oms. My (0, 0)—ysen; y= 4 x—ypaBHEHUS
KacaTeJbHHIX,

57. b2x24-a%y2=x2y2. Ome. M, (0, 0) —u3oaupoBaHHaA TOUKa.

58. IToxasaTh, 4TO KpuBas y=x Inx HMeeT KOHLEBYIO TOUKY B Hauaje Koop-
JHMHAT ¥ KacarenbHylo—ocb Oy.

x
59. Ilokasatb, 94TO KpHuBas y=mﬂmeef Y3JIOBYIO TOYKY B Hauaje KOOp-
QHMHAT U 9TO KacarejbHhHe B 3Tofi Touke. cnpaBa y=0, cieBa y=x.



TJABA IX

NPUJIO)KEHUA AUPPEPEHLHUAJDBHOIO HCYHCJIEHUSA
K TEOMETPHU B NMPOCTPAHCTBE

§ 1. YpaBneHust KpuBOil B NMPOCTPAHCTBE

Paccmorpum BekTop OA = r, Hauajlo KOTOPOrO COBNajaeT C Haua-
JIOM KOOpAMHAT, a KOHIOM #BJsETCs HekoTopas Touka A (x, y, 2)
(puc. 196). Taxoii BeKTOp Ha3HIBAIOT paduyc-6eKmoOpoOM.

Bripa3uM 3TOT BEKTOp 4epe3 NPOEKUHH Ha OCH KOOPAHHAT:

r=xi+yj+zk. (1)
ITycth npoexkuyu BeKTOpa # CyThb (PYHKIUH HEKOTOPOro mapamerpa i:
x=¢({), y=v@), z=x(). @)
Torma gopmyay (1) MOXKHO nepenucarh Tak:
r=9®i+y i+ Ok, (1)
HJIH KOPOTKO
r=r(f). (1"

Ipn usmeHeHnnu ¢ M3MEHAIOTCH X, Y, 2, U TOUKa A—KOHel BeKkTopa
r —OINHILEeT B NPOCTPAHCTBE HEKOTOPYIO JIMHHIO, KOTOPYIO Ha3bIBalOT
eodozpagpom BekTOpa r=r (). YpaBHeuue
(1") mnn (1") HaswiBatoT 6exmopHbim ypae-
Hexuem JIMHUM B NIPOCTPAHCTBE. Y PaBHEHHS
(2) HasblBalOTCA napamempudecKumu Y pas-
HexusAmu JUHUH B pocTpaHcTBe. C MOMOILbIO
STHX YpPaBHEHHH A KaxJIOro 3HayeHus f
ONpPENIeNIFIOTCA KOOPAHHATHI X, Y, Z COOTBETCT-
ByolIe#l TOYKH KPHUBOIL.
3ameuanune. KpuBas B mpocTpaHCTBe
Puc. 196. MOXKeT ObITh TaKxKe OnpejeeHa Kak IeoMeT-
pHYECKOe MECTO TOUEK NepeceyeHHs ABYX Fo-
BEPXHOCTeH; CJ/Ief0BaTe/NbHO, TaKasi KpHBas MOXeT ObiTh 3ajaHa ABY-
Msi ypaBHEHHAMH ABYX IOBEPXHOCTei:

ch (xv.y! 2)=09 ch (x9 Y, 2)20' (3)




§13 YPABHEHHS KPUBOK B INPOCTPAHCTBE 289

Tak, HanpuMep, ypaBHeHHUs
B4 ypr42=4, z2=1

ABJISIIOTCS] YPABHEHHSAMH OKPYXKHOCTH, MOJydalomeHcss B NepeceyeHnH
cdepsl u maockoctu (puc. 197).

HMrak, KpuBass B NPOCTPAHCTBe MOXKeET GHITb 3aJaHa HJIH NapaMer-
PHUYECKHMH ypaBHeHHAMU (2), HWJH AByMs YypaBHEHHSIMH TOBEPXHOC-
Teit (3).

Ecau Mbl HMCKMOYMM Napamerp ¢ U3 ypaBHeHHH (2) M noayunm
JBa ypaBHeHMs, CBA3LIBAIOIIHE X, Y, 2, TO TeM CaMbiM OCYILECTBHM

Z2=V4-z%- 5/3

Puc. 197.

nepexof, OT MapaMeTPHUYECKOro CrnocoGa 3afaHus JHHHH K 3afaHHio
ee C nomompio nosepxHocTed. OOpaTHO, €C/M NONOKHUM X = @ ()

(9 (f) —npousposbHass (yHKUHA) M HAHAEM Y U 2z Kak (QYHKUMH OT
t u3 ypaBHeHu#

(DI[(P (t)9 Y, 2]= 0, ch [(P (t)’ Y, 2]= 0’
TO OcymeCTBHM nepexon ot 3aJaHud JUHHH C IIOMOILbIO HOBerHOCTei:I
K MapaMeTpHuecKoMy crocoGy 3ajiaHus.

MNpumep 1. Vpasuenus x=4f{—1, y=3f, 2=1{-12 aBasworca napamer-
puuecKuMu ypaBHeHusMu mnpsamoll. Vckmouas napamerp f, MOJYy4uM 1Ba ypaBHe-
HHUsl, KaXJ0e U3 KOTOPHIX €CTh ypaBHeHHe IJockocTH. Hampumep, ecan u3 nepsoro
YPABHEHHSI TOUIEHHO BHIYECTh BTOPOE H TpeTbe, NMONYYHM x—y-—2z=—23. Brmun-
Tas JXe U3 NEePBOr0 yyeTsBepeHHOe TPeThe, MOJMyyuM x—4z=—9. Takum oGpasom,
aana;iiag n%ﬂmax SIBJISIETCS JIMHHel NepecedeHust mjockacrei x—y—z-4-3=0 n
x—42-+4+9=0.

Npumep 2. Paccmorpum npsiMoil KPYroBoil HMJIMHAP pajnyca @, och KOTO-
poro cosnafiaer ¢ oceio Oz (puc. 198). Ha nanmbiii numuuap Gynex HaBHBaTh nps-
MoyroJibHeii TpeyronbHuk C;AC Tak, uToGHl BepuminHa A Tpeyronshyuka Jexasna
B TOUKe nepeceueHHs ofpasyloweil muauuApa ¢ ocelo Ox a xarer AC, uaBuBajcs
Ha KpYroBoe CeueHHe NUJHHJpA, Jexamee B naockocts Oxy. Torla rumoTenysa
ofpasyeT Ha LHUJIUHADE JIHHUIO, KOTOpas HA3HIBAETCA BUHMO60L AuHuedl.

Hanumem ypasnenue BMHTOBOH JuHuMHM, 0603Hauas yepes X, y, z KOOPAUHATHI
ee nepemenHo#i Toukm M u uepes ¢ yron AOP (puc. 198). Torpa x=acos ¢,
y=asint, 2=PM=AP1g0, rae uepes 6 oGo3HaueH OCTPLIi YroJ TPEYTOJbHH-

10 H. C. TMrckyHos, 1. 1
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e S
ka C;AC. 3amerus, uto AP =af, Tak Kak AP ecTb pyra xpyra pajuyca @, coOT-
BETCTBYIOINAsl IEHTpaJbHOMY yray f, u oGosHauus tg O yepes m, mosyyaeMm napa-
MeTpuYeCKHe ypaBHeHMS] BHHTOBOH JIMHMM B BujJe x=acosf, y=asinf, z=amt
(3mecb ¢{—mapameTp), HaH B BekTOpHOH dopme: r=ia cos {4 jasin tz—l—kamt.

< :'
~\~~\L~

[IadS

1 N

¥ \,

' “

'

3

H

:

M 1
a —————— —

T () B 4

Puc. 198,

W3 napamerpuuecknX ypaBHeHUH BHHTOBOH JIMHUH JIETKO MCKJIOYHTH ITapaMeTp
t; BO3BOIS NepBBle 1Ba ypaBHEHHS! B KBajpaT M CKJajbiBass X, HaligeM x24y% =
= g%, DT0—ypaBHeHue HLHUJIMHJAPA, HA KOTOPOM paclOJIOKEHAa BHHTOBas JHHHS,
Jlanee, nenst mousieHHO BTOpOe ypaBHEHHE HA NePBO€ M INOJACTaBJSIS B NOJYYEHHOE

ypaBHeHHe 3HaueHue {, HafifleHHOe W3 TPeThero ypaBHEeHMd, HalJeM YpaBHeHue
2

IPYroii MOBEPXHOCTH, Ha KOTOPOH pacnoJioKeHa BHHTOBAs JIMHHS: -‘% = tg e

A10—TaK HA3LIBaeMas GuUHMOsAs nosepxHocme (eesuxoud). Ee MOXKHO mONyuuTh
OT JIBMXKEHHSI MOJYNpPsSIMOH, NapanesbHOM nuockocTd Oxy, ecaH KOHem 3TOi moay-
npsMoil HaxofuTcsi Ha ocd Oz, mpuyeM cama NOJYNpsiMasi C NOCTOSIHHOM YIVIOBO#
CKOpPOCTbIO Bpamiaercsi BOKpyr ocu Oz u C NOCTOSIHHOM CKOPOCTBIO TOAHUMAETCs
BBEDX TaK, YTO ee KOHel nepememaercsi BAoJab ocu Oz. BHHToBas nuuust siBnser-
cs JuHMell nepeceueHust 3TuX ABYx nosepxHocreil. ITosTomMy ee MoxHO 3ajaTh

g2 Yo e
JAByMsi ypaBHenuaMu: x2-y?=a? P tg T

§ 2. MNpegen ¥ NpoM3BOAHAS BEKTOPHOH (YHKUHH
CKaJISIPHOTO apryMeHTa. Y paBHEHHE KacaTeJbHOH K KPHBOM.
Y paBHeHHe HOPMAJBHOI NJOCKOCTH

Bepuemcss k dopmynam (1°) u (1”) npenpiaymero naparpada:
r=0@)i+yO)J+x%X )k,

r=r(t).

Ilpu usMeHeHMH { BEKTOp ¥ H3MeHsieTCs B OOIIEM CJIydYae 110 BeJH4YMHE
H 10 HanpasJieHHI0. I'OBOPAT, 4YTO 7 ecTb sekmopHas GyHKYUR OT
cKansipHOro aprymenTa ¢, Ilomyctum, 9ro

limo () = 1i )= li = Yoo
ﬁi’t‘.q’() Por ff}.‘p() Vos g;.x(t) y )

HIH
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Torna roBopsT, 4TO BEKTOP Fy= Qi P,/ Y.k ecTb npedes eexmo-
pa r=r(t), u nuuyr (puc. 199)

limr (¢) = r,.

t—>t,

MS rnocJjenyero paBeHcTBa CJEeAYIOT OYEBHJIHBLIE paBeHCTBa
1‘_’3" () —r,| =tl_121V X0 —@|* + [V () =P P+ [x (1) — % JF =0

H

gglr(t)l = lrol-

Ilepefinem Tenepp K BONPOCY O NMPOU3BOAHOH BEKTOPHOH (PYyHKUHH
CKaJISPHOFO apryMeHTa

r)=e@)i+v@Jj+xt)k, 1)

fipefnoJarasi, 4To HadajJo BeKTopa r (f) HaxoauTCs B Hayaje Koop-
AuHaT. Mel 3HaeMm, 4YTO NOCJeAHee yPaBHEHHE SIBJISETCH yPaBHEHHEM
HEKOTOPOH INPOCTPaHCTBEHHOH KpPUBOH,

M
iad
> dnt 7w
g rtrdg) ’{’
V4
Puc. 199. Puc. 200.

BosbmeMm kakoe-HUOYAb (HKCHDOBaHHOe 3HaueHHe f, COOTBETCT-
Bylollee onpejeneHHoH Touke M Ha KPHBOH, M JaauM ¢ NpHpauieHHe
At; Torga Mel MOJYYUM BEKTOP

r(t+A) =@ +At) i+ (Al j4x (E+Al R,
KOTOpHIfi onpejessieT Ha KpUBOH HeKoTOpyro Touky M, (puc. 200).
Hafizem npupaileHue BeKTOpa
Ar=r(t+A)—r () =[o(t+At) —@()]i+
+w @ +A) = (D]J+[x (AL —y ()] k.

Ha puc. 200, rie OM=r (f), OM;=r (t+At), 310 npupamente
usobpaxaercss BekTopoM MM;=Ar (t).

PaccMoTpuM OTHOLLEHHE ﬁA(Tt)- NpHpalleHUss BEKTOPHOH (YHK-
UM K TNpUpALlEHHI0 CKalspHOTO apryMeHra, 3To, GUEBHAHO, €CTb

10*
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BEKTOp, KOJUIMHeapHbil ¢ BekTopoM Ar (f), Tak Kak mosy4aercs U3
HEro yMHOXKEHHeM Ha CKaJsipHbli MHOXuTenb 1/Af. Mpbl Moxem 3a-
[nHcaTh 3TOT BEKTOP TakK:

Ar () _ @(t+AY)—o () ., Y(EFA)—P () ,, 2 (+FAY—% ()
AL Al i+ Af J+ Af k.

Ecau ¢pyurumuu ¢ (¢), P (f), % (f) uMelor NpoOH3BOAHLEIE NpPH BHIGPAH-
HOM 3HAYeHUH {, TO MHOXKHUTENH, CTosIlMe npd i, J, B, B mnpenene
npu At — 0 ofpararcs B npousBogusie ¢ (f), ¢’ (¢), % (¢). Crneno-

BaTe/JbHO, B 3TOM CJydae mpeel T:' npu At — 0 cymecrByer u
pasex Bextopy @' (f) iy () j+x (H)k:

. A PO DL ,

lim 2 =q' () i+ ¥ () J+x () k.

Af—>0
BekTop, onpenenseMblil nocJefHHM PaBEHCTBOM, Ha3bIBaeTcs npo-
u3600H0il OT BeKTopa r(f) mo ckansipHomy aprymeHty f. [Ipousson-

dr
HYI0 0603HAYAIOT CHMBOJIOM — WM #'.

Takum oGpasom,

& =g i+ O+ O, @)
HIH
Z—;=§%i+i‘;{'j+%j—k. @)

dr
BrisicHuM HanpaBiieHHe BeKTopa aF -

Tak xak npu At — 0 Touka M; mpuGamxkaercsi K Todke M, To
Hanpas/ienue cekymeit MM; B npenene faeT HanpaB/ieHHE KacaTeb-

o o d
HOH. Cne,uosaTeano, BEKTOp INPOHU3BOJHOU ?’t‘. HamnpasJIeH IIO Kaca-

o o d
TeJbHOH K KpuBoit B Touke M. [InuHa BekTOpa -d—t'l onpejensiercs
¢opmynoit*)

|% |-V T orTvorTw o @)

Ha ocHoBaHMM mOMyuyeHHHIX pe3y/bTaTOB JIETKO HAaMHCaTh ypas-
HeHHe KacaTesNbHOH K KpPHBO#H

r=xi+yj+zk

B Touke M (x, y, 2), uMes B BUJLY, YTO B yPaBHEHHH KPHBOH x = @ (£),
y=9(), z=x().

¥) Mol Gypem npegmosiaratb, YTO B PACCMATPHBAEMBIX TOUKAX l%— l #0.
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YpasHenns npsmoi, npoxoxsmeil uepes Touky M (x, y, z), Hme-
IOT BHJ

X—x Y—y Z-—2

m n p

rae X, Y, Z—KoopiuHaThl nepeMeHHOl TOUKH nApaMoll, a m, n, p—
BeHYHHEI, TIPONOPUHOHA/bHbIE HANPABJSIONUM KOCHHYCAM 3Toii Nps-
MO# (T.e. NMPOEKUHMSM HanpaBJsIOUEr0 BEKTOpAa NPAMOi).

C npyroii CTOpOHBI, MBI YCTAHOBHJIH, 4TO BEKTOP

dr dx dy dz
w=a itttk
HanpasJieH Mo KacareapHoii. ITosTroMy npoekuuu 3TOro BekTopa siB-
JIAIOTCA YHC/IaMM, NPONOPUHOHAJNbHBIMH HanpasJiSiOM UM KOCHHycaM
KacaTeJIbHOM, a 3HAuMT, M uHCIaM m, n, p. ClefoBaTeNbHO, ypaste-
HUSL KacameavHoli GYAYT UMETh BHI

X—x Y—y Z—z2

dx — dy — dz (4)

dt dt dt

IMpumep 1. Hamucars ypaBHeHus KacaTeJbHOM K BHHTOBOM JIMHUH X =g COS /,
y=asint, z=ami npy NPOM3BOJLHOM 3HaueHHH { H npu {=um/4.
Pewenue,

dx dy
——= —asin{, x = acost,

a7 =am.,

gz
dt
ITo dopmyse (4) umeem
X—acost  X—asint _ Z—amt
—asint ~  acos?f  am

B uactHocTH, npu {=7/4 NOJyYHM

x_—2 Vﬁ y-2 V2 Z—am ™.
T 7 1

___a]/-? T aV2  am
2 2

HJan

x—aV2  aV2? 5 _ mam
2

.

—1 1 my 2

Tak ke Kax u B cJyyae IJIOCKOH KpHBOH, mpaMas, NeprneHiH-
KyJsipHafd K KacareJbHOH M NpOXOAsinas 4epes TOYKY KacaHus, Ha-
3bIBAETCS HOPMAAbLI0 K NPOCTPAHCTBEHHOH KPHUBOH B JAaHHOH TOYKe.
Hopmane#i K [anHHOH npocTpaHCTBEHHOH KPHBOH B JaHHOH TOuKe
MOXKHO, OUYEeBMJHO, NPOBECTH GecuHC/eHHOe MHOXKecTBO. Bce onu Jne-
JKaT B IJIOCKOCTH, TePIeHJUKYJSPHOH K KacaTeJbHOil nNpsMoi. 3rta
IJIOCKOCTb HAa3bIBAETCA HOPMAALHOL NAOCKOCMbIO,
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M3 ycnoBus nepneHAUKYJsSIPHOCTH HOPMaslbHOH IJIOCKOCTH K Ka-
catenbHod (4) mosnyyaeM ypaBHeHue HopMaanoﬁ IVIOCKOCTH:

LX)+ LY —y)+Z (Z—2=0. (5)

IMMpumep 2. Hamucarp ypaBHenne HOPMA/bHOH NJIOCKOCTH K BHHTOBOH JH=
HHH B TOYKe, M KOTOpo#t {=um/4.
Pemeﬂue Ha ocnosauuu npumepa 1 u dopmyau (5) moayuaem

.._(X_a12/2)+(y_a_l_2{i>+m;/‘2( —am 4)_.0,

—X4Y4m V2z=am* TV 2.

BeiBesieM Teneph ypaBHeHHS KacaTeNbHOH NpPSIMOM M HOPMaJbHOM
IIJIOCKOCTH MNPOCTPAHCTBEHHOH KpPHBOH B cJy4ae, KOTAa 3Ta KpHBas
JaHa ypaBHEHUSMH

D, (%, y, 2)=0, D,(x, y, 2)=0. 6)

Bripasum KOOpEMHATHL X, y, z 3TOH KPHBOH KaK (YHKIHH HEKO-
TOpOro napamerpa f:

x=9(@), y=v@, z=x(. Q)

Byaem npeanonaratb, uro ¢ (£), ¥ (f), ¥ (!) —anddepenuupyemnre
¢yHKUHH OT {.

IMoxcraBass B ypaBHeHHs (6) BMecTO X, y, z BbIPaXKEHHbE Yyepes3
t ux 3HaueHUs AN TOYEK KPHUBOH, MOJYYMM JBa TOMKAECTBAa OTHOCH-

HIIH

TeJNLHO @
O:[e (@), v(), %(®)]=0, (8a)
O.le (), v, x(®]=0. (80)
Huddepenuupys toxzaecta (8a) u (86) no ¢, Haxoaum
00, dx , 00, dy , 0D; dz _
a—xlﬁ'!' ay1 T w =%
o0, dr | 30, dy | 0D, dz _ ©)

o @ty @kt @

W3 atux ypaBHeHuit ciepyer, 4TO
dx oD, 00D, 0O, 0D, dy oD; oD, 0D, oD,

df "oy 0z 0z 0y dt 9z ox _ ox oz
&z T o0 00, _00; 0D, ' dz | 0Dy oD, od; 9, - (10)
ar ox Ody dy Ox dt dx Oy dy Ox
9D, 00,
Mu 3pech npeanosaraeM, pasymeercs, 4To BbIpaxKeHHe ——— % oy
oD, aq)2
oy

My.JIbI (1 l) H (12) (cM. HMKe) cnpaBe}lﬂHBbt H B TOM Cily4ae, KOrja
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3TO BHIPa)KEHHE PABHO HYJIO, €CJH TOJNBKO XOTb OJMH U3 OIpeienHTe-
Jieil, GUrypHpyOIUX B OKOHYATeNbHBIX QOPMYyJax, OTJIHYEH OT HYJs.
U3z pasercrs (10) nonmyuaem

dx dy dz

at _ dat . dr
5D, 0D, 00, 00, 0D, 0D, oD, a0, 0D, oD, oD, od, °
dy 0z 0z oy 0z o0x  0x o0z ox dy o0y ox

CrnejoBaresbHO, Ha OCHOBaHUH GopMyJibl (4) ypaBHEHHS Kacarelib-
HOl mpsaMoil OyAyT HMeTb BH]
X—x _ Y—y . Z—z ,
oD; 0D, 0D, 00, 0D; 00, 0D, 00, 0D; 0D, 0D, 0,
dy Oz dz Oy 0z 0x ox 0z ox Oy dy Ox
HJH, MOJb3YSACh ONpEAeHTeNsAMH,

X—x Y—y Z—z
|00, 00, | | 0D, 00, | | 00, 00, |
0y 0z 0z O0x ox dy (11)
0D, 0D, oD, 0D, 0D, 0D,
dy 0z 0z oOx 0x Oy
HopMa/bHast TJIOCKOCTb NpPEACTABJSETCS ypaBHEHHEM
oD, 00, o®; 0D, oD, 00,
dy 0z 0z Ox . ox 9y |
X =2 | 50, 0, | TY—9| 30, o0, | TE—D| s0, o0, |=0-(12)
dy 0z 0z Ox dx dy

dtu GopMyabl HMEIOT CMEICJA TOJbKO TOTJa, KOrja XoTs Obl OAMH
U3 QUIypHpYIOUHX B HHUX OnpeaenuTesied OT/H4YeH OT Hyas. Ecau ke
B HEKOTOpOH TOYKe KPHBOH BCe TPH ONpENEeNHTesNs

00; 0D, 00; 00, 00, 00,
dy Oz 0z 0x 0x Oy
a0, 0D, |? 00, 0D, |* ad, 0D,
oy Oz dz 0x ox Oy

ofpaialorcsi B HyJb, TO 3Ta TOYKa Ha3bIBA€TCs 0cobod moukoil Tpo-
CTpaHCTBEHHOH KpuBOH. B 3ToHl TOuke KpuBasi MOXET BoOOIlEe He
HMeTb KacaTeJbHOH, MOZOGHO TOMY KaK 3TO HMEJO MECTO B OCOGHIX
TOYKaxX y MJIOCKMX KpuBbiX (cMm. § 20 ra. VIII).

IIpumep 3. HaiiTu ypaBHenns KacareJbHOH NpsIMOH M HOpPMasibHOH mJoc-
KOCTH K JHHHA nepeceuenus coepnt x2-4-y2--22=4r® u unnungpa x*-+y>=2ry
B Touke M (r, r; r ¥V 2) (puc. 201),

Pemennue.

®, (x, y, 2) =22+ +22—4r% @y (x, y, 2) =x>+Fy>—2ry,

0w, 0D, 0D

Tx =4 gy =W g =2
o, . 0D, oD,
o T oy i =5 =0
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3HaueHHsT NPOM3BOJHLIX B JAHHOH TOU.
Ke M 6ynyr

L . I . T—
5 =2" 3 =2, — =2 V2,
L N
ax _'2,: a—y -—0, _62 —0.

IMosToMy ypaBHenust KacaTesJbHOH NPAMO
HMEIOT BHJ

X—r Y—r Z—r V2
0 V2 - =1 '
VYpapHeHue HOpPMabHOH IJIOCKOCTH

VeWy—n—(z—rvV?2)=0

HJH
Puc. 201, V2vy—2Z=0.

§ 3. Mpasuna puddepenuupoBanns BeKTOPOB (BEKTOPHBIX (YHKIHI)

Kak bt BHAECAH, MNPOH3BOAHASA OT BEKTOpaA

r)=e@)it+vO)j+x Ok (1)
10 ONpEAREHHIO PaBHA
r@)=¢ @i+ @O)Jj+x1 @) k. @)

Ortciona cpa3y cieayer, 4To OCHOBHBIE MpaBusia AuddhepeHIHpoBa-
HUA QYHKUHMH OCTAlOTCA B CHJe H JJIsi BeKTOPOB. Mu! BhIBejeM HHKe
HexkoTophble (hopMyJibl AubdepeHpoBaHus GYHKIUNH OT BEKTOPOB. DTH
¢dopmysiel HaM NOTpeGyIoTCS B AallbHEHIueM.

I. IIpoussodHasn cymmoer 6eKmopos pasHa Cymme NpPOU3BOOHbIX OMm
CAa2aemoly 6eKmopos.

B camom paene, mycTh, HampHMep, AaHHI ABa BEKTOpa:

r ) =0 (&) i+b, () J+ 7. () R, }
ra() =9, )i+, ()J+x: () &
HX CyMMa paBHa

ri(@) 1. () =[0: () + 0 O]+ [ () + . (D1 +[x: () + 2% (D] .

ITo ompeneneHnio NMPOH3BOZHON OT NMEpPeMEHHOrO BEKTOpPa HMeeM

L D7 O [, (1) + 9, (OF i+ [, () +4. (O] T+
+[x:(8) + 1O ] %,

®

HJIH

e 007 O [ (1) + 9414 +[1(1) -+ Wi 1T+ [xi(0) +1a(O) e =
=[01 (1) i 491 (0 +1%i (1) B1+[9 () i+ (O] 4 % () Kl =ri4rie
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CJIe,ELOBaTeJ'IbHO,
dlr,(t +r t dr dt‘
[ 1( ) ; 2( )] 1 2 (I)

II. Ilpoussodnas om cxarapHozo npouseeaenuﬂ 6eKMOPOs 6bIpa-
acaemes oprnyroi

d(flrg) d"l drg
i =@ e thg

(D)

HefictButensno, ecnu r,(t), r,(tf) onpemenensl dopmynamu (3),
TO, KaK H3BECTHO, CKa/fipHOe NpPOM3BEJEHHE 3THX BEKTOPOB PaBHO

ry(t) ry (1) = @192 + b + X1 Xa-
IMosTomy
d(r1r2)

= @19y + 0,95 4 Yrbs + Pipo A+ A1x e + XX =

= (P19; + V12 4 A1X2) + (@292 +P1ps + Ka%2) =
= (@i +PY1J + 11 R) (o + VoS +%F) +

- (i o ) @3 0T i) =S, o, O

Teopema noxka3saHa.

W3 ¢opmyner (I1) monydaercs BaxHOe CJeACTBHE.

Cnenctsue. Ecau eexmop e eOunuunoui, m. e.|e|=1, mo ez
npou3sooHAs ecmob 6eKmop, K Hemy nepneuauxympnbzu

JlokasaTteabcTBo. Eciau e—e,IlI/IHPI'-[HbIPI BekTop, To ee=1.

Bosmew HpOHSBO,Z];Hle no ¢ or oGenx yacTeii MOCJEJHEro paBeH-

d
cTBa: edt+ dte 0, wum 2e£=0, T. €. CKaJlsgpHOe IPOH3BeJeHHe

de de
e -d—l=0, a 3T0 ¥ O3HaYaeT, 4TO BEKTOp NeprneHuKyaAsipeH K BeK-

TOpYy e.
111. Ecau f (8) —ckaraprasn pyuxyus u r (t) — eexmopHan pynxyus,
mo npoussoduas om npoussedenus f(t)r (t) eolpascaemes opmyaod

d(fr) df
= r+f% a (111)

HoxkasarenbctBo. Ecnn Bekrop r(f) ompenenen ¢opmy-
Joit (1), To

FOrO=FOe@®i+fOVYOI+i® ¥ @) k.
ITo dopmyne (2) nonyqaeM

d(f(t‘)r(t)) ( fP+f ) (d_f¢+fd )j—l—( x+1 & )
=T @it (B R =Lt 5
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IV. ITocmoanHblil 4ucao80li MHONCUMENL MONCHO BbIHECMU 3Q 3HAK
npou3sooHoLL:

d t d ’
—(3;7(2=aé=ar ®). (Iv)
dro caenyer u3s III, ecmu f(f)=a=const. CrnenoBarenbHo,
aq_o
dat—

V. Ilpoussodnas 6exmoproz0 npoussederus eexmopos r,(t) u
r, (t) onpedensemcs opmyroi

d(riXry) _ dry
dat  df

dr
Xrytr X272 V)

Jokaspiaercs anajioruuHo dopmyae (1I).

§ 4. MNepeas ¥ BTOpPas NPOM3BOJHLIE BEKTOPA MO JJKHE AYTH.
Kpueuszna kpusoil. ['1aBnasi HopmaJb.
CKOpOCTb H YCKOPeHHe TOYKH B KPMBOJHMHEHHOM JBHXKEHHMH

Kak u B cJyyae KPHBBIX Ha IJIOCKOCTH, ONPEAENAETCA AJIMHA

N—

AyTH *) mpoctpaHcTBeHHOl KpuBoii M A =s (puc. 202). Ilpn apu-
JKeHHH nepeMeHHod ToukM A (x, y, 2) MO KpHBOH AJHHa IYyTH S
U3MeHsieTcsl; 1 O6paTHO, NpH M3MEHEHHH S H3MEHSIOTCS KOOpAHHATHI
X, Y, 2 mepeMeHHOH TOYKH A, jexarneil Ha
KpuBoii. CiefoBaTeNlbHO, KOODAMHATHI X,
Y, 2 TepeMeHHOl TOUKH KpuBOH A MOXK-
HO paccMaTpuBaTh KakK (QYHKUHH JIJIHHBI
AyTH S:

x=<P(S), y=\l?(5)’ zZX(S)-

B 3THX mnapaMeTpUuecKUX YpPaBHEHHSIX
KDHBO! NapameTpoM SsBJsieTcs JJIMHA Ay-
TH S.

Bextrop OA =r BEIpasuTCs TaK:

r=¢@)i+yE)Jj+x)k

Puc. 202. HIU

r=r(s), (1)
T. €. BEKTOp r sBJseTcsl (yHKRLIMeH MJHHBI AYTH S.

*) Hauna Oyeu npoCTPaHCTBEHHOH KpHBOH ONpefiesisieTcst TaK e, Kak H
JJNHa Ayru njockoil kpusoi (cM, § 1 rim, VI u § 3 ru. XII).
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o . dr
BhISICHIM reoMeTpHYecKuii CMBICA TPOH3BOAHOMN I Kak sugno us
puc. 202, UME'OT MeCTo cJenylollHe PaBeHCTBa:

N~— N~ ~— R——— —_—
MA=s, AB=As, MA=s+As, OA=r(s), OB=r(s4As),

-5 Ar AB
AB=Ar:r(s—l—As)——r(S), E=;§‘
dr Ar
Mur yxxe Bugenu B § 2, uro BEKTOP &= Iim A5 HAmpaBJeH mo
As -0

KacaTeJbHOH K KpuBofi B Touke A B cTOpoHy BospacTaHua s. C apy-

o . | AB
TOH CTOPOHBI, UMEET MECTO PABEHCTBO lim Z\/E

=1 (npegen oTHOwEeHUs

d
JJIMHBL XOpABl K JJuHe AyrH *)). CnenoBaTesnHo, -% €CTb €] H H H Y-

H Bl # BEKTOp, HallpaBJEHHLIH 110 KacaTeJb-
HOM; 0603Ha4uM ero 4epes o:

dr
s =0. (2)

ECJ]H BeKTOp r 3alaH HpOQKHHﬂMH:
r=xi+yj-+zk, T

o=2i1 %y %y @)
npHyem
VI L new

PaccmoTpuM, Jajee, BT O P Y10 IPOH3BOJHYIO BEKTOPHOH (YHKIIHH
d?r dr

7z T € TPOM3BOJHYIO OT 7=, M BLIACHHM €e IeOMETPHYeCKOe 3Ha-
d’r d [dr do
uenue. M3 dopmyant (2) crenyer, uro T il [Zs—] =—-. Cuegosa-
. . Ac
TeJbHO, HaM HYXKHO HaHTH lim As*
As—>0 BS

Hs puc. 203 nvmeem AB=As, AL=0, BK=0+Ac. Iposesem
u3 Toukd B Bektop BL,=0¢. W3 Tpeyroneuuka BKL; Haxopum
ﬁ(=—B—Ll+L_1K, wm o+4+Ao=06+LK.
CrenoBatensHo, LK = A¢. Tak kak no Z0Ka3aHHOMY AJHHA BEKTOpa G

He MeHsieTcsi, TO |6|=|06 4 Ac|; cnenoBarensHo, TpeyromsHuk BKL;
paBHOGEpeHHBbIH .

*) Mpl yKasplBaqM Ha 3TO COOTHOUIeHMe AJs miockofi kpusoit B § 1 ra. VI,
OHO HMeeT MeCTO M JJIS NPOCTpaHCTBeHHOH Kpusoil 7 (1) =@ () I+P ()J+x () &,
ecin Gyrkuue @ (), P (f) u 7y (f) UMEIOT HempepHIBHEIE ITPOR3BOAHHIE, HE O0pa+
INaolMecss OJHOBPEMEHHQ B HYJb,
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¥Yron Ag npu BepuiMHe 3TOTO TPEYIONbHHKA €CTb YIoJ IOBOpPOTa
KacareJbHOM K KpPHBO#l Npu mnepexoie u3 Touku A B Touky B, T. e.

COOTBETCTBYeT NpupauleHuio AauHsl ayrd As. M3 tpeyronpuuka BKL,
HaXOJHM

L1K=|A0[=2[0|lsinA—2(pl=2Isin—Azip
(tag xaxk |o]|=1).
PasgenuM o6e 4acTH NoCNefHEro paBeHCTBa Ha As:

sin — sinég
—o|l—2 |2 lA_(P

As Agp As |®
2

Ac
As

TepefizeM X mnpefeny B OGEMX 4YacTAX MOCJEIHEr0 PaBeHCTBA NpPH
As— 0. B -nepoii yactu mosyuuM

im, |27 |1
As— 0| As ds |
JHanee,

TaK KakK B JJAHHOM CJiydyae Mbl paccMaTpuBaeM TakKue KpHUBLIE, 4YTO
Ap

cymectsyeT npefen lim = u, cienoBarensho, Ag— 0 mpu As— 0.
As—>0
Takum oGpa3oM, Hocne nepexoja K Npeieny mojayyaeMm
Ac

. A
i |= Jim, [55] g
OrHoueHye yria noBopora A KacaTeJbHOH NMpPH Nepexoje OT TOUKH A
K Touke B K anune As ayru AB, B3siToe 10 aGCOJIOTHOH BeJIHUMHE,
HasbIBaerTcsi, TaK Ke KaK U A/ MJOCKOH KDPHBOH, cpedHeil KpususHoil
JAHHOM JMHUM Ha yuactke AB:
A
cpenHsisi KpHBU3HA = IA—?|.
Tpenen cpepneit KpuBU3HbL npu As — 0 HaskIBaETCA KPUBUSHOL IHHUU.
B Touke A u oGo3Hauaercss GykBO# K:

K= lim |29

As—>0 As

Ao

Ho B 3TOM cayuae u3 paBeHctBa (4) caeayer, urto IES-|=K, T. €.
JJIMHA TIPOM3BOJHOM OT €JMHHYHOTO BEeKTOpa *) Kacare/bHOH 1O AMHHEe

*) HanommHzeM, 4TO NPOH3BOJIH2A BEXTOpDa €Th BEKTOD, M IO3TOMY
Mbl MOXKEM TOBOPHTb O AJHHe NpOH3BOAHOH.
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AYTH paBHAETCSA KPUBH3HE JHUHHH B JaHHol1 Touke. Tak kak BEKTOD ©

o do
€AMHHYHBIH, TO €ro NMPOH3BOJHAs —— NEPHNEHAMKY/IApHA K HEMy (CM.

ds
§ 3, cuexctsue).

do o
I/I'I‘aK, BeKTop s no [JAWHe paBeH KPHBH3HE KpHBOil, a MO Ha-
npaBJICHHUIO nepneHzmxynﬁpeH K BEKTODY KacaTeJIbHOH.
do
On pereneHnune. HpHMaH, HMeliasl HanpasJeHHE BEKTOpa Zi_s— H

NpOXOAAlllasi uepe3 COOTBETCTBYIOILYIO TOUYKY KpPUBOU, Ha3hIBAaeTCs
2Aa6HOIL HOpMaAblO KPHBOH B JaHHOH Touke. ENMHUYHBIN BEKTOp 3TOrO
HanpaBJeHusi 0003HAUYUM uepe3 77.

do o
Tak kak a/nuHa BekTopa 7 PaBHa K —xpuBu3He KpHBOH, TO

do

d-?=Kn.

BennuyHa, o6paTHast KPHBH3HE, Ha3blBAeTCs paduycom KpusiHol
o i
JHHHU B JaHHOH Toyke W oGO3Hauaercs uepe3 R, T. e. IT=R' ITo-
5TOMY MOXEM HamHCcaTh

d’r do _n
&=& =R ©)

Hs stoit dopmysel crenyer

1 /d’r\2

7= ()" ©)
k. CnenoBaTesbHO,

d*z
ds?

oV G () L

Tocnequsas GopMyaa XaeT BOSMOXHOCTb BEIYHC/IHTH KPHBU3HY JIH-
HMUM B JOOOH TOYKEe, €CHAM S5Ta JIMHHA 3ajaHa NapaMeTpHYeCKHMH
ypaBHEHHSMH, B KOTOPbIX NapaMeTpOM SBJACTCA ANHHA AYTH S (1. e.
ecJM PajMyC-BEKTOP MePEMEHHOH TOYKH JAAHHOiH JIMHHH BBIPaX(eH KaK
QYHKUHS OT AJIMHBI AYTH).

PaccMoTpuM cJydail, KOrja pafuyc-BeKTOp r BbIPaXkeH Kak QyHK-
uus MPOM3BOJbHOrO mMapaMerpa ¢: r=r (f). B stom ciyyae puny
Ayru s GyleM paccmarpuBaTh Kak OyHKuuio napamerpa . Torna
BBIYHCJ/ICHHE KPHBH3HBIL. IPOH3BOAUTCS CJENYIOUWUM 06pasoM:

d’r  d%x d*y .
Ho g =G i/t

dr _drds )
af = ds at
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Tak Kak *) lz_sll= 1, To 2
()= (@) ®

Juddepenunpys npaByio ¥ JeBy0 4acTH H COKpamlas Ha 2, NOJyuuM
dr d?r dsd?s

@ aE = @ e ©)
Hanee, us ¢opmyast (7) caexyer

dr _dr 1
ds — dt ds’
dt

JuddepennupyeM no s ofe 4acTH NOCJEIHEr0 PaBEHCTBa:

d’s
d¢r_dr 1 dr aF
ds? ~ di* [ds\® df (ds\3°
dt) (dt)
2
MOACTABJIAA TNOJy4YeHHOEe BHIpAXKEHHE ;iT; B dopmyay (6), Gyaem umerb
1
-ﬁi=
LT (L) () apdrdeds | (4 (s’
e 1 dr “df? ~(dﬂ (dt T Cag dt dtdt2+<dt Et‘%) .
@ @ (@)
L dt dt) | dt
ds  d?

Bripaxas -; 0 7 no  opmynam (8) u (9) uepe3 npoussoaHbIE
or r (f), noayuum **)
da’r\2? (dr\® [d’rdr)\?
(@) (7) -(#7F)

SR(ET)

dr
*) 31 aBeHCTBO ClejyeT M3 TOro, 4TO I— = lim — .H —
) 310 p ny 3 a5 | dim = lo Ar — xopna,

craruBalomas ayry ammuan As, [Tostomy ,% crpemutcst K 1 npn As— 0.

ds\6 ds\2)3
*#) [TpeoGpa3oBLIBaeM 3HaMeHaTe b CJeLYIOUIHM 06D a30M: %) = (E) —
dr

2)3 3 r\6 n r\ 2
._{(a-t—) } . O/leCb HeJb3s1 HanucaThb (a—t-)z .3 on (dT) nojipasyMeBaeTcs
CKaJIapHBIA KBaZpaT BeKTOpa % ITox { ZiTr } TIOPA3yMeBaeTCd TPEThA CTG«

r r\¢
newb gucaa (Ht—) . Bupaxenue xe (d_t) He. UMeeT CMEICJA,

(10)
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®opmyay (10) moxHO nepemucatsh Tak *):

dr _ d?r?
kot lar e 1
TR {<d,32}3 ¢ (11)
dt )

Msl nonyunsu dopmysy, KOTOpast Aa€T BO3MOXKHOCTb BBIYHC/IUTH
KPHBH3HY JaHHOH JIMHHMHM B JIOGOH €€ TOuKe NPU MPOU3BOJAbHOM
napaMeTpHYeCKOM 3aJaHMM 3TOH KPUBOH.

Ecau B yacTHOM cJyuae KpHBas fIBJSETCH IJIOCKOH M JIeXUT B
njockoctd Oxy, TO ee napaMeTpHYecKHE YPaBHEHHs HMEIT BHJ

x=¢(), y=v(), z=0.

[oxcrasnsAs 3TH BbIpakeHus x, y, z B dopmyay (11), mMbl momyyum
BbiBefleHHyi0 padee (B ra. VI) dopmyay, aawouiyio KpUBH3HY nA0CK0k
KpUBOH, 3aJaHHOA MapameTpHYecKH:

Kzlwmwm—wmwml
{lo' OB+ 122 °

Mpumep. BuuncauTe KPHBH3HY BUHTOBOH JuHHM 7 ={Ia cosf-|-jasinf |-
-+ kamt B npOM3BOJNIBHOA TOYKE.

Pemenne:
dr . i d’r . -
-‘F_——iasmt—}-,]acost—{—kam, aTz--——iaLost—Jasmt,
J k
2
‘_iﬁxd_;:_—_ —asint acost am |=ia?msint—ja%m cos - ka2,
dt dt —acos! —asint O

dr  d*r\%_ . o
(Exa—z-) =a! (m*4-1);

2
(Z—:) =a? sin2 t a2 cos? ¢ }-a*m? =a? (1 +m?),

CaenoBatedbHO,
_L__ at (m21) 1

R [@(1+m)P a2 (1+m3)*
R =a (14-m?)=const.

Takum 06pa3oM, BUHTOBas JHHHS HMeET NOCTOSHHBIH Pafuyc KDPHBH3HHL

OTKYAa

3ameuvanue. Ecan KpuBas JeXHT B IUIOCKOCTH, TO, He Hapy-
1mas O6UHOCTH, MOXKHO [PEANOJNOXKHUTD, YTO OHA JIEKHT B IJIOCKOCTH OxYy
(3Toro BCcerza MOXHO JOGHTBCSA NPeOOPa3OBaHHEM KOOPAMHAT).
Ecmu xe KpuBasi JexHT B miockocTH Oxy, 10 z2=0; HO TOrAa H

d%z
br —=0 H, clenoBaTe/JbHO, BEKTOD 1 JIEXKHT TaKXKe B MJOCKOCTH Oxy.

*) Ml #CHONB30BaNH TOXKAECTBO a*b?—(ab)?=(aXb)?, B cnpaBeAHBOCTH
KOTOpOro JIEFKO YOeRUTbCst, eCJH NepenncaTbh TOXKAECTBO B CJAEAYIOMWEM BHAE:

@22 — (ab cos @)% = (ab sin P)?,
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Orciopa nonyyaeM BBIBOJI: €C/I KPHBasi JIEXKHT B IIOCKOCTH, TO €€
IJ1aBHasi HOpMaJb JIEXHT B TOH XKe IJIOCKOCTH.

CKOpPOCTb TOYKHU NPH KPHBOJNUHEHHOM ABHXKEHHH.
Ilycts pBuKyINAsics TOYKAa B MOMEHT BpeMeHHM { HaXOAMTCS B TOY-
Ke M, onpezeasieMoit paauyc-ekTopoM OM=r (f) (cM. puc. 200),
a B MOMeHT !-}A¢ HaxonuTcsi B Touke M,, ompejensieMoil paauyc-
BekTopoM OM, = r (¢ + Atf). Toraa BekTop MM, HasbIBaeTcsi eKmopon
nepemewjenus mouku. OTHomeHUe BeKTopa nepememenus MM, x

COOTBETCTBYIOIIEMY NpHpAIeHHIo BpeMeHH Af HasbIBaeTcs cpeduer
CKOpOCMbIO MOYKU 33 TIPOMEXYTOK BPEMEHH:

BekTop cpenneit ckopocTH Takxke HanpaBleH no xopae MMa
(cM. puc. 200, c. 291) B CTOpOHY IBHXKEHHSI TOUYKH (NpPH TPSMOJIH-
HeHHOM JBUKEHWH OH HamnpabJeH N0 caMoil TPaeKTOPHH).

CKOpoCTb TOUKHM B JaHHBLII MOMEHT ONpejesisieTCsi TaK:

. . Ar dr
9= lim 9,,= lim — ==—
A0 P prsol T dt?
T. €.
dr
'v=d—t. (12)

Takum 06pasoM MOXKHO cKasaTb: Cxopocme modxu 6 OarHbiui MoO-
MeHm pasHa nepeoli npoussoOHol om paduyc-6eKmopa modxu no épe-
MeHU.

Ha ocroBanuu ¢opmyanl (2°) § 2 ciepyer, 4TO NPOEKLHH CKOPO-
CTH Ha OCH KoopAuHaT OyayT
dx dy _daz

v"=—d—t’ vl/:.(-i-t’ Uz—m.

Moayas ckopoctH onpejensercs no dopmyae (3) § 2:

dx\2 dy\? dz\?
o=V (@) + (&) + (&) (13
Ecau BBecTH AJHMHY AYTH S, KaK 3TO JeJajoch B Hauaje 3TOro
naparpadya, U pacCMaTpHBaTh IJIMHY JYTH S KaK (QYHKIIHIO BpeMeHH f,
To Qopmyay (12) MOKHO 3amucath Tak:

dr _drds _
=T =@ a o (19

rje v= %— a6CoMOTHAST BE&JIHYHHA CKOPOCTH, 6 — €ANHHYHBIH BEKTOp,
HanpaBJIEHHBIH 10 KacaTeJbHOH B CTOPOHY ABHXKEHHS.

YeckopeHHEe TOUYKH NPDH KPUBOJUHEHHOM NBHXEHHUH.
AHanOTHYHO TOMY, KaK 3T0 Obwio onpegeneno B § 25 ra. III, yexo-
peruem TOYKH W TPH KPUBOJIMHEHHOM JBHXKEHHH Ha3piBaeTcs Ipo-
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H3BOJHAsA OT BEKTOpPAa CKOPOCTH MO BPEMEHH:

do
w="7, (15)

dar
Ho 9= 77 » CJIel0BaTeNbHO,

d2
w="47. (16)

Ecau Gypzem ucxoputh u3 ¢opmyaer (14), To momyuum
—40 _d(w0)
T~ dt — dt °

PackpbiBag mnocnefniolo mnpoussoanyio no dopmyse (II1) § 3,
NONyYUM

dv de
w=—dt—o+v-37. (17)

IIpeoGpasyem npou3BORHYIO -%‘;— , monb3yscek opmynamu (7) u (5):

_di do ds n

Toxacrasasis B paBeHcTBO (17), OKOHYATeNLHO MOJyYaeM

d n
w:th)-G-l—Uz-ﬁ'. (18)

3pech 6 —eJUHUYHBIH BEKTOp, HamnpaBJeHHBIH 110 KacaTeJbHOH B
CTOPOHY ABIKEHMS, 72— eJAMHUUHBIH BEKTOp, HanpaBJeHHHIH IO IJ1aB-
HO#l HOpMaJIH.

®opmysa (18) cnoBamu dopmynaupyercs Tax.

ITpoexyusn YcKopeHus MoKl HA KACAMEAbHYIO PABHA Nepeoll npous-
60010l om abCOMOMHOIL 6eAULUHbL CKOPOCMU, G NPOEKYUS YCKOPEHUS
HQ 2M0B6HYI0 HOPMALbL PABHA K6AOpamy ckopocmiL, OeACHHOMY Ha paduyc
Kpueu3Hst mpaexmopuu 8 OaHHOU mouke.

Tak Kak BEKTOpHl ¢ M 72 B3aWMHO NEPNEHAUKYJ/ISPHBI, TO MOAYJb
yCKopeHHs onpeaessiercs popmyJon

oV G ET o

§ 5. Conpukacaomasicss miaockoctb. Bunopmaab. Kpyuenne.

Onpepnenenue 1. IlnockocTs, npoxonsiuias uvepes KacareJb-
Hylo MNpsSMYIO H TJIaBHYIO HOpMalb K 3aJaHHOH KpHBOH B Touke A,
HasblBaeICs conpukacaroulelics naockocmero B Touke A.

Jlst maockoM KPHUBOH CONPHKACAOMIASCs IUIOCKOCTh COBIAjaer
¢ mJocKoCThio Kpusoi. Ecau ke KpuBas He IJIOCKasi, TO, B3sIB Ha
Hell 1Be ToukH P u P;, MBI NMonyyuM JBe pa3/MyHbLIE CONPHKACAI0-
IHecs IJIOCKOCTH, oOpasylouiie MexXay coGoi ABYrpaHHBIH yroa p.
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Uem Gosbllle yroa i, TeM CHJbHee KPUBas Mo cBoell Qopme OTaH-
yaercsi OT MJIOCKOA kpupo#i. Ilnsg TOro 4toGhl 3TO YTOYHUTh, BBeJEM
elie OJHO ONpejeseHue.

Onpenenenue 2. Hopmaab Kk KpHBOH, NeprneHAHKYJspHas
K compukacamwomeficsi MJI0CKOCTH, Ha3BIBaeTCH OUHOPMAALIO.

BosbmeM Ha GHHOpPMaJsM €IHHHUYHBIN BeKTOp & W HanpaBUM ero
TakK, 4ToGbl BeKTOp G, 1, b oOpa3oBBIBANM TPOHKY TOH Ke OpHeH-
TalMH, YTO H eJUHUYHbIe BekTOphl i, j, R, Jexamue Ha OCsIX KOOp-
gunar (puc. 204, 205).

n
G n

Puc. 204. Puc. 205.

B cuny onpepmeneHHs BEKTOPHOrO H CKaJSipPHOrO IPOH3BeJeHHH
BEKTOPOB HMeeM

b=oxn, bb=1. (1)
Haiinem npoussoauyio —s— Mo ¢opmyne (V) § 3
db  d(oxn) do dn
e =g Xrt+e X 2)

Ho %:% (cm. § 4), nostomy %% ><n=71i,-n><n=0, u (popmysa

(2) npuHHMaeT BHA
db dn
ST=0X. )
Orciona caenyer (Ha OCHOBaHHH ONpeJeeH!sl BEKTOPHOTO POH3Be-
d
JIeHHst), 4TO db €CTb BEKTOp, MepHeHJHKYJSAPHbI K BeKTOpy Kaca-
TenbHolt 6. C JApyrodl CTOpOHBI, TaK KakK b —eIMHHYBI BeKTOp,
TO _dsl nepneyaukyasiped K b (cm. § 3, clexcreue).
d
3Hauur, BeKTOp—‘% nepneHIUKYJspeH U K 6 H K b, T. e. KoJ-
JIHHeapeH BEKTOpY 2.

d 1
0603Haun JAJMHHY  BeKTOpa T’:— Hepes rryy T. € MOJOXHM

‘ —T- TOrAa

b 1 4
W—Tn. ()
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1 o o
Bennunna T Ha3bIBACTCA KpyveHuem AAHHOH KPHUBOH.

JIByrpaHHBIfi yroll W MeXAYy CONPHKACAIOUMMHCS MJIOCKOCTSIMH,
COOTBETCTBYIOIIMMH JBYM TOYKaM KPHUBOH, paBeH yTIJy MeXAy GHHOP-
mansamu. ITo anasoruu c dopmyJoit (4) § 4 MoxkHO Hanucartb

4| = dim, i

Hrak, xpyueHune KpuBoii B Touke A 1O aGCOMIOTHOH BeJHUHHE
paBHO Npenelly, K KOTOPOMY CTPEMHTCS OTHOLIEHHE yrIJja W Mexay
COTIPHKACAIOIUMHUCS TJIOCKOCTAMH B Touke A u cocepueii Touke B
K anuHe |As| nyru AB, Korma As— 0.

Ecau kpuBasi mJIOCK a s, TO CONPUKACAIOMASACA NJIOCKOCTb HE Me-
HSIeT CBOEro HampaBJIeHHs M, CJeLoBaTeNbHO, KPYyUeHHe PaBHO HYJIO.

U3 onpepeneHusi KpyyeHUsi ICHO, UYTO OHO SBJSIETC MepOH OT-
KJOHEHUS NPOCTPAHCTBEHHOH KPHUBOH OT MJOCKOH KpuBoil. Benmuuuna
T HasbiBaeTcsl paduycom Kpyuerus KPUBOH.

Haiinem ¢opmynay ans BeluucneHus kpyuenus. M3 gopmya (3) u
(4) caenyer

YMHOXHB cKaJdsipHO obGe 4acTH Ha n, GyieM HMeTb

B npaBoii 4acTH nocJeiHEro paBeHCTBA Mbl MOJYYHJH TaK Ha3bl-

paeMoe CMelllaHHOe (MJIH TPOHHOE) MPOHM3BeJeHHE TPeX BEKTOPOB 7,
dn

¢ U —- . B TakoM mpousBejeHHMH, KaK H3BECTHO, MOXHO MNEpecTas-

JIATh COMHOXHTEJNH B KPYTrOBOM IOpsiiKe. Y4UHTHIBasg, KPOMe TOro,

4ro nn =1, Mbl IlepenuIeM IMoc/TefHee PaBEHCTBO B CJEAYIOLIEM BHJE:

1 dn
T = (ds Xn)

HIM

1 dan

+=—0 (nx%). 6)
Ho Tak Kak n= R 52 , TO

dn dR d?r

_d_s—=R ast T+ “ds ds®
n

dn d2r #r | dR d*r
("X F) =R X(R?sﬁw—d;?);

ar , dr
=R (X ) TR (T x5=)
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a TaK KaK BEKTOPHOE INpOHM3BefeHHe BeKTopa Ha caMoro celsi paBHO
HYJIO, TO

d*r  d’r
ds® 7 ds® T 0.
Takum oGpasom,
dn _ ., ( d*r  &r
nx G =R (X gw)-

dr
3ameruB, 4TO 6 =——, M EO3BPAIAACh K PABEHCTBY (5), momyuaem
1 g dr [ d*r _ d&%
T=—"R% (ds2><dss)‘ (6)
Ecnu BeKkTOp £ BbipaxkeH Kak (yHKIMSA IPOHU3BOJIbHOrO Iapa-
Merpa f, TO MOXKHO MOKa3aTh *) aHAJOrMYHO TOMY, KaK 3TO Jesajoch

B mpejbiaymieM naparpade, 4To

dr ( d°r dsr)
dr ( dr d3r)_ ar \ I
ds \ ds® "~ ds3 ) 7 dr \2) 3
{(#)
*) B camoM peie,
dr _ dr ds
dt — ds dt °

JuddepeHunpyeM 3T0 PaBeHCTBO ewle pas mo f:
d?r d (dr\dsds  dr d®s d’r (ds\2 6 dr d3
=% (F) aate m—a (@) e
CuoBa Auddepenuupyem mo &
Lr_d (d_t.) ds (is_) 48 gds ds  d (E) dsd’ | dr ds
drs ~ ds \ ds? /) dt \ dt ds? dt dt® ds \ ds/ dt dt? ds d3 ™
i (d)yp b b Ly ar £
ds \ dt ds® df de2’V ds df *
CocTaBuM, Jajee, cMellaHHOE (TPOHHOE) MpOu3BEJeHUE:
dr (@ dry_
dt \ dez 7 ded )
d’r (ds\2, dr d’s dr (ds\3 K ,d* ds d? 3
=%§%§'{['d—sz' (&)+& &)= (&) +3?§'T¢%+%%Z—§‘]}-
PackpeiBasi 3TO NpPOH3BEJEHHE IO NPABHJY YMHOXEHHS MHOTOYJEHOB H OT-
GpachiBasi BCe Te WJEHEI, KOTOpbie COAep:aT XOTs Gbl ABAa ONMHAKOBEIX BEKTOPHEIX

cOMHOXKHUTeNfl (TaK KaK CMelWaHHOe TIPOM3BEJEeHHE TPeX MHOMHTeJeil, Iie XOTa 6bi
ZBa MHOXKHTEJSi PaBHB, €CTb HYJIb), MOJYYHM

dr ﬁf_xﬂ)_d’ Lr dr\ (ds)\s
G \aE " am )T \ass ¥ e ) \dr)

Hakoneu, 3amerus, YTO

(&) =(F) e (&) ={(%)}

nonyuaeM TpeGyemoe paBeHCTEO.
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INoxcraBnas sto Beipaxkenue B opmyay (6) u 3amensss R? ero
BhipaxeHueM no ¢opmyJe (11) § 4, oKoHuaTeNbHO NOMyuaeM

dr [ dr  d3r
1 W(Wx“dt—a) 7
T T dr _ d2r \z ° ™
(Ttxw)

Ata ¢opMmysa [aeT BO3MOXKHOCTh BBIYHCJHTH KpYYeHHE KPHBOIl
B MoO6OH TOYKe, ecy KpHBas 33/aHa NapaMeTpHYECKUMH YpaBHEHHAMH
C MPOH3BOJNBHBLIM NapameTpoMm £.

B sakmmouenue storo naparpada ormeTum, 4to (GoOpMyJbl, BHIpa-
JXaiolye NMPOH3BOAHEIE BEKTOPOB G, B, n, HasbiBaloTCA popmuyramu
Ceppe — Dpene:

do_n db_nmn dn o b
ds R*® ds T ds R T*
HOCJIe,IlHHﬂ H3 HHX nonyqae’rca TaxK:
n=bxo,
dn __ d(bXo) _ db do _n n _
T =& = & XOTOX = Xo+bXp=
1 1
—Tn><o+?b><n,
HO
nxe= —b, bxn= —o,
TI03TOMY
dn .__l__i
ds — T R "

Mpumep. Beuucautb KpyyeHne BHHTOBOH JIMHHH
r=iacos t-+jasint-+kamt.

Pewmenue.
2 3 —asint acost am
ar ___drx____dr )=l—acost —asint 0 |=a’m,
dt \ dtz 7 de3 .
asint —acost 0
dr  dr\z_, .
(WXW) =a* (14+m?) (cMm. npumep § 4).
CaepnoBaTenbHO,
T at(14-m? a(14+m?
- adm m :

§ 6. Kacareabhas nJoCKOCTh M HOPMalb K TOBEPXHOCTH

TIycThb HMeeM NOBEDXHOCTb, 3aJAHHYIO YpaBHEHHeM BUJA
F(x, y, 2)=0. 1)

Beezem cienyomee onpeeseHue.
Onpepenenue 1. Ilpamass JMHUA Ha3bIBAeTCH KacameabHol K
NOBEPXHOCTH B HEKOTopoi Touke P (X, y, z), €CAH OHa ABJAAETCH
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KacaTeJbHOM K KaKkoii-nmu6o KpuBOH, JeXxaled Ha INOBEPXHOCTH H
npoxojsiiel yepes Touky P.

Tak kak uyepe3 TOUKy P NPOXOAHT GECKOHEYHOe YHCJIO PasIHUHBIX
KPHBLIX, JIeXKallluX Ha [OBEPXHOCTH, TO H KacaTeJbHBIX K MNOBEpX-
HOCTH, NMPOXOAAIHX Yepe3 3Ty TOuKy, Oyjer, BooOlle roBopsi, Gecko-
HeYyHOe MHOXKECTBO.

BBeneM MNOHATHE 00 OCOGHX H OOGBIKHOBEHHBIX TOYKaxX IOBepX-
Hoctd F (x, y, 2)=0.

oF OF OF
Ecau B Touke M (x, y, 2) Bce TPH NPOHU3BOJHBIE o oy or

PaBHbl HYJIO HJH XOTSl Gbl OJIHA M3 3THX NPOU3BOAHBIX HE CYILECTBYET,
To Touka M HasbiBaercsi 0co6oii TOYKOH noBepxXHocTH. Eciu B Touke

oF oF OF
M (x, y, z) Bce TpH MPOHM3BOJHBIE —— , 5 * 5z CYWECTBYIOT U He-
z ar TIOBEPXHOCTH.
— Teneps MBI MoxeM cpOpMyJIHPOBAThL CJie-
P AYIOLLYIO Teopemy.
» Teopema. Bce kacamenronsvie npamole K
|
IHokasareabcTBo. PaccmMoTpuM Ha
TIOBEPXHOCTH HeKoTopYyIo uHuIo L (puc. 206),
Puc. 206. 3ajlaHa NapaMeTPHYECKHMH YpaBHEHHSIMH
x=9 (), y=9 (), z=yx(). )
X—x Y—y Z—2
dx  ~ dy = dz °
HEHHe NPEBPATUTCS B TOXAECTBO OTHOCHTEJNLHO f, TaK KaK KpuBas (2)
Jexxur Ha nosepxyocTd (1). Jduddepenuupys ero mo ¢, mnoayyum *)

fnpepbiBHbI, NpuyeM XoTA Gbl OJHA H3 HUX OTJIMYHA OT HyJs, TO
Odantoil nosepxrnocmu (1) 8 ee 00blKHOBEHHOLL
A NPOXOASILYIO uYepe3 JAaHHYIO TOuKy P rmo-
KacaresnbHas K KpuBoi GyJer KacaTe/bHOM K IOBEPXHOCTH. Y pas-
ar dat dt
OF dx oF dy oF dz

Touka M Ha3biBaeTCS 00bIKHOBEHHOL TOYKOM
mouke P aesxarit 6 00Hol naockocmu.
BepxHocTH#. IlycTh paccmaTpuBaemass KpuBas
HeHHsl 3TOH KacaTeJbHOH HMeIOT BHA
Ecau Buipaxenus (2) noacraButh B ypaBHeHHe (1), To 310 ypas-

o a vt a Tt a=" @)
Paccmorpum, panee, BekTopsl N H % , IPOXOJsLIKe Yepe3 TOuKy P:
oF OF oF

*) Mul spece npumeHseM npaBMsIo AnddepeHUHPOBAHHS CJAOKHOR (yHKIHH
TpeX NepeMeHHbX. DTO NMPaBUJIO B JaHHOM CJlydae HPHMEHHMO, TaK KaK BCe uacT«

Hhe NPOH3BOJHLIS -5;, %g ’ —0? no YCJNOBHIO HENPEPHIBHHL,
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oF oF oF
Tlpoexuuu 3Toro BekTOpa B% ' By * oz SaBHCAT OT X, y, 2 —Koop-

AMHAT TOUKU P; 3aMeTuM, 4TO Tak KaK TOYka P OGLIKHOBEHHas, To
3TH NPOEKUUH B TOYKe P OJHOBpeMEHHO He O6pallaloTcs B Hyab u

OTOMY
M=V (%) + (5) + (&) =0
Bexrop
r e S A ®)

KacaTeslbHbIi K KPHBOH, Mpoxojsume#i uepes Touky P M Jexamell Ha
noeepxHoctH. Ilpoexunn 3Toro BeKTOpa BBLIYUC/AIOTCA Ha OCHOBAHHM
ypaBHeHHi1 (2) npu 3HaueHHH napaMerpa f, COOTBETCTBYIOMIEM To4ke P.

Bbiuuc/UM CKajisipHOEe IIPOH3BeleHHE BekTopoB N H
PaBHO CyMMe NpOHM3BEJEeHHI OJHOMMEHHBIX NPOEKIHii:

dr _ OF dx oF dy oF dz
Ng=watoatowa:

dr
a0 KOTopoe

Ha ocHoBaHuu paBeHcTBa (3) BbIpaKeHHe, CTOfllee B INPaBoOi
yacTH, PaBHO HYJIO, CJIeOBaTeNbHO,

dr
N"a‘t——_—‘o.

M3 mocsegHero paBeHCTBa clefyeT, YTo BeKTop N M KacaTebHbI
dr o
BEKTOP —— K KPHBOH (2) B Touke P nepneHaukynspusl. [Iposenen-

HOE PAacCyKIeHHe ChpaBeJJHBO AJs JOGOH KPUBOH (2), mpoxoasiuei
yepes TOUKy P M Jexameli Ha noBepxHocTH. ClieoBaTebHO, KaXast
KacaTe/lbHasi K NOBEPXHOCTH B Touke P NepneHIuMKyJfpHa K OJHOMY"
H ToMy ke BekTopy N W mOTOMY

BCE 9TH KacaTeJbHble JexkaT B OAHOH V7

NJOCKOCTH, NEepNeHAUKYAAPHOH K
N Hacaimenbiie?
TCHOCTTIG
N
N

sekropy N. Teopema gokasana.

Onpepeaenue 2. [lnockocTs,
B KOTOpPOH pacnoJsIoKeHHl BCE Ka-
caTesIbHbLIE TIPSIMbIE K JIHHUSIM Ha I10-
BEPXHOCTH, NPOXOAAIUM Yepe3 AaH-
Hyl0 ee TOouky P, Ha3biBaercs xaca-
MeAbHOLL NAOCKOCMbIO K TIOBEPXHOCTH
B Touke P (puc. 207).

3ameTuM, UYTO B OCOOGBIX TOYKAaX
MOBEPXHOCTH MOXET He CyIiecT-
BOBATh KacaTeJbHOH IJIOCKOCTH. B Takux ToukaX KacaTeJbHble Tps-
MBIe K IIOBEPXHOCTH MOTYT He JieXKaThb B OJHOH IJIOCKOCTH. Tak, Ha-
npuMep, BepLIHHA KOHHYEeCKOH MOBEPXHOCTH ABJAAETCS 0c0GOH TOYKOM.

Puc. 207.
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KacaTte/bHRE K KOHHYECKOH MOBEPXHOCTH B 3TOA TOYKe He Jiexkar
B OZHOHM NJIOCKOCTH (OHH CaMH OOpa3yioT KOHHYECKYIO TOBEPXHOCTD).

HanumeM ypaBHeHMe KacaTeJbHOH MJIOCKOCTH K nosepxHocTH (1)
B OGBLIKHOBEHHOH Touke. Tak Kak 3Ta IVIOCKOCTb IepreHAHKYJspHa
BekTopy (4), TO, CleAOBaTe/IbHO, €€ ypaBHEHHe HWMEET BUJ

oF \ oF oF
X0+ 5 (V=) +5-(Z—2) =0. ®)
Ecnu ypaBHeHHe INOBEPXHOCTH 3ajaHO B ¢dopMe z={f(x, y), umm
0 oF

z—f(x, yy=0, 10 = '—Ff? N it il 1, u ypaBHeHue

Kacare/MbHOH MJIOCKOCTH B 3TOM CJydyae NpUMET BHJ
of 0 ‘
Z—2=3L X—n+3 v —y. (6

3ameyanue. Ecaim B dopmyne (6°) momomum X —x=Ax;
Y —y=Ay, 10 31a Qopmysa npuMeT BHJ

_9F of
Z—z——a;Ax+-67Ay;

ee npaBasi 4acTb MpeJCTaBJsAeT COO0H MoMHbli Auddepeninan ¢yHKIHT
z=[(x, y). CnenoBarensHo, Z—z=dz. Takum oGpa3om, MNOJHBI
audepepeHuHaN GYHKUMM ABYX nepeMeHHbIX B Touke M (x, y), coor-
BeTCTByPIIUHA NpHpameHuaM Ax U Ay He3aBHCHMBIX MEpPEMEHHBIX X
Y, paBeH COOTBETCTBYIOLIEMY MPHPAIEHHIO aNIVIEKAThl (2) Kacarelb-
HOH IJIOCKOCTH K [OBEPXHOCTH, KOTOpas siBJsercs rpaguKkoM AaHHOK
(YHKIHH,

Onpenenenune 3. Ilpavas, npoBerennas yepes Touky P (x, y, 2)
noBepxHocTH (1) meprneHAMKYJsSPHO K KacaTeNbHOH MJIOCKOCTH, HA3bi-
BaeTcsi Hopmaabio K nosepxHoctu (puc. 207).

Hanumem ypaBHenuss HopMaaH. Tak Kak ee HanpaBJieHHe COBMa-
JaeT ¢ HanpaBieHueM BekTopa N, TO ee ypaBHeHHUs GYAYT HMETb BHJ

X—x _Y—y Z—z

oF T ar o ?
ox oy 0z

Ecau ypaBHeHHe MOBEPXHOCTH 3ajaHO B (opme 2=f(x, y), HIH
z2—f(x, yy =0, To ypaBHeHHs HOpMa/i HMEIOT BHJ
X—x Y—y 2Z—2
o —_o 17
ox oy
3ameuanue. [Iycts mosepxHocts F (x, y, 2) =0 ectb mnoBepx-

HOCTb Y POBHS JJIs HEKOTOPOH (DYHKIMH TPEX MePEMEHHBIX U = U (X, ¥, 2),
T. €.

F(x, y, )=u(x, y, ) —C=0.
Ouesuano, uto Bektop N, onpejenenusii gopmyaoit (4), Hanpasier-
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HBI} 1O HOPMaJ K [OBEPXHOCTH ypoBHA F =u (x, y, 2) —C =0, Gyzer
ou, Ou,, Ou
N—al-l-a—yJﬁ'gk,
T. €.
N =grad u.
StuM MBI JOKa3ald, uTo 2paduenm Qyhxkyuu u(x, Yy, 2) Hanpasien
N0 HOPMAAU K NOBEPXHOCTU YpOBHS, npoxodsuetl 4epes OaHHYIO0 MOUKY .

[Mpumep. Hanucars ypaBHenHe KacaTesbHO# TJIOCKOCTH ¥ YpaBHEHHS HOp«
ManH X MoBePXHOCTH mapa x2-+y2-22=14 B Touke P (1, 2, 3).

oF oF oF
222 14 =0, ———— Il -
Pewenue. F(x,y,2) xa-l-y 42 aFI4 0, a%x 2x, 7 2y, 5 22,
npu x=1, y=2,2=3 HyeeM —— = 2, - = 4, r = 6. Cnepnosaresbno, ypas-

HeHHe KacaTeJbHol muockoctd Oyner 2 (x—1)4-4(y—2)+46 (2-—3)=0, nm
x+2y+32—14=0.
I y—2 2-—3

Y 4 HOpMaMH: ~o — Wi
paBHeHUs HOP D=t =

x—1 y—2 z-3
-2 - 3"

Ynpaxuenusn K raase IX

HaiiTu npoH3BOAHBIE OT BEKTOpOB:

1 1
=i e 7 —e-1f 7
1. r=ictgtfjarctgt. Oms. r'= Sintt i—l—l I - 2. r=e-li42tj +
+Intk. Oms. r"——-—e*’i—[—?j—l———’;c . 3. r=t— —‘{ -}———; . Oms, r'=
J 2k
—2H+'}T__t§"

4. Haijitu BeKTOp KacaTesbHOIl, YpaBHeHHS KacaTe/bHOH H YypaBHeHHe Hop-
MaJbHOl NJIOCKOCTH K KpuBOi r="ti+4 %1 ¢3% B Touke (3, 9, 27). Oms. ' =

= {4+ 6j--27k; xacaTeabHas: ¥—3_y—9 =% ; HOpManbHas IJIOCKOCTD:

1 6 27
x--6y+272="786.
5. Haiitu BekTOp KacaTenbHO!l, YpaBHEHHS KacaTeJbHOH H ypaBHEHHe HOp-

ManbHOH TNJIOCKOCTH K KpHBOH 7 = { cos? _;"*-3" sin ¢} R sin L Omg, r' =

2 .
| 1. 1 : X — cos? %
=—z isin t+71 cos t4- 5 k cos 5+ YpaBHeHus KacaTe/IbHOI: it
Y—-;— sin ¢ Z——sin% )
T = 7 ; ypaBHeHHE HOpMaNbHOR NJAOCKOCTH: X sinf —
2

—Ycost-—Zcos%:xsint—ycost—zcosé—, rie  x, Y, 2—KOODAHHATH:

TOR TOYKM KpHBOH, B KOTOpOH MpPOBOAMTCA HOPMaJjbHaf NJIOCKOCThb ('r. e. x=

¢ 1 ¢
— 2 __ _—— — Qi —
=c0s* 5, y=7 sin {, 2=sin 2).
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6. Haiita ypaBHeHuss KacaTembHoM K Kpusoit x={—sin#, y=1—cos?,
¢
2=4sin7 W KOCHHYCHl yIJIOB, COCTaBJfieMBIX €0 C OCAMM KOODAMHAT.

Oma, X=X _Y—Vo_ 2-2, . cos o= sin? L . cos ﬁ=l sin #,
sin 2% cos L0 ctg lo 2 2
2 °2 2
to
€OS y= COS —-.

2
7. Haiitu ypaBHeHMe HODMaNbHOH IIOCKOCTH K KPHBOH z=x2—y? y=x
B Hauajie KOOpPAWHAT. ¥ Ka3aH He. HanucaTe ypaBHeHHS XKpHBOH B NapamerpH-
ueckoit popme. Oms. x-+y=0.

8. Haiiru ¢, n, b B ToUKe t=; ans xpuso#t r=1{ (cos {+-sin?f)

1 —5i—4j—k

+jsint(1—cos f)—Rcost. Oms. 6= V3 (—i+Jj+kR), n= v

p I—2+3k

Vi

4
9. HajiTn ypaBHeHHs TIJaBHOH# HOpDMaJH M OHHOPMAJH K KPHBOH x=—£—-,
B B X—Xo __ Y—Yo 2—2
y=—5.2=—5 8 Touke (Xp, Yo, 20). Oms. AT, = T—7 = B,
X—Xo__Y—Y __2—2
1 — 24 g2

10. Haiitu ypaBHeHHMe conpuKacaiomefics IJOCKOCTH K KPUBOH y?=1x, x2=2
B Touke M (1, 1, 1). Oms. 6x—8y—2z-43=0.

11, Haiity paamyc KpuBM3HEI LI KPMBOH, 3aflaHHON ypaBHeHusiMH x2--y2 -
+22—4=0, x4y—z=0. Oms. R=2.

12. Haiitu  pagmyc  Kpyuewus  KpuBok r={Icost-}jsint-+Rsht.
Omg. T=—chi.

13. Haiitw papuyc KpuBH3HBL M KpPyyeHHS JJsA KpuBOH r =2 2£3,

Orme. R=—§—t(l+9t“‘)3/2, 7= .
14. [okasate, 4T0 KpuBag r = (ayi2-}-bil-}-cy) i-}(ast®+ byt +4-cy)f
-} (ast®+-bst+-cs) B nmockas. Ome. r''’ =0, N03TOMy KpYu€HHE DaBHO HYJIO.
15. Haiitn KpABH3HY H KpydueHHe KpHUBOH x=et, y=e-t, 2=ty 2.

Ome. KpuBu3Ha paBHa Kpy4yeHHe paBHO

2
(x+y)?’ (x+9)*”
16. Haiitn kpuBu3Hy u Kpyuenue kpusoil x=e~!sint, y=e-tcost; z=e~t,

Omes. KpuBu3Ha paBHa 32 et; KpydyeHue paBHO —1 et.

3
2 2
17. Hai i TUIOCKO runep6oa X _ ¥
. Haifrn ypapHenue KacaTelbuOif IIOCKOCTH K THNEPGOMOHAY o —po —
z XX Y1y nz_
——5=1 B TouRe (x1, Y1, 2))- Oma. —‘IT_?_Z_I'

18. Hajitn ypaBHeHnme HOpMalu K nosepxHOcTH x2—4y®1-222=06 B TOuKe
@, 2, 3). Oms. y+4x=10, 3x—z=3.

19. HaiiTn ypaBHeHue KacaTeJbHOH IJIOCKOCTH K IMOBePXHOCTH 2z=2x2-}-4y?
B Touke M (2, 1, 12). Oms. 8x-4-8y—z=12.

20. K noBepxHocty x2-+2y2-+22=1 mnpoBecTH KacaTeJbHYI0 NJIOCKOCTb,
TapaebHyI0 TVIOCKOCTH x— y--2¢=0, Oms. x—y—+2z=4 Y 11/2.



FMTABA X
HEONPEAEJIEHHBIA UHTEIPAJI

§ 1. MepBooGpa3nas M HeonpejesieHHbIH HHTErpal

B raiase 111 Mbl paccmaTpuBanu Takyio 3afauy: gaHa ¢yskuus F (x);
TpeGyercss HafTH ee NPOM3BOAHYIO, T. e. (yHKumio f(x)=F' (x).

B srtoii raaBe Ml GyjgeM paccMaTpHBaTh OOpDAaTHYIO 3ajauy: AaHa
¢byukuus f(x); Tpebyercs HaHTH Takyio pyHKuHio F (x), npon3BogHas
KoTopoil paBHa f (x), T. e. F' (x)=f (x).

Onpenenenue 1. dynkuusa F (x) HaswBaeTcs nepeoobpasHoli
or byHkuuu f(x) Ha oTpeske [a, b], eciu BO BCeX TOYKax 3ITOro oOT-
peska BhIMoJIHAeTcs paBeHCTBO F' (x) =f (x).

ITpumep. Haiitu nepsooSpasuyio ot dpyHruuu f(x)==x2.

U3 onpeneneHusi nepsooGpa3Hoil cienyer, uto dyHkuug F (x) =x%/3 ssnserca
nepeooGpa3Hol, Tak Kak (x3/3)’ ==x2.

Jlerko BuAeThb, uTO ecau ANA AaHHOM OyHKumu f(x) cymectsyer
nepBooGpa3Hasi, To 3Ta NepBooOpasHasi He SIBJSAETCA €AUHCTBEHHOH.
Tak, B npexbifymeM NpHMepe MOXHO OBbLIO B3ATb B KayecTBe MepBO-

3
o6pasHbix chaexywomue ¢yHkuun: F (x) =§+ 1, F(x) =%-—7 MU
BooGme F (x) = % -+ C (rme C — npou3BoJIbHasl NMOCTOSIHHAA), TaK KaK

3 ’
(% +C) = x%, C apyrofi cTOpPOHBI, MOXKHO JI0Ka3aTb, 4TO QYHKIUAMH

x3
BHJA ?+C HCYEpIbIBAIOTCA BCe IepBooOpasHble OT (QYHKIHH X2,

D10 BHITEKaeT H3 cJjepylomell TeOpeMsl.

Teopema. Ecau Fy(x) u F,(x) —0se nepeoobpastsie om ¢ynk-
yuu f (x) Ha ompeske [a, b], mo pasnocme mesncOdy Humu pasua no-
CMOSHHOMY 4UCAY.

HdokaszatenbcTBo. B cuny onpenenenns neppooGpasHoil umeem

Fi()=f&x), F:(x)=Ff(x) (1)

npu moGoM 3HaueHHH ¥ Ha orpeske [a, b].

O6o3uauum
Fi(x) —Fy(x) =9 (x). (b))
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Torpa Ha ocHoBauuu paBeHcTB (1) 6yaet Fy (x) — F; (x) = f (x) —f (x)=0
wm @' (x) =[F, (x) — F, (x)]' =0 npu /moGoM 3HaYeHH! X Ha OTpe3Ke
[a, b]. Ho u3 paBencrBa @’ (x) =0 caexyer, 4o @ (x) ecTb NOCTOSIHHAS.

HeiicTButennHo, npuMeHum Teopemy Jlarpamka (cm. § 2 ra. IV)
K GyHKIHH @ (X), KOTopasl, OUeBHIHO, HeTIpephIBHA U auddepeHnnpyema
Ha orpeske [a, b]. KakoBa Gbl HM GHIa TOuKa x Ha oTpeske |a, b],
MBI MMeeM B cusy TeopeMmbl Jlarpamxka @ (x) —¢(a)=(x—a) ¢’ (E),
rie a <& <x.

Tak gak ¢’ (§)=0, 10 @ (x) — ¢ (a) =0, nm

? (x) =9 (a). ©)]

Takum oGpasoMm, QyHKuHs @ (x) B JmoGoit Touke x oTpeska [a, b] co-
XpaHseT 3HayeHHe @ (@), @ 3TO U 3HAYHUT, YTo PYHKUIUA @ (X) ABIAAETCS
NoCTOSTHHON Ha oTpeske [a, b]. OGo3Hauas nocTosiHHYIO @ (a) yepes C,
u3 paseHcTB (2) u (3) nosayuaem F, (x) —F, (x)=C.

W3 pokasanHo#l TeopeMbl cjefyer, 4TO €cJH JJIs JaHHOH (YHKUUH
f(x) Haiigena xakasa-HuGyAb ojHa nepBooGpasHasa F (x), To Jio-
GC as npty ras neppooGpasHas maa f(x) umeer Bug F (x)+4C, rme

= const.

Onpepenenune 2. Ecmu ¢yskuus F (x) aBasercs neppooGpas-
Holt pa f(x), To Bhipaxenue F (x) -+ C HasbIBaeIcsl HeonpedeseHHbiMm

unmeepason oT GyHKUMH [ (r) U 0GO3HAYaeTCs] CHMBOJIOM Sf(x) dx.

Takum o06pazoM, no ONpeIe/eHHUIO, Sf(x) dx=F (x)4C, ecin
F' (x)=f(x). Tlpu atom ¢yHKuuio f(X) Ha3bIBAOT nodbIHMeEZPANLHOL

$ynryuet, f (x) dx — nodeinmeepasoHeim sbipasiceruem, 3HaK S — BHAKOM
unmeepara.

Takum o6pa3oM, Heonpele/eHHEIl HHTErpaj NpeACTaBIsSeT coGoi
cemMedcTBOo OyHKuUME y=F(x)4+C.

C reoMeTpHueCKOH TOUKH 3pEHHs HeONpeAeJeHHbIH HHTerpan npej-
CTaB/IgeT COBOKYIHOCTb (CEMEeHCTBO) KpPHBBIX, KaxAas H3 KOTOPHIX
fosyyaeTcsl NyTeM CJBMra OJHOH M3 KPHBBHIX NapasieJbHO caMoil ceGe
BBEpPX WJM BHH3, T. e. BAoab ocu Oy.

EctecTBeHHO BO3HMKaeT BONpOC: A/ BCAKOH i PyHKuuH f (x) cy-
HIECTBYIOT NepBOOOPa3Hbie (a4 3HAYMT, H HEONpeleJeHHBIH HHTerpaJ)?
Oxka3sbiBaeTcsi, YTo He JJIs1 BCAKOH. 3aMeTHM, OJHaKo, Ge3 JoKasaTejib-
CTBa, 4TO ecau (yuxuyus f(x) Henpepowsna Ha ompeske [a, b], mo 0as
amoil pyuxyuu cyuwecmsyem nepeoobpasHas (a 3HAUUT, U Heonpede-
AEHHbILL unmezpan).

BrIsicCHEHHIO METOJIOB, € MOMOILBIO KOTOPHIX HaXOASITCS NepPROOGpas-
gple (M HeONpejesleHHble HHTErpasbl) OT HEKOTOPHIX KJAacCOB 3JeMEH-
TapHbIX (YHKIHH, MOCBALIEHA HAcTodAllas IVaBa.

HaxoxieHne nepBooGpasHoii A/ AaHHOH QYHKIMH [ (x) Ha3bIBaeTcs
unmezpuposaruem GYHKUUA [ (x).

3ameTHM CJeAyIoIee: ecJi IPOU3BOJAHAS OT JIeMeHTapHOH QYHKIUH
BCErja siBJsieTcs JeMeHTapHOH (yHKuueH, T0 nepBooOpa3Hasi OT 3je-
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MeHTapHOH (YHKLHH MOXKET 0Ka3aTbCsl H He NMpPEeACTaBUMOM C MOMOLIbIO
KOHEYHOTO 4Hcaa 3nemeHTapHbX ¢yHxuuit. K stomy Bompocy mbl Bep-
HeMCsl B KOHLE JaHHOH TIJIaBhbl.

W3 onpenenenus 2 ciaenyer:

1. [IpoussodHas om HeonpedeseHHO20 UHMe2Para pasHa nodsitime-
epanstot pynkyuu, m. e. ecau F' (x)=f(x), mo u

’
(§7de) =F @+cy=Fw. Q)
Tlocnennee paBeHCTBO HY:KHO MOHHMATh B TOM CMBbICJIE, YTO NPOHU3BOA-
Hasi OT Jo0oH nepBOOOPa3HOH paBHA IONBIHTErPadbHOH (PyHKIUH.
2. Hugpepenyuanr om HeonpeOerenHoz0 UHME2PaAa pPasex nodbix-
Me2pansHOMY BbIPAKEHUID:

d(§ F ) dx) = F ) dx. (5)

Aro moJyyaercsi Ha ocHoBaHMU GopMyasl (4).
3. Heonpedeaernoiii unmezpanr om dupgepenyuara Hexomopot ¢ yHx-
yuu pasen amol (pYHKYUU NAOC NPOU3BOALHAA NOCMOAHHASL:

§dF ()=F (0 +C.

CripaBef/IiBOCTb NOC/IEAHEr0 PaBEHCTBA JIETKO NPOBEPHTH Auddepen-
uupoBaHHeM (IuddepeHnuranl 0T 06erx Yacrell paBeHCTBa paBHbL dF (x)).

§ 2. TaGiuua uHTErpajos

[lpexae yem MPUCTYNHTb K M3JIOKEHHIO METOJOB HHTEIPHPOBAHHUS,
npUBefeM TabJHIly HHTErpasoB OT. MpocTeHIuX (yHKUUH,

Henocpencrsenno u3 omnpenenenus 2 § 1 U TaGauusl npoHM3Boj-
Hpix (§ 15 ran. IIT) BeiTekaer TaGuauia unterpanos. (CopaBelHBOCTD
HaMHCaHHbIX B HEH PaBEHCTB JIErKO NPOEEPUTHb AHDDepeHuupOBaHNeEM,
T. €. YCTaHOBHTb, YTO MNpPOM3BOAHAs OT NPaBOH YacTH paBHseTCH
NOABIHTErpalIbHOH (DY HKIHUH. )

xo+1
1. Sx’”d;c=m—_‘_l +C (2% —1). (3necsr u B mocaenyomux ¢op-
my/nax noi C MOHHMAaercs NPOU3BOJIbHAS MOCTOSIHHAf.)

2. ($=ln|x|+C.

3. Ssinxdx=—cosx+'C.

4 Scosxdxzsinx—l-C.

5. Sza%ﬁ—;=tgx+c-

6. ?l%-:—;=—ctgx+c.

7. Stgxdx:—lnlcosxl-{-C.
8. Sctgxdx:lnls‘,nxl+c.
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9. {erdr—e4-C.
10. (@ dx={+C.

Ina
11. S-—l—_:x—z=arctgx—|—0.
, d 1
11", Smf—ﬁ=~a—arctg%+6.
dx 1 a+t-x
12. S——az_xz—%lnla_x
13. S—V—fx—x;__-arcsinx-;-c.
13, (=&

14. 5V 1n|x+l/x2+a2]+0

3ameanue B ta6suue npousBopubix (§ 15 rar. 11I) mer dop-
MyJ1, COOTBeTCTBYyIOmMX ¢opmynam 7, 8, 11°, 12, 13’ u 14. OgHako
CNpaBeAJHBOCTb IOC/EHHX TAaKKe JIETKO YCTaHABJIHBAETCS C NOMOILbIO
JudepeHUrpOBaHHUS .

B cayuae gopmynsl 7 umeeM

. P
== arcsin— + C.

(—Infcosx|) = —:as)—?xi= tg x,
cJiefioBaTe b HO, S tgxdx=—In|cosx|+C.
B cayuae dopmyssl 8
(In|sinx )’ = - =ctgx,

CJIeJOBaTeNbHO, S ctgxdx=In|sinx|+C.
B cayuae (bopMszbI 12

( llZii =2la[lr1)a+x]——ln[a—xl]'=
1 1 1 1
=2-a[a+x+a—x] =@

dx _1 \a—}—x

a2 —x2" 2a

cJieioBaTe/bHO,

+C.

OrMmeruM, 4TO IOCJenHAs GopMysa OYyAeT clenoBaTh TaKkKe H3
obuux pesynabraToB § 9.
B cayuae ¢opmyant 14

2 2 =___1___ x 1

nl s +VFEEN =i (Ve ) = Ve
cJlefioBaTeNIbHO,

dx

y V¥ta

Dra dopmyaa Takxe GyleT CJeAO0BaTh M3 OOWHX pesyJabratos § 10,

—=1In|x+V £ a*|+C.
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Ananornuno nposepsiorcsi dopmyant 117 u 13’. 3amerum, uyro
5TH opmyJabl OGyayT BbiBEJEHBI BhOcaeACTBHH H3 (opmyn 11 u 13
(cM. § 4, mpumepst 3 u 4).

§ 3. HexkoTopbie CBOlicTBa Heonpejae/ieHHOro0 WHTErpana

Teopema 1. Heonpederennouii unmezpan om areebpaudeckoi cymmel
deyx uau Heckorbkux Gynxkyuil pasen anzebpauteckol cymme ux
unmezpanos:

§U7 0+ Fo (01 de=§ £, () dx 4§ £, () d. o)

HOnsa jpoxkasareibCTBa HaiifieM NPOH3BOJHBIE OT JIEBOH M mNpaBoi
gacTell sToro paBeHcTBa. Ha ocHoBanuu paBeHctBa (4) § 1 Haxoaum

(St 0+ @] dx) =, (@ +F. @),
(St detSham ax) =(§f 0 dx) +(§F ) dx) = Fe 00 +Fo ().

Takum o6pa3oM, NPpOU3BOJHBIE OT JIEBOH M NpaBoii yacTeil paBeHCTBa (1)
paBHBI MeXJAy co0oif, T. €. NpoH3BoAHAs OT JoGOH nepBoo6pasHoi,
crosAmasi B JIeBOH 4acTH, paBHAETCS NPOU3BOAHOM OT JIOGOH pyHKuHH,
crosiel B mpaBol wacTH paBeHcTBa. C/ejoBaTenbHO, MO TeopeMme § 1
mo6asti GyHKIMs, cTosilasi B JieBOH yacTH paBeHcTBa (1), oTiHMuaercs
or moGoi ¢yHKIuM, cTosimeli B NpaBofi yacTH paBeHcTBa (1), Ha
NOCTOSIHHOE cJaraeMoe. B 3TOM cMbic/e H HYXKHO NOHMMaTh paBeH-
cteo (1).

Teopema 2. [TocmoanHbll MHONCUMEAD MONCHO BOLHOCUMb 3Q 3HAK
unmeepasa, m. e. ecau a=const, mo

§af () dx=af (0 ax. @

Jna mokasarenbcTBa paBeHCTBa (2) H'aﬁneM NIPOU3BOJHEIE OT JIEBO#H

M T[paBOfi ero vacre: (Saf (%) clx) =af (x), (a S f(x) dx)' =
= a(Sf(x)dx)' =af (x).

TlpousBojHele OT NpaBoOil M JIEBOH yacTell paBHBI, C/IeJOBATENbHO,
Kak U B paseHcTBe (1), pasHOCTb ABYX J/OGLIX yHKUHH, CTOAUMX
CNeBa M CIpaBa, €CTh NOCTOSIHHafA. B 3ToM cMbicie u cienyer noxu-
MaTb paBeHCTBO (2).

Ilpn BbIuMCIEHHH Heonpese/IeHHbIX HHTerpaJjoB GbiBaeT IOJIE3HO
HMETb B BHAY CJeAyIOIl{e MpaBHJa.

1. Ecau

§Fde=F (0 +C,
T0

Sf(ax)dx=%F(ax)+C. (&)
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HeiictBuTensHo, auddepeHupys JeByl0 H NpaBylo 4YacTH paBeH-
! 1 S R ’
ctBa (3), noayuum (S f (ax) dx) = f (ax), ( —F (ax)) =—(F (ax));=

1 o o
==7F’(ax)a=F’ (ax)=f(ax). TlpousBoAHBIE OT mNpaBO# H JeBOH
yacTefl paBHBI, YTO H TpeGOBaJoOCh AOKa3aTb.

I1. Ecm
§fyde=F @ +C,
TO
§f 48y dr=F (D) +C. (4)
II11. Ecmm
§fe)ar=F(+C,
TO

{ Fax+b) dr=1 F (ax4+b)+C. 5)

Pasenctsa (4) n (5) mokasniBaloTCs AUPPEpeHIPOBaHHEM NIPaBOi
U JeBoil yacTedl paBEHCTB.

Mpumep L
S (24*—3sin x+5 V%) dxr= S 2x3dx-—S 3sin xdx + S 5V xdx=

=2 S Bdr—3 S sin x dx-+5 S X2 gy =

—+1
3 —_
I, . Al —3(— cosx)+5 +C=lx4+3cosx+]—9x]/x-]—c.
3+1 1. 2 3
2
Upumep 2.
S( l/____|. V_-}-xl/ )dx=35x‘1/3dx—}——;S‘x‘l/gdx-i-j‘xs/*dx:
1 5
-—-8—+1 —T+1 —+1
x 4 -
=3 s +E+—cC 1/x2+1/x-|—-—x"l‘/x—l—C.
2 1 5
l_|_| 2+1 —+l
Mpumep 3
+3
INlpuvep 4.
Scos?xdx:%sin?x—}-().
MNpumep 5.

Ssin (24—6) dx=— 5 cos 2x—6)+ C.
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§ 4. HuTerpupoBanue MeTOAOM 3aMeHB! NEPEMEHHOH
HAH cnocoOGoM NOACTAHOBKM

Tlycts TpeGyercs HalTH MHTErpaJa Sf(x) dx, mpudeM Hemocpen-
CTBEHHO moxo6paTh nepBooOpasHyio A1f f(x) Mbl HE MOXeM, HO HaM
H3BECTHO, YTO OHA CYIIECTBYeT.

Cpenaem 3aMeHY nepeMeHHOH B TNOABIHTEIPaJbHOM BbIPAKEHHH,
NOJIO2KHB

x=9(), M
Fae ¢ (f) — HenpephiBHAs (PYHKILUSA C HeIPEPLIBHOH HPON3BOAHOH, HMEIO-

mas obpatHyio ¢pynxumo. Toraa dx= ¢’ ({) df; noraxem, 4To B 3TOM
CJlyyae MMeeT MECTO CJEAYIOllee pPaBeHCTBO:

§ioyar={ilewle @) at. @

3pech MOApa3yMeBaeTcs, UTO MOCJA€ WHTErPHPOBAHHSR B NPABOIf YaCTH
paBeHcTBa BVeCTO ! GyJeT MOACTABJEHO €ro BhHIDaXKEHHe yepe3 X Ha
ocHoBaHuH paBencTBa (I).

Jdna Toro yroGet YCTAHOBHTH, YTO BLIPAXKEHHA, CTOfINME CNPaBa
M CJieBa, OJAMHAKOBbI B YKa3aHHOM BHIIE CMbICJE, HYHO ROKa3arb,
4TO MX IPOM3BOJHBIE N0 X PaBHH MeXRY coGoil. Haxopum nponssoanyio

OT JIEBOM YacTH: (S f(x)dx) = f (x). IlpaByio wacTs paBeHcTBa (2)
6yzeM andbdepeHUMpPOBaTh NO X KaK CJOXKHYIO (YHKUHIO, rie [ —
NPOMEXKYTOUHBLI apryMeHT 3aBHCUMOCTD ¢ OT X BHIPAXaeTcsl PaBeHCT-
Bom (1), mpn stOM —i—cp ({) n no npasuay aundgepennnpoBaHus

o 1
ob6paTHOt (PyHKLMH %=<p—'@—)' Taknm oGpasom, umeem

(§ 1o @19 @ at), = (§ rle e @), 42
— o (019" () 55 = Hlo ] =1 ()

CrenoBaTenbHo, TPOU3BOAHBIE IO X OT NPaBoil M JIEBOI yacTell paBeH-
¢TBa (2) paBHBbI, YTO W TPEGOBAJIOCH JOKA3aTh.

DynxiHIo x =@ (f) crenyer BHGHPATh TaK, 4TOGH MOXKHO GBHLIO
BbIYHUC/IHTL HeoNpeJesieHHBIH HHTerpaJ, CTOsIUUil B IpPaBoH YacTH
paBeHCTBa (2).

3ameuanue. Ilpu HHTErpHPOBaHIH MHOT/LA 1ie/leco06pasHee Noj-
6GupaTbh 3aMeHy NepeMeHHo# He B BHIe X =@ ({), a B Buae =1 (x).
Tlpounmoctpupyem 310 Ha npumepe. I[lyctb HyXHO BHUMCARTD MHTET-
pajn, HUMelomuil BUJ,

Y’ (x) dx

Y@
3z1ech ya0GHO NOJOXHTD
b (x)=t,

11 H. C. Iluckyros, T. ¥
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TOorza
¥ () dx=dt,

tb'quZ)Jc;lan:"t_‘:lnlt|+C=1nl\b(x)|+C'

anBelleM HECKOJIbKO IPpUMEPOB HA HHTErpHpoOBaHHE C NOMOINBIO
3aMCHbI LEpEMEHHBIX.

IMpumep 1, S V sinxcos x dx=? Cpnenaem nojcTaHoBky ¢=sin x; Torxa

df = cosxdx W, CaefOBaTeNBHO, S Vsinxcos xdx= S Vit dt= St‘/2 dt =

3/a
= 2t3 +C—-—sin3/2x+C

Ilpumep 2. Slxdx =? [Ilonaraem ¢=1-}x2; worma df=2xdx

l—’fl_% 25"7 = Int4C= In(l4+59+C.

MMpumep 3. Sa2+x2=-l_as +‘(i;:/a)2. IMonaraem t=%; Torna dx =
=adt,Sa—zfl_dx—ﬂ=—52— la_lt_iig %Slitt2=-%-arctgt+0=-:7arctg%—{—C.

INNpumep 4.5 ajx—xz =—Z—S V—(l_i—fm)?. INonaraem t=%; Torzia
dx= adtj~ —-xa_:z Valit-tz jyl— =arcsin {4C=arcsin — +C

(npenno.narae'rcx ut0 a > 0).

B npumepax 3 u 4 BbiBefieHH (GOPMYJIH, IPUBEIEHHbIE B TaGJHLE
HHTErpaJioB fof Homepamu 11’ u 13" (cM. Boime, § 2).

IMIpumep 5. S(lnx)"'%:? ITonaraem ¢=Inx; Torza

4
==, S(lnx)sgxf=5‘tsdt=i4-+C=-l—(lnx)4+C.

xdx

TMpuwmep 6. S T ——— =2 Ionaraem ¢=x2%; Torna

xdx 1 dt 1
dt = 2"""‘"514-;54 TI)IFE 2

Mertop 3amMeHBI NepeMEHHBIX SBJSIETCS OAHUM M3 OCHOBHBIX METOJIOB
BBHIYHCJIEHUS HEONpeleJeHHbIX HHTerpasioB. Jlaxe B Tex cayuasix, Koraa
MBI HHTETPHPYEM KaKHM-JIHGO APYTHM METOOM, HaM YacTO MPHXOAHUTCS
B OPOMEXKYTOYHBIX BBIYHC/IEHHSIX NpHOEraTh K 3aMeHe NepeMeHHbIX.
Ycnex HHTErpUPOBaHMSI 3aBHCHT B 3HAYHTENbHOH CTENEeHH OT TOro,
CyMeeM JIH Mbl IOJOGpATh TAaKYIO YJauHYIO 3aMeHY NepeMeHHbIX, KOTO-
pasi ynpoctusia Gul Aanubiil uaterpay. Ilo cymectBy roops, usyuenune
METOJIOB MHTErPHPOBAHHS CBOAMTCS K BBISICHEHHIO TOTO, KaKyl0 Hajo
cliesaTh 3aMeHy NepeMEeHHOH NpPH TOM HJH HHOM BHJE NMOJbIHTErPab-
HOTO BHIpaXeHHus. DTOMy H IOCBAlleHa 6OJbIIasi 4acTb HacTosmel
IJ1aBHI.

arctg t+C=-;— arctg x24C.
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§ 5. Hnterpannl or HekoTOPHIX (YHKUHUH, COAEPKAMHX
KBaJPaTHLIl TpexuieH

1. PaccmorpuM uHTErpan

%
I‘=Sax2+ bxtc¢’

TpeoGpasyem npeppapuTeNbHO TPeXwieH, CTOAIMI B SHaMeHarese,
NPeJACTaBUB €ro B BHAE CYMMHl HJIH Pa3HOCTH KBaJpaToB:

axt4-bx 4c=
o[ o]l e (B (2] -
ol(rh) (5] - (crd) w0].

b‘l
rae 0603Haquo—— === k2. 3nak nuoc uaIM MUHYC Gepercs B 3aBlI-

CHMOCTH OT TOro, GyAeT /U BbIPaKEHHE, CTOSIIee CJeBa, MOJOXKHTE/b-
HBIM HJIH OTPHIATENbHBIM, T. €. GYAYT JI1 KOPHHU TpexuJeHa ax®4-bx ¢
"KOMIIJIEKCHEIMH HJIH JefICTBUTENIbHBIMH.

Takum o6GpasoM, uHrerpasa [, NpUHHUMAeT BHJ

].— 'S‘ dx 1 5‘ dx
1— 2 iy 2 hd
ax’4ox+c a [(X-I-QIL) ikg]
a
CaenaeM B nocsiefHeM HHTer paljle 3aMeHy nepeMeHHoi X - é’(—z =t,dx=dt.

Torga nonyunm
[,=1 S _dt
1 a )P L&

10 — TabiuuHble HHTErpasn (cM. opmyant 11’ u 12).

Mpn 1. BuuncanTb MHTErpas __dx—.
pumep 1. Buuncant p T T 8x 20"

Pemenne,
I= S2x2+8x-|—20 Sx2—{—4x+10
1 dx
S‘x2+4x—|—4+10 i~ 7 (x+2)2+6°

Jlenaem sameny mnepeMenHoft x--2=¢, dx=dt. [logcrasasisi B uMHTErpaj, NOMY=
gaeM TaGJHuYHbI HHTerpaj

1 da 1 1 ¢
] = — == — arct — C.
2 f 2+6 2 V6 € Ve +
I'lo,uc’raaana BMecTO ¢ ero BHIDAXKCHHE 4e€pe3 X, OKOHYATEJIbHO HAaXOAUM

1 x42
]= = — .
2Y'6 V6+c

arctg

113
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I1. Paccmorpum uuTerpan Gosee ofumiero BHAA

I — Ax+B
27 ) ax®+bx+c

Ipoussenem ToxaecTBeHHOE NpeoGpa3oBaHHe NOABHTErPabHOA yHK-

I{HH: 4 a6
, _S acts —S 2—a(2ax+b)+(e—%-)
—J ax®+4-bx+c *= axt+bx-4-c :

IMocnenmuit MHTErpaN nNpeACTABUM B BHAE CYMMBI JABYX HHTErpasos.
BbIHOOA TMOCTOSIHHBIE MHOXHTENIH 32 3HAK HHTErpaJioB, MOJYYHM

_ A 2ax+-b Ab dx
11__ ax?+bx-+c dx+(B ——) S ax®*+bx+c*

Bropoit uHTerpan ectb MHTerpan I,, BHIYMCIATD KOTOprPI Mbl yMeeM.
B nepsBom HHTerpasne cuenaem 3aMeHy lepeMeHHOM
axt+bx+c=t, (ax-b)dx=dt.

CrnenosarenbHo,

2 b)d dt

g;%x’T’cij:m(t|+C=1n|ax2+bx+c|+c.

Takum oGpa3om, OKOHYATEJLHO MOJy4YaeM
A Ab
12=_2a_m|ax=+bx+c1+(3——2a—) I,.

x+3
pro L

dx.

MMpumep 2. Boruncauts unterpan [ = S

TpumennM ykasauubli npuem:

1 1
@x—2)+ (342

—2x—5 x2—2x—b dx=
2x—2)d 1 d
e frti= ——m:xz—zx—s«+4sa—-l;+—=
Ve—(x—l) l
=——ln x2—2x—5|+42 C.
z " l V NV ot +

III. PaccMoTpum uHTErpasn

5‘ dx

V ax®Fbx+c ’

C momompio npeoGpa3oBaHuil, pacCMOTPeHHHIX B M. I, 3TOT uHTErpan:
CBOJHMTCS, B 3aBHCUMOCTH OT 3HaKa @, K TaGJHYHbIM MHTErpasaM BHAd

dt dt
‘Y VELRE ViE—E

KOTOphI€ yXKe PacCMOTpeHbl B TaGuuue HHTerpatoB (cM. gopmy.aw 13
u 14).

npu a>0 umm npu a <0,
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1V. Hurerpan Bupa
___Ax+4B
Vax3+bx+c
BBIYHCJISIETCS] ¢ NMOMOINBIO CJEAYIOMHX Npeo6pasoBaHMH, aHaJOrHYHBIX
T€M, KOTOpLie OLIIH paCCMOTpeHbl B n. II:

Ax+B dx:S o (2“"“”’) + (B_A_&l:)

YV a®Fbx+c Va2 Fbx+tc dx =
_ A 2ax+b _ﬂ X
- Vot bxfc dx—l-(B 2 )5 Vol tbxtc®

IMpumenuB K nepBoMy H3 TNOJyYEHHBIX HHTETPasioB NOACTAHOBKY
ax* +bx+c=t, (2ax - b)dx=dt, noayuum

(2ax-+-b)dx —
Svm‘ V.__2Vt+C 2V a Fbx Fo+C.

Bropoii ke unrerpan Owbl1 paccmorpen Hamu B n. II1 macrosiuero
naparpada.

INpumep 3.
5
5x+3 p S ?(2x+4)+(3'—10)
——eee— (X — e
V 2+4xF10 V 2F4x+10
_5 2x-}-4

dx
VeTtarrio SV(x+2)2+6=
=5V P +tax+10—7In|x+24+V x+2)2+6|4+C=
=5V ®+4x +10—7In} x+2+4+ V¥V x*F4x+10|4C.

§ 6. Unterpuposasne no 4acTam

Ilyets u u v— nBe nuddepenunpyemoie ynkuun or x. Torna, Kak
M3BECTHO, Au(depeHran Npou3BeLeHUs UV BLIYMCISETCS N0 Cleaylo-
el cpopmy.ne d(uv) =udv+vdu. Orcioia, HHTETPUPYH, NOJyYaeM

Uy = S udv-{-S vdu wimn
Sudv:uv——gvdu. (1)

Tocnepusis  ¢dopmysia HasbiBaercsl opmyrold UHMEPUPOSBAHUS NO
yacmam. dra GopMyJsa ualle BCEro NPHMEHseTCs K MHTerpHPOBAaHHIO
BHIPA)KEHHI1, KOTOPbl€ MOXXHO TaK INpPeACTaBHTb B BHIE NPOH3BENECHHUA
ABYX COMHOXHTeNeH u K du, 4TOGBI OTHICKaHHe ¢YHKIHH U No ee Aud-
¢epeHuuany dv W BHIYHCJIEHHE MHTerpaja Svdu COCTaBJIsIIH B COBO-

hYMHOCTH 3aAady 6oJee npocTyto, 4e€M HENnoCPEACTBEHHOE BHIUHCJ/IEHHE

unterpata \ udv. YMeHHe pa3GuBaTh pPasyMHHIM 00pa3oM JaHHOe
MOALIHTErpabHOE BhHIPAXKEHHE HAa MHOXHTENH # M dv BHipaGaThIBaeTCs
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B Inponecce peuleHus 3ajad, H Mbl IOKaxXeM Ha pAjAe NpHMEPOB, KAK
3TO Jenaercd.

IMMpuwmep L. S xsin xdx="? [onoxuM u=x, dv=sin xdx; Torna du=dx,
v=— cos x. CrenoparteibHO,

X xsin xdx=—xcosx+S cos xdx=— xcos x-}sinx+C.

3ameganue, Ilpu onpenenennn GpyHKuuu v no Auddepennnany dv
Mbi MOXEM 6paTh JOGYIO MPOH3BOJbHYIO MNOCTOSIHHYIO, TaK KakK B KO-
HEuHbIAl pPe3yJbTaT OHA He BXOAUT (4TO JIETKO NpPOBEPHTb, NOACTABHB
B paseHCcTBO (1) BmecTo v Bhipaxenue v+ C). [lostomy yno6uo cuntath
3Ty NOCTOSIHHYIO PaBHOH HYJIO.

[paBusio UHTErpHpOBAaHHMA 1O YacTAM MPHMEHSETC BO MHOTHX
cryvasx. Tak, Hanpumep, HMHTerpajibl BHAQ

Sx“ sinaxdx, S xkcosaxdx, S xkes* dx, S x*Inxdx,

HEKOTOphIE HHTErpaJnl, COACpiKalue o6pa'rm>1e TPHUTOHOMETPHYECCKHE
(l)y}[Kl.[HH, BHIYUCJAIOTCA C IOMOILIbIO HHTCTPHPOBAHHA IO YAaCTHAM.

INMpumep 2. TpeGyercss BHUHCAATHL S arctg xdx. Tlomoxum u=arctg x,
dx
14 x2

xdx 1
Sarctg xdx=xarctg x—S m:xm‘ctg = Inj1442}4-C.

dv=dx; Torna du= , v=x. CneloBarenbHO,

Ilpumep 3. TpeGyercs BEUHCIUTDH S x2%e* dx. TlonoxuM u=x2, dv=e* dx;
Torpa du=2xdx, v=e¥,

S x2e* dx = x2e* —2 S xe* dx,

Tlocnenuuit MHTErpaj CHOBa KHTETPHPYyeM HO 4acTsaM, noJiarast #;=yx, du;=dx,
dv; =e* dx, v;=e*. Torza S xeX dx = xe*¥ — S e¥ dx = xe*¥ —e* 4 C. OKoHuUaTeALHO
6yleM HMeTb

S x%e* dx = x%% —2 (xe¥ —e*) |- C = x2%% — 2xe¥ {-2¢% |- C=er (x2—2x+42)}-C.

IMpumep 4. TpeGyercs BHYHCAUTD S (x2-4-7x—>5) cos 2x dx. Tlosoxum
u=x247x—5, dv=cos 2x dx; Toraa
o= sin 2x
2 ’
sin 2x

S(x2+7x——5) cos 2x dx= (x2+T7x—5) 3 __S (2x+7)sin22xdx.

du=(2x+7) dx,

anMeHHM HHTErpHpOBaHHE HO HYacTAM K NOCJAECAHEMY HHTerpany, NIpHHHMax
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2x+7

Uy = 2

, dvy=sin2x dx; Torza

cos 2x
du1 = dx, U === 5 M

S2x+7 sin 2% dx _‘2x+7(_co:a2x)_.S(cos?x)dx=

2 g,
_ (2x+T7)cos2x | sin2x W,
= pnZ g,
ITosToMy OKOHYaTeJLEHO
S (24 Tx—5) cos 2 dr = (3 + 7 —5) 02y 0y 4 7) 0822 S 2X o
=@e+ r—11) 22 % 1 @x+7) c°;2"+c

Ilpumep 5. I= S V @@ —x% dx="> TlponsseneM TOXJeCTBEHHbE NPEOGPa=

30BaHUs. YMHOXHM M DasfesuM NOILIHTErpajbHyl0 ¢yHKuUHO Ha VY a®—x2:
—_— a?—-x2 dx x2dx
Vaz_xzdx.—_ _———dx=a2 —_—— ———— ==
VaE—x? Vad—=x2 V'az_xz
xdx

=a? arcsm —_—— »
Vaz Y

[Mocnexuuii MHTerpaJ MpPOMHTErpMPyeM NO uHacTaM, noJaras u#=x, du=dx,
x dx ———
dv= , v=—V a®—x%; Toraa

V aF—=x2
dy xde — —
5 Ve —5x Vo =—xVa¥—x +S V 2—x2dx.

Tlopctanasg nocAaenHHH pe3yJbTaT B MOJyu€HHOe paHee BhipaKeHHe JAHHOTO HH-
Terpana, 6yleM HMETh

S V a®—+% dx=a? arcsin %-}—x Vaz—xZ—S V a®—=x2dx.

TlepeHocs mHTerpaJ CnpaBa HaJieBO H BHIOJHHB 3JIeMEHTapHble NPeoGpasoBaHAmd,
OKOHYATeJbHO NOAYYHM

S 2 -
S VaE—xt dx=-%- arcsin %—}—% V@&—x240.
INpumep 6. Bouncants HHTErpajs
Iy= S e cosbxdx n I,= S €% sin bx dx.

TIpuMeHst METOA HHTErPHPOBAHHA MO 4YacTAM K NepBOMY HHTErpajy, NoJyuyuM
u=e%; du=aqae%* dx, dv=cos bx dx, V== sin bx,

Se“x cos bx dx=-ll’- e%¥ sin bx—-% S €% sin bx dx,
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K nocjeaseMy HMHTErPajly CHOBA HPUMEHHUM METOJ HHTErpUPOBaHUSA WNO YaCTAM:
u=e9%, du=ae®* dx, dv=sinbxdx, v=— 5 °os bx,
S e%% sin by dx =— % e%% cos bx+—z- S e%% cos bx dx.
TMoAcTaBaAs NOJyYEHHOE BhHipaXKeHWe B NpeAbAyIiee PaBEHCTBO, MOJYYHM
2

S e%% cos bx dx=% e%% sin bx+§,— %% ¢os bx—;’l—2 S e%% cos bx dx.,

Hafigem u3 nocneanero pasencrsa [y:
at 1 a?
(l+b_2) S cos bx dx =e%* (—b—sin bx+— cos bx)—]—C (H-W) ,

OTKyAa

_ __e%% (bsin bx--acos bx)
Il—S e%¥ ¢os by dx prmwe +C.

AHaAOrv4HO HAXOAUM

e%* (a sin bx—b cos bx) ,
a? b2 +C

——-..-S e ginbx dx=

§ 7. Paunonanbunie apo6u. Tpocrefiine paunHoHaNbHbIE APOGH
H UX MHTerpupoBanue

Kak Mbl yBUAHM HIDKe, Ja/eKO He BCAKast 3JeMeHTapHas QyHKUHs
UMeeT MHTerpaJ, BhIpaxKalomuics B afeMeHTapHbX ¢pyHKuuax. [Tosromy
TUYeHb BaXKHO BBIAEIMTb TaKMe KJacchl QyHKHHH, HHTErpasbl KOTOPBIX
BEIPAXKAIOTCA 4Yepe3 3jeMeHTapuble ¢yHkuuu. Ilpocrefimum u3 stux
KNaCCOB fIBJAETCA KJIACC PalHOHABHBIX (yHKIMA.

Besikyto palHOHANbHYIO (YHKIMIO MOXHO MNpPEACTaBHTb B BHAE
palHOHaJLHOH JpobH, T. €. B BHJAE OTHOMEHHA JABYX MHOIOWIECHOB:

Q) _Byx®+Byx" "1+ ...+ Bn
700~ A LA 14 ...+ 4,

He orpanuuuBas oGUIHOCTH paccyXjieHUs, GyAeM NpeAnoJararb, 4TO
3TH MHOTOWIEHbl HE MMEIOT OOCHLHX KOpHEl.

Ecnu creneHb uuc/AMTENs HHXKE CTENEHM 3HaMeHaTe/Jsi, TO Jpolb
Ha3bIBAETCH NPaBUAbHOL, B TPOTHBHOM cJydyae JApoGb HasblBaetTcst
HenpasussHol .

Ecau npo6p HenmpaBuJbHAsl, TO, Pa3fe/HB UYHC/AMTE/Nb Ha 3HAMEHa-
TeNb (MO MPaBUJY JeJEHHS MHOTOYICHOB), MOXKHO MPEACTaBUTh JAHHYIO
Ipobb B BUAE CYMMbl MHOrOYJeHa M HEKOTOPOH NpaBH/IbHOH ApoGH:

2 F (o
fio =M@+

F (x)

snech M (x) —wMHoOrouseH, a To

—npaBuJbHaA JApoGh.
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MMpumep 1. Myctd gana HempaBanbHas PaUHMOHAABHAR ZPOGH
x*—3
2420 41°
Pasjenus uncaurenp Ha 3HaMeHaTenb (MO NPaBUNy JHeJEHHS MHOTOYIEHOB),
MOJIy4HM
e I 4x+4-6
PO Ty it A e B poy o

Tak kak HHTerpupoBaHME MHOrOUYJIEHOB He NPEACTAaBJsET 3aTPYA-
HeHM#, TO OCHOBHafi TPYJAHOCTb NPH UHTETPUPOBAHHH PALHOHAJIbHEBIX
ApoGeil 3aKJIOYaeTC B HHTErPUPOBAHHUH NPABUALHHIX PALHOHAJIbHBIX
ApoGei.

Onpepnenenue. IlpaBunbHble pauuoHadbHBlE APOGH BHAA

A
‘x—a’

II. '(xf—a)fc (k — nenoe MOMOKHUTENbHOE YHCIO —=2),

Ax+B
" mro
V. A48 (4 jenoe nonoxutenshoe wmeio = 2;
.m(——u HoJ0X H == 2; KOpHM
3HaMeHaTe/ls1 KOMIJIEKCHEIE),
HaspiBaioTcst npocmedimunmu dpobanu 1, 11, TI1 u IV munes.
Hanee Gyner mokasaHo (cM. § 8), 4TO BCAKYIO PalHOHAABHYIO
JpoGb MOXHO MNPEACTaBHTb B BUJE CYMMEH npocmﬁumx Japooeit.
IlosTomy MBI paccMOTpHM CHaua/a MHTErpajbl OT NPOCTERLINX ApOGei.
Hurerpuposanune npocrefimux apodeit Tuna I, II u II1 ue cocras-
JisieT GOJbIIOH TPYAHOCTH, MO3TOMY MBI nposeﬂ,eM HX HHTErpHPOBAHHE
6e3 KaKHX-JHH0 JOMOJIHUTENbHHX NOSCHEHH:

3
( KOPHH 3HAMeHaTe/s1 KOMIJIEKCHEIE, T. €. -’-:i-—q <0) .

_ay—k-i-l

A= AS(x a)~*dx = A"‘—k+-l-+C=

A
= T—he—arr +C

II.

(c— a)"‘

A ! Ap
[ sy R (o-)
P peq +pr+q B
A 2x+p __Ap dx =
5§ et e+ (B—9) S =

Ap

=71n|x2+px+q[+(3——-—§— dx

Nearem

=%]n|x2 px+q|+ B 4 archH_p 4+C (cm. § 5).
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Bouee c0KHHX BHYHCAEHHH TpeOyeT HHTErPHPOBaHHE NPOCTERAINUX
apoteit IV tuna. Ilycte Ham AaH unTerpadl Takoro THma:

Ax+B
V. | o de

IpousBeneM npeoGpasoBaHUs:

et B 4 ecto+(8—42)
5‘ Tt x2;—:it+4)k dr=
X1 P 14 .
=7 | et (B—F) § oo

IepBuiit MHTErpas Gepercss NOACTAHOBKOM X2 px +g=1, (2x -+ p) dx=
=dt:

2x+p L __imR+2
S ortagrde={ = -t =
1

“T—hwimraga e

Bropoii uHTerpaa — 0603HaYuM €ro qepes I, —3anuuem B Buje

’k=5 (x2+z§+q>k =j [(x+p) f(t2+m2)k'
noJiaras

x+E=t, dax=dt, ¢—L=m

( MO NPEANOJOKEHHIO KOPHH 3HAMEHaTeNsl KOMIUVIEKCHBIE, a CJe/loBa-
2
TEJIBHO, —%—>0) . Hanee nocrynaem crenyromuM o6pasom:

dt 1 C(+m)—p

=) TFmr = ) “ermr

dt =
=7 | e | war
IIpeoGpa3syem uHTerpam:

£ dt 1-tdt ; A4 m?)
S (t3+m2)k" S M

. 1 1
T 20—1) S td( (t2+m2)k—1) .
Hnrterpupys mo vactaM, GyleM HMeTb

2dt 1 y 1
S(t2+m2>k"_2(k——l)[ (PFmd)E=1T (t2+m2)k-1]‘
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IMoacTaBasisi 370 BbipaXkenue B paBeHCTBO (1), mosyyum
R G -
| 2 (p_{_mﬂ)k -

1

1 1
=W$W+MPAWW@HJ@+MkF'W+Mk4=
t -3 dt
= omE(k—1) (P m)R- 1"‘2m2 E—1)) (B+m3r-1"

B npaBoli yacTH COHEepRKUTCS HHTErpai TOro Xe Tumna, 4ro [,, HO
I0Ka3aTe/lb CTENEHU 3HAMEHATEeNsi NMOAbIHTerpaJbHOi (QYyHKUHH Ha elH-
Huny Huxe (k—1); TakuM oGpasoM, Mbl Bhpasuau [, udepes [,_,.
Ilpopmosmxasi HATH TeM e nyTeM JofiieM 0 U3BECTHOrO HHTerpana:
= —-——=— t —_— .
I, Frmt marcgm—|—C
IMoacTaBnsis 3aTeM BCIOAY BMeCTO ¢ H M MX 3HAYEHHSH, MOJYYHM BHI-
paxenue mHTerpaia IV depes x M 3ajaHHble YHCJA A B, p, q.

[MMpumep 2.

- 3 @r A+ 1—)
|etme={ e
1 2c+2 25-
=7 (x2 2+ 3)'a (x2 +2x+ 3)2
1

dx=

R

2 X2+ 2x+3 —2 S (x2+2x+3)"-
K nocniegHeMy HHTerpaiy mpuMeHsieM OACTAaHOBKY x—+1=¢:

dx e+
Serorr= wrorr wrr—r § S N
1 1 2 dt
=7 { #a- 2Smwm“=?rimﬂ 2SW+W’

PaccMOTDHM NOCAEEHUA HHTErpan:
LA iﬂfii?)_=_ig 1 (_1_)=_L_f_+L S__df__
©422 " 2 (£24-2)% 2 242 2 #4212 Jrr42

t 1 t
TEFn ey T Y

(npon3BOJIbHOR NMOCTOAHHONR MOKa HE NMIIEM: Mbl y4TeM ee TOJbKO B OKOHYaTelb-
HOM pe3yJbTare).

CineoBaTesibHO,
dx 1 x+1 1 x+1 1 x+1
= t —_—] — 1
**+2x+43)* 2y 2 are gV’? 2 [ 2(@+2x+3) oy 2 arctg V2 ]

OKoHYaTe/bHO GyAeM UMEThb

x—1 x4-2 V2 x+1
FIFy =T Ty 1 Acleyg 0
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§ 8. Pasnoxense pauHoHaibHON ApoGH HaA MpocTeiHIve

TlokaxkeM jpanee, 4TO BCAKYIO NPaBHJbHYIO PallHOHANbHYIO APOGH
MOXHO PasfioXXHTE Ha CYMMYy NpPOCTEHIUHX JpoGeH.
F ()

IlycTe HaM jaHa nmpaBuJbHasi panHoHalbHasi APOGb o

Bynem npeanonarath, 4yTo Ko3(dHUHEHTH BXOAAIIHX B HEE MHOIO-
YJleHOB — JEHCTBUTEJbHBIE YUC/a W YTO AaHHasi Apo6b HECOKpPaTHMa
{nocyenHee 03HayYaeT, YTO UHCJAHTENb H 3HAMEHaTesh He HMEIOT OGLIHX
KopHeii).

Teopema 1. [Tycmo x=a ecmo Kopeno 3HAMEHAMENS KPAMHOCTUL
k, m.e. [(x)=(x—a)*f,(x), ede f,(a)=~=0 (cM. § 6 rn. VII); moeda
annyto npasureryo Gpode 7 (S) MONCHO npedcmasume 8 6ude cymmol
08yx Opyeux npasunvrolx Opobet caedyrowum o6pasom:

Fx) A Fi (x) 1
70~ —aF T = hm )

20e A—nocmosnnasn, ne pasnas ngawo, a Fi(x) — mnozouren, cmenens
KOmopozo Huxce cmenenu 3namenamers (x — aYe~if, (x).
HdoxasatTeabcrBo. Hanumem TtoxiecTso

F) A F—AL®
T — G—aF T G—aFh @ @

(cnpaBensiuBoe npu Jo6oM A) ¥ ONpeneNHM NOCTOAHHYIO A TaK, HTOGHI
MHorouneH F (x) — Af, (x) pemancs Ha x—a. JIns storo no Teopeme
Besy Heo6XoauMO ¥ JOCTaTOYHO, YTOOH BHINOJHANOCH PaBEHCTBO
F(a)— Af,(2)=0. Tak xaK f;(a) 50, F(a)5=0, T0 A omHosHauHO

ONpENeNNTCA PaBEHCTBOM A=f@ Tlpu rakom A Gymem umers

1
F (x) —Af,(x) =(x—a) F,(x), rne F,(x) ecTb MHOrOuJeH, cTeneHb
KOTOPOrO HHXKE CTeneHH MHorowieHa (x—a)*~f,(x). Coxpamas
JApoGb B dopmyse (2) Ha x —a, monayuaem paseHcTBO (1).
Canepcreue. K mpaBuibHON panmonanbHoil Apo6H
Fy (x)
(x—a)k=1f; (x)

BXOAAUell B paBeHCTBO (1), MOXHO NMPHMEHATH aHAJOTHYHBIE PacCyX-
Aenns. Takum oGpasom, eciM 3HaMeHaTeNb HMeeT KOpPeHb X = a Kpart-
HOCTH R, TO MOXHO HamHCaTh

F(x) A A Ay Fp (x)
f(x) — (x—a)"+(x—al)k‘1+ oot x-k—; flk(x) ’

rae ;‘k((g-—npanunbﬂaﬂ HecoKkpaTHMasi Ipo6b. K Hefl Takxe MOXKHO
1

NPUMEHUTD TOJNBLKO 4TO JOKa3aHHYIO TeopeMy, €CHIH f, () mmeer npyrue
JAeHCTBHTE/NbHEIE KOPHH.
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Paccmorpum panee cllyuadl KOMIJIEKCHbIX KOpHe#l 3HaMeHarels.
HanomHuM, 4TO KOMMJIEKCHBiE KOPHH MHOTOUY/IEHa C AEHCTBHTENbHBIMU
Ko3(puuuenTamu Bcerga monapHo conpsikensl (cm. § 8 ra. VII).

B pasnoxeHun MHOrouJeHa Ha AeACTBHTE/bHbIE MHOXKHTEIH KaX-
JIoit Nape KOMIIEKCHBIX KOPHEil MHOTOUJIeHa COOTBETCTBYET BHIPAXKEHHE
Buga x2+ px-+4¢q. Ecin e KOMIJIEKCHbIe KOPHH HMEIOT KPAaTHOCTb W,
TO HM COOTBETCTBYeT BhpaxkeHue (x*+ px-q)*.

Teopema 2. Ecau f(x) =(x*+px+q)* @, (x), 20e muocounen

@, (x) He Oeaumca na x4 px-q, MO NPasUAbHYID PAYUOHAAGHY®D
dpobo —Ff—(()—f)l MONCHO npedcmasame @ eude cymmor 08yx Opyeux npa-

surbHolx Opobeit caredyroujum obpasom:
F9 __ Mx+N L O, () ®)
f — (Ptpxt+gn ' (2 +pxfqi-lg (v) °

20e @, (x) — mHO20uner, CcMenexwb KOMOPOSD HUXNCE CMENneHl MHO20-
anena (x*+px+q)* ' ¢ (x).

HokasarteabctBo. Hanumem ToxaecTso
F)_ F(x) __ Mx+4N + F () —(Mx+N) @4 (%) 4
F)  (Ptpet+@t @i(x)  (P+pxtq)n (Et+pxtqreL(x) ’

copaseanusoe npu Jobsix M u N, u onpesenum M u N Tak, yToGhl
mHorouned F (x) —(Mx+N) @, (x) nemunca ua x*4-px-tq. Ias
3TOro HEOGXOAMMO M JIOCTAaTO4HO, YTOGH ypaBHeHHe F (x) —
— (Mx+N) ¢, (x) =0 umeno Te xxe KOpHH a =+ if, 4YTO M MHOrOUJIeH
x*+px +q. CnenosarensHo, F (a+if) —[M (e +if)+N] ¢, (x-+if)=0
. F (41 F (a4
um  M(@+if)4+N= ﬁi—‘% Ho @%%)) €CTb OfpeJeieHHOe
KOMIIJIEKCHOE YHCJ0, KOTOPOe MOXKHO 3anucath B BHiae K--iL, rae K
u L — HekoTopble geficTBuTeNbHble yncya. Takum o6pasom, M (a+if) 4
+N=K+-iL; orciona Mao+N =K, Mp=L wunn
_L _Kp—La
M= T N= -
[Tpu stux suavenusx KosdpuunentoB M u N mHuorounen F (x) —
— (Mx 4 N) ¢, (x) umeer kopuem 4uclIO o --if}, a ciegoBaTeNbHO, H
conpsikenHoe uucao o —iff. Ho B Takom ciyuae mHorounen Ges
ocTaTKa DPasjieNIuTCa Ha PasHoOCTH x —(x+if) u x — (¢ —if), a cJue-
JOBaTe/IbHO, W Ha MX Mpou3BejeHHe, T. e. Ha x®+4 px-¢q. OGosua-
yafg 4aCTHOE OT 3TOro JejeHus yepes @, (x), mosyuum

F (x) — (Mx+N) @, (x) = (x* + px +4) @, (x).

Cokpallas nocneHiow 4pobb B paBeHcTBe (4) Ha X2 4 px ¢, monydum
paseHcTBo (3), npuueM scHO, yTo crenenb @, (X) MeHbIe CTeNeHu
3HaMeHaress, Y4TO U TpeGOBaJOCh J0KAa3aTh.

. F(x
[pumenss Tenepb K NPaBHUIBLHONH ApPOGH % pe3yJsbTaThl TeopeM
1 ¥ 2, Mpl MOXKEM BBIAE/HTDH MOCJEIOBATENbHO BCe MPOCTeHuIHE APOGH,
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COOTBETCTBYIOIIME BCeM KOpHAM 3HaMenarens f(x). Takum oGpasom,
H3 NpeALIAYLIEro BbITEKAeT CJeAYIOUHH pe3yJbTar.

Ecau
f@)=@—a)*... (x—b)° (*+px+q)* ... (x*+lk+5),
mo 3dpobe e (( )) Mmozcem Goums npedcmasaeHa 8 ewde
F(x)y Ay 1
o = (x—a)a Rr= SR
-a-o..BI-ooo-ooéﬂ._...-a.oo..
+(x—b)6+(x— b)ﬂ"+ Tt
Mx—I—N 1X+N1 Mu..lx—l-Nu_l
T oFor T o et e T

o o o i)x._I_.Q. P x+Q Pv~ x+Qv-l
+ (x2+lx+s)"+(x2+lzx+s)1”‘1+' . + x‘lin+s -0

Koadduuuentsr 4, A,, ..., B, By, ... MOXHO ONpelesnuTh U3 CJie-
aylomux cooGpaxennii. Hanucannoe paBeHCTBO €cThb TOXJAE€CTBO,
NO3TOMY, NpHBels APoGH K O6eMy 3HaMeHaTelNio, MOJYYHM TOXKJECT-
BEHHble MHOTOYJEHEl B YHCJHUTENSAX ClpaBa H cjaeBa. [lpupaBHuBast
KO3h(dUIYEeHTH TNPH OJWHAKOBLIX CTENEHfX X, MOJY4YUM CHCTEMY ypas-
HEHHH JJIs ONpejeteHHUsT HEH3BeCTHHX Koabduuuenros A, 4,, ...
<., B, B;, ... OTOT MeTOX HaXxOXJeHHsS KOIPPUIHEHTOB HA3LIBAETCSA
memodom HeonpedereHHbLX Koauyuernmos.

Hapsgy ¢ atum 1151 onpenesieHnsi KoaHIMEHTOB MOXKHO BOCTIOJNb-
30BaThCA CJAEAYIOMHM 3aMeyaHHeM: TaK KaK MHOTOUJIEHE!, [OJyYHB-
mpecsi B NpaBoii W JIEBOH 4WacTsX paBeHCTBa, MOC/aE TNPHBENEHHS
K O0leMy 3HaMeHAaTello JO/KHBI GbiTh TOXJECTBEHHO PaBHHI, TO HX
3HaueHHs paBHbl NpH JIOGbIX 4YaCTHBIX 3HaueHUAX x. IlpupaBas x
YacTHbIE 3HAYEHHUs, NMONYYHM YpaBHEHHs AJsA ONpeneseHHs Koaddu-
IHEHTOB.

Takum oOGpa3oM, MEI BHAHM, YTO Besikasi NpPaBHJbHAs PalHOHAJIb-
Hasi Jpo0b NpEACTaBJseTcsd B BUAE CYMMBl NPOCTeHIIMX paluOHaJb-
HEIX JpoGeit.

e o o o s s s s+ e e e e 3 8 v s v e s e o o o

x24-2

Iltpumep. Tlycte TpeGyercs pasnoxutb ApoGb CFP =9

Ha npocteii-
mue. Ha ocHoBanum ¢opmyan (5) umeem
cam s TR +
EFrE=T = et

IpuBoaa K o6meMy 3HaMeHAaTesNI0 M NPHPABHHBAS YHCJIHTENH, NOJYYHM

B2=A(x—2)+ A (+1) x—2)F+ A4 E+ 1) (x—2)+B (x+1P°  (6)

B
x242=
= (A3 +B) 2+ (A1 +3B) 2+ (A— A, —34,+3B) x+ (—2A—24,—24,+B),
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IlpupasunBas xoapdummuents npu x3, x2, x1, x0 (CBOGOAHBL WieH), MOJMYyYHM
CHCTEMY YpaBHEHUH Aafi onpenefieHHs Ko3hdHIHEHTOB:

0=A4,4B, 1=A;+3B, 0=A—A;—34,+3B, 2=—24—24,—24;+8B.
Pemas sty cuctemy, HaiifieM
A=—1, A;=1/3, A,=-—-2/9, B=2/9.

Moxno GblIo GBI TaKKe ONpPeReJNHUTh HEKOTOpble KOS(DGbHUHEHTH H3 YpaBHEHH],
KOTOpble II0JY4aloTcsi MpH HEKOTOPHIX 4YaCTHBIX 3HaAueHHAX x H3 paseHcTsa (6),
KOTOpOe fIBJISIeTCA TOMEECTBOM OTHOCHTEJNBHO X.

Tax, nonaras x=-—1, nonyunm 3=—3A wm A=-—1; nonarag x=2,
nonyunm 6=27B; B=2/9. Ecim K 3TUM J[BYM ypaBHEHHSIM NPHUCOEIHHUM JBa
YPaBHEHHs, NOJydYalomuecss NpupaBHHBaHHEM KO3bDOHIHEHTOB NPH OXMHAKOBHIX
CTENEeHAX X, TO HOJYYHM dHeThipe ypaBHEHHsl IV ONpeAesIeHHS YETHIpeX HeH3BecT-
HBIX KobhHIHeHTOB. B pesysnbTaTe mosyuaem passoKeHue:

242 [ S P2 2
CFDPE—=2 —  @FDP T3GFDE 9D T 9e—2) °

§ 9. MHTerpupoBanue panMoOHaANbHBLIX Apobeit

ITycts TpeGyercss BBIYACAHTH MHTErpaj OT DAlHOHANBHON APOGH

?((;)) , T. €. HHTerpa. ?((x)) dx.
Ecnu nanHas ApoGb HeMpaBHAbHASA, TO Mbl PEJCTaBIseM ee
B BHIe cyMbe MHorouwneHa M (x¥) W mMpaBHUJABHOHN palHOHANLHON

p;poﬁn ) (CM § 7). Iocaennioo e npejcTaBaseM no gopmyse (5)

§8s8 Bpme cymmbl mpocTefmux apobeit. Takum o6pasom, uHrer-
pHpOBaHHe BCAKOH pAIMOHAJbHOH APOGH CBOAHMTCS K HHTEr PHPOBAHHIO
MHOTOYJIeHa H HECKOJIbKHX MpOocCTed WU X ApoGeit.

M3 pesyabTaToB § 8 cienyer, uTo BHA npocTefiniHX ApoGei ompe-
Jensiercsl KOpHAMH 3HameHartels f(x). 31echb BO3MOXHBI CJIEAYIOLLHE
cllyuaH.

I cnyvuait. Kopru snamenamens Oelcmsumerstvl t pasaudHeL,

m.e.
f(X)=(x—a)(x—0) ... (x—d).
B stom cayuyae npoGb F—(%) pasjlaraercsi Ha IpocTefiiuve JpoGu
I tuna: 4
F (x) D
) x—a+x—b+" : +x_—c—i’
H ToTja

S;((;‘))d Sxfadx+§xfbdx+...+gxfddx=
=Aln|x—a|4+Bln|x—b|+...+Dlin|x—d|+C.

II cnyua#i. Kopnu 3sHamenamens Oeticmeumensuoe, npudem
HEKOmopole U3 HUX KpAmHble:

fr)=@x—a)*(x—b)P° ... (x—d)°.



336 HEONPENEJEHHLIFr UHTETPAJI [FJE.X

F®

() Pasnaraercs na npocreiiiuue 1podH

B 3rom ciyuae apoGb ¥
I u I1 Ttunos.

HNpumep 1 (cm. npumep B § 8).

x*4-2 N
(x+ 1) (x— 2) (x+l)3 + 3 S (x+l)2 QS x—l-l
2 d. l 1

_ 2x—1 2
- 6(x+l)“+9 lx+l I+C

11 cayuaii. Cpedu xopueil suamenamean ecms KoMnaexcHvie
Henosmopsaowuecs (m. e. pasaudHoie):

[)=@2+px+q) ... (*+ix+35)(x—a)*... (x—d)>.

F (x) _
B srom cayuae apo6b Tw) Pasjaraercs Ha npocreiue ApoGH

i«
I, II »n III THnos.

INpemep 2. TpeGyercs BHIUHUCIUTL MHTErpajt
xdx
@1 @x—1) "
PasnoxuM nopmHTerpaJbHylo Apo6b Ha npocteiimue (cM. (5) § 8):

x __Ax+B C
(24 (x—1)" x241 + x—1"

x=(Ax+B) (x—1)+C (2-+1).

Tlonaras x=1, noayuum 1=2C, C=1/2; nonaras x=0, nonrysum 0=
=—B+4C, B=1/2.

Ipupasuusas xosddunuents: npu x2, noaysam 0= A--C, orgypa A=—1/2,
Takum oGpasom,

§ (x*+7)dfx—4> 7§ xzjrll dxtg Sx—-l

xdx S S’
2 x41 2 x241 t 2y x—1
=——-4— In|x241 H"ﬁ' arctg x+?ln[x—1 |+C.

CaieroBaTenbo,

IV enyuaii. Cpedu xopreil 3nHamenamers ecmo KOMNACKCHblE
Kpammoie:
FO) =@+ px+qh ... (Plets)° (x—a)f*... (x—d).

F @

B 3tom cayvae pasnoxenue EpoGH 70

creiimne apo6u IV tuna.
Tlpumep 3. TpeGyeTess BLIMHCAMTD MHTErpal
S x4+ 484 11x24 1248 de
(x*+2¢+3)* (x+1)

GyZner coaepaarb M TIPO-
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Pemenne. Pasnaraem apo6b ma npocTeiimue:
440 4-11x24-12¢4-8  Ax+B 4, Cx+D E
(x> +2x+3)2 (x+ 1) —'(x2+2x+3)2Tx3+2x+3+x-l—1’

OTKYZa
x24x3 - 11x2 4 12¢ -8 =
= (Ax+B) (x4 1)+ (Cx+ D) (x*+2x+-3) (x+ 1)+ E (x24-2x - 3)2,
Kom6nunpys ykasanume Bbile METOAH! ONPEAENeHHst KOXDPUIHENTOB, HAXOUM
A=1, B=—1, €=0, D=0, E=1.

Takum o6pasom, nonyuaem

x4 4 112 12x 48 x—1 dx
S W@+ ® (1) ""”S<x2+2x+a>*“"+Sm=
2 7 1
S 2(x2’$x+3) V; arctgx‘j.-é.—l-lnlx-l-»u-]—c.

TlepBuiii wHTerpan, crosulnii cnpasa, Gual paccMoTpen B npumepe 2 § 7. Bropoit
nuTerpan Gepercs HENOCPENCTBEHHO.

W3 Bcero u3noxeHHOro cJejyer, YTO HHTerpal OT JoGoi paruo-
HanbHOH (YHKIHH MOXeT OHITb BbIpaX<€H 4epe3 3JeMeHTapHele (QyHK-
MM B KOHEUYHOM BHIE, a HMEHHO:

1) uepes sorapudMer — B cayyae npocTeAmux apoGedr I Tuna;

2) uepe3 panHoHa/bHble (YHKUMH — B €Jlydae NPOCTEHINHX ApoGed
11 Tuna;

3) uepes JnorapudMbl ¥ apKTAaHTEHCHl —B CJIyYae NpOCTEHIIHX Apo-
6eit 111 Tuna;

4) uepes pauHOHaNbHBIE (YHKUWM M aPKTAHIEHCH —B CJyyae
npocreiimnux apo6ei 1V runa.

§ 10. HnTerpansl OT HPPALUMOHANbHBIX (yHKUMIL

He or Bcsikoit MppallMOHaMbHOH (GYHKIMH HHTErpajJ BEIPAXKaeTCs
yepes semeHTapHble PyHKuMH. B 3TOM M crenylomem naparpadax Mbi
PaccMOTPUM Te HppalMOHaNbHbIE (YHKINH, HHTETpalsl OT KOTOPHIX
¢ MOMOLILEIO NOJACTAHOBOK TNMPHUBOAATCA K MHTErpajiaM OT PallHOHAJbHBIX
dyHKUMil U, CAeloBaTelbHO, A0 KOHIA HHTErpHpyloTCH.

1. PaccmoTpuM HHTerpas S R (x, xmin, ..., x"/$)dx, rpe R— pa-
1ROHaAbHAs (YHKWHS CBOHX apryMeHToB *).

*) 3anuco, R (x, ™1 x"/%) yrasueaer, uto nan enuunnamu, x, X7, ...
«.., x'/S nponsmopaTCcs TONLKO PanmMOHAAbRHE ONEPaLuy-
Touno Tak e Cjelyer TNOHAMaTb B JajbHehiueM 3alucH  Bula
ax-b \m/n e .
R (x, (_Ex_:li_-d_) , .. ) , R (x, Vax*Fbx—c), R (sinx, cos x) u T. i. Taxk, Ha-
npumep, 3anuch R (sin x, COS x) yKa3mlBaeT, 4TO Haj Sin X M COS X NPOHU3BOAATCS
pallMoHaNbHBE OMEPALHH.



338 HEOMPEEJEHHBIA HHTETPAJI [TA. %

Tlycte k& —o6muit sHameHatenb gpoGelt m/n, ..., r/s. Cpenaem
MIONCTAHOBKY X ={t*, dx=~Fkt* 1dt.

Toraa xaxjas ApoGHasf CTeneHb X BHIPA3UTCA Yepe3 L eJ Y IO
creneHb ! M, CJefOBaTeNbHO, NOABLIHTErpajbHasd (GyHKIHA mnpeobpa-
3yercsi B paliHoHalbHYyl0 GQYyHKUHIO OT f.

ITpumep 1. TpeGyercs BHIYMCIHTL HHTerpal
&1/2 dx
3/4+1 *

Pemenue. O6mufi 3namesatenp npoGeit 1/2, 3/4 ects 4; mo3Tomy nenaeM
noACTaHOBKY x = t%, dx=413dt; Torpa

S 1“‘“:45 : t3dt=4S—dt=4S(t2—t—2>dt=
x4 1 B341 341 41
=4S\t“‘dt—45—£-dt=4-ﬁ-—iln|t3+l|—|—C=
BEI 373

=—§—[x3’4—lnlx3/4—|—l,]+0.
II. PaccmorpuM Temeph HHTErpan BHAA

ax-J-b\m/n ax-+b \r/s
§R[x (552)"™" - (&32) "] ax
DTOT HHTErpajl CBOAMTCS K MHTErpajy OT PallHOHAJbHOH (yHKIHH
C MOMOIIBIO NMOACTAHOBKH
ax-+b {*
’

cxt+d

rae k—o0muil 3HameHarteNdb npoGed myn, ..., r/s.
ITpuMep 2. TpeGyercsi BHIUMCAMTS HHTErpal

==
X

Pemenue. [MHenaem nofcraHoBky x-}4=12 x=12—4, dx=2¢dt; roraa
Vx+d , dt
5—T—dx—2 2 (""ta ) at=2 | at+8 | 2 —

t— Jy—— Vx-|-4 —2
t+—2’+c~2 Vx+i+2hn Vorite

=2t421In

=2|+e

§ 11. Huterpaan Buja SR (x, Vaxz—f—bx—l—c) dx
Paccmorpum uHTErpan

(R (x, Vax'Foxtc)dx, (1)
rae a=0.
Taxo#t wuHTerpan NPUBOJUTCA K WHTErpaly OT palHOHATLHOMH

GYHKIMH OT HOBOH MepeMeHHOH C NOMOLIBIO CJEYIOHX MOACTaHO-
BOK DHJepa.
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1. Iepeas nodcmanoska irepa. Eciu a >0, To monaraem
Vartbox+c==+Vax+t.
Ilepen kopHeM }/ @ BO3bMeM IS ONpENE]EHHOCTH 3HAK mmoc. Torza
ax*+bx4c=ax*+2V axt 42,
OTKyJa X onpejiefsercss Kak panuoHaJbHasi (yHKuusa or f:
2—c
b—2Vat
(sHauut, dx Toxe GyjeT BhIpaxKaTbCs pallHOHAAbHO uepe3 f), caeno-
BaTeJNbHO,

X =

T Vo 2—c
Valt+bxtc=Vax+t= Vab Ve +1¢,
T. e. YV ax*+bx+c¢ oxasbiBaeTcsi panuoBaibHOR (yHKuHe#H OT £.

Tak kak V ax®4bx+tc, X H dx BHPAKAOTCH PAUUOHAJBLHO
yepe3 f, TO, CJelOBaTe/lbHO, NaHHHIA HHTerpasa (1) mpeoGpasyercs
B HHTErpaj OT palMOHAaNbHOH (YHKUHH OT 7.

IIpumep 1. TpeGyerca BHIUMCIHTL HHTErpall

5‘ dx
Vete’
Pemenue. Tak kak sgech a=1 > 0, 10 nonaraem ¥ x24 c=— x-}-¢; Torna
x4t c=x2—2t-} 12,
OTKYAa
x_tﬁ—c
-2
CaenoBaTeNbHO,
ts+0 — T _ 2—c _t’-!—c
dx=—g—dt, Vife=—xtt=— o—+t=—g -

BosBpamasch K MCXOIHOMY WHTerpany, nosayyaeMm
24-c

& Y a S
SV%Hw=g—ﬁrr=3—HAMtHcr4ﬂ»+Vﬁ+d+a
2t

(cM. ¢opmyny 14 TaGauumBl HHTErpanos).
2. Bmopas nodcmanoexa Jiisepa. Eciu ¢ >0, To nonaraem
Vartbxte=xtxVc;
toria (nepea V¢ ans onpenenemnocT: Gepem 3HaK JOC)
ax*+bxtc=x2+2tV ¢ +e.
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Orciona x onpenenseTcss KaK palHoHa/ibHasA QyHKHHA OT #:
g —=2Vct—b
a—2 °
Tak Kak dx u V ax®+bx+¢ ToMe BHIPAKAIOTCA PALHOHANBHO
yepe3 f{, TO, MOACTAB/AA 3HAYEHHS X, Vax*-{—bx-{-c H dx B HHTErpas
SR (x, Vax*¥bx +c)dx, Mel CBeieM ero K HHTerpalxy OT paiuo-
HaJbHON (yHKUUHU OT f.

Ilpumep 2. TpeGyerci BHUUCAHTL MHTErpaj
j(l—-V1+x'+' 2)?
2 YT+t )
Pewmenne. Ionaraem VY 1+ xJx2=xf-+1; Torna

—_ 5
lfxtt=a22 241, x= 2t—1 dy= 202242

= *="=mr
J— 2__ - —9¢2
VIFrFa=s+1= bl 1y T e =L

dt;

IMoacTaBAAA NOJMYYEHHDR BLIPAKEHHA B MCXONHBIA UHTErpas, HaXoAUM

(I—V 1Fx+2)° dx_j (=240 (119 (1—1) @221 |
2V iTrre =) T t=mre—r@E—iana=m U=

=2S—l——l_—?;-?§—dt=—2t+ln it;‘-}—c:
=_2(V|—|—x+x2—l)+m 4V IFrFr2—1 _
x x—V IfxFx+1

=_2(V’1+x+x2'__
X

l)+ln |2x+ 2V TFxFA2+1]4C.

3. Tpemsa nodcmanoska Jdaepa. Ilycts o u B — neficrButenbubie
KOpHU TpexwieHa ax®4-bx+c. [Tonaraem

Vax+bx+c=(x—a)t.

Tak kak ax’+-bx+c=a(x —a)(x —B), ™0 Va(x —a)(x —P)=(x—a) £,
a(x—a)(x—PB)=(x—a)*t? alx— B) = (x —a) t2. Otciona Haxozum
X Kak PalHOHAIbHYI (QYHKUHMIO OT t:

_afp—os?

T a—t2

Tak Xaxk dx H Vax2+bx+c TOXKE PAIUOHAJBbHO 3aBHUCAT OT {, TO
JAHHBIH MHTerpaj rnpeoGpa3yeTcsi B MHTErpas OT PallMOHAJbHOH (pyHK-
uuy ot f.

3ameuanue 1. Tperbsi MoACTaHOBKa OJiljlepa NpUMEHUMA He
ToabKo MpH a < 0, Ho u npu a > 0 — Mwb 661 MHOTOYNEH ax® +bx +¢
HMeJ JBa JeHCTBUTENbHBIX KOPHA.
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Mpumep 3, TpeGyerca BuuMcAHTb RHTErpaj

dx
5‘ V @+ 3x—4 )
Pemenne Tak kak x®-43x—4=(x-+4) (x—1), To nonaraem
VEFHG—N=E+491t

Tora (x+4) (x—1)=(x-}4)2 12, x— 1= (x4 4) 12, x—-—ll-*——ittz— y dx= (ll—ofz)z—dt

VieFd)r—h= [l +422 +4]t = 5 5 - Bo3Bpamasch K HCXORHOMY HHTETpaiy,
noJiy4aeMm
10£(1—22) ,, 2 _ 1+4-¢
jl/x2+3x— S( —1?)2-5¢ bt_f 1—z dt__]nl 1—1¢ I+C=
x—1
1+ l/x+4 oo | Y EERE VAT |+C
1_1/;:—1 Viti—Vx—1|
x+4

3ameuaHue 2. 3aMeTHM, YTO AJS NpHBeJeHHs HHTerpana (1)
K MHTerpajgy OT palHOHAaNbHOH QYHKIMH JOCTaTOYHO NMEPBOM M TPeThbei
NOACTaHOBOK Jiaepa. Paccmorpum Tpexuien ax®+bx-t+c. Ecan
b*—4ac >0, TO KOPHH TpexujeHa AeHCTBHTENBHBI H, CJEJOBATENbHO,
NpHMeHHMa TpeTbs NMOACTaHOBKA Jiiyepa. Ecau b — 4ac < 0, To B 310M
clyyae

ax? 4 bx 4 c =5 [@ax +b)*+ (dac — b)]

H, CJe0BAaTC/IbHO, TPEX4JeH HMEET 3HaK, COBINAJAIONIHHA CO 3HAKOM .

Uto6s V ax®+ bx+c¢ Gbl1 JeACTBHTENbHBIM, HYXKHO, YTOGH! TpexuJieH
GbIJI [IOJIOKMTENBHEIM, a CJe0BaTeNbHO, ZOJUKHO GHTh a > 0. B stom
caiyyae TPHMEHHMa nepBasi NOACTaHOBKa.

§ 12. HnrerpaposaHue HEXOTOPHIX KJaccos
TPUrOHOMETPHYECKUX (DyHKIHIA

Jo cux mop MBI CHCTEMaTHYEeCKM H3Y4alH HHTETpajbl TOJbLKO OT
anre6panyeckux (QYHKIMH (palHOHAJbHHIX M HPpPalHOHAJbHBIX).
B nacrosiueM maparpagé Mb pacCMOTPHM MHTETpaljibl OT HEKOTOPHIX
KJIacCOB HeajreGpaHyecKHX, B MEpBYIO Oouyepellb TPHIOHOMETPHYECKHX
¢yskuuit. PaccMoTpuM HMHTerpasn Buja

SR (sinx, cosx)dx. (1)

TokaxeM, 4TO 3TOT MHTErpajl C MOMOIILIO NOACTAHOBKH
X = 2
tg5=1 @
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Bcerza CBOAMTCA K MHTErpasy OT pamuoHaibHOi GyHKOuM. Bripasum
. X
sinx u cosx depes ig-—, a C/ENOBATE]LHO, H YEPE3 t:

. X X X
Sinx— 2sm?cos? _ 2sin = 5 cos-2— _ 21tg T
= - = = =
1 2-1;-+c053;— l+tg2% 14-¢
X _ X 3 X e X o2 X
cosx— cos? 5 —sin® 5 _ cos? 5 —sin® 5 —1 tg? 5 g
- 1 - X, .. X . X 1+
coszi-—{-sm 5 14+-1g 5
Janee
dt
x=2arctg ¢, dx“1+t2'

TakuM o6pa3oM, sinx, cosx H dx BHIPa3HIHCL PpAIHOHAJILHO
uyepe3 ¢{. Tak Kak palyoHaJbHas (YHKLUMS OT PalHOHANbHBIX (YHK-
il ectb QYHKIHS panUoOHaJbHASE, TO, MOICTABJAS IMOJyYeHHbIE BhHI-
parkeHHs B uHTerpan (1), moayqum HHTErpaJj oT paluHOHAIBLHOH yHKIHH:

SR (sinx, cosx)dx= S R(l_ittzv }I;:)lz_ﬁtg

dx
Mpumep 1. PaccMorpuM HHTErpai ST Ha ocHoBaHMH HamHCaHHHIX

BhlLE «hOPMYS HMEEM

24t
d T+ dt
o= = S —In|t|+C=In
1+tﬂ

PaccMoTpeHHast NMOJCTAHOBKA AaeT BO3MOXKHOCTb NPOMHTErPHPOBATH
BCAKYIO (QYHKIUIO BHIa R (cos x, sinx). I'Iosromy €e HMHOrZAa Ha3bl-
BAIOT «YHUBEPCAJbHOH TPHIOHOMETPHYECKOH MNoAcTaHOBKof». OnHako
Ha NPAKTHKE OHA YacTO MPHBOJHT K CJHIUKOM CJIOXHBIM PalHOHAJb-
HeIM ¢yHKuMsAM. [losToMy Hapsiy C «yHHBEpPCAJbHOH» MOACTAHOBKOH
6blBaeT MOJIE3HO 3HATh TaKiKe APYTHe IOACTAHOBKH, KOTOpbIE B HEKO-
TOPBIX CJayyassX ObicTpee NPUBOAAT K LENH.

1) Ecnu uuTerpan mmeer BHJA SR (sinx) cos xdx, To noAcTaHOBKa
sinx =1, coS x dx = df IpUBOJUT 3TOT UHTErpaj K BHAY S R () dt.

2) Eciau wuHTerpas HMeeT BHJA SR(cosx) sinxdx, To OH npHuBo-

HUTCSL K MHTerpajly OT pPanHOHaJbHOH (YHKUMH 3aMEHOH COSX =f,
sinx dx=—dt.
3) Ecau mopwiHTerpaibHas (GyHKUHMS 3aBHCHT ToJbKO OT fgx, ToO

dt
sameHa tgx=1¢, x=arclgt, de= T+ NPHUBOJUT 3TOT HHTerpasn
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K HHTerpajy OT paunHOHaJAbHOH (yHKnuuU:
dt
(R(tgn dx= (RO 17

4) Ecm moppiHTerpaspHas ¢ynkuua umeer BHA R (sinx, cosx),
HO Sinx U COSX BXOAAT TOJNIbKO B YETHH X CTeNeHAX, TO NpHuMe-
HfleTCA Ta K€ MOACTaHOBKa

tgx =1, 2
TaK Kak sin®x H cos’x BHpaXKaloTCA pAaLOHaNbHO uepe3 tg x:

(. sintyotEX_ _ B dy — 4t
Tftezx 1422° “Txtgex 1+2 YT 11

Ilocne noOACTaHOBKM MBI NOJYYUM HHTEFpajd OT PAaNMOHAJbLHOM
¢dynxUHH.

Tlpumep 2. BuiuucauTe HHTErpal

cos?x =

sind x
24cos x
PemeHune, DTOT HHTerpaJ JIerkQ NPHBECTH K BHIY S R (cos x)sin xdx.

dx.

JleficTBuTeNMBHO,
3 2 3 2
sin sin® x sin x dx 1—cos2x
dx= =\ — sin x dx.
2+cosx 2-{-cos x 24cosx
CnenaeM 3ameny cos x=2. Toraa sin x dx= — dz;

sind x _. —
2+c0sxdx 2+z ( —d2) = S +2 dz= S( 2t537 +2 )dz—.
____.2z+3 In(24+2)+C= °°5 X 2408 x+3In (cos x+2)+-C.

Cnenaem sameny tg x=t¢:

Hpumep 3. Buuucaute Sm

S‘ __S dit _ dt

T ainZ e ) - 2=

2—sin2x (2__113}-132)(1_!_,2) 24t
_ 1 t _ 1 tgx
=73 arctg V3 +C= V3 arctg( V3 )+C

5) PaccmoTpuM Tenepb ellle OAMH HHTerpas BHAA SR (sinx, cos x)dx —

HMEHHO, HHTerpaj, noj 3HAaKOM KOTOPOTO CTOHUT NpOH3BeJeHHe
sin? xcos®x dx (rae m ¥ n —uenable yucja). 31€Cb PaCCMOTPHUM TpPH
cayyas.

a) Ssin"’xcos"xdx, TAe m H n TakoBbl, 4TO 0O KpafiHell Mepe

OZHO H3 HHX —HEYeTHO e uucio. JlomycTuM AJs OmpejieseHHOCTH,
uto n HeveTHoe. IlonoxxuM n=2p-+41 u npeo6pasyem HHTerpas:

S sin™ x cos?t x dx = S sin” x cos?? x cos x dx =

= S sin” x (1 — sin? x)? cos x dx.
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Cnenaem sameny mnepeMeHHo#: sinx=¢, cosxdx=dt. Iloacrasnsas
HOBYIG [EpEMEHHYIO B JaHHBIH HHTerpa, MOJYYHM

{ sinmxcosmx de = { t= (1 —t2)r dt,

a 3T0 ecTb HHTEerpaj oT panuoHaJbHOH (yHKUMH OT f.

cosx . (cos2xcosxdx__ ((l—sin%x)cosxdx
Npumep 4. S Sin'x dx-—S Sinix —S Sinix . O6os-
Hauas sin x ={, cos x dx=dt, nonyuum
cos® x (l—-tz) dt dt dat 1,1 .
§amere={ =yw)E=Tmtries
1 1
= Fewsx Tsmx TC

6) S sin” x cos” x dx, rie m ¥ n — YHuC/a HeOTPHUATE/bHBIE H YeTHELe.

Tonoxxum m=2p, n=2q. Hanumem ¢opmyabl, H3BeCTHbIE U3
TPUTOHOMETPHH:

. 1 1 1,1
sin®x =5 —— €08 2, €0s* ¥ =5 + 5 C0S 2. 3)
TloacTaBass B MHTErPad, NOJYYHM
. 11 1,1 a
S sin?? xcos* x dx = S(—f—?cos 2x)p(5 + 3 Cos 2x) dx.

Bo3Bojs B CTeneHb H PacKpbiBas CKOOKH, MONYYHM WIEHBI, COAep-
JKamue cos2x B HEYeTHBHIX M YETHBIX CTeneHsX. UJeHBl ¢ HEUYETHBIMH
CTeneHsAMH WHTErPHPYIOTCA, KaK YKasaHO B Clyuae a). YerHsle noka-
3aTe]M CTelleHeil CHOBa NoHMxKaeM mo ¢opmyiam (3). Ilporosmkas Tak,

JOMJEM 10 YIEHOB BHAA S oS kx dx, KOTOphIe JIETKO HHTErpUpYIOTCH.
Mpumep 5.

S siﬂ‘xdx=—212—S (1 —cos 2x)? d,wc=L S (1—2 cos 2x+cos2 2x) dx =

sin 4x

_14-[x—sm 2%+ — S(l—l—cos 4x) dx] —-;}- [g— x—sin 2x4- ] +C.

B) Ecau 06a nokasatelsl yeTHble, HpUYEM XOTS GBI OJMH H3 HHX
oTpHUATENeH, TO MpeAbIAYIHA NpHEM He MNpPHUBOAUT K UeNH. 3Jech
CllefyeT chaenath 3ameHy tgx=1¢ (wm ctgx=t).

Mpumep 6.
sin?xdx__ (* sin®x(sin® x{-cos?x)?® , \ -
S cosb x _S cos x dx-Stg x (14-tg2 x)2 dx.

IMonoxum tg x=*; Torga x=arctgt, dx=

H Mbl IOJNy4aeM

at
e
S Sin® x dx—St2 (l—l—t?)zl_Hz_St?(l-[-ﬂ) dt =

cos® x
s tg3x , tgsx
=T+'5—+C_g—3'+ g5 +cC.
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6) PaccmoTpuM B 3akAroueHHe HHTerpajhl BUAA
S cosmx cos nxdx, S sinmx cos nx dx, S sinmxsinnx dx.

Ouu GepyTcs mpu moMoly ciefyiowux *) dopmya (m == n):

COS MX COS X = -;— [cos (m + n) x +-cos (m — n) ],
sinmx cosnx = —é— [sin (m+n) x4 sin (m —n) x],

sin mx sin nx = —;-[ —cos (m4-n) x4 cos (m —n) x].
[MoncraBisii 4 HHTErpUpYs, NMOJYUHM

Scosmxcosnxdx=-;—g[cos (m+4n)x+4cos(m —n) x]dx =

__sin(m+n)x | sin(m—n)x
 2(m+n) + 2 (m—n) +C.

AHanOrH4HO BLIYMCJSIOTCA U JBa JPYyruxX HHTEFpaJla.
IMpumep 7.

S sin 5xsin 3xdx=-é— X [—cos 8x-}-cos 2x] dx=—

sin8x , sin2x ,
16 1 4 T

C
9}

§ 13. HurerpupoBaHHe HEKOTOPHIX MPPAUHOHAJLHBIX (YyHKI(HI
C MOMOWBIO TPHrOHOMETPHYECKHX HOACTAHOBOK

Bepnemes k HHTerpany, paccMmorpensomy B § 11,
(R (x, Vax*F-bx+c) dx, (1)
rae a=0 u c—%#O (8 cayuae a =0 unrerpan umeer Bug 11 § 10,

2 2
npu ¢ _v_ 0 Bopaxenue ax®-4-bx4-c= agx +;a> , H MBI HMeeM

4a
Ieno ¢ pauuoHajbHOR ¢QyHkuMed, ecim a > 0; npu a <0 dyHkuus

V ax*+bx+c He onpeneneHa HU NPU KAaKOM 3HaueHHH X). [Tokaxem
ajech Meroj mnpeoGpa3oBaHMsl 3TOTO HMHTErpaja K HHTErpaay BHAA

S R (sinz, cos 2) dz, @
KOTOpHIfl. pacCMOTPEH B NpEeABbIAYLieM naparpade.

*) O1H GOpMYJBl JIErKO BLIBECTH CJeJyiomuM 06pasoM:

cos (m {n) x =cos mx cos nx—sin mx sin nx,
cos (m—n) x =cos mx cos nx--sin mx sin nx.

CkJyapbiBasi 5TH PaBEHCTBAa NOYJIGHHO M JeJis TOMOJIaM, NOJY4HM NEPBYIO U3 NpH-
BefieHHBIX Tpex GopmyJs. BoluuTas mNOYJNEHHO M Je]si MOMOJIaM, NOJYYHM TPETbio
tdopmyay. Bropas dopMyna BbIBOZMTCS aHAJOTHYHO, €CJIM HANUCAThb AHAJOTHUYHBIE
paBseHcTBa A sin (m-+-n) % u sin (m—n) x U 3aTeM NOYJIEHHO HX CJIOXHTB.
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IMpoussenem npeoGpasosaHHe TpexuieHa, CTOAUIETO NOJ KOpHEM:
2 - AL o
ax®4bx -+ c—a(x-;-,_,a 4+ 0—71?)'
CpenaeM 3aMeHy NepeMeHHOH, NMOJOXKHB X +2% =1, dx=dt. Torpa
[ — 52
Va Fbox+c= ]/at’-}- (c —E)

Paccmotpum Bce BO3MOX(HbIe cayyau.
2
l Mycts a > 0, ¢ ——— > 0. Beesiem oGosHauenus a=m?, ¢ — % =
= n®. B sTOM €nydae 6y;1eM HUMeTb

Vaxt+bx +c=V m*® +ne.

b2 2
2. Ilycts a >0, 0—4—a<0. Torpa a=m?, c---i%:_nz_ Cire-
JIOBaTeNbHO,

Vaxrfoxtc=V m*—n?

b2 2
3. Myers a <0, ¢ —-=>0. Torma a=—m?, C_Z_a=n2‘ Cre-
JIOBaTeJbHO,

Vax*+box+c=V n* —mis.

4, Tlycts a <0, c—i—z<0. B stom cayuae V ax?+bx +¢ ects

KOMIIJIEKCHOE YHCJIO NMpH JO0OM 3HAYEHHH X.
TakuM o6pasom, uHterpasa (l) mpeoGpasyeTcss K OZHOMY H3 cJe-
AYIOIWHX THIOB HHTErpajloB:

L. (R (t, Vet at. 3.1)
IL. (R (t, Vmer —n?)dt. 3.2
II1. (R, Vir—mr)ar. 3.3)

QOuesuano, uto uHTerpan (3.1) npuBOIMTCA K HHTerpany Buzaa (2)
C [OMOIILBIO MOACTAaHOBKH t=%tg z. Hnrerpan (3.2) npusogurcs

K BHAY (2) ¢ mOMOWBIO MOJCTAHOBKH t=-:—lsec z. Hurerpan (3.3)

NPUBOAMTCA K BHAY (2) C NOMOWBIO MOACTAHOBKH t=~% sint.

I pumep. BHUHCAUTD HHTerpan 5‘—:,
prmer Via—ar
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Pemenue. dro—unrerpan tuna III. Cpenaem sameny x=asinz, Torsa

dx=acos zdz,

x _ acoszdz _ (ecoszdz®) dz _
@ —)% @ —sin®z)® | adcosiz cos? z
V (@ —+% (a®—a?sin? 2)
1 __lsinz 1 sin 2 ,p_l x
'—Eftgz—l_c_a—z::m_*_c a® Vl smtz | @ Va—z +C.

§ 14. O dyHkuuaX, MHTErpaasl OT KOTOPbIX HE BbIpaXKaloTCs
yepe3 ajeMeHTapHbie (PyHKUUH

B § 1 ri. X mut yxke ormeuanu (6e3 JoKa3aTe/lbCTBa), YTO BCH-
Kas Qynxkuusa f(x), HempepbiBHas Ha uHTepBane (a, b), Hmeer Ha
5TOM HMHTEpBaje NnepBoOGPasHylo, T. €. CYIHEeCTBYeT Takafd (QyHKuus
F (x), uro F' (x)=f(x). Onnako He BCcAKkasi nepBoo6pa3Has,
Jaxe TOTJa, KOrja OHa CYIecTByeT, Bhipa)KaeTcsf B KOHeu-
HOM BHJe uYepe3 3JeMeHTapHBEe QYHKIHH.
gk

f | PO —

Puc. 209.

TakoBn mnepBooOpasHble, BHIDRXKEHHBIE RHTErpajaMy Se""'dx,

T o d
Ssmxd Scosx SVI—k‘sm’xdx Sl_x’ M MHOTHE JpYyTHe.
Bo Bcex nono6m>[x cJyyasix nepBooOpasHasi NpeACTaBJseT coGoi,

OYEBH/IHO, HEKOTOPYIO HOBYIO (YHKIHIO, KOTOpas He CBOAUTCH K KOM-
GHHAIMM KOHEUHOrO YHCJA 3JEeMeHTapHBIX (BYyHKLUHMH.

Tak, Hanpumep, Ta H3 NepPBOOGPa3HBIX -‘%:Se'”zdx—}-c, KOTO-
k24

pasi obpamaercs B HyJab npu x=0, HaswiBaercs ¢ynryueli Jlanraca

u obosHauaercss @ (x). Takum ob6pasom, @ (x)= V—{—je"" dx 4+ C,,
11

ecmn @ (0)=0.

Arta GyHkHUA Xopomo uayueHa. CocTaBlieHbl MONPOGHLIE TaG MBI
ee 3HaueHHH NpU pa3/UYHBIX 3HaueHHsAX x. Kak 370 jenaercss — Mbl
yBuauMm B § 21 ra. XVI (1. I1). Ha puc. 2028 n 209 usoGpaxeHhl
rpaduxk noAniHTerpaJbHOfl ¢YHKUUHM y=e~* H rpaduk QyHKUHU
Jlannaca y=O (x).

*) Vl—sin2z=|cosz(; Mbl JJISI OTNPEJeJICHHOCTH OCTAHABJIMBAEMCS JIHIIb
Ha onHOM caydae: | cos z|[=cos 2.



348 HEOMNPEAEJEHHDBIA HUHTETPAJ [ri x

Ta u3 nmepBooGpasHuIX
(VTI—Esitzde+C (k<)
KoTopas obpamaercst B Hysb npH x = 0, HasbIBaeTcs aaaunmuvecKum
unmezpanron u obosnadaerca E (x):
r T
E(x)=) V1—FEsin®xdx+C,, ecin E (0)=0.
Jna stoit GyHKUMH TaKxKe cocTaBJieHH TaGJuubl 3HaueHHH NpH
Pas3JIMYHBIX 3HaYeHHSAX X.
YnpaxkHenns K rnase X

1. BrraucauThb uH'rerpa.nbx

le5dx Omes. 6-}-c 2, S(x+V7c)dx. Ome. ﬁ 2”/"4-.

3. S(V“’_ —"‘: ‘)dx. Ome. 6V F—g55 Vi +C. 4. ’;/‘i" . Ome.
X X

2 - - 1 4 1 8 dx

,?)_x‘a V- x+c, D §<F+;7—§+2)dx. Oms. —?—ﬁ-+2x+C. 6. X’m

44 a1V 3 23,5, 33/
Ome. -5;/;5—}-6; 7. S(x +13/;) dx. Omae. 5+4x /x +3V/x+C.
MHTerpupoBanue MeTONOM NOACTAHOBKH:

8. S €% dx. Ome.%- ex4-C. 9. S cos 5x dx. Ome. +C. 10. S sinaxdx.

—Zie n. I-“—’id Ome. —'—1n2x+C 2. (2. om.

sin? 3x
dx tg 7x 1
1c. 18 Scos”’x o B 4c . 53 ms. 4 In |8x—T|C.

15. Sld" Oms. —In|1—x|+C. 16. 55 . Ome. ——m|5 2% |+C.

17. Stg?xdx. Ome. ——ln[c052x|+C 18. Sctg (Gx—T7)dx. Ome.
d

—1n|sin(5x—7)[+C 19. Sctg-"3

Oma. SInlsm 3 I+C 21. Stgcpsec%pd(p Oma. —thqJ—l-C 22, S(c{gex)exdx

Ome. Injsiner|4-C. 23. S(tg4S—ctg£)dS Oma. ——ln|c054S|—

sm 5x

Oms.
ctg 3x

. Oms. ——ln[cosSyH—C 20. Sctg—dx

—-—41n|sin +C. 24. Ssinzxcosxdx Ome. sin? x—l——C 25, c0q3xsm xdx.
cosd x
. — c. 26.S "Fixdr. Oms. —Vx2+13 c. 21. S
ome Tt Ve 2 g i V2x2+3
1 ./55 T3 x> dx 2y cos xdx
Ome. o V2P F3+C. 28, i Eak Ome. 3 2 yBFi+C. 2. S uiig
1 sin x dx 1 tg x
Ome. —gn% +C. 0. S cosdx Oms. gooeztC- 31 S cost 5 X
tg2x Sctgx ctg x S dx
—_ . 32, dx. Ome. — C. 33. —_—
Oms. =5=+C + cos2xy tgx—1
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Oms. 2 Vigz—T+C. Slﬂ(x+l)d . om. WCED ¢
35. 5\7%._%}‘_:_1 6. V 2sinx11+C. 36. S (18_:_‘1;):;;)2
Oma, m-‘@—ﬁ-i-c. 1. V—sli:_—i"h‘f;‘;. Oms. 2 TFsinx4-C.
s (YEiEl  om. Zymrriitc. . (zf{‘:;zs’::’;x)s
Oma. —Em-}-c. 40. -fi—fc-s(;ng-x Ome. m'}'c-
2
at. S%’i"—" . Oma. !I‘__"-l—c 1. Sa;;sl‘"_"x‘:". ms. TSMEc.
43. S—-—a'cltf_’;f". ofne.a"’tg fic. m a_‘?-——f‘ix’:dx. Oma. -—"“’ws o ryc.
45, Sal'flf'fjdx O ‘""c‘g arcclg?x | ¢ 6. S ’;fl Oma. %ln(x’—l—l)-l—C.
a7. sz fz—xl —jdx. Ome. —2-ln (P+2%+3)+C. 48, ;;Z—ii%'
Oms. - 50. S2x(x2—|-l)“ dx.
Ome. @g—ﬂf-w. st. Stg‘xdx. Ome. tg3" tg x4+ x+C.
Sm. Oms. In|arcig x H—C;. 53, Smgfgx—-l-—l-)
Oms. +In|3tgx+11+C. 54 Sz%gs—z%dx. Ome. ‘_g_"_,_c
ym. Oms. In|arcsinx|+C. 56. S2-ﬁ?3$s?:2x X.

Oma. —é-ln | 243 sin 2x |+ C. 57. Scos (Inx) d_xx. Oms. sin (Inx)--C.

58. S cos (a-bx) dx. Oms. 7: sin (a+bx)+C. 59. Sezx dx.
Oms. %ezx.}_c, 69. Se’m dx.  Ome. 3¢*/*4-C, 61. Se”“ * cos x dx.
. X2
Oms. e % C. 62. Sa”’xdx. Ome. 5%4-0. 63. S e dy. Oms. ac*/%4-C,
64, S (¢*¥)* dx. Oms. % e**4C. 65. S3"e" dx. Oms. 3+I+C 66. Se-"" dx.
! -3 5 1 as%
Oma. —3¢ *4C. 67 S (€% - a®%) dx. Oma. 5 (e5x+m—a+c) .
68, | ex*t4xt3(x L 2)dx. Oms. %ex=+4x+3+c. 69. (@00,

fa \¥ b \* a*br
(T) _(7) e dx

1
Ome. =g ——2+C. W Voo Oms. 2 ln(344e9)+C.
egxdx_ 1 dx
71. m; . Oms. —2— In (2+e2x)+c. 72. [T
1 5 dx 1 —
Oms. ——arctg (V2 x)+C. 73.5—-——. Ome. ——arcsi :
Vs Vise O e Ve
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dx 1 3x dx x
74, \ ———. Omg. —arcsin—+C. 75. \ ———. Oma. arcsin —-}C.
5V16_9x2 3 aresin g+ SVg—xa 3T

dx 1 x dx 1 3x

76. iTe Ome. ol arotg ?-}- c. 71 o Oms. 3 arctg 7+C.
dx 1 2--3x dx

8. ey B Ome. B In 53, +-C. 79. ————-Vx___.z ="

= Ome. —l- In)bx+ YV 2 —a?|4-C.
—a

Oms. In| x4V B9 |+C. 80. XW
5VT’+——¢;—%2' Oms. —1n|ax+Vb2+a"'le+C 82, Sagx"'

- 2 dx 1 3+V'5

OmG. —II‘I ax l C 83- _L‘. O”w. — ———1 Co
ax+c+ 5—x8 5;/51“ x3 V5+
xdx 1 v xdx
84, SVl—x‘ ms. - arcsin x2+4C. 85. Sm. Omae. 5 2arctg 2—[—0
ex dx
86. Oma. arcsin e¥-}-C. S —-—= .
l/'l—e“ + VYV 3=5x®
cos x dx 1 sin x

Oma. V._ arcsin VS x+C. 88. Sa“‘—l—smg . Oms. — arctg ( 2 )—]—C.
89. S Oms. arcsin (Inx)+4C. 90. arccos X—X 4.

le-—lnzx (n )+ Vi—g
Oma. —--;— (arccos x)2++ ¥ 1—x2--C. 91. s%dx.

Ome.lln(1+x2)__(arctgx)2+c 92. ng—andx Oms. = V (Fnx>+C.

ViV -
93. S dx. Oms. -- V(I—I- l/- x)3+C. 94. S—-—;—_—_—___-.
VI 1+Vx
Ome. 4V1+V7¢+C- 95. S% Oms. arctge*+4-C. 96. S f(;sxdx.
. Vv sin?x
Oms. 3Vsin x4C. 97.5 V 13 cos? xsin 2x dx. Ome. ——g V (IF3cos2x)*+-C.

sin 2xdx ——g— cos® x
98. —mﬁ, Omsg. —2 V-]+COS x+C. 99. Smdx.
1 1 AT 3 3/
Om. ’S‘H’W+C' S stz 4 Ome. E—K/tg *+C.
2
S?sm"’ xF3cos?x Ome. VE arctg( l/-§' te x)—}-C.
Ax+B »
HHTerpaJIH BUaa md
dx x+1
t02. BT oms. garctgTfte. w8 (ot .
1 2x+3—V'5
i arctg —-C. 104. S » Oms. ——=1In = [+C,
V ) V + x“+3t+l Vs 2x+3+1/5 +
X

105. S e o gliEpre e g
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1
Oms. arctgz—1)4-C. 107. S m Ome. 7

(6x—7) dx 2__ S‘
108. 53 . Ome In|3A—Tet1U4C. 109,

Oms, ln (5x2—3x42)—

arctg — +C
V

(3x—2) dx

5x2—3x4-2°

1 10t—3 3x—1
V.__ arctg C. 110 S m dx.

Vs Tyt 1
X
Ome. 1n(xz_x+1)+ V_ L aretgZ! V" Sﬁx2 +_';_ldx. Oma.
-§-1n|3x—1 l+~—ln|2x+lH—C. 112. g;fx_—x:—jdx. Om. g1n (BxP—x+4-2)—

8 le 6x1 —5x3 - 442 X
dx

1 x—1
I 26—xt 1 |+ Ty e e 1t 52c052x+smstx+sm2x.

Oms. 2__ arctg2tg x+l+,,
V7 V7
Ax+B
Harerpanst Bufa |\ ——————dx}
VaxtFbxtc

Oms. arcsin

arctg

X 8x+3

us. | g v

454 VETEET |+c. nr. =
d

+cC. 116

dx
S Vifate

Oms. In Ome. In|S+a+

J 2as+s='

— 6x+7
2 2 C. e _—'—ﬁ_———'. 0 . in pr—
;I;V- aS+S !+x 118 .S‘V'5—7x 3x2 | me 5V.V-l;'cs:% V;(I’ °
9. Smﬁ. 0”1.6. V._ nl6x+ + x( x+ ) +
2x43 c 9 5‘ dx
120. sz e Oms. arcsin V._—{— . 121, _—_——gfﬁ’b—x——l'
S — ax
Ome, V_ In|10x—14+ V20 Gx2—x—1) |4-C. 122 mdx.
3)d
Oms. 2V a@¥bxiFe +C. 123. 7%%5' Oma. 4 VAT a3+
5 T 0 (x—3) dx 0
+3 In|2x+14+V &2+ & +3|4+C. 124, Tt ma.

— 4 V3T TIE+C. 125, j"—i‘—i—)—d_"f Ome. —+ VI Fo—ar +

2% —1 ng_‘l-}{-s—‘txz ' 3 e
—_ C. 126. 2T g Oms. —+ V 2x2—
+ arcsin — + Vo= dx me. Vae—x+
+ Inldx—14V8@E—x) |+C.

4V'

I1. HuterpupoBanue mo yactsam:

127. S"ex dx. Oms. e* (x—1)+-C. 128. lenxdx. Om. —;-x2 <lnx —-%)+C.

129, S xsin xdx, Oms. sin x—x cos x--C. 130. S Inxdx. Omes. x (lnx—1)+C,
131. S arcsin xdx,  Oms, xarcsinx+4 ) T—x2-+C, 132, S In (1—x) dx.
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Qme. — x—(1—x) ln(l—x)+C 133. Sx"lnxdx Ome. +1 (l x— n+l)+c
134. Sxarctgxdx Oms. 2 [(x2+1) arctg x—x}+C. 135. Sxarcsinxdx.
Oms. T[@xz—l)arcsinx—l-x Vi=#]+C. 136 Sln(x2+1)dx. Oms.
xIn (x24-1)—2x 42 arctg x4+ C. 137. Sarctg V xdx. Ome. (x4-1)arctgV x—

—V x+C. 188 LCS;/_"_V_"dx, Ome. 2V xarcsin ¥V x+2¥ T—x+C,
X

X X — —
S arcsin 'l/-m dx. Oms. xarcsin ]/x-i-l_v. x-arctg ¥V x+C.

2 1 1 xarcsin x
2 X o ysi — xaesiny
140. chos x dx. Oma. ) + 7 ¥ sin 2x+ g ¢os 2x4-C. 141, V — dx.

x arctg x
mdx. Omg. 4(1+ )+4 arctgx—

—_— 1

—2ts2 T 2 e, cyung

T T 143. Sxarctg V ¥*—1 dx. 0$. o x* arclg V=1
1 5 arcsin x 1— Y 1—x2 1

_?y’x —14C. 144. S o dx. Oms. In —x——-l—-Yarcsm x+4C.

145. Sm(x+1/1+' ) dx. Ome. xIn (x+V 1+x2)+V1+x2+c.

146 " resin xdx me arcsin x In l l—x
: Vi—xo)p : ]/'l_sz2 l+x
]'}pnmeuwrh Tpnronome'rpmecxﬂe noncrauomm B CJEAYIOmMHX NpHMepax:

Oms. x— VY T—x2arcsinx+4C. 142. S
1 arctg x
+

147, SV‘I ® dx. Ome. Va — —arcsm-———}-C. 148 szl/'tl——x*dx.
dx
Ome. 2 arcsin -2-——x1f4-—x2+ x3V4-x2+c 149. VI
- S
Ome. —K—‘;—}——{C—'}‘C- 150. S'—Vxx—a dx. Ome. VY ¥—a*—a arccos%-{—c.
dx x 1

1., ————— ., Oms. — ——4C
15 V @Fx)2 me. o Va2+x2+

HurerpupoBanne panioHaNbHBIX npodeﬂ‘

xdx
'5": S—_“““oc 0 G—g) o* Ome- In +C. 158, S<x+1)<x+3)<x+5)'

oms. +in—CHEP 1 s Sﬁi;dx. Orms. T-‘-"—2-;-4;‘4.

)

lx+5P [x+1] B—ax
+in ixé’izfs’ [+e. 1 Szﬁ%-o”‘” T
DIl xt2HC 156, S(x T Ome. PLEN Y ]
N
Ome. gt C. 190 SWM_W Ome. = zsﬁxlis*‘

x-}+4 i
+n (m) tc 160. Sx et Ome. In—AXl_ 12"
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3

161. S(x 21";“231;‘ Tl Ome. m("a—lffj?)’ g ;arctgx?—w.
162, S?{F&TG—_F@ Oms. In V%%—}—% arctg%— V_ ——arctg —— V._ ——}C.
163. Sx3+1 Oma, vaﬁ"_";lj_ﬁl/_ arctg X1 V— lic
164, S?’—i—ix—i—_:z—xﬂ Ome. (x:;’“l‘§2+2 arctg 34-C. 165, S xffl.

1/1"2' In i:iigi:J—VQarctg "V2 +c. 166. Sﬁdx.
Ome. —;—[x3+1n1x3—1|]+c. 167. S"%;t_}%dx. Ome. 4—(-2;{!_—"2;-}-
2 1‘f TN tee. { <x(4x1)2_(i§ff>‘
ome. ey S et xk e, 00 (i
Oma. I“T |- 3;33 a’°’g2:/‘ 3(x3x__xl+1)+c

HurerpnpoBanne HppanBOHANbHEIX (GYHKIMHA:

170. 571/_—7‘-dx. om. [V F-n(/F+1)lrc.
RS

V- x 2 4/— 212 S 1
171, dx. Ome. = 1/ £° — 1/ B4 C. 172
S 1/; ; 271/ 1/x7+1/x“

Oms. = +21nx—-241n(1/x+1)+0
"7 /
247 % 66,— 33 - 34—
173. R dx. Ome. =Y/ 2 —oV/ B4+4 YV 5—67x
Si/x+,/x+;f;+1 5 2 Vit
+6{‘/}mgm(i/?+1)+%1n({’/";+1)+3arctg Y,

1—x dx. Vi—x+V1i4x A
le-}-x - Oms. In Vl-x—l/'l—}—xl p +cC.

T—xdx Viti—Vi—x
175. 5‘]/1+x~. Omes. 2arctg ]/-H-x Vi i

176. 5 ‘/"+V" dx Ome. 14[1 —x—-—{/ “/F_%VF-F
+ ”{‘/—]4-0 1775‘ 2+3"dx Oms. V 3E—Tx—6+

- V x”——-:o)— x—2 I+C,

12 H. C. IMuckynos, T. 1

+cC.

In

r—th

V—
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Hsrerpats BHAZ SR (x, Vax®Fbx+Fc)de

1 Vae—x+3—V3 I
3 — . Ome. ——1 L——l1cC,
178 ijxz—x+3 K72 3 12V3+
dx 1 Vefxi—x+V 2 1
. ey ——— O . -— __..1 <1 — C.
17 yxy"z-]-x—xz = yE x oy 2 +

1
Ome. 53 arcsin

dx | =T
B —_—, _ C. 181, j\————— dx,
160 SxVx2+4x—4 V +

Ome. ¥V ¥ +2x+In|x+14+V 2+ 2x|+C. 182, SV(zx—xz)a' Oms.

x—1

——-}-C. 183. Sl/'2x—x2dx Ome. —[(x—l)V'2x—x2-l—arcsm x—nl+c.

Vox—x2 L
184, Sm:-l—. Oms. -—2—-{—'2— Vx —_— 1—-5- ln‘x-{— Vx?‘—— 1 |—|—C.
dx x+VIFxF 22
—_, Oms. 1 — | 1-C,
(tavVitets e 2+x+V1+x+xﬂ +
x+1 1—V 2422
__dx. 0 . C e —e—————————
(2x4-x2) VoxFx2 me ’V2x + AT EY: a
Oms. 2—[—x——2]};ll-i-x—[-x2 +-c. 188, j‘l/'x2+4x
8 e
Oma, TVITE +In|x4+24-V 2F 4x|4+C.

HuterpupoBanue TPHTOHOMETPHYECKHX (YHKLHiL:
189, S sin® x dx. Ome. T cos3x—cos x+C. 190, S sin® x dx. Oms. —cos x -

COS X

2 3
+—§-cos x— 3

192 Scos%cdx Oms. cosecx —1—cos 3 x4-C 193 2xd
- Y simig . —-3 cose . s Scos xdx.

Oms, %——[—% sin 2x4+C. 194, gsin4 xdx, Oms. —g— r—— sin42x + sxg24x S I,
195, S cos® x dx. Oms. —-l— (5x+4 sin 2x— sin® 2x+_ sin 4x) +C.

) +c 197, S ted xd.
+1In}cos x{-+C. 198, Sctgﬁxdx Oms. Y ctg4 x+— ctg? ¥ 4-
+ ln[sin £]+C. 199, Sctg" xdx.  Ome. — °tg x

+C. 191, Scm xsin®x dx. Oms, —1 cos%—}———cos" x+C.

sln 8x

196, Ssin‘xcos‘xdx. Oms. l28(315—51:14 +

0Oms, tg X

—In|sin x |4-C.

7
200, Ssec”xdx. Orms, f_g__7_x 3tg X tgSxt-tgx+C. 201, Stg4x sect xdx,

7
Oms. &% te? "+c 202. S d" . Ome. g x5 tg® x-+C. 203. S OSX .

3
Oma, C—cosec £, 04. j‘ﬂx_dx_ Om. E—cos”"°—'x+3 cf.)s"/3 x4C.

Vcos‘x ) 5
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205. S sin xsin 3xdx.  Oma. _Sin 4x+sin 2x—§-C. 206. S‘ cos 4x cos 7x dx.

g T3
Oms. SRILXL 3% 1 6 07, Scos?xsin txdr. Ome, —S050%_£082x, o

12 4
1 3 cosx 1
208. SsinTxcosTxdx. Oms, — 5 -}—cos?x . 209. 54 By’
x
tg=—2
1 2 dx 1
Ome. 31n -—T— +C. 210. Sm. Oms, ?arctg
2tg-—-—l
sin x dx cos xdx x
211, Sl+sm 5. +xtC. 212, Sl+cosx. Oma, x—tg 54-C.
l+tg—
sin 2x 2 dx
213. SCOS4X+SIH4 dx. Oms. arcig (2 sin x-—l)—I—C. 214, Sm.
dx 1
—_— 3 _ J——
Oms. 2tg 2-—}— tg 2+C 215, N ot Omas. [ctgx-]—

V._arctg(i%.x )]—i—-C 216. SI—S}-mo:Q dx. Ome. V-2arotg(y,._)~—x+c



rMABA XI
ONPEAEJIEHHBIA MHTErPAJ

§ 1. Mocraxoeka 3apaun. HuxHaAs H BepXHAd
HHTErpPalbHbie CyMMbI

MomHsIM CpeaCTBOM HCCIEXOBAHUS B MareMaTHke, (U3HKe, MeXa-
HHKE M APYrux JUCUMIIJIMHAX fABJsETCA ONpefedeHHBbIH HHTEr-
paJ—OJHO H3 OCHOBHBIX NOHSITHH MaTeMaTHYeCKOro aHajH3a. Beuuc-
JIeHHe [Jiomazed, OrpaHHYeHHBLIX KDHBBIMHM, [JHH Z&Yr, OGBEMOB,
paboThi, CKOPOCTH, NOYTH, MOMEHTOB MHEPUMH M T. 4. CBOAMTCH
K BbIYMC/ICHUIO OfIpejeIeHHOTO HHTerpana.

F4 bhy ﬁ’,’"c/r
5 % %
% 60,
1
{
C YA
4 17 g
0\ &ad & &, =0 &
Puc. 210. Puc. 211,

Ilycts Ha orpeske [a, b] sajaHa HenpepH BEAs GyHKHHS
y={f(x) (puc. 210 u 211). OGosnauum yepes m u M ee HauMeHbliee
¥ HauOoJiblliee 3HAYEHHS HA 3ToM OTpeske. PasoGbeM oTpesok [a, b]
Ha N 4acTed TOUKAMH JCNCHHS Q= X,, Xy, Xz +» .y X,_qys X, =b, 0pH-
eM Xy < X <X < oo < X,, U MOJNOXKHM X; —X,=AX,, X,—x; =
=Ax,, ..., X,—X,_;=Ax,. O603HauuMm, najee, HauMeHblIeEe U Hau-
GosbLiee 3HauYeHHs QyHKuMH f(x) HA oTpeske [x,, X,| uepes m, u M,,
Ha oTpeske [x,, x,] uepes m, u M,, ..., Ha oTpeske [x,_,, x,] uepes
m, u M,. CocTaBUM CyMMbI

n
§n=m1Ax1+m2Ax2+...+m,,Ax,,=i§ m; Ax;, §))

wl
I

. MtAx1+M2Ax2+...+MnAxn=‘21M,-Axi. @)
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Cymmy S, HA3HIBAIOT HUNCHE[ UHMESPAR6bHOL CyMMOU, a cymmy

S, — 6epxHed uHmMe2parvHol cymmou.

Ecu f(x) >>0, To HHXHAS MHTE pajibHasi CyMMa YHCJEHHO paB-
HseTCs MUIOIAAH «BnHcaHpoil crymnenyaroit ¢urypey ACNCN, ...
... C,_,N,BA, orpaHHueHHOH «BMHCAHHOH» JIOMaHOH, BEPXHsS HH-
TerpaJbHasi CyMMa YHMCJEHHO PaBHfETCH IUIOWIAJM CONHUCAHHOH CTY-
neHyaTod QUryphd»

AKCK, ... Cn—lKn—ICnBA’ vy & P }Zz
OTpaHHYEHHOH «OMHCAHHOH» JIOMAHOM . rZ §=,
OrMeTHM HEKOTOpHIE CBOHCTBa BEepX- i i
HUX M HIXXHHUX HHTErpajlbHBIX CYMM. - i |
a) Tak kak m; << M; pna moGoro
i(i=1,2,...,n), TO HA OCHOBAHHU 4 T4
dopmyn (1) u (2) umeem Y
- A g
_‘En < S, (3) 0 a R
(3Hak paBeHcTBa OyJAET TOMARKO B CJy- Puc. 212.
yae, ecau f(x) =const.)
6) Tak Kak m, =m, m,=>m, ..., m, = m, Iie m — HauMeHblIee

snauenue f(x) Ha [a, b], TO

S, = myAxy +meBx,+ ... +m, Ax, = mAx, +m Ay, + ... +mAx, =
=m(Ax,+Ax, 4 ... +Ax,)=m (b —a).
Hrak,

(b—a). @)

m

B) Tak xak M, <M, M, <M, ..., M, <M, rze M — nauGonb-
wee 3Havenue f(x) ua [a, b], TO
5, =M Ax, +MAx, 4. .. +M,Ax, < MAx, +MAx, + ... +MAx,=

=M (Ax, +Ax,4+ ... 4+Ax,) =M (b—a).
Hrak,

5, <M(b—a). (5)

CoeiMHAA BMeCTe MOJyYeHHBIE HEPABEHCTBA, HMEEM
mb—a)<s, <s, <M(b—a). (6)
Ecan f(x)>=0, To mocsefHee HepaBeHCTBO HMeET NpPOCTOH reo-

MeTpuyecKkui cMeica (puc. 212), Tak xak npousBeieHus m(b—a) u
M (b —a) cOOTBETCTBEHHO YHCJIEHHO PaBHbl IJIOLWIAAAM «BIHCAHHOIO»

npsivoyromsuuka AL,L,B u «onucansoro» npsivoyronbuuka AL,L,B.
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§ 2. OnpepenenHbiii uHTerpan. Teopema 0 CyllecTBOBaHHH
onpefeseHHOr0 HHTErpa’ia

IMponomxuM paccMOTpEHHEe BOmpoca MpeAblayliero maparpaga.
B KaXJ0M M3 OTPE3KOB |X,, ¥,], [%1, X3}, +«-» [X,—1, X,] BO3DMEM IO

TOuKe, KOTOpble 0603HauMM &;, &, ..., &, (PHC. 213): X, < §; < Xy,
4 F=F(Z)
y n-7 7”
Ay
Ly
A 2
7l 118
M) f/zJ/
0 a5 Lz a b ao
Puc. 213.
X< By Xgy vy X1 <E, <x,. B KaX0i U3 3THX TOYEK BHIYMC-
auM 3Hauenuwe ¢ynkuna f(§,), (&), ..., f(§,). CocraBuM cymmy

Se=F &) Mt @) et o 1) Ax,= 3 FE) Axi (1)

Sr1a cymma HasbBaeTCs uHmezpasbroli cymmor aas Gynkuud f(x) na
orpeske [a, b]. Tak kak mnpu npoussosbHOM §&;, NpHHAjJEKALIEM
otpesky |¥;-q, ¥;1, 6yzer m; <[ (§;) <<M; u Bce Ax; >0, 1o

m; Axy <F(8) Axy <M, Axy,
CllefioBATENBHO,

n n n
i21 m; Ax; <i§ f &) Axx<i21 M; Ax;,
RN _
S K S <8y )

TeomerpuuecKuil CMBIC]I TOC/IEiHETO HepaBeHeTBa npH f(x) =0 cocrour
B TOM, 4TO ¢HUrypa, IJoilaib KOTOpPOH paBHa S,, OrpaHHYEHA JIOMaHOH,
3aKJIOYEHHOH MeX]Y «BIHCAHHON» JIOMAHOM H «ONHCAHHOH» JIOMAHOH.

CymMa s, 3aBHCHT OT criocoGa pasaelieHHs oTpe3Ka [, b] Ha oTpeskn
[#;-1, x;1 1 OT BEIGOpA TOUEK §; BHYTPH NOMYUYAIOLIMXCST OTPE3KOB.

OGosHayum Temephb Yepes max [x;_,, X;| HaHGOMBIIYIO H3 AJMH OT-
PesKoB [X,, %1, [%5, %], - - -, [%,-1, x,,]. PaccmoTpum pasmmunble pasue-
HHs OTpe3Ka [a, b] Ha OTpesKH |x;_,, ¥;] Takue, yro max[x;_,, X;]—0.
OueBHJHO, YTO NPH 3TOM YHCJIO OTPE3KOB N B Pa3GUeHAH CTPEMHTCS
K 6eckoHeuHoCTH. a1 Kaxnoro pasGuenns, BHIGPaB COOTBETCTBYIOLLHE
8HaueHHs E;, MOXKHO COCTaBHTb MHTErpajbHYI0 CyMMY

sa= 2 [ &) dx;. @
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PaccMOTpAM HEKOTOPYIO MOC/eN0BaTeNbHOCTh PA3OUEHHI, NP KO-
Topux max Ax; —0, npu 3roM n—oco. Ilpu xaxaom pasbueHHH
BLiGUpaeM 3HaueHus &;. Ilpexmosioxum, 4TO 3Ta MOCHEAOBATEJbHOCTD
HHTETPaJbHLIX CYMM *) S, CTPEMHTCS K HEKOTOPOMY Npejery

im  s;= lim 3 fE)Ax=s. @

max Ax; > 0 max Ax; > 0;°=1

Tenepb Mbl MoxeM cHOpMYJHPOBaTh CleEAyllee

Onpenenenue 1. Ecmm npu JoGsx pasGueHusix oTpeska [a, b]
Takux, yto max Ax; — 0, u mpu JoGom BbIGOpE TOUEK E; Ha orpes-
Kax [x;_y, x;] MHTErpajibHas cymma

s.= 3 FE) A G)

cTpeMuTCsi K OZHOMY M TOMY Ke Ipelely S, TO 3TOT Mpefen Hashl-
BAIOT OnpedesennbiM uxmezparom ot QyHKuMH f(x) Ha oTpeske [a, b]
H 0003HAYaT

b

(F @) ar.

a

Taxkum o6pasoM, MO ONpeaeEHHIO
b

lim ¥ FE) A= F @) dx. ®)

max Ax; = 07 =y a

UKCI0 @ HA3LBACTCS HUNCHUM npederom wHTeTpana, b —eepxuum npe-
denom uuterpana. Orpes3ok [a, b] HasbiBaeTCA ompesxom utmeepupo-
BAHUR, X—NepeMeHHOl urnmezpuposanus.
Onpeneneuue 2. Ecmu gna dyskuud f(x) mpenen (6) cyue-
cTByeT, TO (pyHKUHMIO Ha3blBAlOT uxmezpupyemoi wa ompeske [a, b].
3aMeTHM, UTO HHKHSS HHTErpajbHas CyMMa S, U BepXHsAs HHTEr-

panbHasi CyMMa s, SIBJISIOTCS YaCTHBIMH CJy4asiMH MHTErpaJjibHOM CyM-
Mul (5), mostomy écau f(x) mHTerpupyema, TO HHXKHSAS M BEPXHsSA
MHTETrpajibHble CYMMBI CTPeMSATCSi K TOMY K€ NpEAedy S, H MOTOMY Ha
OCHOBaHHH paBeHcTBa (6) Mox<eM Hamucathb

n
lim m;Ax; =
max Ax; > 0 ¢§| ¢ i

f (x) dx, Y]

Jim 3 M,Ax, =

maxAx; -+ 0,2

[ (x) dx. @)

Re g R

*) B nanHoM cllydae cyMMa sIBJISIeTCS YMODSNOYEHHON nepeMeHHOH BelUYHMHOMH.
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Ecsn nocTpouts rpaduK noAbIHTErpasbHOi QyHKuEH y = f (x), TO
B cayyae f(x) =0 unrerpan

b
{Fnyax

OyZeT UMCJAEHHO paBeH NJOLLAaJAM TaK Ha3bIBaeMON Kpueoaurelinol
mpaneyuy, OrpaHHYEHHOH YKa3aHHOH KpPHBOH, NPAMBIMH X =a, X=2>

n ocbio Ox (puc. 214).
INosTomy ecau TpeGyercss BHYHCAMTbL NJIOMAAb KPHBOJHHEHHOH
TpaneuuH, OrpaHuYeHHOfi KpuBO# y=f(x), npsaMeMH x=a, x=>b
u ocbio Ox, TO 3Ta naowazb Q BeUHCAsETCS C

¥ " MOMOIBIO HHTErpaJa:
.gé b
Q={f)dx. ®
a
JokaxeM clenyiomyio BaxHYIO TeopeMy.
e > Teopema 1. Ecau ¢ynxyua f[(x) ne-

npepoisia na ompeske [a, b], mo ona unmee-
pupyemica Ha smom ompesxe.
HdoxasareabcTBo. CHOBa pa3obbeM oT-
pesok [a, b] (a < b) ma orpeskn [x,, x,], [*1, %3], ++ vy [Ximny %] - -
¢ ves [ X4y, X,]. COCTaBUM HIDKHIOIO H BEDXHIOI0 HHTETPAJIbHBIE CYMMBI:

Puc. 214.

m‘- Ax;, (9)

S,=

s

i

M

S,=

i

M, Ax;. (10)
1

]

Ins panbHefimwero yCTaHOBHM HEKOTOpHE CBOWCTBAa BEPXHHX H
HHJKHMX HHTETDAJNBHBIX CYMM.

Croiictso 1. [lpu yeearuwenuu qucaa ompesxos, Ha KOmopoie
Mot pasbusaem ompesox [a, b] nymem Oobasrenusn Hogotx modex Oeae-
HURA, HUNHAS UHNESPANLHASL CYMMQ MONCEM MOAbKO 603pacmams, a
6EPXHASL UHMESPANLHAL CYMMQ MOAbKO yboieams.

HJokasareabcrtBo. Ilycts orpesok [a, b] paséur Ha n’ orpes-
KOB I'yTeM J00aBJeHHs HOBHIX ToueK (n’ > n). Ecau Kaxoi-To oTpe3ok
[%3—1» %] Gyner paséutr Ha HECKOJBKO OTPE3KOB, HampuMep, Ha p,
OTPE3KOB, TO B HOBOH HW)KHeHi HHTErpajbHOH CyMMe S, OTpesKy

[%4—1» Xx] OyneT coOTBETCTBOBATH p) CJaraeMbX, KOTOpbie MBI 0GO3Ha-
*

uuM uepes s, . B cymme s, STOMY OTPe3Ky COOTBETCTBYET OHO Cla-

raemoe my, (X — X—1). Ho ansi cyMmMbl ;. M BeAWSHHBL My (X — Xp.)

CnpaBejJIUBO HEPaBEHCTBO, aHaJOTHYHOe HepaBeHcTBY (4) § 1. Mu

MOXKEM HanucaTb

f;k = My (X — Xpmy) o
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Hanucas cooTBercTByiOMHEe HEPABEHCTBA AJis KaXJOTO OTPe3Ka H CyM-
MHDYSl JIeBble W TpaBble YacTH, MOJYYHM

50 =5, (n' > n). (1)

CeoiictBo 1 nokasauo.

CeoficTBO 2. Humnan unmeepupyeman cymma (9) u eepxuas
unmeepanrsran cymma (10) npu HeoepaHuuenHom yeeruueHuw 4Hucia
ompe3kos nymem 00006AEHUS HOBbIX MO4YEK OEACHUSR CMPEeMAMCS K He-

Komopbim npederam S u S.

HoxaszaTenbcTBo. Ha ocHopanun nepapenctsa (6) § 1 moxem
HanucaTh:

Sa <M(—a),

T. €. S, orpaHuyena npy Bcex n. Ha ocHoBanuu ceoiicts 1 s, MOHO-

TOHHO BO3pacTaeT NpH BO3PACTAHHHU n. CJIQAOBaTeJIbHO, Ha OCHOBaHUH

TeopeMul 7 o mpepenax (cm. § 5 ra. 1I) sta nepemennas BeanuMHa
uMeeT npejen; oGO3HAYUM €ro yepes S:

BT (12)
AHaNOrMYHO YCTaHABNHBaeTcs, UTO S, OFPaHHYEHA CHH3Y W MOHO-
TOHHO YyGHBaeT. CnenoBaTeNbHO, S, MMeeT Npeaes, KOTOPHIl Ml 06o-
3HaYNM dYepes s
lim s, =5,
n—> o
CBoiicTBo 3. Ecau (ynxyus f(x) HEnpepuieHa Ha 3aMKHYMOM
ompesxe [a, b], mo npedeant s u s, onpedeennvie @ ceoticmee 2 npu
ycaosuu, wmo max Ax; — 0, pasHet.
3ror obwuil npeaes o6GO3HAYUM yepes S:

_s_=s—=s. (13)

JloxasaTesrbcTBO. PaccMOTpuM DPa3HOCTh BEpXHEH W HHxHel
HHTErpaJbHOH CYMMEIL:

Sp— Sy = (My—m,) Bty + (My—my) Axy 4 ...+ (My—m) Bxy+ ...,
..‘+(M,,—-m,,) Axn= Z} (Mi_mi) Axi' (14)

OGosnaunm uepe3 &, HauGOJbpIIyID M3 pasHocreln M;—m; npu
JaHHOM pa3GHeHHHu:

e, = max (M;—m,).

MoxHO nokasaTh (Ha ueM MBI OCTaHABJHBAThCSl HE Gyaem), UTO eciau
dyskuusa f(r) HenpepnBHAa Ha 3aMKHYTOM OTpe3Ke, TO NPH JIOGOM
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criocofe pasbuenus orpeska {a, b] e, — 0, ecu Tombko max Ax; — 0:
lim e,=0. (15)

max Ax; —> 0

CpolicTBO HemnpepblBHOH ()YHKUHMH Ha 3aMKHYTOM OTpe3Ke, BhIpa-
Kaemoe paBeHCTBOM (15), Ha3blBaeTCS PABHOMEPHOL HEnpepbiBHOCHIbIO
PyHKUMH.

Wrak, mst 6ysemM mosp3oBaThest TeopeMoit: Henpepoisras gynkyus
HQ 3aMKHYMOM OMmpe3Ke PABHOMEPHO HENPEPLIBHA HA IMOM OmpesKe.

Bepuemcs k pasenctBy (14). Kaxnyio passocte M;—m; B mpa-
BOY YaCTH 3aMEHHM He MeHblueii BeJquunHoi &,. [Tonyyaem HepaBeHCTBO

$,—S, <&, Ax,+2,Ax,+ ... e, Ax,=
=g, (Ax, +Ax,+ ... +Ax,) =¢, (b—a).
[Mepexoas x npeneny npu max Ax; — 0 (n— o0), nonyuaem

lim (E,,—E,,)g lim oe,,(b—-a)=(b—a) lim e,=0,(16)

max Ax‘--ro max Ax;-> max Ax; - 0

T. €.
lims, =lims, =s, (17)
WM S=S=S§, 4T0 M TPeGOoBaJIOCh JOKa3aTh.
CsoficTBo 4. Mycms S, U S,,,— HUICHAS 1L GEPXAAS UHMESPANL-

Hole Cymmbi, coomeemcmeyiowue pasbuenusm ompeska [a, bl wa n, u
COOMBEMCMBEHHO HA 1, ompeskos. Toeda umeem Mmecmo Hepasexcmso

s"n < S—”: (18)

—

npu a1066iX 0y U N,
HokxasarenbcTso. Paccmotpum pasGuenne orpeska [a, b] Ha

ng=n,-+n,, OTPE3KOB, Tle TOYKAMH JeJeHUS GYAYT TOUKH JeJeHUs
1epBoro H BTOPOro pasGHEHHi.

Ha ocuoBauun uepasencrsa (3) § 1 umeem
Eﬂa <§n;' (19)
Ha ocuoBanuy cpoiictBa 1 umeem
5n, K Sy (20)
sn3< s—na' (21)

IMonbsysich coornomenuamu (20) u (21), MOXKHO pacuIHpHTL Hepa-
BeHcTBO (19):

5., <8

L 8, K Sy
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Ui

ﬁn‘ < Sn,’

4YTO H TPeGOBaNOCh NOKa3aTh.

CeoiictBo 5. Ecau ynxyus f(x) nenpepoera Ha ompesxke fa, b},
mo npu a06oil nocredosamenvrocmu  pasbuenuil ompeska [a, b} na
ompesku [x;_,, x;], He 00a3amensHo nymem npucoeuHeHUs HO6bLX
movex Oenenus, ecauw moavko max Ax; — 0, HudHAs unmezparvHas
CYMMQA Sp, U 6EPXHASL UHME2PANLHAR CYMMA Sy, CIPEMAMCI K npedeny S,
onpedesenromy ¢ ceoiicmse 3.

HokaszareanbcTBo. PaccMoTpuM mociefoBaTeNbHOCTb pas3bue-
HHUH [OCJEeOBAaTeNHbHOCTH BEPXHHX MHTErpasibHBEIX CYyMM S,, ONpeie-
JeHHbIX B cBoficTBe 2. Ilpy moGHIX 3HayeHHsAX n U m (Ha OCHOBaHHH
HepaBeHcTBa (18)) MoxeMm Hanucarb S, << S,.

[Mepexoasi K mpeaenry HpH 7n—sco, Ha ocHOBaHuH (15) MoxeM
HalHCaTh S, < S.

AHaNoru4YHEIM CIIOCOGOM JOKaXKEM s<§;.
Hrak,

S <SS,
HJIR
s—s, >0, s,—s>0. 22)

Paccmorpum mnpenent pasHoctd  lim  (sp—sp). Tak kak dysxnus
max Ax;—> 0 -

f(x) menpepriBHa Ha 3aMKHYTOM oTpeske [a, b], TO (Tak e Kak u
IpH 0Ka3aTeNbCTBE CBOMCTBa 3} JokaxeMm (cM. pasencTso (16)), uto
lim  (sp—sm)=0.
max Ax; >0 -
Ilepenumem nocseaHee COOTHOLIEHHE TaK:
lim  [(s;,—s)+ (s—sp)]=0.
max Axl-—> 0 -

Ha ocroBanuu (22) kaxpas M3 pasHOCTeil, CTOSIHX B KBaJpaTHBIX
CKO6Kax, HeoTpHuareabHa. C/eA0BaTE/NbHO,

lim  (s;,—s)=0, lim  (s—s))=0,
max Axi->0 max Ax;—> 0 -

H OKOHYaTeJbHO NOJyyaeM
lim s, =s, lim s, =s, (23)

max Ax; > 07 max Ax;—>0
4TO M TpeGOBaJOCh NOKa3aTh.
Tenepp MoxHO 1O0KasaTb M cHOPMYJIHPOBAaHHYIO BHILIE TEOPEMY.
Ilycts f(x) HenpepriBHa Ha oTpesKe [a, b]. PaccmoTpuM npon3Bosib-
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L
4]

HYI0 TNOC/]eN0BATRIbHOCTD HHTETPANbHBIX CYMM S, == t}_, [ E,) Ax; Ta-
=l N

Kyio, yro max Ax; — 0, §; —npousBosbHas TOYKa OTpe3Ka [x;_, x;].

JIns npaHHOH mOCJENOBaTENbHOCTH pa3GHeHHH pacCMOTPHUM COOTBET-
CTBYIOUIHE MOC/AENOBATEIbHOCTH BEPXHHX H HIXKHHMX HHTerpabHbIX
cymm s, M S,. JlIA Kaxmoro pasGueHHst GyAyT CPaBENAMBLI COOTHO-
menns (2):

_§n<s,,<sn.

IMepexoas k npeneny npu max Ax; — 0 u nonb3ysick paBeHCTBAMH

(23) u Teopemoit 4 § 5 ra. Il, monywaem lim s,=s, roe s—
max Ax;—0

npees, onpeleNeHHbI B CBOHCTBe 3.
dror upejes, KaK y»e rOBOPHJIOCH Bbile, H HA3BLIBAETCS ONpeae-
b

JIEHHBIM HHTErpPajoM Sf(x)dx. Hrax, ecnmn f(x) HenpepeiBHA Ha OT-

peske [a, b], TO

b
lim  3f(E) A= [ () dr. @4

max Ax‘--»

OtmernM, 4TO cpeiu PaspHBHBIX (YHKUMH ecThb KaK MHTerpupye-
Mble, TaKk W HEeHHTerpupyeMbie,

3ameganue 1. OrmeruM, 4TO OnpefeNeHHBIH HHTErpas 3aBHCHT
TOMLKO OT BHAA (QYHKIMH f(X) H HpeleNoB MHTErPHPOBAHHS, HO He
OT nepeMeHHOH HMHTEerpHpOBaHHA, KOTOPYIO MOXKHO OGO3HAYMTh JIHOGOI
Gyksoit. [103TOMy, He W3MeHAS BeJMYMHBI ONpeEJe/eHHOTO HHTErpasa,
MOXHO 3aMEeHHTb OYKBY X J0GOH APYroit GyKBOM:

b

b b
Ctwar=(rwyat=... = i@ d.

a

3ameuanue 2. Ilpu BBeIeHMH NOHATHS ONMPEAEJEHHOTO HHTe-
b

rpana Sf(x) dx mel npeanonaranu, uyro a < b. B caywae b < a npu-
a
MeM 1O ONpeAeNeHHIO

b a
§ 7o de= —§ f (x) dx. (25)

0 5

Tak, nampumep, g x2dx=— S xtdx.
6 0
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3ameuanue 3. B cayyae a=b nonaraem no onpegeNeHuIo,
4To AJjs JoGo# QyHKkuuH [ (¥) uMeer MecTO

a

{fwadx=o. (26)

a

1o ecTeCTBEHHO U C reOMeTPHYECKON TOUKH 3peHus. B camom zene,
OCHOBaHHE KPHBOJIHHEHHOH Tpanendd HMeeT JJIMHY, PaBHYIO HYJIO,
CJIeIOBaTeNbHO, W IJIOMIaAb 3TOH KPHBOJHHEHHOH TpaNeLHUH DaBHa
HYJlO. ,

fMipumep 1. Beuucaum usarerpar S kxdx (b > a).
a

Pemeunne. I'eoMerpnueckn 3ajaya SKBHBAJIEHTHA BHLIYHC/ISHUIO AJowazu Q
TpANeNHuH, OrPAHAUECHHON JIMHUAMH y=kx, x=a, y=0 (puc. 215).

Dynkous y=~Kx, CTOAWAsi TNOJ 3HAKOM HHTerpaja, menpepmsHa, Ciejposa-
TEJIbHO, AJA BBLIYHCJIEHUS OIPEAEJEHHOrO0 HHTErpaja Mol Brpase, KakK 3TO Gbl10
3aMeueHO Bhlle, NPOM3BECTH pasbuenue OTpesKa [a, b] nPoM3BONBHHIM CrocoBOM U
[IPOH3BOJIBHO BbIGPATh IIPOMEKYTOYHbIE TOYKH Ep. PesyabTtar v
BbIYMC/ICHUSI ONPENEeJIEHHOr0 HHTErpasa He 3aBHCUT OT CIOCO- y=z?
6a NMOCTPOCHUSt HHTErpaJbHOX CyMMBI — JMlIp Obl mar pasbue-
HHUA CTpPeMuJIcS K HYJUO.

JHenum otpesok [a, b] Ha n paBHBHIX OTpe3KOB,

sy 8/
«3’/@
A
o @z x b T ol bz
Puc. 215. Puc. 216.

b—a
JnuHa Ax KaXKIOro YaCTHYHOrO OTPe3Ka paBHA Ax= -+ 970 YHCIO 1 Gynet

maroM pas6uenust. TOUKM JNesieHus HMEIT KOODAHHATH Xo=a, X3 =a-+Ax, X, =
=a-2Ax, ..., xp=a-+nAx. B xauecrse Touexk &, Bo3bMeM JieBBe KOHLbl KaxK-
zoro orpeska: §;=a, Es=a-+4-Ax, §s=a+2Ax, ..., E,=at-(n—1) Ax.
CocraBuM unterpanbuyio cymmy (1). Tak xak f(E;) =£kE;, To
5p=kEy Ax+kE; At ... E, Ax=
=kaAx+[k(a+Ax)] Axt- ... H{k (a4 (n—1) Ax]} Ax=
=k {a+(@+A0)+(a+28x)+ ... +[a+ (n—1) Ax]} Ax =
=k{na-[Ax+4+2Ax+ ., .4 (n—1) Ax]} Ax =
=k{na+4-[14+2+4...4+(n—1)] Ax} Ax,
n(n—
2

rae Ax=l-’—:-‘-’. Yuutesas, uto 14-2+.,,+(n—1)= ) (xaK cymma reo-
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METPHYECKO/l IIPOrpeCCHH), MONYUHM

o=k [na—l— n(n—1y b-—a] b—a_, [a+n:1 b—a} (b—a).

n n

b2—qg?

=1 1, 10 Jim 5, =Q= k[a+—] (—a)=k 2 o

Tak xax lim

n —» oo

Hrax,

a
ITnomaas ABba (puc. 215) Jerko BHUYHCIHTD METOAAMM SJIEMEHTapHOIl reo-
MeTpHH.
PesysbTaT MOJY4YHTCH TOT XKe.
b
NMpuMep 2. Bruncautb S x¥dx.,
[
Pemesnwe, Jlanunifi uuTerpasn paeen miomaan Q xpusoanHefiHoi Tpamenuy,
orpannueHHoif mapaGoaoft y=x?, opaunatoii x=~b u npamoit y=0 (puc. 216).
Pa3zo6beM oTpesok [0, b] Ha n paBHEK yacTeli TOUKaMm Xoq=0 xy==Ax, x;=
=2Ax, ..., xp,=b=n Ax, Ax=0b/n.
3a Toyku £; BO3bMeM Kpalinue npasbie TOUKH KaXAOPO B3 orpeskos, CocTaBaM
MHTErpaJbHYI0 CYMMY:

Sp=x3 Ax+x3 Ax+ ...+ x5 Ax==[(Ax)? Ax+(2Ax)2 Ax+. . . F(n Ax)® Ax}=
= (¥ [IP422F ... +n,

n(n41) 2rn+1)

Kax wmsBectuo, 124-224-324-,..Fn’= 3 , HO3TOMY S,=
b
B n(nt1) @nt1) 8 ) 1 S 2 g b
= —— =5 (1+ (247) im s =Q ) =7
b

INpumep 3. Bruncants S mdx (m=const).

Pemenue,
b n n
Smdx= im ) mAx= lm m Y Axy=
a max Ax;—> 02} max Ax; >0 /T

=m lm }‘Ax,_m(b_a)

max Ax; >0 ;=)
n
3nech ) Ax; ecTb cymMa AMMR OTDeSKOB, Ha KOTOpHIe pasGHT OTpe3ok [a, b].
i=1
Ipu mo6om cnocoGe pasGHenus abrra CyMMa paBHa JJHHE OTpe3ka b—a.
Mpumep 4. Buuncauth S e* dx.

a
Pemenue CHoBa pasgequM OTpesoK [a, b] Ha n paBHEIX yacTeil: x,=a,
—a
xi=a-}-Ax; o140y Xp=a-+nAx; Ax=-—;—. 3a Touku §; BO3bMEM JeBHE Kpaiinue
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ToukH. COCTaBHM HMHTErpaibHYId CYMMY:

s, =e? Ax-estAx Ax 1, | 4-eat(n-1) Ax Ay —
=g (1 f-edx - g2Ax L, Jetn-D Ax) Ax.

Buipakenue B CKOOKAax €CTb €OMETpHUECKast IIPOrpeccusi cO 3HaMeHareseM edr u

1 e S A1 Ax=e (en Ax—1).- Ax Ia
mepBLIM HaCHOM 1, moSTOMY S5, =% ——— Ax=e® (e AT T" Jee,
. Ax .
uMeeM nAx=b—aq, A?t_t} om_—l——-—l. (ﬂo npasuny Jlonutans lﬂ —_ =

= lim —[-—_—.l.) TakuM o6pasoM, lim s, =Q =e? (eb-¢—1).1=¢b—e2, 1, e.
2->0 ez n > o
b

S e¥ dx=eb—e?,
a

3ameyanue 4. ToabKo YTO pacCMOTPEHHBIE NPHUMEPHI NOKa3hl-
BalOT, YTO HEMOCPEACTBEHHOE BBIYHCJEHHE OINpEeAeNIeHHbIX HHTErpalioB
KaK Upeje/oB HHTErPaJbHBIX CYMM CBSI3aHO C GOJIbIIHNMH TPYAHOCTSIMH.
Jaxe B Tex chaydasx, KOTAa NOABIHTETpasIbHblE (YHKIHUH SBISIOTCA
oueHb NpOCTeIMH (Rx, X%, €°), 3TOT cnocoG TpeGyeT I'DOMO3AKHX TO-
cuetoB. HaxoxpeHue xe onpejesieHHBIX HHTErpajioB OT GoJiee CJIOXK-
HBIX (yHKHMA DPUBOAMT K eme GOabmuM TpyaHoctsaM. Ilosromy
€CTeCTBEHHO BO3HMKaeT 33Jaua: HalTH NPAKTHYECKH YIOGHBIH MeToj
BHIYHCJICHHSl ONpeleeHHbIX HHTErpasioB. JTOT METOX, OTKphiTHI Hblo-
TOHOM H JleliGHUUEM, HCNOMNb3yeT TyGOKYI0 CBf3b, CYIIECTBYIOMLYIO
MeXIy HHTerpupoBaHueM H xuddpepeHnupoBanuvem. HMsaoxenuio u
0GOCHOBAHHIO 3TOr0 MeTO/a NOCBAILEHH! CJeAyoLHe naparpadbl HacTos-
el rJaBHl.

§ 3. OcHoBHBbIE CBOHCTBA ONMpENEJEHHOT0 HHTErpaJa

CBoficTBO 1. ITocCmOoAHHbIL MHONCUMEN MONCHO HEe BoIHOCUMS 30
3HaK onpedenennozo unmeeparqa: ecau A=const, mo

b b
{AFmde=A§F ) dr. (1)
JdoxasaTeabcTBoO.

b L
{Af()dx= tim o2 AT E) A=

max Axl -

n

b
=A lim D fE)A,=AFw) dx

max Ax; > 01{=1

CsoiticTBd 2. Onpedenrennsii unmezpar om arzebpauseckors
CYMMBL HECKORDKUX (PYHKULLL pasen areebpauueckol cymme unmeeparos
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om crazaemoix. Tak, B ciydae AByX cJaraeMbix
b b b
S0+ 1 001dx = § F () dx+ § £, () d. @
a a a
JdokasaTeancTBoO.

b n
(I +haealdr=_tim 3 [F; &) +F, Gl Ax =

max Ax‘

= lim [2 f1 ) Ax; + 2 fa(gz)Ax]

max Ax =0

= lim Efl(E)Ax;+ lim 2f2<§)Ax——

max Ax; »0i=1 Ax; 01
b

= x)dx+Sf2(x)dx

[/ ]
Jloka3aTeNbcTBO NMPOBOAMTCS aHAJOTHUHO AJIs JOGOro 4HC/a chia-
raeMbiX.

Cpofictea 1 u 2, XOTa M JOKa3aHH TOJMbKO AAA cayyas @ < b,
OCTaIOTCAl B CWje u npu a =b.

OpHako clefyiolee CBOACTBO CIpPaBefuBO Mpu a < b:
CeoitctBo 3. Ecau na ompesxe [a, b], 20e a <b, Pynxyuu
fx) u 9() y&be/zemaopmom ycaosuwo [ (x) < @ (x), mo
b

S Fx)dx<§ o () dr. @)
a a
HoxasateabcTBO. PaccMOTpHM pasHOCTb

b b b
Sorar—{iwae={[om—F)ae=

= lim Z[cp(z) —F E)]Ax;.

max Ax; =>0i=1

3pech xaxpas passoctb ¢ (8,) —f () =0, Ax;>0. CrenosaressHo,
Kaxk/ioe c/laraeMoe CyMMbl HEOTpHIIaTeIbHO, HEOTPHILaTe/IbHa BCsi CyMMa
b

H HeOTPHIaTeJieR ee npejen, T. €. S[cp ) —Ff(x)1dx >0, nm

S @ {(x) dx — § f(x)dx >0, orkyza caenyer HepaBeHCTBO (3).

Econ f(x) >0 u ¢(x) >0, To ykasaHHOe CBOHCTBO HaIVIiZHO
HmocTpUpyetcss reomerpuueckd (puc. 217). Tak xak @ (x) =7 (x),
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TO MIJOWaAb KPUBOJNHeHHOH Tpaneunu aA,B,b He Gojblue NIOmaAH
KpUBOJHHEHHOH Tpanenun aA,B,b.
CsoficTtBo 4. Ecau m u M—naumensiuee u nauboaviiee -3na-
wenus pynxyuu f(x) Ha ompesxe [a, b] u a<<b, mo
b

mb—a) < { f (x) dx <M (b—a). )

a

HokasarenbcrtBo. Ilo ycioBuio
m<f(x) <M.
Ha ocHoBanuu cBofictBa (3) umeem
b b b
(max<{Fyar<< { Man, @)
a a a
Ho
b b
{max=m@p—a), (Mdx=M@p—a)
a a

(cm. mpumep 3 § 2). IloxcraBisisi 3TH BHIpaXkeHHs B HepaBeHCTBO (4'),
MoJy4nM HepaBeHCTBO (4).

ry
\ Ay By
! 14 Z B
A; i )
&) % g
. g?{ 45 . . Y
1 E 2 5 /] A; Bf
K m
o ¢ z o a 4
Puc. 217. Puc. 218,

Ecmu f(x) >0, TO 310 CBONCTBO JIETKO HJLIIOCTPHPYETCS TeOMET-
puueckn (puc. 218): miomaap KpuBoJMHeliHOH Tpanenuu aABb conep-
FKHUTCA MEXIY MJOMAAIMH TPAMOYTOJbHHKOB aA;B,b u aA,Bb.

CpoiicTBo 5 (TeopeMma o cpenHeM). Ecau ¢ynxyus f(x)
Henpepora na ompeske [a, b], mo na smom ompesxe natidemcs maxas
mouka &, umo cnpasedauso credyrouyee paseHcmeo:

b

(fydx=0—a)f@. ()

a

HoxasateabcTBo. Ilycth ans onpeaenensoctd a < b. Ecau
m u M cyTb COOTBEICTBEHHO HaHMeHbilee W HAMGOJblIee 3HAUCHHS

13 H. C. Muekynos, . 3
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b
f (x) Ha orpeske [a, b], To B cuny dopmyast (4) m< EEE Sf (x)dx <M.
a

b
Orciona -b—lan(x)dx=p, rae m<p<<M.

a
Tak kak f(x) HempepbiBHa Ha oTpe3Ke [a, b], TO OHa MpHHMMaeT
BCE OPOMEXYTOYHLIE 3HAUEHHs, 3aKJioueHHble mMexay m u M. Cie-
JOBaTe/IbHO, NPH HEKOTOpOM 3HaueHuH & (@<

1Y . SEH) Oynerp=j(§), e
4{@ C b
a3 § i de=F @ 6—a).
a
CsofictBo 6. Jua aoboix mpex wu-
, cer a, b, ¢ cnpasedauso paseHcmeo
0 & ¢ [4 [ b
Puc. 219. {iwar={fwac+{fmar, @

ecAl MOALKO 6Ce MU MpPU UHMESPAIA CYUECMBYIom.
JoxasareabcTBo. [Ipeanonoxum cHauana, 4to a < c < b, n
COCTaBUM HHTErpajbHyIo cymmy s GyHKuuH [ (x) Ha orpeske [a, b].
Tak Kak npeaes HHTerpasbHOH CYMMBl He 3aBHCHT OT cCroco6a
pasCueHus oTpeska [a, b] Ha wacTH, TO MBI Gy/eM pa36UBaTh OTPE3OK
[a, b] Ha Maibie OTpe3KH TaK, UTOGHI TOYKA C Oblja TOUYKOH JAEJIeHHS.

b
Paso6beM Jajlee HHTErPATbHYIO CyMMY Y, , COOTBETCTBYIOILYIO OTPE3KY
a

4
[a, b], Ha ;Be cymmbl: cymmy DX, COOTBETCTByIOWLYIO OTPe3KY [a, c],
b a
M CyMMy ), COOTBETCTBYIOMIYIO OTPe3KY [e, 8]
c

b c b
Torna ;f E) Ax; = ; ) Ax; - ;f (€0 Ax;.

Ilepexoas B mocneHem paBeHCTBe K npejenay npd max Ax;—-0,
nosyunM coorHoueHue (6).

Eumm a<b < ¢, TO Ha OCHOBAHHH JOKa3aHHOI'O MOXEM HaNHCaTh

c b ¢ b e c
Sf(x)dx=Sf(x)dx+be(x)dx wma § F ) de=(F () dx — § 7 (0) dx;
a a a a b

c b
HO Ha ocHoBaHuM ¢opmyssl (4) § 2 HmeeM Sf(x) dx =— S f (x)dx,
b ¢

b c b
G3TOMY Sf(x) dx = S [ x) de+ S f(x) dx.
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AnanornynbiM 06pa3oM JOKa3BIBAaeTCS 3TO CBOMCTBO HpH JOGOM
JpYroM pacnoJIOXKeHHH TOueK a, b u c.

Ha puc. 219 pana reomerpuueckas wimocTpanus cBoiictBa 6 ans
Toro cayuasi, Korga f(x) >0 u a < c¢ < b: niomanp Tpaneuuun aABb
paBHa cymme miomaaei Tpaneunuit aACc u ¢CBb.

§ 4. BpiuncjeHue onpejeieHHoro uHrterpana. Popmyna
HploTona — Jleii6HMLa

b
IlycTs B ompepesneHHOM HHTerpale S [ (x)dx wmwxHUE Dpelien g

a
3akpenJieH, a BepxHuil mnpefesn b mensiercsi. Torjga Gyner MeHATbCA
M 3HayeHHe HHTerpasla, T. €. HHTerpan ecTb (GYHKLHS BepX-
Hero mpepena.

Jast Toro uroGel UMeTb NpHUBLIYHEIE 0003HAUEHHs, BEpXHUH npenel
00603Ha4uM yepe3 ¥, a YTOObI He CMEeLIMBaThb €ro C NepeMeHHOH HHTer-
pHpOBaHHs, NocJefHiol0 o603HayuM uepe3 f. (Ot oGo3HaueHHs mnepe-
MeHHO!l MHTEerpHpOoBaHHMs 3HaueHue HMHTerpasa He 3aBHcHT.) [losyunm

X

HHTerpaJ Sf(t) dt. Tlpu mocTosiHHOM a 3TOT HHTerpan GyneT npen-

a
CTaBJATb cOOOH (PYHKLHIO BepXHero mpenena x. Ty (QyHKIHMIO MBI
o6o3HaunM yepes D (x):
X
@ (x)={ 7 (t)at. (1)
a
Ecan f(f) —Heorpunartensnass ¢ynxuusi, To Beauunna @ (x) uuc-
JIEHHO paBHA IJIOIIAAH KpHBOJMHeilHON Tpaneuun aAXx (puc. 220).
OueBUIHO, YTO 3Ta IJIONAAh H3MEHseT-
cfd B 3aBHCHMOCTH OT HM3MEHEeHHs X. \Y
Haiinem npousBognyio ot @ (x) no x,
T. €. HafileM NPOU3BOJHYIO ONpeAeNeHHO-
ro unrerpana (1) mo BepxHeMy mpezeny.
Teopema 1. Ecau f(x)—nenpe-
X

poisras gyukyua u O (x) =S f (¢) dt,

MO uMmeem Mecmo paeeHcmeo
@ (x) =] (x).

HubiMu caioBaMu, npoussodHas om onpederennozo UHmMezpara no
éepxuemy npedery pasHa noObiHMeE2pANbHOL PYHKYUL, 6 KOMOpYio
BMECO NePeMEHHOl UHmMEe2PUPOBAHU NOOCMABACHO 3HAYEHUE 6epXHe20
npedesa (NIPH YCJOBHH, YTO NOJBIHTErPasbHAasi PYHKIMS HENPEPHIBHA).

HdoxasartenbcTBO. [laauM apryMeHTY X NOJIOXKHTENLHOE HJIH
OTpHIATe/bHOE NpHpamenre Ax; Torja (y4HTHBas cBOicTBO 6 onmpene-

13*

Puc. 220.
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«+Ax
JIeHHOro uHTerpana) moayuum @ (x4-Ax) = S f(t)dt= S f(t) dt +
x+Ax

-+ S f (t) dt. Tpupamenue dyskuuu @ (x) paBao AD =@ (x4 Ax) —
* x+Ax x+Ax

—® (1) = Sf(t)dt-(— S f(t)dt—gf(t)dt T.e. AD= S F(t) dt.

K nocnem-lemy meerpany I'IpHMeHHM TeopeMy 0 cpenHeM 3HAYeHHH
(cBOiiCTBO 5 OmpejeNeHHOTO HHTErpaJa)

AD=f () (x+Ax—x) = ) Ax,
rie £ sakmoueHo Mexay X H X+ Ax.

Haiinem orHoleHne mpupauieHusi GyHKUHH K NPUpAIIEHHIO apry-
A® f(§) Ax

MeHTa: - = =f(§).
AD

C.nenOBaTe.ano, O (x)= lim —= lim f €). Ho Ttak kak § —x
-0 Ax

Ax
npu Ax—-0, TO 11m fE) = llm fE), a BCJIelICTBHe HenpepbiBHOCTH

byuxuun f(x) llm f (E,)—f(x) Tang o6pazoM, @’ (x) =f (x). Teo-

pema onasaﬂa

JanHas TeopeMa npocTo WILTIOCTpHpYeTcs reoMeTpuyecku (puc. 220):
npupauenve A® = f (§) Ax paBHsieTcs nJom@agx KPUBOJIHHEHHOH Tpa-
neuuu c ocHoBaHueM Ax, a mpousBogHas @' (x)=f(x) paBHa mauue
orpeska xX.

3ameyanue. M3 pokasaHHOH TeopeMbl, B YaCTHOCTH, CJELYeT,
UTO 6CAKASL HEnpepoleHas (Pynkyus umeem nepeoobpasnyro. IeficTeu-
TeJbHO, eclM QyHKuus f(f) HempepbiBHA Ha OTpesKke [a, x], To, Kak

X

yKa3pBaJMoch B § 2, B 3TOM cJyyae onpeaeseHHbIH HHTErpas S f(t) dt

x

CyIIecTBYeT, T. €. cyuiecTByer ¢yHkuusa @ (x)= S f () dt. Ho no go-
a

Ka3aHHOMY BBlIlE OHA SIBJIseTCS TepBoOOpasHoil oT f(x).

Teopema 2. Ecau F (x) ecmo kaxas-au6o nepsoobpa3nas om
Henpepbisroti Gyuxyuu f(x), mo cnpasedausa gopmyara

§f(x)de=F (b) —F (a). @

Ora ¢opmyna HasbiBaercs gopmyarod  Heomona — Jlei6uuya *),

*) Heo6X0ZUMO OTMETHTB, YTO TaKOe Ha3BaHUE cpopmy.rm (2) ycaosHo, mo-
ckoabKy HM y Hbiorona, Hm y JleliGHHia He GBLIO TaKOH (GOPMYJH B TOUHOM
cmeiciie atoro cioBa. Ho BaxHO TO, uTo uMmenHo JlefiGuun u Hbloton Brepsble
YCTAHOBHJIM CBfi3b MEXJY HHTerPHPOBaHHEM H JAudhepeHIHpPOBaHHEM, NO3BOJAIO-
Uy!0 CO3RKaTh NPABMO AJNfA BBHIMUCIACHHUS ONPEAENEHHLIX HHTErpaJos.
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JdoxkasatenbctBo. Ilycte F(x) ecTb HekoTOpasi mepBooGpas-
X

Hasi ot ¢yukuuu f(x). Ilo Teopeme 1 dynxkuus Sf(t) df ecTb Takxke

a
nepBooGpasHast or f(x). Ho xBe moGble mepBoo6pa3Hble OT JaHHOH
GYHKIMH OTJMYAIOTCS Ha NOCTOsiHHOe caaraemoe C*. CrepoBaTenbHO,
MOXKHO HaIHCaTh

Re -y

f(t)dt=F (x) +C*. @)

OTo paBeHCTBO TNPH COOTBETCTBYMOWEM BhiGope C* cnpaBeaJuBO NpPH
BCeX 3HAYeHHMsAX X, T. €. sBAseTcs TOxJecTBOM. Jlisi onmpenenenus

nocTOsIHHOro C* MOJNOXKHUM B 3TOM TOMXKAECTBE X =@, TOrja
a

(f@)dat=F@+C* wm O0=F(@+C*, omyma C'=—F(a).

CrnenoBare/bHO,
x

(F@)dt=F(x)—F (.

a

IMonaras x=>b, nonyuum ¢opmyay Helorona — JlefiGunna:
b

{f(tydt=F () —F (),

a

WH, 3aMeHUB O0O3HaueHHe NEepeMeHHOH HMHTerpUpOBaHHS Ha X:
b
{7 (x)dx=F (b) = F (a).

a

Ormerum, uyto pasuocts F (b)) —F (a) He 3aBucuT ot BhIOOpa nep-
BooOpasHoii F, Tak Kak Bce nepBooOpasHbie OTJHYAIOTCS Ha NOCTOSH-
HYIO BEJHYMHY, KOTOpas NpH BLIYHTAHHH BCE PABHO YHHUTOXKaeTcs.

Ecau BBecTH 0Go3Hauenue *)

F@)—F(@=F®)|&

10 ¢Gopmyny (2) MOXKHO mepemucatbh Tak:
b

(Fde=F (x)

a

" —F (b) — F (a).

*) Bripaxenue |2 Ha3biBaeTCs 3HAKOM [BOHHON moAcTaHOBKH. B aureparype
BCTpeyaloTes ABe GOpMHI 3amHCH: HJIH

F (®)—F (@ =[F ()],
nJin

F®)—F @=F (5.
Mu B panvpefimem GyfeM ynotpeGasTh M TOT H APYro# Cnoco6H 3sanuch,
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®opmyna Hetorona — JlefiGHua naet npakTHIeCKH YAOOHBIH METOX
BBIYHCJIEHHST ONpejiefieHHbIX HHTErpajioB B TOM CJAydae, KOI'Ja H3BECTHA
nepBoo0pasHas NOABIHTErpaibHOH QyHKIUH. TOMBKO € OTKpHITHEM
510#i (opMyJIbI ONpenesieHHbIH HHTErpasj CMOrI MOJYYHThb TO 3HAYeHHe
B MaTeMaTHKe, Kakoe OH HMeeT B HacTosimee BpeMsi. XOTs ¢ Mpouec-
COM, aHAJOTHYHLIM BBLIYHC/IEHHIO ONpefeleHHOr0 HHTerpasia Kak Ipe-
Jesla HHTerpasJbHOA CyMMBI, GbIIM 3HAKOMbI ellle B JIpeBHOCTH (Apxu-
MeZl), OAHAKO MpPHUJOXKEHHA 3TOTO MEeTOXAa OTPaHHYMBAIHCh TEMH
NPOCTEALIMMH CJy4asiMH, KOrJa Inpejes HHTerPaJbHON CYMMbI MOT
OGRITh  BblyMCNeH HenocpelcTBeHHo. Popmysna Heiorona — JleliGuuna
3HAYUTEJIbHO pacIlupU/Ia 06/1acTh NPHMEHEHHS ONpPENEEHHOTO WHTer-
pana, Tak KaK MaremaTHka nojyyusaa oOLMHA MeTOx AJAsS pele-
HHUSA pasjHYHBIX 33aJa4 YaCTHOTO BHJa U NMO3TOMY CMOIJIa 3HAYHUTENHHO
PaCIIUPUTL KPYT NPHJIOKEHUH OmnpeleseHHOro HHTErpana K TEeXHHKE,
MeXaHHKe, aCTPOHOMHH M T. [.

b

X216 p2—g?
IMMpumep 1. Sxdx_-? P
a
d 16 p—ad
=2 _|" 04
INpamep 2. Sx dx._3 B 37—
xnt+l | b pr+l__gn+l

= (n #—1).

=n—l—1 n+1

ITpumep 4.

a

b
ITpamep 3. Sx"dx

a

4 b

S ex dx=e"l = —ee.

a

2

ITpumep 5. sinxdx=—cosxl;n=—(cos2n—-cosO)=O.

0

1

xdx _

ITpumep 6. y——T=V1+x2[6=V2—l.
J Vifx

§ 5. 3aMena mepemMeHHOH B OfpeAeJEeHHOM HHTerpaje

Teopewma. Ilycme dan unmezpan

b
(7 ) dx,

ede Qynryus f(x) Henpepoiena nHa ompeske [a, b].
Beedem Hosyro nepemenunyro t no gopmyne

x=0q ().
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Ecau

) ¢(@)=a, o@)=0,

2) @ (¢) u @' (t) nenpepesnor na ompeske [a, B,

3) flo(f)] onpederena u nenpepwisua na ompesxe [e, B,
mo

b B
(@ ax=Srlo e () at. o)

HokasateanbcTBo. Ecau F (x) ecth nepBooGpasnas als QyHK-
uMu f(x), To MOXeM HamnHcaTh CJeAYIOllHe paBeHCTBA:

() ax=F @+, ©)
(ile 1 () dt=Fo (t)]+C. 3)

CnpaBefMBOCTL NOCJTENHETO PaBeHCTBa NpoBepserca AubdepeHIHpo-
BaHueM o6Geux uvacreii no f. (OHO Takxke cJjenyeT u3 ¢opmyas (2)
§ 4 ra. X.) U3 pasencrBa (2) moayyaem

" =F (b)) —F ().

b
§i(ax=F (2

N3 pasenctBa (3) noayuaem

[
§ flo 10" (1) dt=F o 1)]] 5 =Flo ®)]—Flo @)]=F (6) — F (a).
o
IlpaBble yacTH MOCJEAHHX BHIPA’KEHHH paBHHI, CJIEOBAaTEJNbHO, PABHBI
U JIeBHIE.
3ameuyadune. OTMeTHM, 4TO NpPH BHIYHMCJIEHHH ONpEAENEHHOTO
HHTerpaja no ¢opmyae (1) Mbl He BO3Bpa- v
mlaeMcst K cTapoil nepemeHHoli. Eci Mpl BbI-
YHCJIUM BTOPOH M3 OINpeleJeHHBIX HHTerpa- y=Vri-a
JoB paBeHcTBa (l), TO MBI NOJYYUM HEKO-
TOpOe YHCJIO; STOMY K€ YHCJY paBHseTCs
W IepBHIA HHTErpal. 2
r 0 Zf=1
IMpumep. BEUMCAUT, unTerpan S VYV P=x%dx.

0
Pemenne. Crenaem saMeny nepeMeHHON: X ==
=rsin ¢, dx=r cos ¢ dt. OnpeJileuM HOBbIE NpeLEH: Prc. 9221
x=0 npu {=0, x=r npu t=mn/2. CaepoBareibHo, ue. *
r /2 /2
S V= di= S VA—rsin?ir cos tdi=r? 5 VYV 1—sin®7 cos {dt=
0 0 0

/2

/2
2' 1 1 t  sin2t\w2 sl
2 2 —_ 2 — _— — —_ — —_——
=r § cos? tdi=r (2+2 cos?t) dt—r2{2+ 7 ]0 =

BEMUC/IEHHBIA HHTErpasl C T€OMETPHUECKOH TOUKH 3peHHS NpelcTaBaseT Mo
mazb '/y Kpyra, orpaHMueHHOr0 OKPYMHOCTbIO x2-4y2=7s2% (puc, 221).
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§ 6. UHTerpuposanue mno 4acram

ITycts u u v — pudpdepennupyemsie pyHkuuu ot x. Toraa
() =u'v4ur'.

Hurerpupys oGe yacTH TOXKAeCTBa B Npejetax OT a A0 b, modydmm

b b b
~
§ (o) dx=§ wode 4§ wo' d. (1)
a a a
4 b
Tak kax S(uv)’dx:uv+ C, 10 S(uv)’dx:uv o) TO3TOMY paBeH-
a
ctBo (1) moxer GbITL 3amHcaHO B BHZE
b b b
uw|,= Svdu-{-g udv,
a a
M/l OKOHYaTeABHO
b , O
Sudv:uv a—Svdu.
a a
/2
Mpumep. Bouncaure unrerpan [,= S sin® x dx.
0
/2 /2 /2
I,= S sin® xdx= S sin”—1lxsin xdx=— S sin®"~1xdcos x=
é 0 \u/ \&’/
/2

=—sin"“1xcosx‘:/2+(n—-l) S sin”=2 x cos x cos xdx==
0
2 /2
sin?=2 xcos? xdx=(n—1) S sin?=2 x (1 —sin? x) dx=
0
/2 w/2
=(n—1) S sin® =% x dx—(n—1) S sin® x dx.
0 0

S

B BuiGpanHbix 0003HaueHHAiX TOC/EAHEE DABEHCTBO MOXKHO 33MHCaTh TaK:
Iy=(n—1)In_s—(n—1) 1,
OTKYA2 HAXOHUM

=" 1y, @
Tem xe npuemom Haiifem
Lo ="=31
n-2'—n_2 n—14s
[O3TOMY
n—1ln—3

In=——0—5r-¢
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IMpononxas TakuM IKe obGpasoM pxanee, Mbl gofimeM miu Ko {4 wam go Iy
B 3aBHCHMOCTH OT TOrO, GYJeT Ji¥ 4YHCJIO 7 YEeTHBIM MJM HEYyeTHLIM.

Paccmotpum pgBa cayyasi:

1) n—uscno uerHoe, n=2m:

I _2m—-l'2m—3 il
M= "om Im—2 'R

2) n—uucno HeverHoe, n=2m-1:
2m  2m—2

4 2
Lno=g T m=1 53
HO TaK Kaxk
/2 /2 /2
10=S slnoxdng dx.—..-%—; Ii= sin xdx=1,
0 0
TO
S om—1 2m—3 53 1
= oy gy Mm% 0 9 T
Lam OSS‘“ dhi el SR R
/2
Ipeg= \ sin*m+ly de— 2m  2m—2 6 4 2

Il am—1 " 'T'5 3

U3 stux dopmyan crenyet gopmyra Barsuca, Bubipamaromas 4ucdo m/2'8 BuLe
6eCKOHeUHOr0 MPOU3BENEeHHUs.

JleAicTBUTENIbHO M3 MOCJEJHAX HBYX PaBEHCTB NyTeM MOWIEHHOrO JeJeHust
HaXoZuM

i_( 2-4.6-...-2m )2 I Im 16}
2 \35-....2m—1)) 2m+ 111
Jokaxem Temepb, 4TO

lim —f2m =1,

m - o« 12m+1

L3
I[Jlﬂ BCeX x U3 HHTepBajaa (0, T) CrnpaseJJHBbl HepaBeHCTBA

sin?” =1 x > sin®” x > sin®m+1 x,
Hurerpupys B npemenaax ot 0 o m/2, noayunm
Limy=ln=1Ilspn+1,
OTKyJAa
Lﬁﬁ;l‘.; _[2L> 1. )
12m+1 12m+1
Hs pasencrsa (2) cienyer
lom—1 _ 2m—-1
Ty 2m

.

ITostomy

lim L2m=t gy 2mtl
mso lomyi moow 2m

L,
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H3 nepasenctBa (4) moayuaem

lim 112”‘ =1,
m-o {2p,4+1

Tlepexons k npemeny B dopmyse (3), momyuum gopmysy Barrucal
T lim ( 2.4.6. ... 2m )2 1 ]
2 mow 3:5....-(2m—1) 2m+1 }°

A1y dopMyay MOKHO 3amucaTh B CJELyIOlleM BULE:

Ty 2 2 i iﬁ 2m—2 2m 2m
2=, \T 3 3 5 5 2m—=1 " om—1 " omy1 )"

§ 7. HecoGcTBeHHBIE HHTErpaJibl

1. Uuterpann ¢ 6ecKOHeyHBMH npeaenamu. [lycts
¢yHKuus f(x) onpefeseHa M HempephiBHA NPH BceX 3HAUEHUAX X
g TaKuX, 4T0 a << x < + co. Paccmorpum uH-
Terpaj
b

1) =" F(x)dx.
0| & b 2 a

DTOT HHTErpag HMeeT CMBICA TPH Jo6OM
Pue. 222. b> a. [lpu u3MeHeHHH b MHTerpan H3MeHs-
eTcsl, OH fIBJISeTCS HeNpephiBHOA (yHKuUeH b
(cm. § 4). PaccmorpuM BoOmpoCc O IOBEAEHHH 3TOTO HHTerpasna Mmpu

b— 4+ oo (puc. 222).

Onpeaenenune. Ecau CymleCTByeT KOHEUHBIH npenesn
b
lim Sf(x) dx,

b>+ » 4

TO 3TOT Npele] HasBIBAIOT HecoOCMBeHHbIM UHMe2pasoM OT (DYHKIHH
f (x) ma uurepBane [a, + oo0) H 0603HAYAIOT TaK:

+®
{ 7@ de
a
CJIeAOBaTeJleO, 10 ONpEeAC/IEHHIO HMEEM
+o b

§ 10 de=tim {0 dx.

a a
+oo

ToBopsaT, 4T0 B 3TOM Clyyae HecOOCTBEHHHH HHTerpa S f(x) dx
a
b

cywecmeyem wau cxodumcs. Ecau Sf(x) dx npu b— + oo He umeer
a
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+ o

KOHEYHOro mpejesa, TO T'OBOPHAT, HTO S f (x) dx ne cywecmsyem unu
a
pacxodumcs.

JIerko BbISICHHTb T€OMETPHYECKHl CMBICJ HECOGCTBEHHOTO HHTErpasa
b

B cayyae, Korja f (x) >>0: ecau unTerpan Sf(x) dx BBIpaxKaer mnJo-
a
wagb 06JacTH, OrpaHHYEHHON KpUBOH y = f (x), OCbIO abCuUHCC H OPIH-
HaTaMH X =a, X=>,, TO eCTeCTBEHHO CYHTaTb, YTO HECOOGCTBEHHBIH
+®

HHTETpan S f (x) dx BBIpaxkaer nJowianb HeorpaHWYeHHOH (GeCKOHeu-

a
HOM) o6/1acTH, 3aK/MIOYEHHOH MeX1y JUHHMSMH y = [ (X¥), X =a H OCbIO
abcuuce.

v
y=r17
1+
0 \ [} z
bd:x
07+x3
Puc. 223. Puc. 224.

AnanornyneiM 0Gpa3oM ONpPeNeNfAIoTCs HECOOGCTBEHHble HHTEerpasnl
U 17 Ipyrux GeCKOHEYHBIX MHTEPBAJIOB:

Sa f (@) de=_lim g f () dx,
§ royae=§ F@ar+ § Fdr.

ITocnenHee papeHCTBO CJAELYeT MOHUMATH TaK: €CJHM KaKIbIH H3 Hecol-
CTBEHHBIX HHTErpaJioB, CTOSIIIUX CIpaBa, CYILECTBYET, TO CYLIECTBYeT
(cxomuTcs) MO OMpeNeNIeHHIC M MHTerpas, CTOSIMH CJeBa.

+ ®

INpumep 1. Bruucauts HuTErpan S l_fi:_xT (puc. 223 u 224).
0

Pewenune. ITo onpenesennio HecoGCTBEHHOrO HHTErpaia HaXoLuM

+® d b d b
>4 . X . . n
§ T l“i‘mog T = 20, ar“g"lo—bﬂfﬁwafdgb—T

PaccMoTpenHBIil MHTErpaj BbIpaXkaeT IJIOLIANb GECKOHEUHOH KPHBOJIHHEHHOH
Tpanenuy, 3alITPHXOBAHHOH Ha puc. 224.
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Mpumep 2. YcranosuTs, WpH KaKAX 3HAueHHsX O (puc. 225) murerpan
+ o

dx
S el CXOJUTCS H TIPA KaKUX pacXoAuTcs,
1

b
b
Pemenune. Tak kax (npua # 1) S%=l— xl—ax=]—la(bl—a—l)’
1

(brt—*—1). CnenoBaTenbHO, OTHOCHTENLHO pPaccMaTpH-
X b - +{eo 1—a

BaeMoro HHTe€rpaszsa MOXHO ClleJlaTb clellylomue BHIBOABI. eClH O > ], TO

g dx 1
4 —& =g —j T & HHTErpax CXOMHTCS; eCiH
1
+

©o

dx
a<l, 1o S & =%, T. e mHTErpan pacxofiuT-
1

y=ga N dx + o
ca. Ilpp a=1 5= l =o00— MHTEr-
23 1
a éz;i pan pacxomurcs. .
0 1 z x
Prc. 295, ITpumep 3. Buuncants -S e
+ o
PemeHnue.

l_l_xz S 1+x2+S 1+ 5 . BTopoit uHTerpan paseH

-

5 (cm. npumep 1). BuuncauM nepBbli MHTErpan:

0
S 1+x2 a_,_wSI:dl—xﬂ— lim arctgxl = lim (arctg 0—arctga)=

o —>=—0o0 o=

tol:l

CliefioBaTENbHO,

-

dx TN
§ Tr=1+7=n
—-®

Bo MHOrux cjaydasix OblBaeT JOCTaTOYHO YCTaHOBHTb, CXOAMTCS
JaHHBI HHTErpaj WM PAacXONUTCS, W OLEHUTb ero 3HaueHue. s
3TOro MOTYT GHITH NOJIE3HBIMH CJELYIOUIHe TeOpeMbl, KOTOphe Mbl IIpH-
BeeM 0e3 JOKas3aTeNbCTB, a NpHMEHEHHe HX JOKaXeM Ha NpHMepax.

Teopema 1. Ecau 05 6cex x (X Z> Q) 66iN0OAHACMCA HEPABEHCMBO

0I<i() <ok

+ o + ®

u ecau 3 ¢ (x) dx cxodumes, mo S' f(x)dx maxwe cxoOumcs, npu
a a
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amom

+® +o

§{ Fax< § (o ds.

a a

+®
dx

2 (l+4e¥)”

IMMpumep 4. Hccaenosats, CxoguTes JH MHTErpan S

+ 0
1 |
Pemenue. 3amerum, ytonpu 1 << x = (1+ex) = Hanee, S —2 =

+®
1 |+»

x
=_—— ==1. CiaegoBarefbHO S —s—————— CXOAHTCA H €ro 3HayeHue Meubtue 1,
x i A » ) F( e
1

Teopema 2. Ecau 022 ecex x (X Z= a) 6bINOAHACMCA HEPABEHCMEO
+®

0o () <[ (%), npuuem S ¢ (x) dx pacxodumcs, mo pacxodumcs u

a
+ o

unmezpan S f(x)dx.

+®
IMpumep 5. Hccrenosars, cxoputcss JIM MHTerpan S J;/__*__ls dx.,
X
1
+1 1 e d
x X X
3ameuaeM, YTO ——— > ——=—-—_ Ho S _= lim 2Vx ~+oo
VaE Ve Vi ) Ve beve

CnenoBare/ibHO, PACXOAUTCH W J@HHbLI WHTErpal.

B mociexsux JBYX TeopeMax pacCMaTPHBANHCh HeCOGCTBEHHbIE
HHTErpaJsl OT HEOTPHIATEeNbHbIX PyHKIHH. [ cayuas dyskuuu f (x),
MeHsoIed 3HaK B OECKOHEYUHOM HHTepBase, HMeeT MeCTO CJeAyioilas
TeopeMa.

+ o

Teopewma 3. Ecau unmezpan S | f (x) | dx cxodumes, mo cxodumes

a
+ ®

U unmezpan S f(x)dx.

a
B 3toM caygae noclegHH#l MHTerpaj HasbplBaeTcss abCOAONMHO

CX00AUUMCR .
+»
sin x
Mpumep 6. HccnegoBars cXonuMocTs HHTErpasa S

dx.
s

1
Pemenne. 3nech NMOABIHTerpaNbHas GyHKUUS 3HAKONepeMeHHas. 3ameuaeM,
+ o
1 dx I
<|— —_— = —a—
X x3 2x2% |1

+® 1
=5 CrefoBartesbHO, HHTEr-
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+®
sin x o
paxa S I dx cxopurca. OTciofa caepyer, 9TO CXOAMNTCA H JaHHHH HH-
1
Terpad.

2. UuTerpan or paspuBHOH dyHKuuH. [lycTs dynkuus

f (x) onpeneneHa u HempepniBHA NpH a< x <c¢, a IpH x=¢C OGYHK-

nusi 6o He onpeneseHa, Ju60 TepnuT pa3phiB. B 3rtom ciydae
4

HeJb3st FOBOPHTb 00 HHTErpaje S f (x) dx xax o npegjene HHTErpafb-

a
HBIX CYMM, TaK Kak f(x) He HempepbiBHa Ha oTpeske [a, c¢], M nos-
TOMY 3TOT Ipefesl MOXKET H He CYLeCTBOBATh.
[4

HnTterpan S f (x) dx ot ¢pyHKunu f (x), paspHBHOH B TOUKeC,
a

onpezensieTcs CJAeLYyIOMUM 0GpasoM:
[4 b
(feyax= tim §f(x)ax
[a b—>c-0 4
Ecau npenen, crosiuuil cnpaBa, CYLlecTBYeT, TO HHTErpaj Hashl-
BAalOT HEeCOOCTBEHHBIM CX00AWUMCSL WHTETPAJIOM, B IIPOTHBHOM CJydyae
HHTErpasj HasbiBalOT PACX00AUUMC.
Ecmu dysknus f(x) uMeeT paspeiB B JIeBOM KOHIle OTpe3ka [a, ¢]
(T.e. mpu x=a), TO N0 ONP €LEJNEHHUIO
[ c
S f(x)dx= lim \‘ f (x) dx.
a b—>a+0 j
Ecnmu ¢yukuus f(x) uMeeT paspeB B HEKOTOPOH TOUKe X = X,
BHYTpH oTpe3ka [a, ¢], TO moJjararwor
c Xo ¢
§Fear="700)det§ 700 dx,
a a Xo
ecnd 06a HecOGCTBEHHBIX HHTerpasa, CTOSIIHX B NIPaBOH YacTH paBeH-

CTBa, CYUIECTBYIOT.
1

dx
ITpumep 7. BbquCJIHTbS—-
5 Vl—x

PewmeHne.
b

1
dx . ¢ dx . —1p
—_— ] —_— lim 2Y 11— =
S i i s v

=— lim 2(YT—b—1)=2.
Qum 4 )

1
dx
ITpuMep 8, Buuneautb HHTErpaN ok

-1
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Pemenune. Tak Kak BHYTPM OTpe3Ka HHTErPHPOBAHHA CYMECTBYeT TOYKA
x=0, rae nopsiHTerpajbHas QYHKUHA pa3pblBHA, TO MHTErPaJ HYXHO NPEACTABHTHL

1 € 1
dx . dx . dx
KaK CyMMy ABYX CJIaraeMbix: — = lim — + lim — . Bprunc-
x g, —>~-0 x e —> +0 x
-1 -1 &g
€
A lim d lim [
JUM  KaX[Blit  Tpefes  OTAEJBHO: —_ = - —
WK pex pit £y > —0 ) P 6 >=0 % -1

= — lim (-I——L)=oo. CnepmoBaresbHo, Ha yuactke [—1, O] HuTerpan
e—>—-0\ & —1)

1
dx . 1
pacxoautcsi.  lim —=—lim l—— )| =w. 3nauut, Ha yuyacTKe
e2>+0dJ ¥ €+ 0 €
€2
[0, 1] mHTerpan TakKe pacXOZUTCH.
Takum o6pa3oM, AaHHBI MHTerpaj pacxoiuTcs Ha BceM oTpeske [—I, 1]
OTMeTHM, YTO ecm Obl Mbl CTaJH BBIYMCAATH JNAHHBIA MHTErpaj, He o6paimias BHH-
MaH¥s Ha pa3phlB NMOABIHTErPajbHON (PYHKUHMH B Touke x=0, TO HOJydYHIH GHl

. dx 1p 1 1
HEBepHHI pesysibTat. JlelCTBUTENBHO, S =] =—|+——)=-2,

YTO HEBO3MOXKHO (pHuc. 226).

Sameuanue. Ecn dynkuus f(x), omnpeneneHHas Ha OTpes3ke
[a, b], umeer BHYTPH 3TOro OTpe3Ka %
KOHEYHOe YHCJIO TOYEK Pas3phiBa 4y, Q. - -
..+, @,, TO MHTErPAN OT (QYHKUHH f(X)
Ha oTpe3ke [a, b] onpenensierca claenyio-
mum obpasom:
b a

07y ax=S f(x)dx+§f(x)dx+...

a a

: .
oot § 70 dx, AL X
an -1 0 1 z
eC/l KaXIblil U3 HeCOGCTBEHHBIX HHTer- Puc. 226.
paJioB B NpaBoOfl 4acTH PaBEHCTBA CXOAUT-
ca. Ecsim ke xoTs Obl OAMH W3 3THX HMHTErpajoB pacXoiuTcs, TO H

b
Sf(x) dx HasblBaeTcs pacXOASIIHMCA.
a

Jns onpeneneHusi CXOZMMOCTH HeCOOCTBEHHBIX MHTErpasoB OT pas-
PHIBHBIX (QYHKIMH M OLEHKHM HX 3HAueHMH 4acTo MOryT GHITh HpuMe-
HeHbl TeopeMbl, aHAJOrMYHble TeopeMaM .Ml OLEHKH HHTerpaJoB
¢ GecKOHEYHbIMH TIpejesiaMy.

Teopema I'. Ecau na ompesrke [a, c] ¢pyuxyuu f(x) u ¢ (x)
PQ3pbLIBHeL 8 MOuKe ¢, npuuem 60 6CeX MOYKAX 3MO20 Ompes3Ka
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BLIONNENDL HEPAGEHCMEA
¢ (x)=7(x)=0,

[4

u S(p (%) dx cxodumcsa, mo Sf(x)dx makoice cxo0umes.
Teopema I1'. Ecau na ompesre [a, ¢] ¢yuxyun f(x) u @ (x)

paspoiéHbl 8 moyxe C¢, npudem 60 6Cex MOUKAX 3IMOS0 OMPE3KA 66iNON-
HeHblL HepaseHcmea

fx)=ex) =0
[4 [
u Scp(x)dx pacxodumes, mo u S f (x) dx pacxodumcs.

Teopewma I1l'. Ecau f(x) — ¢pynxyus, 3HaxonepemenHas Ha oni-
pesxe [a, cl, paspviernas moabxo 6 mouxe ¢, u HecoGemeeHHbil urmee-
c

paa S]f(x)]dx om abcoromHoLl eeausuHbl Imoll yHKYUL cxodumes,
a

4

Mo cxo0umcs maxsce uUHmezpar S f (x) dx om camoii pynkyuu.
a

B xauectBe ¢YHKIMIH, C KOTOpBIMH YJI0OGHO CPaBHHBATb (PYHKIMH,
cTosiiye I10j 3HaKOM Hecoécmex-moro HHTErpasa, uvacto OepyT

1/(c — x)*®. Jlerko mpoBepuThb, 4T0 \ ——=dx cxogutcsa npu o < 1,
p (c

x)“

pacxoauTtest npu o > 1.

D10 Ke OTHOCHTCA M K HHTerpasam S dx.

a

1

ITpumep 9. Cxopurca JM HHTErpal S.V'_—}-—le-‘* dx?

P ewenue. TNogsiTerpansuas cpnyum{ paspbiBHAa B JIEBOM KOHIlE OTpe3Ka

[0, 1]. CpaBHuBas ee ¢ ¢Qynxkuuei nMeeM

1 1
V" Vit Vs

HecoGcTBeHHBIH HHTErpas S—x—,z cymecTByer. CaenoBaTenbHo, HeCOGCTBEH-
0

—

1
Hb!i'l MHTErpaJl OT MEHbIEH HKIHH, T, €. S—'—_— dx, Toxe C €CTBYET.
p by : ) Vit an yIeCTBY
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§ 8. MNpubGaukenHoe BLIYHCJEHHME ONpPeJeJeHHbIX KHTETPaNOB

B koHue rsaBel X yKasblBaJoch, YTO He JJIsT BCSIKOH HeNpephiB-
HOH (yHKuMH ee nepBooOpasHas BbIpaxKaeTcsi yepe3 3JEMEHTapHbIe
¢yHkuuu. B 3THX cayuasx BbIYMC/IEHHE ONpeJeJeHHBIX HHTErpajoB 1o
¢dopmyse Hoiorona — JlefiGHHLA 3aTpyAHHTENBHO, H TPHMEHSIOTCS pas-
JIMUHBlE METOAbl MPHOGNHXKEHHOTO BBIYHCIEHHS ONpeleNeHHbBIX
unterpajoB. Cefiyac Mbl H3JIOXKHM HECKOJIBKO COCOGOB INpHGJHKEH-
HOrO HMHTErpHpoOBaHHs, HCXOAA M3 IOHS- v
THs OTIPEJIeIEHHOTO HHTEerpaja Kak npele- e
Jla CYMMBI.

I. dopmysa npsAMOYroJabHu- '
kK oB. IlycTb Ha oTpeske [a, b] 3anaHa ne-
npepbiBHass ¢GyHKuMS y = f (x). Tpebyerca

o Yn yll
BBIYHCJINTL ONpeJeNeHHBI HHTerpas
b
§ £ x) dx. z
a 0| %=a xsz L1 Tp=0
Paspenum orpesok [a, b] Toukamu Puc. 227.
a==Xxy Xy, Xy «.., X,=b Ha n paBHHX
o b—a
yactedl JyuHE Ax: Ax= .
OGo3HauuMm janee 4epes Yo, Y1, Yas « - +» Yn—1» Y, 3HAUEHUS PyHK-
UK f(X) B TOUKAX X4y Xy, Xgy -y X T. €. Yo=1 (Xo), Y1 =1 (%1),. -+

LERE) yn=f(xn)'

CoctaBuM cCyMMH Yo Ax+y, Ax+ ... 4y, Ax, y, Ax+y, Ax+ ...
eeoty,Ax.

Kaxpasi U3 9THX CyMM sIBJIS€TCS WHTErpalbHOH CyMMOH aJas f (X)
Ha orpeske [a, b] ¥ mosToMy npHOMXKEHHO BLIPaXKaeT HHTErpaJ:

b
Sf(x)dxzb—;—a(yo'*‘!h‘}'yz'*‘-~-+yn—1)’ 0]

b
(a2 +o+ ..+, (1)

210 1 6yAyT opmyavt npamoyeorvruxos. Vi3 puc. 227 scHo, urto
ecau f(x) —nonoxurenbHasi W Bo3pacTawomast GyHKuus, To GopmyJa
(1) BBIpakaeT mnJOmWAAL CTYNeHYaToll QUIyphl, COCTAaBJEHHOH W3
«BXOJAIMNX» NPAMOYTOJbHUKOB, a (dopmyna (1) — nuomage crynes-
uaToi (UTypbl, COCTOSIEH M3 «BBIXOASIIUXY NMPSIMOYTONBHHKOB.
Omnbka, cosepiiaeMasi NpH BBIYHUCIEHHH HHTErpaia mo QopmyJe

NpSMOYTOJILHUKOB, GYyJIeT TeM MeHbllle, 4yeM GOoJiblie YUCJO N ('r. e. ueM

b—
MeHbIe Iuar JAeJeHHA Ax=-7a-
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1I. ®opmyna Tpanmenuit. EcrecTBeHHO 0XHAaTh, UTO MBI IO-
JayunM GoJjlee TOYHOE 3HAYeHHe ONpene/eHHOTO HMHTerpalja, eciH AaH-
HYI0 KPHBYK Y= f(X) 3aMeHHM He CTyNeHYaTo# JUHHEeH, KaK 3T0 G0
B GopMysie NMpsSMOYroJbHHKOB, @ BIHCaHH O JomaHo# (puc. 228).
Torza nmowmans KpuBoOAuHeHHOR Tpaneuuu aABb 3ameHutcss CcymMo#
/o agel NPsMOJUHEAHBIX Tpaneuud, OrpaHH4YeHHEIX CBepXYy XOpAaMH
AA,, AA,, ..., A,_B. Tak Kak mjouajp nepBoil U3 3THX Tpaneuui

paBHa 5—'i’—';———y—iAx, /oAb BTOPOM paBHa y‘—";-y—zAx g T. 1., TO

b
Sf(x)dx:z (y°_|2_y‘ Ax+y"2'"y2Ax+... +y—"-:—i2'|_—y"Ax) , M
a

ff(x)dmb—;ﬁ(@%ﬂ1+yl+yz+...+y,.-i). @

310 u ectb opmysra mpaneyuii. OTMETHM, YTO YHUCJO, CTOslee B
npaBoit wactd ¢opmyssl (2), ecTb cpeiHee apudMeTHYECKOe UHCelI,
cTosuIMX B npaBbiX wacTsax ¢opmya (1) u (1).

Yucso n BEIGHpaeTcst MPou3BoJbHO. UeM Gosbllle OyjaeT 3TO YHCJIO

b—a
H uyeM MeHblUe, CJefoBaTejbHO, OyAeT Luar Ax=——n—, TeM C 00Jib-

I ) P nrefi TOYHOCTBIO CyMMa, HaNHCAaHHAs
Zi Ayt e B PaBoil 4aCTU NPUGJIMKEHHOTO pa-
A~ BEHCTBa (2), OyJeT AaBaThb 3HaueHHe

v/ HHTErpasna.

III. dopmyna mnapaboux
(popmyna Cumncona). Pasge-

A Y % auM otpe3ok [a, b] Ha uweTHOe
PRY "t ync/ao paBHBIX uactedt n=2m. [lio-
PR Waib KpPUBOJMHEHHOH Tpameuwy,

COOTBETCTBYIOIIE#l  MepBBIM  ABYM

>2 OTPe3KaM [x,, x;] u [x;, x,] u orpa-

HUYEHHO# 3ajanHoll KpuBoH y=/{ (x),

Puc. 228. 3aMEHHM IIJIOIIAAbI0  KPHBOJMHEH-

HOH TpamenuH, KoTopas OrpaHHuYeHa

napa6onoil BTOPOH CTeneHH, NPOXoAsamei Yepe3 TPH TOUKH

M (x4, Yo)s My (x4, Y1), M, (x,, ¥,) ¥ uMetomeii ocb, NapaiIeNbHYIO

ocu Oy (puc. 229). Takyio KPHMBOIMHEHHYIO Tpamenuio OyheM Ha3bl-
BaTh napaboaudeckoll TpatelHeH.

YpaBHeHne mapaGoJsel C OCbio, mapasenpHoil ocn Oy, MMeeT BHJ,

y=Ax*+Bx+4C.

Kosdppunuentst A, B u C 0aHO3HAYHO ONPEAENSAIOTCS H3 YCJOBHS,
yTo napabosia MPOXOIUT Yepe3 TPHU 3ajaHHble TOYKH. AHaJOrddHbC
napaGoJibl CTPOMM H s Apyrux nap orpeskoB. Cymma mJouiajeit
napaGo/UYecKHX TPaneuit 1 JacT NpuO/IHKEeHHOe 3HaYeHHe HHTerpana.

Berupc/iuM CHagaja f1/0LaJb ORHOH MapaGOoJIMYECKOH TpamnemHH.

0| %a g & 2y ;=0
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Jlemma. Ecau kpusoruneiinaa mpaneyus ozpaxusena napaboaod
y=Ax*+4Bx+4C,

ocoio Ox u Gsymsa opOunamamu, paccmosrue Mexoy KOMOpbLMU pASHO
2h, mo ee naouwade pasHa

h
S=§(yo+4yl+y2)o ©)

20e y, uy,— kpaiinue opdunamet, a y, — opourama xpusoii e cepedune
ompeska.

JokxaszaTtenabcTBo. PacmosoXXHM BCIIOMOTaTeNbHYIO CHCTEMY
KOOpIMHAT Tak, KaK NoKasaHo Ha pHc. 230.

¥
7 i y=A2+Bz+C
‘ MW
/l_/i 4 5 %
W% 7]
] T R S A M

Puc. 229, Puc. 230.

Koagduuuentsl B ypaBHeHuH napabosant y= Ax*+4Bx+4C onpe-
JIeJISIOTCS U3 CJeAyIOlNX ypaBHEHHMH:

ecu xy= —h, 10 y,= Ah*— Bh+C,
ecn x; =0, TO Y,= C, )
eciu x,=h, TO y,=Ah*+Bh+C.

Cuntan xo3pdunnentst A, B, C u3BeCTHHMH, ONpeeIHM MJOMa%b
napaGosHyecKoil Tpaneluuy C MOMOLLbI0 ONMpejieIeHHOr0 HHTerpaja:

h
S = S (Ax?+ Bx+C) dx = [ e -|--B—;2-+Cx]'ih = % (2Ah*4-60).
=h

Ho u3 pasencrs (4) caeayert, uro y,+ 4y, +y,=2Ah*+46C. Cre-
JZIOBaTeNbHO, S = 3 yo+4y,+y,), uto U TpeGoBanoch JOKA3aTh.

BepneMca cHoBa K OCHOBHOH Hameil 3apmave (cM. puc. 229).
Ionbsysicb  dopmymnoit  (3), Mb MOMKEM HamucaTb CleAyloliHe
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npHOIMKeHHBe paBeHCTBa (A= Ax):
Xy

F ) de = 55 (o +4y,+ 92,

S F0) dx = 5 at-4yat0),

e s+ s e e s e e e o

xm=b A
x
f(x)dx =~ 3 Yom—2FYsm-1tY2m)-
Xom—2
CKﬂalIHBaﬂ JieBbie U npaBbl€ YacTH, MOJIy4Yum CJieBa HCKOMHﬁ
HHTeraﬂ, CﬂpaBa ero anﬁJIH}KeHHOQ 3HayYCHHE:

b
Sf(x) dx ~ % oty +2y,+4y;4+ ... +2y5pns + 41 + Yin)>
wm )

b
Ve~ 222 ot Yan+2 Ga byt -+ Yumos) +
+4 (Y +y,+--- +y2m—l)]'

1o u ecTb opmysra Cumncona. 3hech YHMCIO TOYEK JHeNEHHs 2m
IIPOM3BOJIBHO, HO YeM OGOJbIle 3TO YHC/IO, TEeM TOYHee CymMMa B 0pa-
BOil yacTH paBeHCTBa (D) Jaer 3HaueHHe HHTerpana ¥).

2

ITpumep. Bouucauts npuGIHKeHHO ln2=S-d;x.

i
Pemeﬂu2e. l?as;xenmvx otpesok [l, 2] ®a 10 paBubix wuacreii (puc. 231).

IMonaras Ax=T0—=0,l , COCTaBUM TaGNH Ly 3HAYEHH{t OABIHTErPATBHOR QYHKUMH:

x y=1/x x y=1/x
x9=1,0 yo=1,00000 xs=1,6 ys=20,62500
x=1,1 y1=0,90909 x=1,7 y,=0,58824
x,=1,2 Yy, =0,83333 xs=1,8 ys =0,55556
x3=1,3 ys=0,76923 xy=1,9 Y, =10,52632
Xg= 1,4 y4=0,71429 X10=2,0 y10=0,50000
x;=1,5 y5 =0,66667

*) Ilns Toro uToGBI 3HAaTh, CKOJIbKO TOYEK NEJEHHS HaJ0 B3iThb, 4YTOGH MOX-
CYUTATh HHTErpas C 3aJaHHOH CTENEeHbld TOYHOCTH, MOXKHO BOCHOJb30BaThCH (op-
MyJIaMH OILeHKH MOrPElIHOCTH, MOJYYalolleiics MPH NPUOJHIKEHHOM BbIYHCIECHHH
uHTerpasa. Mbl He NMPHBOAMM 3JeChb 3THX OLEHOK. UwuTarelb MOXKET HalTH HX
B GoJiee MOJAPOGHREIX Kypcax aHaju3a: cM., Hanpumep, PuxteHroasn . M,
Kypcxnuwsepeﬂuuanbﬂoro M MHTerpasbHoro Hcuucaenus, T. lI.—M.: Hayka, 1970,
ra. 1X, §
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L. Tlo negnoﬁ tdopMyJsie npsiMoyroasHuKoB (1) nosyunm
S d—;‘ ~ 0,1 (go+ya+ . . . +55) =0,1.7,18773 =0,71877.
Ilo n'ropc;x‘i tdopmye npsaMOyrosibHHKOB (1’) monyumm
2
S & o 0.1 (gatya-t -+ 410) =0,1-6,68773 =0,66877.
1

Henocpencrsento us puc. 231 crenyer, yto B JaHHOM Chyuae nepsas ¢op-
Mysna JaeT 3HaueHHMe HHTerpajia ¢ H3GBITKOM, Ay
BTOpPasi—C HEeZOCTAaTKOM.

H. ITo ¢popmyae Tpanennuit (2) mosyunm

2
S‘%" ~ 0,1 (_‘;%924_6, 18773) —0,60377.
1

111, Tlo dopmyse Cumncona (5) mmeeM

r dx 0,1 o a=19m  Z=a, Z
S‘; ~ =3~ ot y10+2 W2+ va+Ysts) + o
1 Puc. 231.

+4 (1tys+ys+ 92+l =% (14-0,5-4-2.2,72818-}-4-3,45955) =0,69315.

2

B peiicTBHTeNBHOCTH 1n2=Sd—:=0,6931472 (¢ TOYHOCTEIO O CEABMOTO

1
3H2Ka).

Takum o6pasoM, npn pas6uenun orpesxka [0, 1] Ha 10 wacreli nmo dopmyne
CHMNCOHA MBI NOJIYYHMJIH HSTh BEPHBIX 3HaKOB; MO (opMyJIe Tpaneunusi— Juilb TPH

BEPHHIX 3HaKa; mo ¢opmyJie NPSMOYTOJbHHKOB MBI MOXeM py4aThCsi TOJBKO 3a
nepBHI 3HAK.

§ 9. Popmysa YebGnimera

B TexHHuecKuX BHIYHCJEHHSX 4acTo npuMeHsieTcss ¢opmyna Uebbl-
1meBa JJis NPUG/IHKEHHOTO HHTEerpHpOBAaHHSA.
b

Ilyctb cHOBa TpeGyeTcsl BEIYHC/HUTH S f (x)dx.

a
3aMeHHM MOALIHTETPAJbHYI0 (PYHKUMIO HHTEPNOJSIIHOHHEIM MHOTO-
gnenoM Jlarpanxa P (x) (§9 ra. VII), B3saB Ha orpeske [a, b] Hexo-

TOpBIe  3HaYeHNH PYHKIHH [ (X,), f (xy), « -+, [ (X,), THE Xiy Xgy « o oy X —
Kakue YTojHO TOYKH OTpe3ka [a, b]:

_ (x—x0) (x—xg)...(x—xp)
P (x) T (%) (xl—xsa) e o(X1—xp) f (xl) -+
(x—x1) (x—x3). . .(x—x,)
+ (xz—'x:) (xz—xaa). . .(xz—x”) f (x2) +

+(x(x_.xl) (X—%3). . .(X—Xp—1) fx). Q)

n—X1) (Xn—%a). .. (Xp—Xp~1)
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[Monyuum crepywoinyio npubKeHHY0 GopMyTy MHTErpUpOBaHHA:
b b

(Feydem P ax; )
rocjie¢ HEKOTOPHIX BBbIYHCJICHHI OHa NpUMET BHJ
b
§ P dem CF () +Cof (6 + - +Caf (%), ®)

rae ko3pdunuentel C; BHUUCAAIOTCA MO (GopMyJsaMm

b
_ (x—x1) .. (x—x_1) (X—Xig1). .. (x—%n)
c:={+ dx. (4)

Xi—%1) . (Xi—Xim1) (K — X4 1) - - (Xi— %)

@opmyna (3) rpomo3aKa U HeyIOGHa [/t BHIYHMCJEHHH, TaK Kak
Ko3ddruueHTs! C; BBIPaXKalOTCs CJA0XKHBIMH JPOOAMH.

YebbllleB MocTaBHJI OGpaTHYIO 3ajady: 3aJaTh He aGCIMCCH X,
Xy + oy X, @ Ko3pduuuentst C,, C,, ..., C, u onperenutb aGCHUCCH
Xiy Koy o v ey x

Koacpqmuneﬂ'm C; 3apaiorcs Tak, uToOH Qopmysa (3) Gbiia BO3-
MOXKHO mHpolle JIJs BLIHMCIICHHU. Oqeanm—xo yTo 310 OYyAeT TOTAa,
Korga Bce Koabduuuents: C; paBun Mexay coboii: C;=C,= ... =C,,.

Ecin o6GosHauuthb oGuiee 3HaueHue Koddpuunentos Cy, C,, ..., C,
uepes C,, To dopmyna (3) npuUMeT BHJ

b

(P dem CIF e+ () + - .. 4 F )] ©)

dopmyaa (5) mpexcrasBaseT Boobule MPHGJIHIKEHHOE PaBeHCTBO,
HO ecsH f(X) ecTb MHOrouJeH CTeneHH He Bbille 72— 1, TO PaBEHCTBO
GyZeT TOUHEBE M. DTO OGCTOATENbCTBO H [O3BOJSET ONpPEJeNHTh Be/lu-
auHbl C,, X5, X5 «vvy X,

Uto6bl moayuuts GopMyay, YAOGHYIO /A JIOGOro NpPOMEXKYTKa
HHTerpUpoBaHHs, NpeoGpa3yeM OTPe3OK HHTerpHpoBaHus [a, b] B oTpe-

sok [—1, 1]. Hdas 3Toro monoxum x—~t+b;at TOTA2 mpH

t=—1 6yner x=a, npu =1 Gyzer x=>b.
CJiejoBaTe/IbHO,

b 1 1
(rmar="52 {152 +2520)at =232 (e at,
a -1 -1

rae uepes ¢ (f{) o6Go3HaueHa ¢yHKOMS OT £, cTosINAs TOJ 3HAaKOM
uurterpana. Takum 06pas3oM, 3afjauya MHTErpHPOBaHUA JAHHOH (YHKUUH
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f(x) una oTpesKe [a, b] Bcerja Moxer OLIThb CBeJeHa K nmerpupoaa-
HUIO HEKOTOpo# Apyroi ¢yHKuuu @ (x) Ha orpe3ke [—1, 1].
Wrak, 3apaua cBesnacb K ToMy, 4ToGhl B (opmyJe
1

10 =C,lf ) +F )+ ] ()] (6)
nogo6pars uucaa C,, x;, X,, ..., ¥, TaK, 4ToGbl 31a (opmyaa Gbina
TouHOW ANs BesaKoi GyHKuuu f(x) BHAA

f@)=a,+ax+ax:+...+a,_x"2. )

3amerum, YTO
1 1

Sf(x)dx S o ax ot a, 3t de=

a a a,—1i
(a0+a2+ =4 ‘*+ L2 ),ec.nun—qncnoneqemoe;

©)

a a, -
(ao—{-—;——x—... +-3 ), €C/Id 7. — YHCJIO UeTHoe.

C npyrofi CTOpoHBI, CymMMa, CTOsIAs B NIPaBOd YacTH PaBEHCTBA
(6), na ocroBanuu (7) Gymer pasHa

C,[na,+a, (xi 4%+ - +xn)+a2 (CFE ot SR SE 7 I S
st (T X +x"‘1)] 9)

IlpupaBHuBadg BBHIpaXKEHHUs (8) 1 (9), moayunM paBeHCTBO, KOTOpoOE

JOKHO ObITh CHOPaBeNIHBO HPH JIOOBIX g, Gy, Qg +++y Qyoyl

2 (ao-l-%-l-%‘-’--l-a%—}-. . .>= C,lna,+a, (x;+x,+ ... +x,)+
ta, (gt ) e, GRS )

TTpupaBHsieM KO3DOUUHEHTH NPU @y, @y, @y, A3, ..., A,_j B J€-
BOM M NpaBof 4YacTsAX paBeHCTBa:

2=C,n, nwm C,=
XHx,+ ... +x,=0,

2
x3+x§+-'*+xi=3cn=%' \ (10)
H+xd3+4 ... +x=

\

2 n
ntxt. . Fo=g=73
. . . . . . . . . . . . o o
W3 nocneanux n—1 ypaBHeHHIl HaXOZUM aOCIHCCH Xy, Xyy « + oy Xyye

Dt pelueHust HalfeHol YeOhlleBbIM I/ pPa3/IMYHBIX 3HAYEHHH 7.
Huxe npuBoisiTcA HaiijeHHBIE UM pememm B C/1y4asiX, KOTAA 1MCIIO 72
IPOMEKYTOYHLIX TOUeK paBHo 3, 4, 5, 6,
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L3¢ - q Kosd-
onamas || SIS SO | op | e | 15T S5
n n n Cﬂ
3 2 Xy =—x3=0,707107 7 2 %1 =— x,=0,883862
3 xp =0 T | xa=— x4=0,529657
Xg=— X5= 0,323912
Xg= 0

4 1|y =—1x,=0,794654 9 2 |xy=—x,=0,911589
2 xy=— x3=0,187592 9 |x2=—x3=0,601019

X3 =— %7 = 0,528762
Xy=— xg=0, 167906

X5 =0
5 2 X1 =— x53=0,832498
3 Xg=—Xp= 0,374541
x3=0
6 1 x; =— x5=0,866247

3 Xp=—x5=0,422519
x3=—x,=0,266635

Takum oGpasoM, NpHO/HKEHHOE BHIYUCJIECHHE HHTErpajda Ha oOf-
peske [ —1, 1] mpousBoguTcs 0o clexymoowei gopmyse Yebouuesa:

]
§ PO de=2[F (e +F () -+ (5],
-1

rie n—xakoe-nu6o u3 uucen 3, 4, 5, 6, 7 um 9, a x;, ..., x,
yuclla, NpUBeJeHHble B Tabauue. B kauectBe n Henb3s GpaTh uucyo 8
WIH YHCJIa, NpeBocXoisdmue 9; B 3TOM cJydae CHCTEMa YpaBHEHHi
(10) naer mHumble KopHH. Korza 3ajaHHbIfl HHTerpas uMeeT mpeiedsl
HHTerpupoBaHus a u b, gopmyna UeGniureBa MpUHHMaeT BHJ,

b
(Fede="221F (XY +F (XD +- .. +F(X,)],

b h— .
rae X,-=——%11+—-2—axi (=1, 2,..., n), a x; UMCIOT yKasaHHHE
B TalJulle 3HAYEHHS.
2
dx
I1p umep. Bouncaurs ST(=ln2).

1
Pewenue, [Ipexae Bcero 3aMeHoi MepeMeHHOH IpeoGpasyeM 5TOT MHTErpaJ
B HOBBIf HMHTerpaj, y KOTOPOrO0 TPaHMIE nHTerpnpoaa2una 6yayr—1 wu 1:
i

142 34t

21, 3 , ¢ at - dx (¢ dt )
r= A g by =, de= g T (D= Eex i
1 -
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YHCJIHM MOCJEAHUR MHTerpast, npuuas n=3, no ¢opmyae YeGnimena:
1
S f(6) dt =-§ [F (0,707107) 4 (0) - f (—0,707107)].
-1

Taxk xax f(0,707107) =0,269752, f (0)=0,333333, f(—0,707107)=0,436130, To
1

3% = % (0,2697524-0,333333 +0,436130) =%- 1,039215=0,692810 =~ 0,693.
=1

CpapHuBast 3TOT Pe3yJbTaT C Pe3y/NbTaTaMH BBHUHC/IEHHS NO (opMyJsiam nps-
MOYTOJIbHUKOB, MO ¢opmyse Tpameuuil H dopmyae Cumncosa (cM. npumep B mpe-
IpLyweM naparpade), Mol 3aMedaeM, 4TO Pe3ysbTaT, MOJdYUeHHB HaMH no Gopmye
Yelpiiesa (C TpeMs NPOMEXKYTOUHBIMH TOYKAMHM), Jydlle COrJIaCyercsl ¢ MCTHHHEIM
SHaueHMeM MHTerpaja, ueM pe3yJabTaT, MOJNy4YeHHB no ¢opmyne TpaneuHi
(C AeBATHIO MPOMEKYTOUHBIMH TOUKaMH).

OrtmeruM, 4yto TeopUs MPHOG/IMKEHHOTO BBIYUC/ICHUSI HHTErpPasioB
nojyuusa jAaibHefliee pa3BuTHe B paGorax akajgemuka A. H. Kpor-
nosa (1863 — 1945).

§ 10. Unterpannt, 3aBucaummue ot napamerpa. amma-dyHkuua

HuddepeHuupoBaHue HHTEerpajoB, 3aBUHCAMHUX OT
napamerpa. Ilycts nam umHTerpan

b

I@=\F a)d, (1)

a

B KOTOpOM NOJbIHTErpajbHas QYHKIUS 3aBUCHT OT HEKOTOPOro mapa-
meTpa oo. Ecou mapamerp o Oyser MeHATbCs, To OyAeT MEHSTbCA U
3HayeHHe OINpeje/eHHOro HHTerpaja. TakuMm o6Gpa3oM, ONpele/eHHbIH
UHTErpas ecTb PYHKIHU A OT O MO3TOMY Mbl €ro MOxKeM 0603HayuTh
yepe3 [ (@).

1. Tlpennonoxum, uro f(x, @) U fo (X, &) —HenpepbBHbIE (YHK-
MU TIpH

c<<a<du a<x<b. 2

HafineM npou3BojHylo HHTErpaja mo napamerpy o:

lim LeE8D—=1 @ _ fr ).

Ao~ 0 A
JInsl HaXoXIeHUs 3Toll NMPOM3BOJAHOA 3aMeTuM, YTO

I(at+Ax)—1I ()

b b
%) —ﬁ“f(x, a+Aa)de— F (x, a)dx]=

b
_ (fx, aA)—f(x, @)
__S Aor dx.
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Tpumensis TeopeMy JlarpaHka K NOAMHTErpatbHOH Qynkuun, 6yAeMm
nmers L2 a+AA°2_f(x’ “’=f; (x, a-+6Aa), rre 0 < 6 < 1. Tak xak
fo. (x, @) HenpepniBHA B 3aMKHYTofi oGnact (2),T0 f; (x, @+ 04Aa) =
= fo (x, @)+, roe BennuuHa &, 3aBHCAmas OT X, a, Ao, CTPeMUTCA
Kk Hymo npu Aa— 0. Tagum obpasowm,

b b 4
I(a-f'A:o)L—’_(“’:S[f; (x, @) -e]dx= § fo 2, @) dx+Sedx-

Mepexoas k npegeny npun Aa— 0, nomyuaem *)

b
. I(atAe)—TI(a) 4 0y
Jim LELE— B 1 (@) —&Sfa (x, @) dx,

HJIH

b 2 b
[Sf(x, @) dx] =Sf& (x, @)dx.

0/ a

Tlocnexuss ¢opmyna HasmiBaeTcs: popmyroil Jelibruya.
2. Ilpenrnonio:kuM Tenepb, 4to B MHTerpajde (l) mpexenH HH-
TerpupoBaHus a U b ABAAOTCA QYHKIHAMH OT Q:
b ()
[@)=0[a, a(@), b@]= § f(x, a)dr. ()
a(a)
O, a(a), b(x)] ectb ciaoxnas ¢yHKuua OT «, NpuYeM a u b
ABMSIOTCS] TPOMEXKYTOUHBIMH aprymentamu. s Toro uroGul Hafiti
npousBoiHyio oT / (o), IPUMEHHM NPaBHJIO AH((epeHIHPOBAHUS CIOK-
HOH (YHKLMH OT HecKONbKHX mepemenHnlX (cM. § 10 ra. VIII)

’ oD o0 da D db
') =+ @t @)

Ha ocHoBannH Teopembl O AudpepeHLHPOBAHHH ONpEJENEHHOTO
WHTETpaja 1o NEepPeMeHHoOMY BepXHeMy mnpezeny (cM. § 4) nonyuaem

b
%‘;L___a%gf(x, aydc=f[b(), al,

b a
%=;%Sf(x, oe)dx=—-(%$f(x, a)dx=—f[a(®), a].
a b

b
*) IoaninTerpansnas $ysKuua B muTerpaie /= S € do. CTPEMHTCA K HYJIIO NpH

a
Ao, — 0. U3 Toro, uto nopmHTerpasbHagd (QyHKNHS B KaXJ0i TOUKe CTPEMHTCS
K HYJIO, HE BCerjia CJeAyeT, YTO HHTerpaj TaKxe cTpemurcss K Hymo. OnHako

B janHOM cxyuae J crpemurcA K Hymo npH Ao —> 0. DT0OT $aKT MB HpHHHMaeM
Ge3 JOKa3aTeJbCTBa,
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Haxkoner, 90 B
a » A1 BBIYHCJICHUA ——— MPHMEHSeM popmyny Jle#iGurua:
oD ;
o= fte, @ dx.
a

Ioxcrasiana B bopmyay (3) HoAyUeHHbIC BhIPaMKEHHS MPOHSBOAHHK,
6yneM HMeTh:

b ()
IL@={ fulr, 0 de+ [ @, al p—Fl2@), alg @
a (o)

C nomompio (opmyst JlefiGHHIIA MOXKHO BBLIYHCJIHTL HEKOTOphHIE OMpe-
Jie/IeHHble HHTerpasibl.

+ @
sin ox
Mpumep 1. Bouncaurs Huterpan [ (@)= S e=¥ ——dx.
0
Pemenne., 3ametuM npexzie BCEro, YTO HEMOCPEACTBEHHO BBIYUCIHTH STOT

sin oux
MHTErpaJ MH He MOXKeM, TaK Kak nepsooGpasHas oT QyHKuuu e—*

HE BBHI-

paxaercs 4yepes 3JIEMEHTAaPHBIC (byHKLlHH. IIJIF[ BBIUUCJIEHHSI JNAHHOrO MHTErpaJa
6yneM paccMaTpHBaTh €ro KakK QYHKIHMIO OT mapameTpa . Torxa ero nmpousBogHas
no ¢ Haligercs no BhIBe#eHHO! Bbime ¢opmyse JleiiGauua *):

+ ® , +
sin ax
I' (%)= S [6"‘ —-] dx= S e=% cos o dx.
x a
0 0
Ho mocnenuull WHTerpas Jerko BBEIMHUCJAETCS C MOMOIMIBIO SJeMEHTapHHX GyHK-
1

nii; oH paBeH —— . [lostomy [’ (&) =—— . Vuterpupysa nosnyuenuoe TOX-

nwit; oH p TTo vy I'@O=1rz pupya nony

nectBo, HaigeM [ (a): [ (o) =arctg a+4-C. (5) Ocraercs ompepeauts C. as sroro
3aMeuaeM, 4TO

+ 0 )
1(0)= (‘ e-xsmedx= S 0dx=0.
0 0

Kpome Ttoro, arctg 0=0. Iloxcrasnsia B paBeHctso (5) a=0, Haiigem 7 (0) =
=arctg 0+C, otkyna C=0. CienoBaTeJibHO, AJsA JIOGOr0 3HAUEHUS G HMeeT
Mmecto paBeHcTBO [ (@) =arctga, T.e.

+®

sinax
S e=% — dx=arctg o
0

*) ®opmyna JleitGHHila BhiBeleHa B MPEINOJOXKEHHH, YTO Mpenesist HHTErpPHpPO-
BaHHAA a U b KoHeuyHwl, OfHaKo B JaHHOM ciyuae ¢dopmysa JleiilGuuua Takxe chpa-
BeJJINBa, XOTS OIMH M3 INpelie/OB UHTErpPUPOBaHMA paBeH GeckoHeuHocTH. O6 ycio-
BHAIX, NMPH KOTOPHIX KOMycTUMO AuddepeHUHpPOBaHHEe HECOGCTBEHHBIX HHTErpaJioB
no mapameTpy, cM., Hampumep, B kuure: ®PuxTenroabn . M. Kypc audde-
PEeHUMAJNBLHOTO M UHTErpasbHOro ucuucienud, 1. I1.— M,: Hayka, 1970, ra. X1V, § 3.
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Tipumep 2. Tamma-dynxuus.
PaccMOTpHM HHTerpaJ, 3aBHCAIIMA OT mapamerpa «,

+ ®
S x0-le=%dx. (6)
0

IToxaxeM, 4TO STOT HeCOGCTBEHHBIi HHTErpaJl CYLIECTBYET (CXoaurtcsi) mpu o > 0.
TlpeacraBuM €ro B BHAE CYMMbI

+® 1 +®
S x%=le=X dx = S x%-le=% dx | K x2—le=X% dx,
0 0 i

TlepBLli MHTerpas mpaeoil YaCTH CXOAHMTCH, TaK KakK

1 1
0< Sxa—le'x dx < S xe-ldy= %.
0

BTopoii MHTerpai Takxe cxoautcsl. [eficTBHTe/NbHO, NYCTh 71— LeJI0e YHCIO TaKoe,
gro n > a—1. Torza, oueBuzHo,

+ o +®
0< S x0=le=% dx < S xte—%dx < -} oo,
i i
Tlocnenunii mHTErpajl BHUHCHISEM IyTeM HHTETPHPOBAaHMSA IO UaCTAM C YYeTOM
TOro, 410
. xk
lim —=0 Q)

xertoo €%
npu J1060M nejoM mnosoxutenabHoM k. Hrak, unterpan (6) ompenensier HekoTo-
pyio ¢yuruuio a. Ee oGosnavaior I (@) M HasHBAOT eamma- pyniyued:
+ o
T (@)= S xa-lg=% dx, ®)
0

Ora QyHKURA uacTO MCIOJNB3yeTcss B NPHJIOMeHusix MateMaTHKH. Hafinem snaue-
umus I' (o) npu neawx o. Ilpu =1 nmeem

+ ®
r()= S e=% dx=1, ©)
0
Tlycte mesoe oo > 1. Muterpupyem no wactam:
+® +® +nm
T (a)= S X0-1lg=% dy=w—x0-lg=% | J(a—1) 5 x%=2e~% dx,
0 0 0
nay, ymrueas (7),
I (@=@—)T (@=1I). (10)

Ha ocuosanun (10) u (9) Haxomum npu a=n
T (n)=(n—1). (11)
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§ 11. HHTerpupoBaHHe KOMIJIEKCHOH (yHKUuH
AeHCTBUTENBbHON TepeMeHHOM

B § 4 rn. VII 6oia onpeneneHa KomnsekcHas (QyHKIus f(x) =
= u (X)+iv(x) RelCTBHTENbHOA IMEPEMEHHOH X M ee MpPOM3BOJHAS
[ (x)=u"(x)+iv' (x). .

Onpeaenenue. Pynruns F (x) =U(x) +iV (x) HasuiBaercs nep-
eoo6pa§Hoﬁ om KomnaexcHol pyukyuu f(x) dedcmeumersroti nepe-
MeHHOU, ecH

F () =f (), ()

U () + iV (1) = (0) + v (). )

Us pasencta (2) cnemyer, uto U’ (x)=u(x), V' (x)=v(x), T.e.
U(x) ectv nepBooGpa3Hasi ans u (x) u V (x) ects nepsooGpasHas ajs
v ().

W3 onpenenenus u atoro samedanust ciegyer: ecan F (x)=U(x) +
+iV (x) ects_mepBooGpasHast Aasi PyHKUMH f(X), TO JoGasi MepBoos-
pasuas aasa f(x) umeer Bug F (x)+4C, rae C — xoMm/eKcHass NpPoM3-

BoJIbHast TmocTosiHHasA. Buipaxennue F (x) -+ C GyneM Ha3ulBaTb Heonpe-
0218HHbIM UHME2PanNom om KomnaekcHol ¢ynkyuu Odedicmeumensroll
nepemenHot W MHCATh

(Feyde=(u@ac+i§owde=Fw+c. ®)

Onpedesennoli unmeepas oT KomnyekcHol gyHkounu f (x) =u (x) +
+ (v (X) meficTBUTENIbHOH MEPEMEHHOH OnpejesieM Tak:

T. €. €CJIH

b b b
(P ax=Sudeti§owdr. 4)

1o onpeneneHHe He NPOTHBOPEYHMT, a BIOJHE COTJIACYETCs C OM-
pejie/ieHHeM ONpeJeeHHOr0 MHTEerpaia Kak Ipeleta CyMMEL.

YnpaxHenus kraase XI

CoctaB/isiT HMHTErPajbHYI0O CYMMY S, H NepexoAs K Mpexesay, BHIYHCIUTH
onpejieIeHHLIe HHTErpaJibL
b
1. sz dx. ¥Yxasanue, Orpesok [a,b] pasgenuTb Ha n uacTefi TOYKaAMH
a
b3 —ad

3

I
x=aq’ (i=0,1,2,...,n), rae g= ]/—Z— Oms.

b
d
2. S%, rre 0 < a<b. Oms. ln%.yy{asanue. Henenune orpeska [a, b]
a

MPOH3BOXUTE TAK e, KaK H B MPeABIAyUIeM TNpuMepe.
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3. S V xdx. Ome. % (6’/»—a’h). Y xaaaune Cu. npenunymudi npumep.

b

4. S sinxdx. Ome. cosa—cosb, ¥xasanne. IlpexBaputenbHo ycrano-

a

BHTb CleRyIOmee TOXKACCTBO: sin a+-sin (a-}-h)+-sin (@4 2h)-...}-sin [a+(n—1) h]=
__cos (a—h)—cos (a-nh)

2sinh

JIeBOH 4acTH Ha sin A M 3aMeHATb IIPOM3BeJEHHE CHHYCOB DPa3HOCTBIO KOCHHYCOB.
b

5. S cos x dx, Omes, sin b—sin a,
a

, AJIst 9TOF0 HaAO0 YMHOXUTH H DA3JCJHTh BCE UYJIEHH

Moaesysck dopmynoli Helorona— JleiGuuna, BHUYHCANTL OMpefieeHHEE HH=
Terpan:

1 /2 1
6.Sx4dx. Oome. — 7Sexdx Ome.e—1.8. Ssmxdx Oms, 1.9, (‘ dxz.
J 14
0 0
V72/2 /3 ed
F14 X
T Ome. —. 11. . . 120\ =,
Oms. S Vl——x2 me. 1 ()Stgxdx Oms. In2. 12 Sx
xd X X
Oms. 1. 13, S—; Oms. In|x]. 14. Ssinxdx. Ome. 2s1n2-;—. 15. S x2dx.
1 0 3=
,V/a
0 Y g 1 w
—a s
Oms, -3 16. - Ome. 7 In|2z2—1]. 17. S cos® xdx. Oms. —I~.
i 0
/2
18. S sin? x dx. Ome. %
0

BruncanTs 3HadeHus HHXKECJAEAYIOMHAX HHTErpasnoB, NpHMEHAA YKa3aHHBIE
TIOACTAHOBKH.

/2

1 X
19. 2 =1 = x_
9 §smxcos xdx, cosx=t¢t. Oms 3 - 20. S3 3 cos , tg 2_t. Oms.

xdx 3V 2 d.
‘f_ .21, X —, 2+4x=1%. Oms. —‘g— 22, Sil_-ﬁ)"’ x=tg t,
-1

V=T e
—! iy, x—1=£2. Ome. 2 @ —aretg2). 2. ( — %
x e 2V 251

w1
Ome. T-'-? . 23. 5‘
1
/2

1 cos @ do
z—x.Oma. n . 25, SG 5

4
sm¢+sm2 s Sin (P—-f. Oms, ]I‘l?.
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JHoxka3sats, ¥ro
i 1 L]

26, S xm (l—x)"dx=s wm(l—xmds (m>0, n>0. 27. S f(x)dx =
0 0

Y

b a a
= S f(a-b—x)dx. 28. S‘f(xz) dx=l§ S f (x?) dx,
0 ~-a

Briuncautsb craeaymomue HeCOOCTBEHHBIE HHTErpaJinl:
+® + ®

xdx _ dx 11

29, Sm Oms. 1. 30, S e~¥dx, Oms, 1. 31. S a2+x2.0ms.%
o 0o 0

@>0.32 (% ome.Z 33 S‘-’i‘ oms, L. 34. (inxdr. Oms, —1

. . O‘V‘l—xz . -2 . -l xao . 4 . s .

+® + ®
35. S xsin xdx. Oms. Unrterpan pacxogutcs. 36. S —V‘.i— Omes. Wwurerpan
0 1

+ 2
dx 3 dx
pacxoxutes. 37. § P, ey B Oms. n R 39. S =
-0 0
+® 1
4 dx
Omsg. Unrerpan pacxopurcs. 40. S . Oms. . 4l. S —. Oms.
; xV'xz—l 2 x
+® 5
Vluterpanl  pacxommTes, 42, e~¢isinbxdx (a>0). Oms. ek
+® 0
a
—-ax -2
43. S e~8% cos bxdx (a > 0). Ome. FF5
0

BH‘IHCJIHTbsnpﬂﬁJIPI}KeHHbIe 3HAaYeHHS HHTErDaJIoB!
44. ln5=S El;x no ¢opmye Tpanenuit 1 no dpopmyae Cumncona (n=12). Oms.
1,6182 (r}(i dopmyne Tpanenuit); 1,6098 (mo dopmyne Cumncona).

45, S %% dx no dopmyse Ttpameuuii ¥ mo ¢opmyse Cummncona (n=10). Oms.
1
3690, 3669.

S YV 1—x%dx no dopmyne tpanenuii (n=6). Oms, 0,8109.
47. S2 no ¢opmyse Cumncona (n=4). Oms. 0,8111,

48. S Ig xdx mo dopmyae Tpameumit u mo dopmyne Cumncona (n=10). Oms,

4
6,0656; 6,0896.
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1
n dx
49. BLUHCINTD 3HaueHHe 7T H3 COOTHOLIEHHS T\ 1 T npumenss ¢op-
0

MyJay Cuwmcona (n=10). Oms. 3,14159.

50. Ssin—dx no ¢opmysne Cumncona (n=10). Oms. 1,371,

+ o
51. Mcxons u3 pasencTsa S e—ax dx——, rae o >0, HaiTH TNpH HeJOM
0
+ @
n > 0 pennunHy uuterpana S e=* x* dx, Oms. n!.

0
+®

dx
52. HMcxoas u3s paBeHcTBa —_—= —, H2HTH BEJHYHHY HHTErpazia
x24-a 2V‘

dx ome. 1.3:5....:(2n—1)
S wrea 0me 3 Sl -
0
+ool
53. BHIYHCAHTD MHTETpaa S dx Oms. n(14-a) (@ >—1).
0
1
54. Ilonb3ysicb paBeHCTBOM Sx"-l dx— , BHYNCIHTD MHTerpajl
0
1
- ) 1)k
S x7=1 (In x)k dx. Oms. (—1) preee
0



FTJIJABA XII

FEOMETPHYECKME U MEXAHHYECKHE NMPHJIO)KEHUA
ONPEJAEJIEHHOIO MHTEIPAJIA

§ 1. BoiudciaeHHe NJOMAJield B NPAMOYrOJbHBIX KOOPAWHATAX

Ecan nva otpeske [a, b] ¢ynruus f(x) >0, To, Kak H3BecTHO
§ 2, rn. XI), naouade xpusosunerdnod mpaneyur, OrpaHHYEHHOH
KpuBoil y = f (x), 0cbio Ox U NPAMBIMH X =@ I x=> (puc. 214), paBHa

b
Q=7 ax )
b

Ecmn f(x)<<O0 =Ha [a, b], To onpeie/eHHul#i HHTErpa: S f(x)dx
a
takxke << 0. Ilo aGcomoTHON BeqMuMHe OH paBeH MJoIWAaZH @ coor-
b

BETCTBYIOIEHl KPHBOJIMHEAHOH Tpaneunn: —Q = Sf(x) dx.
a

Ecau f(x) xoHeuHoe 4YHCNIO pa3 MeHsieT 3HaK Ha oTpeske [a, b],
TO WHTerpaj IO BCeMy OTpe3Ky [a, b] pas-
6uBaeM Ha CyMMy HHTErpaloB NO YaCTHY-
HeIM oTpe3kaM. MHTerpan Gyaer nosioxure-
JeH Ha Tex OTpeskax, rae f(x)=0, u or-
punatenen TaMm, rae f(x) <<0. Hurerpan no
BCEMY OTpPe3KYy JAacT COOTBETCTBYIOMYIO aJl-
re6pauyecKylo CyMMy TJomaneil, JeKalux
poimie u Hmke ocH Ox (puc. 232). Has
TOr0 4TOObl MOJNYYHUTH CYMMy IuoLmajeli B
OGHIYHOM CMBICJIE, HY2KHO HaHTH CymMMy a6cCo-
JOTHbIX BEWYHH HHTETPAIOB MO YKasaHHHIM Bhille OTpE3KaM WJH Bbl-

Puc. 232,

YHCAHTb HHTErpan Q= S | f (%)) dx.

Mpavep 1. Buuucauts miomazae Q Gurypk, OrpaHHYeHHOl CHHYCOHJOH
y=sinx u ocvio Ox, npn 0<Cx<<2m (puc. 233).

14 H. C. Muekynos, T. 1
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Pemenue. Tak kak sin x=0 nmpu 0<<x<<n u sin x<<0 mpu nt < x << 2m,
To

ki 27

bR
Q=Ssinxdx+ S sin x dx =S | sin x| dx,
0 7 0
11
Ssinxdx:—cosxlz =—(cos t—cos 0) =— (—1—1)=2,
0
2m ,
S sin xdx=—cosx,nn=—-(c052n—cos ) =—2.
n

CnepoBatennto, Q=2-4|—2|=4.

Ecou HYXKHO BBIYUCJUTH NJONALb OOJAcTH, OTPAHHUEHHOH Kpu-
BbIMH y =T, (X}, y=[,(x) u opauHatamu x=a, x=2>0, TO mpu Yycio-
BuH [, (x) = [, () Gynem umetb (puc. 234)

b b b

Q= rwdar—1,00ac= 11, 0) —F, x)]ax. @

IMpumep 2. Bpiuncauts naomans GUIypPH, OrPaHHUEHHOH KPUBHIME (pHC. 235)
y=V x u y=4x2,

Pewenue. Haxognm Touku nepeceuenns kpusnix: Y x=x2; x=x%, oTKyna
x1=0, x,=1.

(z)

y;ﬂ

Puc. 233. Puc. 234.
ay y=x2 y
7=Vz B(p)
Alet)
_ \\\
I, A
\\\
e of a b
Puc. 235. Puc. 236.
CrnenoBaresnHo,
1 1 | 0 . .
_ a2 dp e 42 L M X 12 1_1
Q §dex Sxdx 6S‘(l/-x x2) dx 3 X IO TL,=3 " 3=3"
0

BeryncauM Temepb mJoUIaAb KPHBOJMHEHHOM Tpamenuu B cjayudae,
ecad KpuBas 3ajJaHa ypaBHeHMAMHM B NapaMeTpuyecKoil (opme
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(puc. 236)
x=9 (), y=1%(), (3

rre a <t<Ppu o(@)=a, ¢B)=>. Ilycts ypasuenus (3) ompene-
JIAI0T HEKOTOpylo GyHKuMio y=f(x) Ha oTpeske [a, b] H, crenosa-
TeJbHO, MJOWAAb KPHBONMHEHHOH Tpanenuu MOXKeT ObITh BBIUKMC/EHA
no ¢opmyse

b b

Q=Sf(x)dx=gydx.

a a

CnenaeM 3ameHy nepeMeHHOH B 3TOM uHTerpane: x=g@ ({), dx =
= ¢’ ({)df. Ha ocnopanun ypaBrenu#t (3) noayunm y=f(x) =
= f[o (t)]=1 (¢). CaegosaTensHo,

B
Q=\v ¢ @at (4)

[+

D10 U ecTh GopMyJa AJSA BHIYHCIACHHS MJIOMAAM KPHUBOJHHEHHOH Tpa-
Ieuud B cJydyae KpHBOH, 3aJaHHOH napaMeTpHYECKH.
ITpumep 3. BhuucauTe nyomags 06JacTH, OFPAaHHYEHHOH 3JIIHMIICOM
x=acost, y=bsint.

Peweuwne. Bouncaum mniomans BepxHel NOJOBHHHI 3JJIMICA H YABOUM.
31ecb x H3MeHsleTcss OT —a A0 -}-a, CJefloBaTenbHo, ! n3MeHsiercs ot & jo 0,

Q 0 I
Q=2 S (bsin f) (— asin ¢ df) =—2ab S sin? ¢ d¢ =2ab S sin? fdt=
F11 n 0

19
1—cos 2¢ t sin2fl=n
_2ab5—2—-dt=2ab [?— 7 ]0=nab.
0

Mpumep 4. BruucanTs Njomazs objacTd, orpaHnyeHHoil ocbio Ox H ofHOM
apKoit UHKJOMAM x=a (t—sin {), y=a (1 —cos 7).

Pemenue. Vamenenuno ¢ or 0 go 2; cooTseTcTBYyeT nameHenue x ot 0 fo 2ma,

ITo dopmyse (4) nmeem

2n 27
Q= S a(1—cos #) a (1 —cos ) dt =a? S (1—cos £)2 dt =
0 by
2n 27 2n
=a2[g dt—2 S cos tdt+S cos‘ztdt],
0 0 0
2n 257 2n 2n1 by
§dt=2n, Scostdt:O,- Scos2tdt=g-ic2o—s—-dt=n.
(] 0 0

OkoHuaTebHO nNodyuaeM Q=a? (2 x) =3na,

14%
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§ 2. Mnowans KPUBOJMHEHHOrO CEKTOpA
B NOJAPHBIX KOOPIHHATAX

IlycTe B mossipHOl cucTeMe KOOPAMHAT UMeeM KPHBYIO, 3aJaHHYIO
ypaBHenuem p={(0), rme f(0) —muenpepbiBHas GQYHKIUS NpH & <
<O<p.

OnpepemuM  maomans cektopa OAB, orpaHu4eHHOTO KPUBOH
p=[(0) u paguyc-BexTopamu 6=o u 6=0.

Paso6beM naHHYO 06/acTh pajuyc-BekTopamu a=0, 0=0, ...
..., 0,=P Ha n uyacreii. OGo3nauum uepes A0, A6,, ..., A6

yIJbl MEXIY MPOBEJEHHBLIMH pajguyc-Bektopamu (puc. 237). "

Puc. 237. Puc. 238.

OGo3HaunM uepes p; AMUHY PagUyC-BEKTOPA, COOTBETCTBYIOIIErO
Kakomy-HUGY1b yriy 0;, sakmouennomy Mexay 0;_, u 0.

PaccMOTpUM KPYroBOil CEKTOp C pPaluycoM p; H HEHTPaJbHBIM
yrnmom A8;. Ero mnmomanbp 6Gyner paBHa AQ,-=—;-E§A6i. Cymma

n n
Q.= % 2 PiAD, = —é— 2 [f(®,)]2A6; nact miomage «cTyneHUAaTOro»

i=1 i=
CexTopa.

Tak xax 3Ta cymma ABJsfieTcs HHTErpaJbHOH CyMMolt st GyHKIHH

p?=[f (0)]> Ha orpeske & <CO<P, To ee npegen npu max A6; — 0

—

B
“ 1
ecTb OmpeneNeHHbIH HHTerpas 75‘p2de. OH He 3aBHCHT OT TOrO,
(e

KaKoil pajuyc-BeKTOp p, Mbl BO3bMeM BHYTPH yria AO,. dror mpesen
€CTeCTBEHHO CYUTaTh UCKOMOH mJomanbio Gurypsl *). Takum oGpasom,
miomagb cekropa OAB paBHa

q B
Q=~§—szd6, )

*) MoxHo GBUIO 6B TMOKasaTh, YTO 3TO ONpeJeneHHe NJOWAAH He NPOTHBOpe-
4uT JAHHOMY paHee; HHaue TCOBOPS, eCilH BBIYKCASATH IJIOMANh KPHBOJHHEHHOTO
CeKTOpa ¢ MOMOMLbI0 KPHBOJIMHEHHBIX TPaNeL i, TO Mbl MOJYYUM TOT XK€ Pe3yJbTar.
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Wi 6
Q= {F @R ()

IMpumep. BruueanTes momais OGUTypbl, OrpaHHYEHHON JIEMHHCKAaTOM
(puc. 238) p=a ¥V cos 26.

Pemenue., Pagnyc-BeKTOp omuier 06/1acTh C MJIOMIAIbIO, PAaBHOH UETBEPTH
HCKOMO# Twiowlanu, ecan O menserca oT 0 no m/4:

1 lﬂ:/4 1 s 2 sin 20 [7/a
—O0=— \ 2 d8=— 25 2 sin <Y jw
4Q_2 Sp d9—2a c0529d0—2 |,
0

Takum o6pasoM, mJjomags GUrype, OrpaHHYeHHOH JeMHHCKaToil, 6yaer pasHa
Q=a2.

a2
=7

§ 3. Hdimua ayrd KpuBo#

1. lnuHa Ayru KpuBOH B N1psIMOYTOJbHHX KOOpZHU-
HaTaXx. I1ycTb B npsAMOYTOJbHHIX KOOpPAHHATAaX HA NMJOCKOCTH JAaHa
KpuBasi ypaBHeHHeM y = [ (x).

Haiinem pmuny nyru AB 310l KpHBOH, 3aKJ/IIOYEHHOH MEXIY
BePTHKANbHEIMU INIPSAMBIMH X =& H X=Db

(puc. 239). yVj . B_
B raaee VI (§ 1) Geio naHo onpenenenue e M‘A Y7
Jnuebl gyru. HamomHuM 3TO onpeaenenue. M az; Y

Bosbmem Ha ayre AB touku A, M,, M,, ... A
M., ..., B cabcuuccamn a=x,, x,, X,,
ey Xgy +s, X,=bu nposenem xopae AM,,
MM,, ..., M,_,B, LMHB KOTOpHIX 000- L) , -
3HaYHM COOTBETCTBEHHO uepes As,, As,, ... 0| ¢&l%+ % 0 &
..., As,. Torpanomyuum tomanywo AMM, .. ?

... M,_,B, Buucaunywo B ayry AB. Lnmna Puc. 239.
n

o ey

JOMaHOH paBHa s,—= X As;.
i=1

Haunoii s Oyeu AB HaspiBaeTcs TOT TIpefesl, K KOTOPOMY CTpe-
MUTCA [JIMHA BIHCAHHON JIOMaHOH, Korja IJuHa ee HauGoJbluero
3BEHAa CTPEMHTCS K HYJIO:

n
s= lim X As;. (1)

max Asl-—>0 i=1

Mur nokaxeMm ceiiuac, yTo ec/u Ha oTpeske a<Cx < b ¢yHkuus
f(x) u ee npousBogHas [’ (x) HenpepelBHAa, TO 3TOT Hpeiea CYLIECT-
Byer. BmecTe ¢ Tem OyJeT JaH H CnocoGOM BBIYHMCJEHHS JJIHHEI AYTH.

Beenem oGosHauenue Ay;=f(x;) —f (x;_,). Toraa

b5 =V B+ @gpt=Y 1+ (34) s,
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TTo Teopeme Jlarpanka uMeemM ﬁy { ’lig—:—’;}%l—) P &), rae x;_,<

< E; < x;. Cnenosatencho, As; —V1+[f (&; )]ZAx
TaKuM o6pasoM, JJIHHA BrmcaHHou JIOMaHOH paBHa

8, = ,;1 VI (E)T Ax,.

Tlo ycaoBuio, [’ (x) HenpepeiBHA, CJENOBATENLHO, (YHKuMSA

l/l +1[/" (x)]* Toxxe HenpepoiBHA. HoaTOMy CYHIECTBYeT Npejest HanucaH-
HOH MHTErpaJbHOH CYMMBI, KOTOpHIH PaBeH Onpeje/eHHOMY HHTerpay:

s= lim ZV1+[f'(g)]2Ax—SV1+[f (9Fdx. Vrak, mnoay-

max Ax; =0 i=
YUJH (bOpMley JJIT BBIYHCJIEHU A JILJIHHI:I Ayru:

s=§VW¢)—]2dx=§]/1+(§§)2dx. @)

Sameuanue 1. Hcxonsa u3 mocaenseii GopMyJBl, MOXHO MOJy-
uuTh [POH3BOJAHYIO OT JJIMHBI AyrH no acuucce. Ecau BepxHuuii npe-
Jiel HHTErpHUpoBaHUs OGyleM CUMTaTh NepeMeHHbIM M 0603HAUHUM uepes
x (mepeMeHHYIO MHTEerpHPOBaHHs MeHATb He GyIeM), TO JJIMHA AYTH S

X

Oyaer QyHKIHe# OT X: s(x)=S ]/1 + (g—i)zdx. Huddepenuupys

3TOT HHTErpaj Mo BEPXHEMY MNpeaeny, HoJay4yuMm

_ V1+<%)2. 3)

dra ¢opmynaa Owiia nonaydeHa B § 1 ra. VI npu uHBIX npeanosoxe-
HHSAX.

Tpumep |. Ompenenuts MIMHY OKPYXHOCTH x2-}y2=r2,
Pemenne. BouucauMm cHauana JJMHY YeTBepP10#i YaCTH OKDPYIKHOCTH, Je-
Kameh B nepsBoM Ksaipante, Torga ypaBuenue nyru AB 6ymer y= r2—ax2,
x
OTKYAd —=——F— .
YA2 3k V=32
CJiefoBaTe/IbHO,

L xlr_om
T S l/l—{- dx_g "—x- dx=rarcsin — =7
JlnuHa Bcell OKPYIKHOCTH §=2mr,

Haiizem Temeps AMHY AYrH KDHBOH B TOM Cllyyae, KOrZa Ypas-
HeHUe KpHBOH 3afaHO B mapamerpuueckoil dopme:

x=¢ (), y=v() @@<t<h), C))
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rre ¢ (f) u P (f) —HempepeBHbIE (QYHKIMH C HENPepLBHLIMH NPOH3-
BOJAHBIMHU, TpHYeM @’ (f) Ha 3aJaHHOM ydYacTKe He 06paIaeTCsi B HYJb.
B asrom cayuae ypaBHeHus (4) onpenensiioT HEKOTOPYIO (YHKUHMIO
g:f(x(),) HENPEPLIBHYIC H HMEIOULYIO HENpephiBHYIO NPOH3BOAHYIO
y_ ' (¢

ax_ ¢ ()
[lycts a=¢(a), b=9 (). Torna, cuenas B unrerpane (2) nog-
CTaHOBKY x= ¢ (f), dx=¢’ () dt, monyyum

o={ VTS v 0t s o= [V OFFT R 0

S3ameyanne 2. Moxno nokasath, uto ¢opmyna (5) ocraercs
B CUJIe M JJSl TAKUX KPUBBIX, KOTODHIE IlepeceKaloTcsl BEPTHKAJIbHBIMU
npsAMbIMH GoJiee YeM B ONHOH TOouke (B YaCTHOCTH, AJIS 3aMKHYTBIX
KPHBBIX), JHIIb Obl BO BCEX TOYKAX KPHUBOH OblIM HEnpepuiBHH 06e
npousBojHee ¢ (£) u Y’ (7).

Mpuwmep 2. Bouncants AauHy acTpougsl x=a cosd f, y=asind £,
Pemenue. Tak Kak KpuBasi CHMMETPHYHA OTHOCHTEJNHHO OGEHX KOOPAMHAT-
HBIX OCeli, TO BHIUMCJIIMM CHayasna JJIWHY ee 4YeTBEPTOH YacTH, PacroyioxeHHOR

B nepBoM KBajpante. Haxomum ‘%:-—Sa cos? ¢ sin ¢, %:3(2 sin® { cos £, Tlapa«
merp ¢ 6yzer uamenatbes ot 0 jgo m/2. CrenoBatesibHo,

/2 /2
-i—s= S V 9a? cos* ¢ sin® £+-9a% sin® £ cos? t dt =3a S V cos? fsin® ¢ dt =

0 0

n/2  3a

sin? ¢
—-—2' H s=6a.

2

/2
=3a Ssintcos tdt=3a
0

3ameuyanue 3. Ecou 3afana npocTpaHCTBeHHAas KpuBas
napaMeTpHuecKHMH yPaBHEHUAMU

x=¢(), y=v@), z=x0), ()

rie a<<t<<p (cm. § 1 ra. IX), To nquHa ee ayru ompejensercs
(Tak e Kak M AJd TNJOCKOH Nyrd) Kak Npejes, K KOTOPOMY CTpe-
MHTCSl [JIMHA BIHMCAHHOHK JIOMaHOH, KOrja AJuMHa HaHOOMbIIETO 3BeHa
crpemutcss K HyMo. Ecimu dyukunn ¢ (2), P (f) u x (¢) HenpepulBHHL
¥ MMeIOT HernpephiBHbIE NPOU3BOAHBIE HAa oTpeske [a, P], To KpuBas
MMeeT ONpefie/eHHYI0 JUIHHY (T. €. AUl Hee CyulecTBYeT BbllleyKa3aH-
HHI mpenen), KoTopas BBIYUC/AETCSA 1O (opmyJe

B
s=\VITOF+I¥ OF +1x OFdt. @

o

Tlocneaunii peay/ibTar Mb NpuUHEMaeM 6€3 J0OKas3aTe/bCTBa.
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Mpumep 3. BouucauTb WIMHY IyrH BHHTOBOH JIMHHM X=acost, y =
= asin ¢, z=am?¢ npu usmeHeHuu ¢ oT 0 po 2m. _

Pewenne. U3 nannbix ypaBHeHu#t Haxoqum dx=—asinfdi, dy=acostdt,
dz=amdt. Tloacraeasnst B dopmyay (7), nmonyumm

27 27
s= g V a¥sin?® t-Fa? cos? t+atmtdt=a S Vi+m?dt=2na V IFme.
0 0
2. JIlnvuua [yru KPUBOH B NONAPHBH X KOOPAMHATAX.
y IlycTs B monsipHBIX KOOpAMHATaxX 3aJaHO ypas-
HeHHe KpUBOH
p=r), 8)
9 rie p—OoJspHRE  paxguyc, O — monsipHbiit
7 % yrod.
Hanuwem ¢opMysnsl nepexoma OT NOJAP-
p=afl+cosb) HBIX KOODAHHAT K JEKapTOBBIM: X =pcos0,
y=psin0. Ecan cioga BMecTo p MOACTaBUM

ero BoipaxeHue (8) wuepes 0O, TO mnomyunm

Puc. 240. ypaBHeHuss x=7{(0)cosO, y=7f(0)sin6. Dru
ypaBHEHHUSI MOKHO PaccMaTpHBaTh Kak Mapamer-

pHYECKHe YPaBHEHUS KPUBOH M /s BbIYHCJEHHS MJIMHBL AYTH TNpH-

menuth Qopmyay (5). Jas 3Toro HafigeM NpOM3BOAHBIE OT X H Y MO
napamerpy 0:

A% ' (8)cos®—F(0) sind, 92— (6) sin6+f (6) cos.
Torna
(%) +(B) =1 OF+1 @F=p"+0".

CregoBaresbHo,

D

s:é} Vo Fpido.

IIpumep 4. Haitu mauny xaprauouast p=a (1 J-cos 8) (puc. 240).
Hsmenns nmoaspustiét yron 9 ot 0 fo 7, MOJYYHM IIOJOBHHY HCKOMOH MJIMHBL
3aece p’' =—asin 0. CaeposartensHo,

n 1Y 14

5=2 X Y a® (1+cos 0)2 4 a2 sin? 0 d0=2a Q V¥V 2F2cos B do=4a S cos %d@:
0 ¢ 0

J

=8a.

. 0
_.8asm—2— 0

ITpumep 5. BuuHCAHTD AAUHY SJ/HINCA
x=acost, y=bsint, 0<{t<2m,

npegnoJarasi, 4to a > b.
Pewenune. Jlna BoluucieHus Bocnosbdyemcs ¢opmydoft (5). Boiuncaum
cHayana 1/4 JaMHBL AYTH, T. €. AJUHY AYIH, COOTBETCTBYIOLIEH W3MEHEHHIO
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napametpa ot =0 go t=mxn/2:
w/2

%: S V a%sin? t-b% cos® t df =
0

7t/2 /2
= g l/-a'z(l—cos2 f)4-b2cos? tdt= &‘ l/'a2~(a2—b2) cos?tdt=
0 ]

/2 /2

=a S l/l—- c05‘tdt_a (Vl—k‘coy tdt,
¥
/2

< 1. Cneposatensio, s=4a S Vl—kzcosztdt. Ocraercsa

0
TOMBKO BBHIYUCAUTH mNocseauull muTerpast. Ho OH, Kak u3BecTHO, he BhIpaxkaercs
B 3jieMeHTap HbIX GyHKuusax (cM. § 14 ra. X). DTOT HHTErpaj MOXKHO BBIYMCJIHTE
TOJILKO MPUGIHMKEHHBIMH MeToJaMHi (Hampumep, mo dopmyne CumrncoHa).

B yacrHoctu, ecqu Gosbliaf MOJNyoch 3JUIMICA paBHa 5, a Manas pasHa 4,
w2

T0o k=3/5, W AnuHA 3aaunca paBHa s=4.5 5 ]/l— —) cos? tdt. Boluuc-

s

rae k= -

N MocJefHUH HHTErpan no gopmyze Cmvmcoua (nens otpesok [0, 1/2] Ha ye-
/2
3
THIpE YaCTH), MOJYYHM MPHOIHKEHHOe 3HaYeHHe HHTerpaJa: S ]/1 ——gcoszt diz

0
=~ 1,298, u, ciefoBartenbHO, NIHHA IXYTH BCErO JJAINCA NPHUGIHMKEHHO PaBHa
s = 25,96 exfMHHLBl AJHHBL

§ 4. Bbluucnenne o6bema Tesa
N0 NJOWIAfAM NapajieJbHbIX CeYyeHHi

Tlycts nmeem Hekoropoe Teno T. [IpexmonoxuM, 4To H3BECTHA
IIomab JM060ro CeYeHHsl STOTO Tesa MJIOCKOCThIO, MepHeHAHK YIS PHOM
K ocu Ox (puc. 241). Dra miomanp GyIeT 3aBUCETh OT IOJOXKEHHSH
cekyuieil MIOCKOCTH, T. €. Gyner dyHKuued or x:

Q=Q ().

Ipennonoxum, yro Q (¥) ecTb HempepblBHAst QYHKLHS OT X, U Ompe-
Jeaum oObeM JaHHoro Tesa. IIpoBeneMm mjockoctd X =x,=a, X=X,
X=1Xg .voy X=X,=D0.

OTH NJIOCKOCTH Pa3olGbiOT TesI0 Ha CJIOH.

B KakJ0M 4acTHYHOM MPOMEXYTKe X;_;< X< X; BbIGepeM mpo-
U3BOJIbHYIO TOUKY E; M JUJISI KaXKAOro 3HayeHHs t—l 2, ..., n no-
CTPOMM UMJHHAPHYECKOEe TesNo, oOpasymomas KOTOPOro mnapaJiesbHa
ocu Ox, a HanpaBJsoOllas NPeACTaBJsAeT coGolt KOHTYp ceyenus Tena T
IJIOCKOCTEIO ¥ =§;. OOGbeM TaKoro 3JeMeHTapHOTO MHUJMHAPA C [JI0-
mwaapo ocnosaus Q (§;) (x;_; <<§;<<x;) u BhicoTOi Ax; paBeH

n

Q (&) Ax;. OGvem Beex mumunzpos Gyzet v, = X Q (§;) Ax;.
i=1



410 NPUJIOKEHU S ONTPEAEAEHHOIO HHTETPAJIA [TJ. XTI

Tpenen stoit cymmel nmpu maxx; — 0 (ecou om ecymecTByer) Ha-
3bIBaeTCs 06BHEMOM JaHHOTO Tesa:

v= lim iQ(Ei)AX;.

max Axi—>0 i=1

Tak kak v, npeacraBiaser co6Ofi, OYEBHIHO, HHTErpPaJbLHYI0 CYMMY
IS HenpepblBHOH ¢yHKuuu Q (x) Ha oTpeske a<C x<Cb, T0 yKasah-

z zf g% 22
az+ 02 + 3 "a’
N\,
7/
pd \k/
Y e T T —
! - ’ >
i 0 7
3 / }
1 4
s / 4
"‘= 1 Ve /I
Zi-p Ty L %
z
Puc. 241, Puc. 242,

HBIH npeAesa CyulecTByeT W BHIpaXKaeTcsd OHPEReACHHBIM HHTEFpaJsioM:
b

v="{ Q) ax. (1)

a

ITpumep. BruncauTe o6beM TpexocHoro sanmncoupa (puc, 242)
x2 y2 22
Frpta=l

Pemenwue., B cevenun saauncoufia NJIOCKOCTHIO, MapajjelbHOH MJIOCKOCTH
Oyz 1 OTCTOSIIEH HA DACCTOSIHMM X OT Hee, MOJIYUHTCS 3JIAHIC

y

y o, 2 X3 2 22 .
wra=l—a FAEI AT

X2 x2
¢ noayocsiMu by =b l—a—g , (1=C I_E' . Ho miomaas Taxoro sjiunca

2
paBusercs sibye; (eM. mpumep 3 § 1). ITostomy Q (x)=mnbc (I—fa-é).
O6vem saaunconfa GyAeT papeH

a
x2 x3
v=mbc S (1-—-‘—15) dx=mbc (X—W)

-a

a 4
=3 mabc.

B uacthocTH, eciu @=b=c, 3JANNCONJA NpEBPAaeTCs B IHap, H B STOM CJayyze
noJayyaeMm
4
—_ 3
v=—mad,
3
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§ 5. O6bem Teaa BpaueHUs

Paccmotpum Teno, o6pasoBaHHOe BpalneHHeM BOKPYT ocH Ox Kpu-
BoJIMHeHHOi Tpaneuun aABb, orpannyeHHOH KpHBOH y = f(X), ocbio
Ox ¥ npsAMBIMH X =a, X=0.

B 3ToM ciyuae MPOU3BOJIbHOE CeyeHHe Tesa MJIOCKOCTbIO, MepIeH-
IUKYJASpHOH K ocH abCuuce, ecTh
KpYT, NJIOans Kotoporo Q = ny? =
—n[f P

[Tpumenss obulyro GopMmyJay Ajs
Bhlunc/enusi oovema [(1) § 4], mo-
ayyuM  GopMyJTy JIJIsl  BBIYMCJICHHS
o6beMa TeJa BPauieHH s

b b

v=n{ yrde=n {[f(0)]dx.

a a

Mpumep. Hafitu o6vem  Tena,
ofpa3yeMoro BpalleHHeM LENHOH JIHHHH

y:%(e"‘/"—}-e"”/") Bokpyr oci Ox Ha Pre. 243.

yuactke or x=0 o x=>b (puc. 243).
PeweHue.

b b
2 2 2
v=ﬂ%_g (ex/a_l_e—x/a) dx:ﬂ: S(ezx/a+2+e—2x/a) dx =
0 o 0

_Tat | a sxla @ _ox/a|b_70 ( sb/a__ - abjay | 0%
= [2e +2x—=e ]O—s(e e )+T

§ 6. Maomans NMOBEPXHOCTH TeJAa BpalleHHS

Ilycte HaM JaHa MOBepXHOCTb, OOpa3sOBaHHAs BpalleHNEM KPHBOH
y=1[(x) Bokpyr ocu Ox.OnpenenuM nJomanb 3TOH MOBEPXHOCTH HA
yuactke a<<x<b. @DyHxkumio f(x) NPEANONOKHM HenpeprBHOM
U HMelonleil HempepbIBHYIO NPOU3BOLHYIO BO BCEX TOYKAX OTpesKa [a, b].

Kak u B § 3, nposenem xopast AM,, M|\M,, ..., M,_,B, nnunsl
KOTOPHIX 0Go3HauuMm uyepe3 As;, As,, ..., As, (puc. 244).

Kaxnas xopaa anuue As; (i=1, 2, ..., n) npy BpallleHUH ONHULIET
yCeueHHHI KOHYC, MJION/b MOBEPXHOCTH Kotoporo AP; pasHa AP; =

P . — Al 2
—on¥i=tt¥ing, Ho As; =V Axi+ Ayl = ]/1+(A—-‘jq) Ax;. Tlpe-

MeHsisi Teopemy Jlarpaska, MOJydHM %:f_(_"%—_i(fﬂsf’ (&), rne
1 17 Ai—-1
X;_;1 <& < x; caegoBatensHo, As; = V142 (E)Ax;, AP;=

=2nﬂ'#2+l" V 14 /2 (§;) Ax;. Tliomans NOBEPXHOCTH, ONUCAHHOH

n
JoMamoi, Gyier pasra P, —2n 3. U=itUy/ T ey Ax, wm
n 2 i i

i=1
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CymMMe
Po=m X [f i)+ )]V TH &) A, M

pacnpocTpaHeHHO! Ha Bce 3BeHbs JoMaHOH. ITpenen sTol cymMmbl, Korna
4 M B HauGoJsblllee 3BeHO JIOMAHOH As; cTpeMuT-
Si ¢ K HYJIO, HasbiBaeTcsl naoujadero pac-
CMAaTpHBAEMOH NOBEPXHOCMU  BpAUjEHUSL.
Cymma (1) He sBJseTCs HHTErpajbHOM
cymmoil i (QyHKUUH

. onf () VIFT (5, b)

TaK KaK B CJIaraeMoM, COOTBETCTBYIOIEM
oTpe3Ky [x;_;, x;], durypumpyer Hec-
KOJIbKO TOYEK 3TOr0 OTpe3Ka X;_,, X;, &;.
Ho MOoxHO J0Ka3aTh, 4TO HpejesN CYMMHI
(1) paBusercs npeneny HHTerpaJbHON
cymmel it QyHKnuu (2), T.e.

P— tim w3 [ o)+ )1V T b=

maxAxi—>0 i

-

¥ S~y §
.

R
1
1

!

|
s

1
By

<

~
B e

-~

Puc. 244.

= lim_ a Rof @)V TFTT @ Ax,
HUIn '

b
P=2n{ ) VTFTE dr. 3)
a
Tlpumep. OnpenesuTs MIOMAAL NOBEPXHOCTH NapaboJionza, o6pasoBaHHOTO
BpalleHHeM BOKPyT ocH Ox Ayrd nap26oansl y* = 2px, COOTBETCTBYIOE) H3MEHEHHIO X
or x=0 no x=a.
Pemenne.

- Vop — -‘/ 2p 2x+p
= 2 3 ! = =, 1 2 — l —_—— —_—
y V Py 2V % Vity +4x 2x
Tlo ¢opmyae (3) noayyuMm
a a
P=2ﬂ§Vm ]/Qx;c-pdx:zn V?§V2x+pdx=
0

0

—on V5 L et =2V P oty ],

§ 7. BbluHcieHHe paGoThl C NOMOILBIO ONpPENEJeHHOT0 HHTerpasia

IMycTsb mox fAeficTBHEM HeKOTOpo#l chibl F MartepuanbHasi Touka M
ABHKeTcs mo npsivoii Os, MpHYeM HanpaBJIeHHE CHJBI COBIAJAeT C Ha-
npaBjeHdem JpHkeHua. TpeGyercs HaiTH paGoTy, NPOH3BEJEHHYIO
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cunoit F npu nepemeuieHun Touku M U3 nosoxkeHUS S=a B MOJO-
XKeHne s=2o.

1) Ecau cuna F nocrosiHHa, TO paGota A Bblpakaercs mpousse-
JeHveM cuabl F HA IJMUHY NYTH, T. €.

A=F (b—a).
2) NpennosioxkuM, 4To cuJIa F HenpepbiBHO MeHSETCS B 3aBHCHMO-
CTH OT NOJIOXKEHHsST MaTepPHaJbHOH TOUKH, T.€. NpPEACTaBJSeT COGOi

¢yskuuo F (s), HenpepbiBHYIO Ha OTpe3Ke
a<ls<b.

Pazo6bem oTpesok [a, b] Wa n npoms- o< d
BOJIpHLIX uacTefi ¢ miauHamu As,, As,, ... §§ b_v'j_S
..., As,, 3aTeM B KaxJIoOM 4aCTHUHOM OTPE3Ke § § b
[s;—1» s;] BelOepem mpou3BoJbHYIO TO4Ky §; {8
M 3aMeHHM DaGoTy cuasl F (s) Ha nytu As; g R
(i=1, 2, ..., n) nponssenennem F (§;)As;. 3]

D10 3HAYHUT, YTO B Mpefejax KaxIoro yacTHy- N ?
HOro oTpes3ka Mbl MpHHHMaeM cuny F 3a noc- 7 7

TOSIHHYIO, @ UMeHHO noJiaraem F = F (§;). B Ta- Puc. 245,
KoM ciyyae Boipaxkenue F (§;) As; mpu joc-
TATOYHO MajsoM As; Kaer HaM npuOJIHKEHHOe 3HAayeHHe PaGoThl CHJIbI

F ua nytu As;, a cymma A, = X F (§,) As; 6yneT npuGMIKeHHbIM
i=1

BhIpaxkeHneM paboTel cuibl F Ha BceM orpeske [a, b].

OueBugHo, A, npeiacrasiser co00H HHTErpaJbHYIO CyMMY, COCTaB-
nennyo gst dynkuun F = F (s) Ha otpeske [a, b]. Ilpenen s1oit cymmbl
npun max As; — 0 cymecTtByeT u BbipaxkaeT paGoTy cuibl F (s) Ha
NyTd OT TOYKM S=a AO TOUKH S=b:

b

A={F(s)ds. (1)

Tlpumep 1. Cxkatne S BHHTOBOM MPYXKHHLI NPONOP LIHOHAMBHO MPHJIOKEHHOM
cujte F. Boluucaurs paboTy cuibl F TpH CKAaTHH NPYXKUHBL Ha 5 cM, ecau AJs
cxaTHs ee Ha | oM Hyxua cuaa 10 H (puc. 245).

Peweunue. Cuna F u mepemeieHue S CB3aHBI 10 YC/IOBHIO 3aBHCHMOCTBIO
F =#&S, rae k—nocrosinHas.

Byaem Buipaxkars S B merpax, F—s HbiotoHax. [Tpu $=0,01 F=10, 1. e.
10=~£-.0,01, otkyna k=1000, F =1000S. Ha ocnoBannu dopmyast (1) nmeem

0,05

210,05
A= S 1000 S dS=1000>]""°

b~ =1,25 [x.
7 o 125 [

Mpumep 2. Cana F, ¢ Koropoit 3s/ieKTpuueckuii 3apsj e; OTTaNKHBACT
3apsy e, (TOro e 3HaKa), HAXOXSALWHIACA OT Hero Ha PacCTOSIHHH 7, BhIpaXaeTcs

., e

dopmynoit F=k—:—23‘- ; The k—nocrosnuas.

Onpepennte paGoty cuasl F npu nepeMelleHHy 3apaga e, U3 Touku Aj, oTcros-
meif OT e; Ha PacCTOSHHH ry, B TOUKY A,, OTCTOSILYIO OT €; Ha PaCCTOSIHHU ry,
noJlarast, 4TO 3apsf €y NoMemeH B Touke Aj, NMPHHSATON 3a Hayalo OTCHeTa.
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T2
Pemenne. Ilo ¢opmyre (1) umeem A =S k e]fiz dr =— ke,e, —i~ T
I 4l
1 1 + ® b P
= kewey (""‘—) . Ilpn ry=- o mnoaysum A= S A% dr="21% Tpn
41 ry 7 f1

£
1] ei
ey=1 A=k—. TTocnennsisi BeJMUMHA HA3HIBAETCS NOMEHYUAAOM NOAR, CO3A2-
BaeMoro 3apsioM €j.

§ 8. KoopauHaThl neHTpa macc

ITycte Ha muockoctn Oxy naHa cucTeMa MartepHaJbHBIX TOYEK
P, (x4, Y1)y Py (%, yy)y -.vy P, (x,, y,) C Maccamu my, my, ..., m,.

ITpousBenenns x;m; u y;m; Ha3bIBAIOTCS CIAMU1ECKUMIU MOMEHMAML
MaccH m; oTHocuTeJbHO ocedr Oy u Ox.

O6o3nayuM uvepe3 X, H y, KOOPIAMHATHI IIEHTPA MacC JaHHOM
cucrembl. Torjza, Kak HM3BeCTHO M3 Kypca MeXaHHKH, KOOPIHHATHI

LIEHTPa MacC ONMCAHHOH MaTePHAJbHOH CHCTEMBI ONpeAeNsoTCs
(opmynamu

M=

ximg
: (1)

=x1m1—|—x2m2—|— oot Xpm, i

myfmy+ .o Amy

Xe

.M= ﬂ’
3

-.
I
—

— ypmityemo+ .. yamy, 1
Ye myt+me+ ... +my

[Tvgs
=
3

. @

M
]

-
o=

Mbl ucnons3yeM 3TH (OpMYJBEl NPH OTHICKAHHM LEHTPOB Macc pas-
JUUHBIX (UTYyp U Tell.

1. lentp Macc nnocko# nuuuu. Ilyctb pana kpusas AB
ypaBHeHueM y=f(x), a <<x< b, ¥ nycTb 3Ta KpHBasi NpPEeACTaBJsET
cofoifi MaTepHaNnbHYIO JUHHIO.

[peamonoxum, 4TO JHHeHAs NJIOTHOCTb *) Takod MarepHaJlbHON
KpuBO# paBHa y. PasoGbeM iMHMIO HA 11 yacTelt AMUHEL Asy, As,, ..., As,,.
Maccel 3TuX yacTeft GyAyT PaBHATbCA NPOH3BEJEHHIO HX JJMUH Ha
(noctosiHHyt0) nyoTHocTh: Am;=vyAs;. Ha kKaxaoii wactu ayru As;
BO3bMEM TIPOM3BOJIBHYIO TOUKY ¢ abcuuccoit §;. Ilpencrasnsis Tenepb
Kaxaylo dactb Ayru As; marepuanbroit Toukoit P;[E;, f(E;)] ¢ mac-
coit yAs; u moacraBnsas B dopmyast (1) u (2) Bmecto x; 3sHauenue ;,
BMecTO y; 3Hadenue f (§;), a BMecT0 m; 3Hauenue yAs; (Maccel yacreii As;),
MONYYHM NpPUGIHKEHHbIE (OPMYJIHI JJs ONpejesNeHuss LEHTpa Macc

*) Jluneiinoil NJIOTHOCTHIO Ha3BIBaeTCA Macca €AMHMIBL ANHHH JaHHOH JIMHHH.
Mu npepnonaraeM, uTo JHHEHasA NJIOTHOCTH Ha BCEX yYaCTKaX KPUBOH OJMHaKoOBa,
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AyrH:
NZE.;'VAS;' - > F(E) vAs;
e ™ ZyAs; v Y Divhs ’

Ecmu Qyuknua y = f(x) HenpepelBHa M HMEET HEMPEPHIBHYIO NPOM3-
BOJHYIO, TO CTOSIIHE B YHCJHUTENIC H 3HAMEHaTeJle KaXKA0H APOGH CyMMBI
npu max As; — 0 HMeIOT npeje/bl, paBHbIE TIPEeNaM COOTBETCTBYIOMMX
HHTErpajibHbIX CyMM. Takum o06pa3oM, KOOpIAMHATHl LEHTPa Macc
IAYTH BhIpaxaloTcs ONpeleJeHHBIMH HHTErpaJsiaMy:

X,

b b
Sxds Sx]/1+f’2(x) dx

Xe= ab = ab , (1)
fas (VT
a a

b b
Sf(x)ds Sf(x)V1+f'2(x)dx

Ye=" b =" . 2
{ ds (VTFF@ar
a a
TIipumep 1. Halitu KoopauHaTH LEHTPa Macc NMOMyOKPyKHOCTH x2|y2 =q?2,

pacnoJioxeHnolt Hax ocbio Ox,
Pemenne. Onpegennm opAHHATY LEHTpPa Macc:

dy X ‘l/- dy ¢ a
=VaE—x Lee——IZ . ds= 1 —= ) dx, ds=——x——dx,
y V dx Vaa—x +<dx> Va3 *

a a
o S \
S Va—x Vo dx a S dx
_=a -a 202 2n

yc__ == = —— = —

177} na e n
x,=0 (TaK KaK MNOJYOKPYXHOCTb CHMMeTpHYHa OTHOCHTeNbHO ocH Oy).

2. lleaTp Macc naockoit duryps. Ilycrs nannas durypa,
orpaHuueHHas JUHHAMH y=f, (X), y=f,(x), x=a, x=D>, npeacras-
Jsier coboil MaTepHaNbHYIO IJockyio ¢urypy. IToBepxrocTayio
TJIOTHOCTh, T. €. MacCy eIMHHMLEB! IJIOMIAAH IOBEPXHOCTH, Mbl Gynem
cyuTaTh NMOCTOSIHHOH M paBHOH O mis BceX uacrtell QUryphI.

Pasobbem jannyio QUrypy HNpAMBIMA X =@, X=X, ..., X=X,=b
Ha NOJIOCKH INHpHHBEL Axy, AX,, ..., Ax,. Macca KaxJ0il 10JIOCKH 6yaeT
paBHA NPOU3BEJEHHI0 €e IJomand Ha MIoTHocTh 6. Ecau kaxpyio

TMOJIOCKY 3aMEHHTb TNPAMOYTOJIbHHKOM (pHc. 246) ¢ ocHoBaHuem Ax;

u BoicoTolt f, (§;) —fy (§;), rAe §; =’i‘—1§_u—’ TO Macca MOJIOCKHU GYAET
npubmukendo pasHa Am;=8[f,(E,) —F1 E)]Ax; (i=1, 2, ..., n).

[Tpu6KEHHO LEeHTP Mace 3TOH NMOJOCKH OyAeT HAXOAUTLCS B LIEHTpe
COOTBETCTBYIOIErO MNPSAMOYroJbHuKa: (x;), =§&;, (¥;). = [g_(_%;_)j2-_f_1_(Q .
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3aMeHssl Temepb KaXKAyl0 NOJOCKY MaTepuasJbHOH TOYKOWH, Macca
KOTOpOH paBHa Macce COOTBETCTBYIOINEH IIOJIOCKH H COCPefOTOYEeHa

.{/A ‘\5
A4 y=r(z)

g Yraz
7
y=11z) (
/ z=a
g >z
%a '
i kg Loz 26~ ~—

Puc. 246. Puc. 247.

Pl it
Al&)1(&)

N

Z

N
&

B LEHTPEe MacC 3TOH MOJIOCKH, HaileM Npub/HKeHHoe 3HaueHHe Koop-
JvHaT IeHTpa Macc Bcefl guryps (mo dgopmyaam (1) u (2)):

D ES [f2(E)—F1 (Ei)] Ax;
X, X =S )
D6 1f2 B)—F1 (E)] Ax;
5 S s @)+ 12 €18 [ G —Fx (€01 A%
Ye ™ S 6172 B —F1 G)) Ax;
INepexonst k npeneny npu Ax; — 0, moayuum

b b

§ s ) —F w1 x 5 | [Bw—fwlx
X, = . b y Y= : .

§ 12 0—h (91 dx § 1 = () dx

Atu dopMynpl CNpaBeAJHUBE AJs Ji000H OXHOPOAHOH (T. e. MMelomiei
NOCTOSIHHYIO IVIOTHOCTb BO BCeX TOUKax) MNJOCKOH (urypsi. Kak et
BHIMM, KOODJHHAThl [[EHTPA MacC He 3aBHCAT OT MJIOTHOCTH & QUTYpHI
(B mpouecce BbIYHC/IEHHS & COKpaTHJOCH).

Mpumep 2. OmpeReqnTb KOOPAMHATH ILEHTPA MacC CETMEHTAa NapaGoJibl
y2=ax, orcexaeMoro mpamoii x=a (puc. 247).

Pemenue. B naunom cayuae f, () =V ax, fy (x)=— V ax, nostomy
a
2{ xVarar 21/;3;/:]“ L
p 5 o 5 3
Xo= = == ='§ﬁ,

- =
_ -2 a 4
2SVaxdx 2]/(:1—3—:c’/20
0
yo=0 (Ta3K KaK CErMeHT CHMMETDHUeH OTHOCHTeAbHO ocH Ox).

— a2

3
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§ 9. BoiuuclieHHe MOMeHTa MHEPUMM JHHMM, KPYra W UMJIHHApA
C NOMOMILIO ONpeleieHHOI0 MHTerpaja

ITycte Ha msockoctd xOy JaHa cHcTeMa MaTepHAJbHEIX TOueK
Py (x5 y1), Py (X Ya), -y Py(X, y,), ¢ Maccamu my, my, ..., m,.
Torna, KaK M3BECTHO H3 MeXaHWKH, MOMEHM UHePyuu CUCTEMBbI MaTe-
pHaNbHEIX TOYEK OTHOCHTENBHO TOYKH O ONPENENsIeTcsl Tak:

7l n
lo= 2 itym, nm Io= 3 rim,, (1)

e r;=V X+

Kak n B § 8, nycts kpusas AB jama ypasuenueMm y=f(x),
a<<x< b, rne [ (x) —HenpepriBHast QpyHKuus. I[TycTb 3ra KxpuBas npej-
cTaBjseT co6oit mamepuanvryio aunur. Ilycts
JIMHeHHast IJIOTHOCTh JIMHIHK paBHa y. CHoRa pa- Az 7
306b€eM JIMHHIO Ha 7 yacTedl AJuHbI As,, As,, ... 0’“\:},__,’ LI B
..., As,, roe As;= V Ax? + Ayi, a wmacchl
sTHX uyacteit Am; = yAs;, Amy=7yAs,, ... Puc. 248.
..., Am, =vAs, . Ha kaxno# vactu 1yru Bo3b-
MeM TMpPOM3BOJIbHYIO TOUKY ¢ abcuuccort &;. OpauHara 310l TOUKH Oyner
;= [ (§;) - TIpn6/IHIKEHHO MOMEHT MHEPIHMH AYTH OTHOCHTEJIbHO TOUKH O
B cooTBeTcTBMU ¢ (opwmyJoil (1) Gyper

Tom 3 @+ 7 A @

Ecmn ¢ynkuus y=f(x) u ee npousBogHas [’ (x) HenpepHBHHI, TO
npu As;— 0 cymma (2) umeer npeses. DTOT npefies, BEpaxeaOUIMiCcS
onpesiesIeHHEIM HHTETPaJIOM, M ONpeJessseT MOMEHT HHePLHH MaTepualb-
HOU JIMHHH:

b
Io=1 { [+ @IV TF @ d. @)

a

1. MOMEHT HHEPUHH TOHKOTOOJHOPOXHOTOCTEPXKHSA
AAuHB [ oTHOCHTeNbHO ero koHma. CoBMECTUM CTepXKeHb
c orpeskom och Ox: 0<Cx<C! (puc. 248). B arom cayuae As; = Ax;,,
Am; =yAx;, ri=x} u popmysa (3) NMpUHHMAeT BUJA

I B
Ioc=va2dx=vT. (4)
0

Eciu nasa macca crepxua M, to y=M/l n ¢opmyna (4) npu-
HHUMaeT BHJ,
1

]0c=‘§ M, (5)
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2. MOM@HT HHEeDUHH OKPYXKHOCTH pajguyca r OTHO-
CHTeJbHO HeHTpa. Tak Kak BCe TOYKH OKPYKHOCTH HAXOASTCS

Yy Ha pacCTOSsHUM r OT LEeHTpa, a ero macca
m=2nr-y, TO MOMEHT MHEPIUUH OKPYKHOCTH
6yaeT

4r; y

lo=mr*=y-2nr-r*=y.2nr%. (6)

f/” A?‘z 3. MOMEHT HHEepUHH OXHOPOLHO-
&J ro KpyrapaauiycaR OTHOCHTeJbHO
meHTpa. Ilyetb §—wmacca eauHHIBI IUVIO-
many Kpyra. Paso6peM Kpyr Ha n KoJel.
Paccmotpum oznHO Kogbuo (puc. 249).
Puc. 249. Tlycts ero BHyTpeHHMEl paauyc 7;, BHELIHHH
r; -+ Ar;. Macca storo Koabna Am; ¢ FO4HOCTB'O
I0 OEeCKOHEYHO MaJbiX BBICIIEr0 NOPSIIKA OTHOCHTENbHO Ar; Gymer
Am;=38.2nr; Ar;. MoMeHT HHepUMH 3TOH MAacChl OTHOCHTENLHO LEHTpa
B COOTBETCTBHH C Gopmysoit (6) mnpubmikenHo 6yrer (Al,); =~
=~ 8- 2nr;Ar;-r}=298-2nr} . Ar,.
MowmeHT nHepuHH BCEero Kpyra KakK CHCTeMbl KOJIell 6YAET BeipaxkaThCst
npubKeHHOH PopMmyJIoi

Io~ 2 8-2nr Ar,. (7

i=1

Tlepexons k mpeneny npu max Ar; — 0, MOJyuHM MOMEHT HHEpIHH
IWIOMAAM KpPyTa OTHOCUTENBHO LEHTpa:
R
R4
10=6-23Sr3dr=ﬂ67. ®)
0
Ecan nana macca xpyra M, To nmoBepXHOCTHasi NJIOTHOCTH & orpe-
M
aensiercss Tak: 8= iR INoxpcraBnasi 3T0 3HaueHHE, OKOHYATEJBLHO
noJyyaem
I,=MR?2, )

4. OyeBHHO, YTO €CJIH HMEeM KPYIVIBIHA IHIMHAP, PAfUYC OCHOBAHHS
KQTOpOro R H mMacca M, TO €ro MOMEHT HHEPUUH OTHOCHTEJbHO OCH
BhIpaxaetcs Qopmyoi (9).

YnpaxuHenus kK raase XII
BruncsmeHne naomagei
1. Hajitu nuomans urypesl, orpaHHYeHHOH JuHHAMH y>=09x, y=3x.
1
Omas. 7 .

2. Haiitn nuromans Qurypel, orpaHuyeHHoll paBHOGOuHOI runep6osoil xy = a2,
oceio Ox w npsaMbiMu ¥x=a, x=2a. Oms. a*1n 2.

3. Haiita nsomans ¢urypsl, 3aKk/TIOUeHHOH MexAy KpuBoH y=4—x2 u
ocel0 Ox. Oms. 32/3,
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4. Hajita naomaps ¢urypr, OrpaHuHYeHHOH ACTPOHION )«:2/3—Iv-y2"3 =aq?/3.

Oms. % na®,

o " . " x
5. Ha#fitn naomazns ¢urype, OrpaHMUYEHHOH LEMHON JHHHEH y=ach7;

oceio Ox, ocvio Oy u npsamoit x=a. Oms. a?she.

6. Hajitu naomajs ¢urypsl, orpaHHueHHod XpuBo# y=4x%, npsMoii y=28
u ocvio Oy. Oms. 12.

7. Hafitu nmomanb o6GnacTH, OrpaHWYeHHOH OJHON MOJYBOJHOH CHHYCOHZBI
H ocblo abeunuce. Oms. 2.

8. Haiitu nmomanr obnacTu, 3aKJOueHHOH MeXAy napaGoaamu y?=2px,
x2=2py. Oms. 4p?/3.

9. Hafitn BCcio naomanp GUrypH, OrpaHUYeHHOH JuMHUAMH y=1x%, y=2x,
y=x. Oms. 3/2.

10. Hafitu maomanpr o61acTH, orpaHMueHHOH OXHOH apKOd LHKJIOHAH
x=a(t—sint), y=afl—cost) u ocrio abcuucc. Oms. 3na.

11. Hafitu naomanb Gurypsl, orpaHuueHHON acTpounoil x =a cos®¢, y=asin3{,
Oms. 3ma?/8.

12. Hajtte niomans Beeit o61acTu, orpaHHueHHOH JeMHUCKaToR p*=a?cos 2¢.
Oma. a?.

13. Buouncauts nJaomaxs o6JacTH, OrpaHHYeHHOH ORHOH MNeTJeik KpPHUBOH
p=asin 2¢. Oms. na?/8.

14, BouucauTh MOJHYIO IVIOMaAb 0O6JacTH, OTrpaHHUEHHOH KapIHOMAOM
p=a (1 —cos ¢). Oms. 3ma?/2.

15. Haiitu nsomafs o61acTH, orpaHudeHHoOl KpuBoii p=acos ¢. Oms. na?/4.

16. Haiitu nyowans o6nactd, orpaHuueHHoll KpuBoil p=a cos 2¢. Oms. na?/4.

17. Haiitu nyromags obsacTu, orpaHudyeHHo#t KpuBoid p=cos 3p. Qms. m/4.

18. Haiitu naowaznp o61acTy, OrPaHHuYEHHON KPHBOHR p=acos 4Q. Oms. ma?/4.

BruucaeHnue o6beMOB

x2 2
19. danunc Tﬁ—{—-‘l;—z:l Bpamaercss Bokpyr ocw Ox. HaiiTu o6bem Tena Bpa-

4
menusa. Oms. —gnabz.
20. Otpesox npsAMOM, COeIUHSAIOMMI Haualo KOOPAMHAT C TOUKOH (a, b), Bpa-
maetcss BoKpyr ocH y. Haiitu o6bem moayuenHoro xoHyca. Oms. ?ua"‘b.

21. Hafttn ofbeM TOpa, 06pa3soBaHHOrO BpalleHWEM OKpYXKHOCTH X3 -}
+ (y—b)2=a? Boxpyr ocu Ox (npexnojaraercsi, 4To b==a). Oms. 2n%a2b.

22. ®urypa, OrparHyeHHas JHHUAMH y2=2px W X=a, Bpamaercs BOKPYr
ocu Ox. Haiitn o6weM Tena spamenus. Oms. mpa?.

23. urypa, orpanuuennas acrponnod x*/% 4 %3 =a?/3 ppamaercs Boxpyr
ocu Ox. Haiitu o6vem Testa Bpamenus. Ome. 32ma®/105.

24. durypa, orpaHuYeHHas OAHON Ayrofi cuHycominl y=sinx u ocsi0 Ox;
Bpamaetcss BoKpyr ocu Ox. Haifitu o6wveM Tena spauenusi. Omg. n2/2.

25. durypa, orpanuueHHas mapa6osofi y?=4x U NpaAMO x=4, Bpamaercsa
Boxpyr ocu Ox. Hahtu o6wvem tena Bpamenusa. Oms. 32m.

26. ®urypa, orpaHHueHHad KDHBOH y=xe* H npsmMeMu y=0; x=1, Bpa-

maetcss BOKpyr ocu Ox. Halitn o6beM Tena Bpamenus. Oma. %—(e“—l).

27. Qurypa, orpaHHueHHas OJHOH AapKOH HHUKJAOHAE x=a ({—sin 7),
y=a(l—cos f} u ocrio Ox, Bpamaercst Bokpyr ocu Ox. HaiiTu o6BeM Tena Bpa-
menns. Ome. Smn2a®.

28. Ta xe ¢urypa, uro H B 3afiaue 27, Bpamaercsi BOKpyr ock Oy. Haiiru
o6beM Teqa Bpauenus. Oms. 6n2a3,
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29. Ta xe ¢urypa, uto m B 3azaye 27, BpawaeTcsi BOKPYr NpsMoil, mapa-
nenbHol ock Oy W mpoxonsuleil depes BeplUMHy LHKJIOMAB. Haiita oGpem Tena
BpaweHns. Oms. na® (9n%—16)/6.

30. Ta xe ¢urypa, uto # B 3agaue 27, BpaulaeTcs BOKPYr MPAMONH, mapas-
JenbHOi ocn OX W TMPOXOASUIeH yYepe3 BepuUIMHY LUKIAOMAbL. Hafitu o6beM Tesa
Bpawenud. Oms. Tn2a®.

31. [lunuuap paguyca R mepecedeH MJOCKOCTbIO, NMPOXOAAULEH Yepes AUaMeTp
OCHOBaHHS NOJ YIJIOM ¢ K IJIOCKOCTH OCHOBaHus. Hailitu oGbem oTceueHHOl yacTh.

Oms. %— R3tga.

32. Haiitu o6veM, obwuii ABym wuauHapavm x*—4y®=R2, y?-+22=R>
Oms. 16R3/3.

33. Touka nepeceyeHus AHaroHajeit KBajpata mepememiaercd BIOMb AHAMETPa
Kpyra paguyca a; NMPH 5TOM IUIOCKOCTb, B KOTOPOH JIEKHT KBanpar, BCE BPEMsS
ocTaetcs NepneHAMKYJSPHOH K TMJIOCKOCTH Kpyra, a Jige NPOTHBOMOJOXKHbBIE Bep-
LIMHBL KBaJpaTa MepeMelaloTCs N0 OKPYKHOCTH (U IBHKEHNUH BelnyuHa KBajpara,
oyeBHAHO, MeHseTca). Halitu o6pem Tesa, o6pasyemoro sTHM ABUKYLLUMCS KBalpa-
ToM. Oms. 8a%/3.

34. BoiuucauTe 00BEM CEerMEHTa, OTCEKaeMOro OT 3JLIMNTHYECKOTo mapaco-
v
2p
35. BoiuniciuTh 06BeM Tesla, OTpaHHYeHHOro TIOCKOCTsMH 2=0, y=0, uuaung-
@V %a

2 —
Jouza +'§?f=x miockoetslo x=a. Ome. na® ¥V pq.

PHYECKHMH NOBEPXHOCTAMH X2 = 2py ¥ 22==2px H IIOCKOCTbI0 x=a. Oms.

(8 mepBOM OKTaHTE).
36. Ilpsimas aBu:keTCA napannespHo miockKoctd Oyz, mepecekas Asa 3JUIHIICA
2 2 2 2
x y? X 2
1 J— i —
o =1, -5+ =1, nexamux B maockoctsix Oxy u Oxz. Brluucants

06beM mosyuerHoro Tena. Oms. 8abe/3.

Boiuncaenue KaAUH AYyP

37. Haiitn BClO NJIMHY acTPOHABI x2/3 443 =a*3 . Oms. 6a.
38. BriyucaHTh AJIHHY LyrH NMOJyKyOuueckolf mnapaGossi ay?==x® OT Hayaja
KOOpAMHAT N0 TOUKM ¢ abcuuccoit x=>5a. Oms. 335a/27. '

" - x
39. Haifity anuHYy penHolt JHHHH y=achz- OT HauyaJa KOOpAUHAT JO

Toukd (x, y). Oms. ash%:]/yz—ag.

40. Haiftitu AnuHYy OXHOK apKu LHKJOHAN X¥=a ({—sinf) y=a (1l —cos?).
Oms. 8a. B

41. Ha#tu anmuy nyra kpusoit y=Inx B npegenax or x=V 3 g0 x=V 8.
Oma. l—l—%ln%.

42, Haiitn aanuy ayru Kpusoit y =1—Incosx B npefenax ot x=0 10 x=gm/4.
Oms. ln tg (3n/8).

43. Halitu anuuy cnumpanm Apxumena p=a@ OT MoJOCa A0 KOHIA NEPBOro
saBuTKa. Oms. ma Vl—|—4312+-;— In(2n+V T+4n2).

44. Haftty pnuuy cnupaiu p=e%® or moiwca [0  TOUKH (0, @),

2 e

Oms. —V—:—l-g_-g— 2% = —g—lfl +o2.

45. Haiitu Bcto anuuy Kpusoli p=asin® (¢/3). Oms, 3na/2.




YMPAXHEHUS K TJIABE XII 421

c2 2
46. Ha#itu pumHy  5BOJIOTHL  3JJIHMICA x=— cos £, y=cT sin®?.

4 (a®—b°)

ab '

47. Haprn anuny xapiuouzas p=a (1-4cos ¢). Oms. 8a.

48. Haftn pjauHy JIyrd 3BOJIbBEHTH OKPYXHOCTH X=a (c0S @@ sin @),
y=a(sing—@cosp) or =0 10 @=@;. Oms. agi/2.

Oms.

BuoHuucneHHe nmJAolajied NOBEPXHOCTEeH TesJ BpauleHus

49. Hajitu njomazb TNOBEPXHOCTH, NOJYYEHHOH BpameHHeM mnapaGos
y?=4ax Bokpyr ocu Ox, or Havana O fo Toukm c aGcuuccoi x=3a. Oms.
56ma?/3.

50. HaiiTu njowanp NOBEPXHOCTH KOHyca, o6pasyeMOro BpauieHHEM OTpesKa
npamoit y=2x oT x=0 1o x=2: a) Bokpyr ocu Ox. Oms. 8n V5. 6) Boxpyr
ocu Oy. Oms. 4V 5.

51. Hafitu njomaib noBepXHOCTH Topa, TOJYYEHHOrO BpallleHHeM Kpyra
x24 (y—b)2=a? Bokpyr ocu Ox (b > a). Oms. 4n’ab.

52. HaiiTu miowanb noBepXHOCTH Teja, 06pa3CBAaHHOTO BpPAIEHHEM Kapiu-
oupsl BOKpyr ocu Ox. KapiHoupa 3ajaHa IapaMeTPUUYECKHMH YypaBHEHUSMH
x=a (2 cos p—cos 2¢), y=a (2 sin ¢—sin 2¢). Oms. 1287a?%/5.

53. Haiitu nuiomajgb MOBEPXHOCTH Teja, NMONYYEHHOTO BpallleHHeM OLHOH apku
HMKJOMAH x=a ({—sin {), y=a(l—cos ) ckoao ocu Ox. Oms. 647ma?/3.

54. Apka umkJaouAbl (cM. 3ajnauy 53) Bpamaercs okono ocu Oy. Halitu nosepx-

HocTh Tena BpaweHusi. Oms. 1639a2+—§na2.

55. Apra UMKJOMIHI (CM. 3afauy 53) BpaulaeTcsi OKOJO KacaTelbHO#, IapaJ-
senbHOft oci Ox ¥ npoxoisuieli yepe3 BepuwiMHy. HaliTu noeepxHnocTh Tesa Bpa-
weHus. Oms. 32na?/3.

56. AcTpouna x=asin®f, y=acos®/ Bpamaerca okoso ocu Ox. Hailitu nosepx-
HOCTb Tesa Bpawenusi: Oms. 12ma?/5.

57. Jlyra cunycouan y=sin x or x=0 10 x=2n Bpamaercst cxosno ocu Ox.
Haiitu 1OBEPXHOCTb Teﬂga ppauenus. Oms. 4n[lf2—[-ln W 2+1)].

2
58. dannc %-}-—‘%:1 (a > b) Bpawmaercsi Bokpyr ocu Ox. Haiitu nosepx-

arcsin e a2—p2
HOCTb TeJa Bpawmenust. Oms. 2nb2—|—2nab——c—- , TIe sz—a'—

PasjiuuHBe MPUJOXKEHUS ONPEeJEJEeHHOr0o HHTErpaaa

. x|y
59. Haijity peHTp Macc mJomafud UETBEPTH 3JIIMICA F-}"b—f:l (x=0,

y=0). Ome. 4a/3m; 4b/3m.

60. Haiiti ueuntp Macc niowaiu GuUrype, orpaHuuyeHsol napa6osoir x2-4y —
—16=0 n ocvio Ox. Oms. (0; 8/5).

61. Hafitu uentp Macc of6vema moaywapa. Ome. Ha ocu cummerpuu, Ha
paccrosinun 3R/8 OT ocHoBaHuS.

62. Haiitu neHTp Macc noBepXHCCTH mnoayiwapa. Oms. Ha ocu cummerpuu,
Ha paccTosiHHH R/2 OT OcHOBauusl.

63. HaiiTu IEHTDP MacC NOBEPXHOCTH KpPyrOBOTO nNpAMOro XOHyca, paauyS
ocHoBaHHus Kotoporo R, a Beicota h. Oms. Ha ocu cummeTpuu, Ha paccrosnuu h/3
OT OCHOBAHHS.

64. ®urypa orpanuuena suuuamu y=sin x (0 <<x<<n), y=0. Haiitu nentp
Mace nJoutafu sTo#t ¢uryper. Oms. (n/2, m/8).

65. Haiitu neHTp Macc momagu GHIypH, orpaHHueHHOH mnapaGojiamu
y*=20x, x2=20y. Oms. (9; 9).
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66. HaiiTH y@HTp MacC MJIOMIaZAH KPYTOBOTO CEKTOPA C IEHTPA/IbHEIM YIJIOM 200

2 sinc
u paguycoM R. Oms. Ha ocu CUMMETPHH, HAa pacCTOSTHHH €R

OT Bep-

LIMHBI CEKTOpPa.

67. HaiiTi BeMMuUMHY HaBJEHUS BOXH Ha NMPAMOYTOJbHHUK, BePTHKAJLHO MOTPY-
JKeHHBIH B BOAY, €CHH H3BeCTHO, YTO OCHOBAaHHE €ro paBHO 8 M, BhicoTa 12 M,
pepXHee OCHOBaHHE MapajljesibHO CBOGOJHOH MOBEPXHOCTH BOAH M HAXOZHTCH Ha
ray6une 5 M. Oms. 1,056-10* H.

68. Bepxuuii xpa#t u03a, Hmenmero GOpMy KBaipaTa cO CTOPOHOH, paBHOI
8 M, JIeXHT Ha TIOBEPXHOCTH BOAH. Onpele/ATb BENHUHHY NABJEHHS HAa KaXAyio
U3 yacTed wiM03a, o6pa3yeMylo JeJeHHeM KBajaparTa OJHOH H3 ero juaroHaJel.
Oms. 853333,3 H, 1706666,7 H.

69. BouncauTs paGoTy, HEOOGXOAMMYI0 AJsl TOro, 4YTOGH BHIKAYaThb BOAY
M3 noJaycdepuyeckoro - cocypa, JAuameTp KoToporo paBeH 20 M. Oms.
2,5.107n [Ix.

70. Teso ABHXETCA NMPSAMOJNUHEHHO MO 3aKOHY x=c#3, Tlle x—JJHUHA NyTH,
npoxoaumoro 3a Bpema £, c=const. CompoTu/ieHHe CpeAb MPOMOPUHOHANBLHO
KBajpaTy CKOPOCTH, NMpuyeM Ko3(dHLHeHT MPONOPUHOHAJIbLHOCTH paBeH k. Haiitu
pa6oTy, NMPOMU3BOAUMYIO CONPOTHBJIEHHEM MpH MEPEJBHIKEHHH TeJa OT TOYKH Xx=0

3 f—
Io Toukn x=a. Oms. -7k /c2a7.

71. BulypcauTtbh paboTy, KOTOPYIO HYXHO 3aTPAaTHTh, YTOGH BHIKAYAThb XHAKOCTD
IJIOTHOCTBIO Y M3 pe3epByapa, UMEIOIIEro (opMy o6PamleHHOrO BepPIUWHON KHH3Y
KOHyca, BbicoTa KoToporo H, a paguyc ocHosauus R. Oms. myR2H2/12.

72. JlepeBsiHHHI MONJaBOK HHUJIHHAPHYECKOH GOpMBI, IIOWAAL OCHOBaHUS
kotoporo S=4000 cm?, a Bmicota H =50 cM, nmiaBaeT Ha NOBEPXHOCTH BOJEI.
Kaxyo paboTy HYXHO 3a'8)aTPlTb, YTOOH BBHITALIATb MOTUIABOK HA NOBEPXHOCTL?
([Tnorocts pepeBa 0,8.) Ome. y2H2S/2=2320 [ix.

73. BouucauTh CHIy, ¢ KOTOPOH BOAA AaBHT Ha IJIOTHHY, HMEIOULYIO (Gopmy
paBHGOOYHOM Tpameluy, BepXHee OCHOBaHHe KOTOpol a=6,4 M, HuXHee b=4,2 u,
a Boicota H=3 m. Oms. 2,22-.105 H.

74. Haiite oceByw cocraBasiomyo P H monnoro nasnenus mapa ma chepu-
yeckoe AHO KoTia. [lMamMeTp UMJHHAPHYECKOH uacTd Kotaa D MM, AaBienne napa
B Kotae p Ila. Ome. P=mnpD?/4000000.

75. KoHell BepPTHKaJbHOIO BaJjla palHyCa r NMOLNEPKUBAETCH IVIOCKHM TONMST-
HuKOM. Bec Bana P pacnpejesifieTcss DaBHOMEDHO Ha BCIO MOBEPXHOCTb OMOPHL.
BrlYucauTh NMOJNHYI0 PaGOTy CHJI TPEHHS NPH OZHOM obopoTe Baja. Koaddumment
tperust p. Oms. 4mpPr/3.

76. BepTuxa/bHbll BaJl OKaHUHBaeTCs MNATOH, uMeomedl GopMy yceueHHOFO
KOHyca. YJelbHOe JaBjieHHe MATH Ha MOMIATHHK MOCTOSTHHO M paBHO P. Bepxuuii
IZuameTp naTel D, wmkuuit d, yron mpu BepuwinHe KoHyca 2. Kospduument tpe-

Hus p. Hafitu pa6oTy cua Tpenus 3a ofuH oGopor Bana. Oms. %%(Dz—ds)'

77. TlpusamMaTHuecKH# CTepXeHb NJHHBI [ PacTATMBAeTCs MeIJEHHO BO3PAacTaio-
me#t or 0 1o P cuJoft Tak, 4TO B KaxALIi MOMEHT PacCTTHBAIOLIasi CHJIA yDaBHO-
BEIIMBAeTCs CHJIAMH YIIPYTOCTH CTePKHS. BuuncauTh pa6oTy A, 3aTpadeHHYIO CHIIOM
Ha pacTsKeHMe, TpeAroJaras, 4To pacTsKeHue IPOHCXOAUMO B IPefesax YIPyroCTH.
Hnomag‘b TIOMNEePeYHOro cedyeHusl CTePXKHA paBHa F, MOAYJb YNPYroCTH Marepuana

aBeH E.
P Vkaszanune. Ecam x—yanunenne cTepxHs, a f—COOTBETCTBYOUAs CHIA,

TO f=-—1¥-x. YanuHenne moj AefcTBHEM CHJIbl P paBHO Al:—E—F. Oms. A=
_PAI_ P
T2 T 2EF"

78. Ilpuamarudeckuit 6pyc moJBelleH BEPTHKANbHO, H K HHXKHEMY €0 KOHLY
NpHJIOKEHA pacTsTHUBaIad cuna P. BrluucanTb ypiuzeHue 6pyca nog AelicTeuem
CHJIBI €ro Beca W CHJbl P, ecsin JaHo, YTO JJIHHA 6Pyca B HePacTSHYTOM COCTOSHUH
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paBHa [, njowmafis momepeunoro ceuenus F, Bec 6pyca Q u Mogy.ib ympyroctu

_ (Q+2P)1

Marepuana E. Oms., Al= SEF*
79. Onpeznenuth BpeMsi, B TeueHHe KOTOPOTO JKHAKOCTH BHIIBETCSI H3 NPH3Ma-
THYECKOTO COCyAa, HamOMHEHHOTro Ao Beicothl H. Ilnomane nomepeyHoro ceuenus
cocyaa F, miowals OTBEpCTHS f, CKOPOCTb HCTeUeHHSI OnmpefessieTcs IO GopMmysie

V= VQgh, rae p—Ko3ppuuneHT BSA3KOCTH, g— YCKOpEHHe CHJH TsXecTH, h—
9FH F ]/ 2H

paccTosiHHE OT OTBEPCTHSI 0 YPOBHS KUAKOCTH. Omg. T =————e=— =.
wV2gH W g

80. Onpezenutdb pacxold Q Boxbl (KOMHYECTBO BOABI, BBITEKAIOMeH B eAHHUILY

BpEMEHH) yepes3 BOAOC/IHB PIMOYTO/bHOr0 ceyeHus. Bricora BofocauBa h, mupusa b.

Oms. Q= %— wbh V.E

81. Onpegenuth pacxon BOAH Q, BHTeKalomel H3 GOKOBOTO NPSMOYTOJbHOTO
OTBEPCTHSA BHICOTOH @ H 1UMPHHOH b, €CJIM BbICOTa CBOGOXHON NOBEPXHOCTH BOJHI

Haj HXKHel cTOpOHO# oTBepCTHS paBHa . Oms, Q= %LSV—-Q—g[ H3? (H—a)3/2] .
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y6eiBaromass 18

— ynopsigouyeHHas 18

nocrostHHag 16

— ab6comotHasa 16

BesuuuHel GecKOHEYHO MaJible ORHOTO
nopsaxa 59

— — — 3KBHBaJIeHTHbie 59

Bo3seleHue KOMIIEKCHOTO YHC/a B CTe-
nenp 211

Beinyknocts Kpuso#t 162
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100
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Hudbdepernuan 102
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— nayru 185, 406

— nonublfi 242, 243
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— — — noanslit 250
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Jruddeperunansl He3aBUCHMBIX MNepeMeH-
HBIX 242
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— runep6oauveckux yuxuuir 101

MHTerpaja no mnapametpy 393—395

Jorapupmuyeckoit GyHKunu 93
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Ui 92

nokasateJpHOH GyHKuuu 93
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cku 97,

— —, obuue mnpasuna 93
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Hauna nyru 184, 405

— — B MpSMOYTOJbHBIX KOOpPAHHATaX
406

— — KpHUBOif, 3alaHHOH B TOJSPHBIX
KoopAuHaTax 408
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3asucuMocTs (yHKIHOHANBHAA 19

3ananue kpusoit mNapamerpuueckoe 93

— JIMHHM ¢ [OMOLULbIO  MOBepXHOCTel
288

3amaua wHTEpNOMUpOBaHHUs QyHKIHIT 223
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uHTerpate 321
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374—375
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HHTEerpale

U3BJeueHue KOpPHA U3
uncna 211
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ana 105
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HusomoTra 194
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393

HeonpeneneHHbift 316

— OT KOMIJIeKCHO# (yHkuun 397

— — cymmsr dyHKiuit 319

HecoGcTBeHHBI 378

onpeenenubtii 359
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OT pa3pbiBHOM QyHKuuu 382

¢ GeckoHeuyHniM# TNpelenavu 378

JVIHNTHYeCKHH 348

HurerpupoBaHne WppaluuOHaIbHbIX

¢ynxkuuit 337, 338

MEeTOAOM 3aMeHbnl mepeMeHHoH 321

HepaBeHCTBA MNouJieHHoe 368

no yacram 325

— — B c/lyyae ONpeJeNeHHOro HH-

Terpana 376

— mnpubauxennoe 385—393

— NpocTeHWHX PaLHOHAIbHBIX Apobeit
329331t

— pauuoHaNbHBIX JApoGeir 335—337

— ;pgrouomerpnqecxnx dynkuui 341—
4
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LI

— ¢yukuuit 316

— —, COlepKalUlHX KBaIpaTHbi Tpex-
uner 323—325
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— 3aMmKHyTHI 17

HccnepoBanne ¢ynkumit 152, 155, 160,
162, 167, 171, 175
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Kaparonna 30, 408

KacatennHast K KpuBoii 68

— — nosepxHoctd 309

Konnpst orpesxa 18

Koopa#uatel noasipHble 28

— neHTpa Macc 414
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— MHorouneda 217
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— ¢QyHKHE 124

Kocunyc runepGonuueckuit 99

KoraureHc runep6onnueckuii 99
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Kpususua 187, 189
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— — — cpenuss 300

— cpenuss 186
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Jlucr nxekaprtos 177
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265.
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Munnmym 147
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Muorounen 26, 217
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— UYelbiwena 228
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— KOMIUIeKcHOoro uucna 207

— mnepexoga M 52

— ckopocru 304

Mowment unepuun 417—418

— cTatHueckuit 414
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HesaBucHMCCTE 3Ha9eHHH YacTHOH Mpo-
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nepeMeHHEIX B ofsactu 236

————— Touke 236

— — OIHOH TIepeMeHHOH B TOYKe 53

— — — — Ha HHTepBaJe 55

————— otpeske 55

— — — — paBHOMepHas 362

— — — — cneBa 55

— — — — cnpaBa 55

Hopwmaas 113

— raaBHas 301

— K moBepxHoctH 312

— — NpPOCTPaHCTBEeHHOH XpuBou 293

OGaacte 3amkuyTas 231

U3MeHEeHHsl BeJWYuHH 17

He3aMKHyTass 231

orpaHuueHHass 231

onpefeseHuss (QYHKIUUH HECKONBKHX

nepemeHHHX 231

— — — onHoH mepeMeHHoO# 20

————— ecTecTBeHHasT 22

— otKphitasg 231

— CYWECTBOBAaHHA (YHKIUU HeCKOMb-
KHX TmepeMeHHHX 231

— — — ofHoil nepemenHoi 20

O6pem Tena 410

— — Bpamenus 411

— aaauncoufia 410

OxpectHocTh 18

— Touku 235

Ocb pefictButenbHas 207

— MHumas 207

— nonaspHas 28

— uucaoBas 13

Orpesox 17, 18

— HHTerpupoBanus 359

OueHKa onpefiesieHHOro HHTerpanaa 369

— TOTPELIHOCTH NPH BEIYKCJAeHUAX 245—
247

P

TMapamerp 93

TlepsooGpasnas 315

— KommJiekcHO#H yrkuuu 397

Ilepemennast uHTerpuposanus 359

— He3aBucuMasg 19

ITepvop nokasateabHolt ¢ynxuun 214

— o¢yHknun 19

H.H%CKOCTB, KacaTesIbHas K TIOBEDXHOCTH
11

— KOMILIeKCHO# nepeMenHoit 206

—, HOpMa/lbHasi K MPOCTPAHCTBEHHOR
Kpusoit 293, 295

— conpuxacaomasica 305

HJIOILlSa,lIb KpHBOJRHeHHOrO ceKTopa 404;
40
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HJIOI(I)Ila,ZIb KDUBOJHHEHHOH Tpamenun

4

— mnapa6osiyeckoi Tpamenuu 387

— TIOBePXHOCTH BpaueHus 412

— sasnnca 403

IToBepxHocTh BUHTOBast 290

— Tena Bpamenus 411

— ypoBHst 257

Iorpemnocts abcomoTHass 245

— — MakcuMaJbHas 245

— OTHOcUTeNbHast 246

— — MakcuMasbHas 246

INopxacatenbuast 113

Iopnopmans 113

IMosncTanoBka yHHMBEpCANbHAS TPHLOHO-
MeTpuyeckas 341,

— Diinepa Bropas 339

— — nepBas 339

— — Tpetbsa 340

I'Io%mgﬂoaxu TpUrOHOMeTpHyecKHe 341 —
4

Mone rpaauentos 260

— cKanspHoe 257

Tlonnnom 217

Iomoc 28

IocnenoBatebHOCT uHCHAOBas 18

Iotenunan nons 414

Tlpapuna auddepeHUUPOBaHUSA BeEKTOp-
HBIX (yHKIui 296—298

IlpaBuno Jlonurtana 129

Tlpemen 31

— BeKTOopHOI GyHKiun 291

HHTerpana BepxHuit 359

— HuxHuA 359

KOMIIEKCHOH TNepeMeHHOl 214

npousBefieHus 42, 43

cymmer 42

cbgfnxuml HECKOJIbKHX  IIePEMEHHEIX

235

— onHON mnepemenHoit 33, 34

— — — JeBocTopoHHuit 35

— — — npaBocTopoHHHi 35

sin x

npu x—0 46

x
—_ — (1-}-%) npH x —-oco 49

— wuacTHoro 43

Ilpupamenue BeKTOpHOH (yHKunu 291
— ¢dyHsKuun nosHoe 234

— — uacTHoe 234

TIpousBefieHne KOMIJIEKCHHX 4Hcea 208
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— BeKTOpa IO AJuHe Ayru 299
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— BeKTOpHOR ¢QYyHKuuH 292
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— BHCIero nopgaxa 106
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— Jnorapudpmuueckas 85
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o6paTHoil QyHKuuu 87
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peMeHHOMY BepxHeMmy npegeny 371
— npousBefieHUst QYHKHUH 75
no HanpasJeHuo 259
noKasaTeJabHOR QyHKLEH 83
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NOCTOSHHOH 74
NpoH3BeleHUs CKaaspHOH ¢yHKIUH
Ha BeKTOpHYI0 297
g]{ampﬂoro Mpou3BefeHUsT BEKTOpPOB
97
cnoxHOM QYHKUIM HeCKOJIBKUX Iepe-
MeHHbIX 248
— — oauo#l nepemenuo#t 79
creneHHO# ¢yHkuun 71, 83
— CyMMBI BeKTOpoB 296
— ¢yukuuit 76
byHKUMY, 3alaHHOl HesiBHO 251—253
— arcos x 90
— arcctg x 92
— arcsin x 89
arctg x 91
— cosx 73
— ctg x 81
— sinx 72
— tgx 80
yacTHas 238
yactHoro ¢yHKuuit 77
— n-ro nopsaaka 106
— — — uyactHas 254
TTpomexyTtok 17
— 3amruHyTHH 17
— noJsy3aMKHyTHIH 17
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— KpuBu3HBl 192

— — mnpocTpaHcTBeHHOH JunMH 301

— KpyueHus Kpusoit 307

— oKpecTHocTH 18

PaseepTka 194

PasnoxeHne MHOrOYIeHa Ha MHOXKHTRNH
217—222

— pauuoHaAbHOR ApoOK Ha MpocTeHiiue
332—335

— o¢yuxuuit no opmyae Te#nopa 138—
141

Pasnocts KoMmmrekcHuix yucen 208
Pacxopumocts MHTerpata 379, 382, 383
Peueniie ABy4Y/JeHHOrO ypasueHus 212

CeoiictBa MHTErpaNbHBIX cyMM 360—363
— geonpeneneﬂﬂoro uuterpala 319—
20

Ceogﬁcma HenpepelBHBIX GYHKUHH 56—
5

— OnpeJleJIeHHOro HHTerpala 367—370

— TnokasaTelbHOH ¢yHKIMH 213

— 3BomoTel 196

Cerment 17

Cunyc ranep6omuueckuit 99

CucreMa KOOpAMHAT modsipHast 28

CKOpOCTDb JIBHXKEHHUS B AaHHBIH MOMEHT 65

— TOUYKH B KDHBOJHHEHHOM JBHXKEHUU
304

— — cpennss 304

CloxeHHe KOMIJIEKCHBIX Yucen 208

Cnupans Apxumena 29

— runep6onnueckas 30

— Jorapudpmuueckas 30

Crioco6 KacaTtedsHbix 201

— KOMOHHHpOBaHHBIH 202

— Helotona 201

— xopa 200

CpaBHeHde OeCKOHeYHO Manblx 59

Crenenb MHOrouleHa 26, 217

CyMma uHTerpaibHas 358

— — BepxHss 357

— — HmxHaa 357

— KOMIUIeKCHbIX 4Yncen 208

CxopumocTb HHTerpasa 378, 382

— — abcomorHas 381

Tabauna uHrerpanos 317, 318

Taunrenc runepGonuueckuii 99

Teopema anrebpni ocHosHast 218

— DBesy 217

— Beitepwitpacca 227

— Ko 127

— Jlarpawxa 126

— Jlonutans 129

— O KOHeYHBIX MpHpameHHsx 126

— — KOpHAX TpousBOfHON 124

— — CpelHeM IJISi ONpeNeJeHHOr0 WH-
Terpaia 359

— 00 OTHOWIGHHH MNpHUpalleHHH HBYX
byuxknui 127

— Poansa 124

— CYIIeCTBOBaHHE HeONMPENEJNEHHOTO HH-
Terpana 316

Teopembl 0 mpefesax ocHOBHble 42, 43

Touka BoO3Bpata BTOpOro poja 283

— — mnepsoro poga 283

— KpuBO#l ofbIKHOBeHHass 281

— — ocobas 28l

— — — wu3oJupoBaHHa 284

— — vysJjoBasa 282

— KpHTHYecKass (YHKIHMH JIBYX Iepe-
MeHHBIX 267

— — — ogHo#t nepemenHoit 150

o6nacti BHyTpeHHssn 231

neperu6a 164

nosepxHoct# oObIKHOBeHHas 310



428

Touka moBepxHOCTH ocoGas 310
— npgc‘rpauc'meﬂuoﬁ KpuBO# o0coGas
29

— paspeiBa IlepBoro popa 56

— — ¢yHKIHH JABYX mnepeMeHHbX 236
— — — oJHOH nepeMeHHOH 56

— COMpHKOCHOBeHus 284

Tpaktpuca 123, 204

Tpaneuusi KpupoauHeliHas 360

— mnapaGonvyeckas 386

¥Yros noBopota KacaTeJbHOH X KPHBOMH

— cMexHocTH 186

— 3KcueHTpuyeckuii 96

YMHOXKEHHE KOMIVIeKCHHX yucen 208
VYpaBuenne anre6pauueckoe 199, 218
— IByuJeHHoe 212

— KacaTeJbHOM K Kpuso#t 112

— — naockoctn 31

— JIMHUH B MPOCTpPAHCTBE BeKTOpHOe 288
— HOpMa/l# MJIOCKOH JuHHM 113

— oKkpyxHoctH 100

— TpaKTpuch 123

VYpaBHenHs KacaTe/IbHOR K NPOCTPaHCT-
BeHHO# KpuBoit 293, 295

HOpMaJ¥ K noBepxHoct# 312
napameTpuyeckue 93

— actpoupnt 97

— rurnepGoan 100

— JauauE B npoctpaHctee 288
— oKpyxHoctH 95

— nukJjongsl 96

— — sannnca 95

Yckopenue 111

— cpennee 111

— TOYKH B KDPHBOJHHENHOM JBHXEHHH
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VYenosue BOTHYTOCTH KpuBoit 164

— pospactanus ¢yHrnun 145

— BHITYKJIOCTH KpuBoil 163

— cyuiecTBoBaHHsI TnepBooGpasHoi 372

— y6uiBaHust GyHKOHH 146

YcnoBus cgmecmoaaunx HesiBHOM QyHK~
nun 25

— — TouKHM NeperuGa jpocTatouynbie 165

— — YCJIOBHOrO 3SKCTpeMyMa Heo6Xxo-
AuMbie 274

— — 9KcTpeMyMa GYHKIMH JBYX Iepe-
MEHHBIX JOCTaTouHble 267

—————— Heo6xonumele 266

— — — — OIHOH NepeMeHHO} AOCTa-
Touynsie 150

—————— Heo6xoaumele 148

durypa cTyneHyatas BNucaHHaa 357
— — onucannaa 357
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dopMa KOMIIEKCHOIO uYucJIa IOKasa-
TeabHas 216

— — — TpuroHoMerphdeckas 207

®opmyna Bannuca 378

— JJaa BoluMcJeHusi Kpyuyenus 308

— — — paauyca KpuBusnel 302, 303

— HHTerpUPOBaHMS MO yYacTam 325

— JlarpaHxa WHTeprnoNsilHOHHas 224

— Jlefi6uuna auddepeHNUPOBAHUS HH-
Terpajiia mo napaMetpy 394

— — — npousBellenuss 107

— Makiopena 138

— Myaspa 211

— Hbeotona unTepnoNaunnonHas 226

— Heiorona — Jleii6unna 372

— mnapa6oa 388

— NpsIMOYToMbHHKOB 385

— Cumncona 388

— Teiinopa 138

— -2?55;_1;151 (YHKOHMH JBYX IepeMEHHBIX

— Tpanenuit 386

— YeGbimena 392

— Diinepa 215

®opmynsr Ceppe — Dpene 309
®dyukiun runepboaunyeckue 99

— ofpaTHble TPHTOHOMeTpHuecKHe 23,
— OCHOBHHIE 3JleMeHTapHble 22

— TpUIrOHOMeTpHYecKue 23, 24
Qyuxuusa 19

— aJrebpaunueckas 27

6eckoneyno Goabwas 36

— wManas 40

Bo3pacTalomas 20

IBYX He3aBHCHMBIX INepeMeHHBIX 230
Iuddepernypyemas 69

, — B Touke 242

— ZpoGHasi pauMoHanbHas 27

—, 3aJlaHHas aHaJuTHYecKu 21

—, MHTerpupyeMast Ha orpeske 359
— uppauxoHanbHas 27
KBajipaTuuHas 27

KOMIIJIEKCHOH nepeMeHHON 213
Jlanaaca 347

auHeitHas 27

Jnorapubmuueckas 22, 24

— gmorux HE3aBHCHMEIX TE€PEMEHHEIX
32

MHOro3HauHass 20
HeorpaHHdyeHHass 38
HenpepuiBHast 53, 55; 236
HeueTHast 172

HedJleMeHTapHas 26

HesiBHasi 8

obpartHas 86

orpanuyenHas 38

onuosnaysas 20

or Gyuknun 25
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DyKuus nepuognyeckas 24
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noApiHTerpaisHas 316
noka3artenbHad 22, 23

— KOMIJIeKCHOTro aprymenta 213
paspbiBHasi 56

paunoHabHas 328

gxampﬂoro aprymMeHTa BeKTOpDHas
30

clnoxHas 25

— TMoKa3arejbHast 84
creneHuas 22, 23
TpaHcueunentHas 27
yOuizawmas 20

nenasi panuoHaibHas 26, 217
yeTHas 172

3JeMeHTapHas 26

siBHast 82

E (x) 348

Lleutp Kpususuor 192

macc 414

— TJIOCKOH JHHuK 415
— — durypnt 416
oKpecTHocTH 18

Hukaonna 96

Yactb uucna BemectseHHas 206
— — pnefictButensbHas 206
— — wmuumas 206

Yucna conpsukenusie 206
Yucno seutectBenHoe 13
— neictBuTeNabHOe 13

— uppauuoHaigbHoe 13
— KommiekcHoe 206

— pauuonansioe 13

— yucto Muumoe 206

— e 49

dsonbBeHTa 194

Jsomota 194

— napa6oasr 194

— nukJaouas 194

— saaunca 195

AkcnoHenta 51

Akcrpanoasuus 226

Akctpemym 148

— OQYHKUHMH HECKOJBKHX [epeMeHHHX
266

— — — — ycJoBHbIH 272
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